PROBLEMS

5.96 A hemisphere and a cone are attached as shown. Determine the

location of the centroid of the composite body when (a) h = 1.5a,
(b) h = 2a.

Fig. P5.96

5.97 Consider the composite body shown. Determine (@) the value of x
when h = L/2, (b) the ratio h/L for which x = L.

Fig. P5.97

5.98 Determine the y coordinate of the centroid of the body shown.

Fig. P5.98 and P5.99

5.99 Determine the z coordinate of the centroid of the body shown.
(Hint: Use the result of Sample Prob. 5.13.)
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5.100 and 5.101 For the machine element shown, locate the y coor- Problems 947
dinate of the center of gravity.

5.102 For the machine element shown, locate the x coordinate of the
center of gravity.

5.103 For the machine element shown, locate the z coordinate of the
center of gravity.

20 mm

Fig. P5.101 and P5.102

5.104 For the machine element shown, locate the x coordinate of the
center of gravity.

Dimensions in mm

r=12

Fig. P5.104 and P5.105

5.105 For the machine element shown, locate the z coordinate of the
center of gravity.
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268 Dfisgbuféd Forces: Centroids and Centers 5.106 and 5.107 Locate the center of gravity of the sheet-metal form
or Gravity
shown.

Fig. P5.107

5.108 A window awning is fabricated from sheet metal of uniform thick-
ness. Locate the center of gravity of the awning.

Fig. P5.106

r=25in.

Fig. P5.108

5.109 A thin sheet of plastic of uniform thickness is bent to form a desk
organizer. Locate the center of gravity of the organizer.

/y4
60 mm

"/ r=5mm

7411: 69 mm
J/+ 1 i 1 X
4'«—4 |<—75 mm —»I \

30 mm r=6mm

©

r=6mm r=6mm
Fig. P5.109
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5.110 A wastebasket, designed to fit in the corner of a room, is 16 in. high Problems 249
and has a base in the shape of a quarter circle of radius 10 in.
Locate the center of gravity of the wastebasket, knowing that it is
made of sheet metal of uniform thickness.

5.111 A mounting bracket for electronic components is formed from
sheet metal of uniform thickness. Locate the center of gravity of
the bracket.

y

r=0.625in.

/@_&2.5 in.

16 in.

Z
Fig. P5.110

1.251n

0.75 |Jn</

5.112 An 8-in.-diameter cylindrical duct and a 4 X 8-in. rectangular duct
are to be joined as indicated. Knowing that the ducts were fabri-
cated from the same sheet metal, which is of uniform thickness,
locate the center of gravik

Fig. P5.111

Fig. P5.112

5.113 An elbow for the duct of a ventilating system is made of sheet metal
of uniform thickness. Locate the center of gravity of the elbow.

N~

Fig. P5.113
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270 Distributed Forces: Centroids and Centers
of Gravity

30 in.

b L E\\x

z K6 in.
Fig. P5.114

5.114 and 5.115 Locate the center of gravity of the figure shown,
knowing that it is made of thin brass rods of uniform diameter.

|

T

1.5m
O%
D
/ o
z \lm 06m x
\/B\/

Fig. P5.115

5.116 A thin steel wire of uniform cross section is bent into the shape
shown. Locate its center of gravity.

y

AxpertSoft Trial Version

Fig. P5.116
5.117 The frame of a greenhouse is constructed from uniform aluminum

channels. Locate the center of gravity of the portion of the frame
shown.

<
fzﬁ

3ft \2\
z ~N 2 ft N

z

Fig. P5.117
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5.118 Three brass plates are brazed to a steel pipe to form the flagpole
base shown. Knowing that the pipe has a wall thickness of 8 mm

and that each plate is 6 mm thick, determine the location of 64 mm
the center of gravity of the base. (Densities: brass = 8470 kg/m3; "_““96 mm >
steel = 7860 kg/mg.) @

5.119 A brass collar, of length 2.5 in., is mounted on an aluminum rod
of length 4 in. Locate the center of gravity of the composite bodgy.
(Specific weights: brass = 0.306 Ib/in®, aluminum = 0.101 1b/in®)

120°

Problems

| R

192 mm

\ Fig. P5.118

2.5 in. 1.125 in—]

Fig. P5.119

5.120 A bronze bushing is mo
the specific weight of
0.284 1b/in®, determine the
the assembly.

|<—0.75 in.—>|

1.80in:
5.121 A scratch awl has a plastic handle and a steel blade and shank. Fia. P5.120
Knowing that the density of plastic is 1030 kg/m3 and of steel is g 3

7860 kg/ms, locate the center of gravity of the awl.

’;50 mm 90 mm ‘ ’~10 mm

| l

25

<=3 —

=

|
| 3.5mm
| 80 mm

Fig. P5.121

5.122 through 5.124 Determine by direct integration the values of
x for the two volumes obtained by passing a vertical cutting plane
through the given shape of Fig. 5.21. The cutting plane is parallel
to the base of the given shape and divides the shape into two
volumes of equal height.

5.122 A hemisphere.
5.123 A semiellipsoid of revolution.
5.124 A paraboloid of revolution.
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272 Distributed Forces: Centroids and Centers 5.125 and 5.126 Locate the centroid of the volume obtained by rotat-
of Gravity . .
ing the shaded area about the x axis.

y y = kx1/3 y
_ 1
_|, y=(1- X )
a %
| ] X
X im
h | L am
Fig. P5.125 Fig. P5.126
5.127 Locate the centroid of the volume obtained by rotating the shaded
area about the line x = h.
y
X
y fie volume generated by revolving the por-
tion of the sine curve shown about the x axis.
Y
y5b sin %
/// 3
)
/ b
/
/
/
—
Fig. P5.128 and P5.129
y *5.129 Locate the centroid of the volume generated by revolving the

portion of the sine curve shown about the y axis. (Hint: Use a
thin cylindrical shell of radius  and thickness dr as the element
of volume.)

*5.130 Show that for a regular pyramid of height i and n sides (n = 3,
4, ...) the centroid of the volume of the pyramid is located at a

) distance h/4 above the base.

5.131 Determine by direct integration the location of the centroid of
Fig. P5.131 one-half of a thin, uniform hemispherical shell of radius R.
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5.132 The sides and the base of a punch bowl are of uniform thickness
t. If t << R and R = 250 mm, determine the location of the center
of gravity of (@) the bowl, (b) the punch.

< U

Fig. P5.132

5.133 Locate the centroid of the section shown, which was cut from a
thin circular pipe by two oblique planes.

y

Fig. P5.133

*5.134 Locate the centroid of t
elliptical cylinder by an

5.135 After grading a lot, a builder places four stakes to designate the
corners of the slab for a house. To provide a firm, level base for
the slab, the builder places a minimum of 3 in. of gravel beneath
the slab. Determine the volume of gravel needed and the x coor-
dinate of the centroid of the volume of the gravel. (Hint: The bot-
tom surface of the gravel is an oblique plane, which can be
represented by the equation y = ¢ + bx + ¢z.)

y

3in. 301t
el

5in.

Fig. P5.135

5.136 Determine by direct integration the location of the centroid of the
volume between the xz plane and the portion shown of the surface
y = 16h(ax — bz — 2a*b

Fig. P5.134

Fig. P5.136

Problems
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This chapter was devoted chiefly to the determination of the center
of gravity of a rigid body, i.e., to the determination of the point G
where a single force W, called the weight of the body, can be applied
to represent the effect of the earth’s attraction on the body.

Center of gravity of @ In the first part of the chapter, we considered two-dimensional

two-dimensional body bodies, such as flat plates and wires contained in the xy plane. By
adding force components in the vertical z direction and moments
about the horizontal y and x axes [Sec. 5.2], we derived the
relations

W=de xW=deW yW=JydW (5.2)

which define the weight of the body and the coordinates x and y of
its center of gravity.

Centroid of an area o of uniform thickness [Sec. 5.3],

AXpertSOft Trial Version pincides with the centroid C of
es of which are defined by the

relations

xA=deA yA=JydA (5.3)

Similarly, the determination of the center of gravity of a homoge-
neous wire of uniform cross section contained in a plane reduces to
the determination of the centroid C of the line L representing the
wire; we have

xL = fx dL yL = Jy dL (5.4)

First moments The integrals in Egs. (5.3) are referred to as the first moments of
the area A with respect to the y and x axes and are denoted by Q,
and Q,, respectively [Sec. 5.4]. We have

Q=74 Q,=yA (5.6)

The first moments of a line can be defined in a similar way.

Properties of symmetry The determination of the centroid C of an area or line is simplified
when the area or line possesses certain properties of symmetry. If
the area or line is symmetric with respect to an axis, its centroid C
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lies on that axis; if it is symmetric with respect to two axes, C is Review and Summary 975
located at the intersection of the two axes; if it is symmetric with
respect to a center O, C coincides with O.

The areas and the centroids of various common shapes are tabulated in ~ Center of gravity of a
Fig. 5.8. When a flat plate can be divided into several of these composite body
shapes, the coordinates X and Y of its center of gravity G can be

determined from the coordinates x, x5, . . . and yy,ys, . . . of the

centers of gravity Gy, G, . . . of the various parts [Sec. 5.5]. Equating

moments about the y and x axes, respectively (Fig. 5.24), we have

XEW = 3xW  YSW = SyW (5.7)

AxpertSoft Trial Version

If the plate is homogeneous and of uniform thickness, its center of
gravity coincides with the centroid C of the area of the plate, and
Egs. (5.7) reduce to

Q,=XSA=3W Q =YSA=3pA  (5.8)

These equations yield the first moments of the composite area, or
they can be solved for the coordinates X and Y of its centroid [Sam-
ple Prob. 5.1]. The determination of the center of gravity of a com-
posite wire is carried out in a similar fashion [Sample Prob. 5.2].

When an area is bounded by analytical curves, the coordinates of its Determination of centroid
centroid can be determined by integration [Sec. 5.6]. This can be by integration

done by evaluating either the double integrals in Eqgs. (5.3) or a

single integral which uses one of the thin rectangular or pie-shaped

elements of area shown in Fig. 5.12. Denoting by x, and ¢, the

coordinates of the centroid of the element dA, we have

Q, = A =J YidA Q. =yA = j JadA (3.9

It is advantageous to use the same element of area to compute both
of the first moments Qy and Q,; the same element can also be used
to determine the area A [Sample Prob. 5.4].
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276 Distributed Forces: Centroids and Centers
of Gravity

Theorems of Pappus-Guldinus

2wy

@ (b)
Fig. 5.25

Distributed loads

Center of gravity of a three-
dimensional body

Centroid of a volume

The theorems of Pappus-Guldinus relate the determination of the
area of a surface of revolution or the volume of a body of revolution
to the determination of the centroid of the generating curve or area
[Sec. 5.7]. The area A of the surface generated by rotating a curve
of length L about a fixed axis (Fig. 5.25a) is

A = 2pyL (5.10)

where y represents the distance from the centroid C of the curve to
the fixed axis. Similarly, the volume V of the body generated by
rotating an area A about a fixed axis (Fig. 5.25b) is

V = 2pyA (5.11)

where y represents the distance from the centroid C of the area to
the fixed axis.

The concept of centroid of an area can also be used to solve problems
other than those dealing with the weight of flat plates. For example,
to determine the reactions at the supports of a beam [Sec. 5.8], we
can replace a distributed load w by a concentrated load W equal in
magnitude to the area A under the load curve and passing through
the centroid C of that area (Fig. 5.26). The same approach can be
used to determine the resultant of the hydrostatic forces exerted on a
rectangular plate submerged in a liquid [Sec. 5.9].

w
pertSo al VVersio W=A
l X C
OA dx+| n = CEE - P w CRE
|
| A | ) |
Fig. 5.26

The last part of the chapter was devoted to the determination of the
center of gravity G of a three-dimensional body. The coordinates x,
y, z of G were defined by the relations

xW=deW yW=JydW zW=fde (5.17)

In the case of a homogeneous body, the center of gravity G coincides
with the centroid C of the volume V of the body; the coordinates of
C are defined by the relations

xV=deV yV=Jde zV=szV (5.19)

If the volume possesses a plane of symmetry, its centroid C will lie
in that plane; if it possesses two planes of symmetry, C will be located
on the line of intersection of the two planes; if it possesses three
planes of symmetry which intersect at only one point, C will coincide
with that point [Sec. 5.10].
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The volumes and centroids of various common three-dimensional
shapes are tabulated in Fig. 5.21. When a body can be divided into
several of these shapes, the coordinates X, Y, Z of its center of gravity
G can be determined from the corresponding coordinates of the

centers of gravity of its various parts [Sec. 5.11]. We have
XIW = SxW  YSW =3yW  Z3IW =3zW  (5.20)

If the body is made of a homogeneous material, its center of gravity
coincides with the centroid C of its volume, and we write [Sample
Probs. 5.11 and 5.12]

X3V =3xV  YIV=3yV ZIV=3zV (521

When a volume is bounded by analytical surfaces, the coordinates of
its centroid can be determined by integration [Sec. 5.12]. To avoid
the computation of the triple integrals in Egs. (5.19), we can use ele-
ments of volume in the shape of thin filaments, as shown in Fig. 5.27.

Rel =X, Vel =Y, Ze = 5
dV =zdxdy

Fig. 5.27

Denoting by x,, y,;, and z, the coordinates of the centroid of the
element dV, we rewrite Eqs. (5.19) as

XV = J x AV gV = J yadV — ZV = J ZdV  (5.23)

which involve only double integrals. If the volume possesses two
planes of symmetry, its centroid C is located on their line of intersec-
tion. Choosing the x axis to lie along that line and dividing the vol-
ume into thin slabs parallel to the yz plane, we can determine C
from the relation

TV = j T, dV (5.24)

with a single integration [Sample Prob. 5.13]. For a body of revolution,
these slabs are circular and their volume is given in Fig. 5.28.

Review and Summary 277

Center of gravity of a composite

body

Determination of centroid
by integration

dV =zr2dx

Fig. 5.28
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REVIEW PROBLEMS

5.137 and 5.138 Locate the centroid of the plane area shown.

Yy

Vertex

Parabola

60 mm

60 mm

20 in.

Fig. P5.137

7|<775 mm *»l *

Fig. P5.138

5.139 The frame for a sign is fabricated from thin, flat steel bar stock of
mass per unit length 4.73 kg/m. The frame is supported by a pin
at C and by a cable AB. Determine (a) the tension in the cable,

EJCL ‘

0.2 m—
| 1.35m |

Fig. P5.139

5.140 Determine by direct integration the centroid of the area shown.
Express your answer in terms of @ and h.

5.141 Determine by direct integration the centroid of the area shown.

y
2
_Z.'.X

L L2)

Fig. P5.140

278

Fig. P5.141
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5.142 Three different drive belt profiles are to be studied. If at any given
time each belt makes contact with one-half of the circumference
of its pulley, determine the contact area between the belt and the
pulley for each design.

/40 \

ﬂ‘ ’eoezs in. ( /008|n r=0.2\5in.

IO 375in. S
0 125in.
3in. 3 3 in.

@ (b) (©
Fig. P5.142

5.143 Determine the reactions at the beam supports for the given loading.

5.144 The beam AB supports two concentrated loads and rests on soil
that exerts a linearly distributed upward load as shown. Determine
the values of w, and wj corresponding to equilibrium.

5.145 The base of a dam for a lake is demgned to resist up to 120 percent
of the horizontal force of the wa A ] tha
silt (that is equivalent to
settling on the lake botto
1-m-wide section of dam
dam becomes unsafe.

Fig. P5.145

5.146 Determine the location of the centroid of the composite body
shown when (@) h = 2b, (b) h = 2.5b.

5.147 Locate the center of gravity of the sheet-metal form shown.

5.148 Locate the centroid of the volume obtained by rotating the shaded
area about the x axis.

|
T y =k(x-h)2
/
[
! h 1 "

Fig. P5.148

Review Problems 279

480 Ib/ft
A
B A C =
AU
3 ft— o
Fig. P5.143
24 kKN 30 kN
a=0.6m 0.3m

1.8m !

\
!
A e c\l

Fig. P5.146

600 Ib/ft

D

1.2m
S <4
osm] | /\X
S 1sm >

Fig. P5.147
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COMPUTER PROBLEMS

5.C1 A beam is to carry a series of uniform and uniformly varying distrib-
uted loads as shown in part a of the figure. Divide the area under each
portion of the load curve into two triangles (see Sample Prob. 5.9), and then
write a computer program that can be used to calculate the reactions at A
and B. Use this program to calculate the reactions at the supports for the
beams shown in parts b and ¢ of the figure.

420 Ib/ft
fwor m /H 1 300 Ib/it 400 Ib/ft 240 Ib/ft - 150 Ib/ft
A sﬂ B A M B Al 'B
| e A ‘ A =
I |
Lot ' Ly |<_3ft "ot Stt ' |<_4'5ﬂ 3ft 4t 3.5
L
(@) (b) (c)
Fig. P5.C1
is fabricated from five thin steel
ogram that can be used to calculate
& COOTQITTATES O e Cetter of gravity of the structure. Use this program
to locate the center of gravity when (@) h = 12 m, R = 5 m, a = 90°%
(b)h =570 mm, R = 760 mm, a = 30°% (c) h =21 m, R = 20 m, a = 135°.
|
\ \\ \ h
. NS
X
' Fig. P5.C2
B
d f
60° 21m 5.3 An open tank is to be slowly filled with water. (The density of water
\ L is 10° kg/m3.) Write a computer program that can be used to determine the
resultant of the pressure forces exerted by the water on a 1-m-wide section
A of side ABC of the tank. Determine the resultant of the pressure forces for
Fig. P5.C3 values of d from 0 to 3 m using 0.25-m increments.
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5.C4 Approximate the curve shown using 10 straight-line segments, and Computer Problems 281
then write a computer program that can be used to determine the location

of the centroid of the curve. Use this program to determine the location of y a
the centroid when (@) ¢ = 1in,, L = 11 in, h = 2in; (b) a = 2in., L = y=h{1-x)
17in, h =41in;(c)a = 5in, L = 12in., h = 1 in.

L-a -
5.C5 Approximate the general spandrel shown using a series of n rectan- ' 10 A‘ |
gles, each of width Aa and of the form bee'b’, and then write a computer
program that can be used to calculate the coordinates of the centroid of the L
area. Use this program to locate the centroid when (a) m = 2, ¢ = 80 mm,

h =80mm; (b)m =2,a =80 mm, h = 500 mm; (c) m =5, a = 80 mm, <_a—>| X
h =80 mm; (d) m = 5,a = 80 mm, h = 500 mm. In each case, compare L
the answers obtained to the exact values of x and y computed from the )
formulas given in Fig. 5.8A and determine the percentage error. Fig. P5.C4
y
Aa
_>| 2
oo G|
| | ‘
| |
| |
ol "
TAa
a
Fig. P5.C5

5.C6 Solve Prob. 5.C5, using re AXpertSOft Trial VerSion

*5.C7 A farmer asks a group of engineering students to determine the
volume of water in a small pond. Using cord, the students first establish a
2 X 2-ft grid across the pond and then record the depth of the water, in
feet, at each intersection point of the grid (see the accompanying table).
Write a computer program that can be used to determine (a) the volume of
water in the pond, (b) the location of the center of gravity of the water.
Approximate the depth of each 2 X 2-ft element of water using the average
of the water depths at the four corners of the element.

Cord
1 2 3 4 5 6 7 8 9 10

1 0 0 0

2 0 0 0 1 0 0 0

3 0 0 1 3 3 3 1 0 0
~ 4 0 0 1 3 6 6 6 3 1 0
g 5 0 1 3 6 8 8 6 3 1 0
C 6 0 1 3 6 8 7 7 3 0 0

7 0 3 4 6 6 6 4 1 0

8 0 3 3 3 3 3 1 0 0

9 0 0 0 1 1 0 0 0

10 0 0 0 0
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Trusses, such as this Pratt-style
cantilever arch bridge in New York
State, provide both a practical and an
economical solution to many

engineering problems.
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CHAPTER

Analysis of Structures
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6.1
6.2
6.3
6.4
6.5

6.6
6.7

6.8
6.9
6.10
6.11

6.12
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Chapter 6 Analysis of Structures

Introduction

Definition of a Truss

Simple Trusses

Analysis of Trusses by the
Method of Joints

Joints Under Special Loading
Conditions

Space Trusses

Analysis of Trusses by the
Method of Sections

Trusses Made of Several Simple
Trusses

Structures Containing Multiforce
Members

Andlysis of a Frame

Frames Which Cease to Be Rigid

When Detached from Their

Supports
Machines
D
E
=3 y @
C 4
£y
W
G A
(@)
Fig. 6.1

6.1 INTRODUCTION

The problems considered in the preceding chapters concerned the
equilibrium of a single rigid body, and all forces involved were exter-
nal to the rigid body. We now consider problems dealing with the
equilibrium of structures made of several connected parts. These
problems call for the determination not only of the external forces
acting on the structure but also of the forces which hold together
the various parts of the structure. From the point of view of the
structure as a whole, these forces are internal forces.

Consider, for example, the crane shown in Fig. 6.1a, which
carries a load W. The crane consists of three beams AD, CF, and
BE connected by frictionless pins; it is supported by a pin at A and
by a cable DG. The free-body diagram of the crane has been drawn
in Fig. 6.1b. The external forces, which are shown in the diagram,
include the weight W, the two components A, and A, of the reaction
at A, and the force T exerted by the cable at D. The internal forces
holding the various parts of the crane together do not appear in the
diagram. If, however, the crane is dismembered and if a free-body
diagram is drawn for each of its component parts, the forces holding
the three beams together will also be represented, since these forces
are external forces from the point of view of each component part
(Fig. 6.1c).

AxpertSoft Trial Version

©

It will be noted that the force exerted at B by member BE on
member AD has been represented as equal and opposite to the force
exerted at the same point by member AD on member BE; the
force exerted at E by BE on CF is shown equal and opposite to the
force exerted by CF on BE; and the components of the force exerted
at C by CF on AD are shown equal and opposite to the components
of the force exerted by AD on CF. This is in conformity with Newton’s
third law, which states that the forces of action and reaction between
bodies in contact have the same magnitude, same line of action, and
opposite sense. As pointed out in Chap. 1, this law, which is based
on experimental evidence, is one of the six fundamental principles
of elementary mechanics, and its application is essential to the solu-
tion of problems involving connected bodies.
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In this chapter, three broad categories of engineering structures
will be considered:

1. Trusses, which are designed to support loads and are usually
stationary, fully constrained structures. Trusses consist exclu-
sively of straight members connected at joints located at the
ends of each member. Members of a truss, therefore, are two-
force members, i.e., members acted upon by two equal and
opposite forces directed along the member.

2. Frames, which are also designed to support loads and are also
usually stationary, fully constrained structures. However, like
the crane of Fig. 6.1, frames always contain at least one mul-
tiforce member; i.e., a member acted upon by three or more
forces which, in general, are not directed along the
member.

3. Machines, which are designed to transmit and modify forces
and are structures containing moving parts. Machines, like
frames, always contain at least one multiforce member.

6.2 DEFINITION OF A TRUSS

The truss is one of the majd
provides both a practical and
neering situations, especially i
A typical truss is shown in Fig. 6.2a. A truss consists of straight
members connected at joints. Truss members are connected at their
extremities only; thus no member is continuous through a joint. In
Fig. 6.2a, for example, there is no member AB; there are instead two
distinct members AD and DB. Most actual structures are made of
several trusses joined together to form a space framework. Each truss
is designed to carry those loads which act in its plane and thus may
be treated as a two-dimensional structure.

In general, the members of a truss are slender and can sup-
port little lateral load; all loads, therefore, must be applied to the
various joints, and not to the members themselves. When a con-
centrated load is to be applied between two joints, or when a dis-
tributed load is to be supported by the truss, as in the case of a
bridge truss, a floor system must be provided which, through the
use of stringers and floor beams, transmits the load to the joints
(Fig. 6.3).

The weights of the members of the truss are also assumed to
be applied to the joints, half of the weight of each member being
applied to each of the two joints the member connects. Although
the members are actually joined together by means of welded,
bolted, or riveted connections, it is customary to assume that the
members are pinned together; therefore, the forces acting at each
end of a member reduce to a single force and no couple. Thus, the
only forces assumed to be applied to a truss member are a single

AxpertSoft Trial Version

6.2 Definition of a Truss 285

Photo 6.1 Shown is a pin-jointed connection
on the approach span to the San Francisco—

Oakland Bay Bridge.

(b)
Fig. 6.2
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286 Andlysis of Structures

Floor beams

Fig. 6.3

force at each end of the member. Each member can then be treated

as a two-force member, and the entire truss can be considered as a

group of pins and two-force members (Fig. 6.2b). An individual

member can be acted upon as shown in either of the two sketches

of Fig. 6.4. In Fig. 6.4a, the forces tend to pull the member apart,

and the member is in tension; in Fig. 6.4b, the forces tend to com-

(@) (b) press the member, and the member is in compression. A number

Fig. 6.4 of typical trusses are shown in Fig. 6.5.

AxpertSoft Trial Version

Howe = Fink
Typical Roof Trusses

ANNAANEAANNN

Pratt Howe Warren

A

Baltimore K truss
Typical Bridge Trusses

7
s
e
N
- @
N\
N\

Cantilever portion
of a truss Bascule

Pratt

Stadium Other Types of Trusses

Fig. 6.5
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6.3 SIMPLE TRUSSES 6.3 Simple Trusses - 287

Consider the truss of Fig. 6.6a, which is made of four members con-
nected by pins at A, B, C, and D. If a load is applied at B, the truss
will greatly deform, completely losing its original shape. In contrast,
the truss of Fig. 6.6b, which is made of three members connected
by pins at A, B, and C, will deform only slightly under a load applied
at B. The only possible deformation for this truss is one involving
small changes in the length of its members. The truss of Fig. 6.6b
is said to be a rigid truss, the term rigid being used here to indicate
that the truss will not collapse.

(b) ©) (d)

Fig. 6.6

As shown in Fig. 6.6¢c, a
adding two members BD and
Fig. 6.6b. This procedure can bé ated ¢ any
and the resulting truss will be rigid if each time two new members
are added, they are attached to two existing joints and connected at
a new joint.t A truss which can be constructed in this manner is
called a simple truss.

It should be noted that a simple truss is not necessarily made
only of triangles. The truss of Fig. 6.6d, for example, is a simple truss
which was constructed from triangle ABC by adding successively the
joints D, E, F, and G. On the other hand, rigid trusses are not always
simple trusses, even when they appear to be made of triangles. The
Fink and Baltimore trusses shown in Fig. 6.5, for instance, are not
simple trusses, since they cannot be constructed from a single trian-

Photo 6.2 Two K trusses were used as the
gle in the manner described above. All the other trusses shown in  main components of the movable bridge shown

Fig. 6.5 are simple trusses, as may be easily checked. (For the K  which moved above a large stockpile of ore.
truss, start with one of the central triangles.) The bucket below the trusses picked up ore and

redeposited it until the ore was thoroughly mixed.
The ore was then sent to the mill for processing
into steel.

Returning to Fig. 6.6, we note that the basic triangular truss of
Fig. 6.6b has three members and three joints. The truss of Fig. 6.6¢
has two more members and one more joint, i.e., five members and
four joints altogether. Observing that every time two new members
are added, the number of joints is increased by one, we find that in
a simple truss the total number of members is m = 2n — 3, where
n is the total number of joints.

tThe three joints must not be in a straight line.


http://www.axpertsoft.com/pdf-splitter-software/

288  Anclysis of Structures 6.4 ANALYSIS OF TRUSSES BY THE METHOD

OF JOINTS
c We saw in Sec. 6.2 that a truss can be considered as a group of pins
/\ and two-force members. The truss of Fig. 6.2, whose free-body diagram
is shown in Fig. 6.7a, can thus be dismembered, and a free-body dia-
A D B gram can be drawn for each pin and each member (Fig. 6.7b). Each
| A member is acted upon by two forces, one at each end; these forces have
RA:/ \ I3 T the same magnitude, same line of action, and opposite sense (Sec. 4.6).
1 Rg Furthermore, Newton’s third law indicates that the forces of action and
reaction between a member and a pin are equal and opposite. There-
@) fore, the forces exerted by a member on the two pins it connects must
c be directed along that member and be equal and opposite. The common
magnitude of the forces exerted by a member on the two pins it con-
/;\ nects is commonly referred to as the force in the member considered,
e N even though this quantity is actually a scalar. Since the lines of action of

all the internal forces in a truss are known, the analysis of a truss reduces
to computing the forces in its various members and to determining
whether each of its members is in tension or in compression.
b Since the entire truss is in equilibrium, each pin must be in
| A 4—$—> ﬁ B equilibrium. The fact that a pin is in equilibrium can be expressed by
R Vp Rg drawing its free-body diagram and writing two equilibrium equations
| o= (Sec. 2.9). If the truss contains n pins, there will, therefore, be 2n
equations available, which can be solved for 2n unknowns. In the case
i ; a= 3 that is, 2n = m + 3, and the
etermined from the free-body
is means that the forces in all
e reaction Ry, and the reaction
R; can be found by considering the free-body diagrams of the pins.
The fact that the entire truss is a rigid body in equilibrium can
be used to write three more equations involving the forces shown in
the free-body diagram of Fig. 6.7a. Since they do not contain any
new information, these equations are not independent of the equa-
tions associated with the free-body diagrams of the pins. Neverthe-
less, they can be used to determine the components of the reactions
at the supports. The arrangement of pins and members in a simple
truss is such that it will then always be possible to find a joint involv-
ing only two unknown forces. These forces can be determined by
the methods of Sec. 2.11 and their values transferred to the adjacent
joints and treated as known quantities at these joints. This procedure
can be repeated until all unknown forces have been determined.
As an example, the truss of Fig. 6.7 will be analyzed by con-
sidering the equilibrium of each pin successively, starting with a joint
- at which only two forces are unknown. In the truss considered, all
Photo 6.3 Because roof trusses, such as those  pins are subjected to at least three unknown forces. Therefore, the
shown, require support only af their ends, it is reactions at the supports must first be determined by considering
possible to construct buildings with large, . . . el
Unobstructed floor areas. the entire truss as a free body and using the equations of equilibrium
of a rigid body. We find in this way that R, is vertical and determine
the magnitudes of R, and Rg.
The number of unknown forces at joint A is thus reduced to
two, and these forces can be determined by considering the equilib-
rium of pin A. The reaction R, and the forces F,¢ and F,p, exerted
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on pin A by members AC and AD, respectively, must form a force
triangle. First we draw R, (Fig. 6.8); noting that F,c and F,p, are
directed along AC and AD, respectively, we complete the triangle
and determine the magnitude and sense of F,¢ and F,p. The mag-
nitudes Fyc and F,p represent the forces in members AC and AD.
Since F,c is directed down and to the left, that is, toward joint A,
member AC pushes on pin A and is in compression. Since Fyp, is
directed away from joint A, member AD pulls on pin A and is in
tension.

Free-body diagram Force polygon
Fac
//
//
/ Fac
Joint A Al Ra
f Fab
Fap
Ra

Foc

\ Fos

|

|

|

|
Joint D Fpa Fos Foc P

Fcs
C
E o S FCB FCD
Joint C CA =
FCD FCA
Y,
FBC FBD
Joint B Fep B Fao Rs
Re
Fig. 6.8

We can now proceed to joint D, where only two forces, Fpc and
Fpp, are still unknown. The other forces are the load P, which is
given, and the force Fp, exerted on the pin by member AD. As indi-
cated above, this force is equal and opposite to the force F,p exerted
by the same member on pin A. We can draw the force polygon cor-
responding to joint D, as shown in Fig. 6.8, and determine the forces

6.4 Andlysis of Trusses by the Method of Joints

289
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Fig. 6.10

Fpc and Fpg from that polygon. However, when more than three
forces are involved, it is usually more convenient to solve the equa-
tions of equilibrium XF, = 0 and =F, = 0 for the two unknown
forces. Since both of these forces are found to be directed away from
joint D, members DC and DB pull on the pin and are in tension.

Next, joint C is considered; its free-body diagram is shown in
Fig. 6.8. It is noted that both F¢p and Fgy are known from the
analysis of the preceding joints and that only F¢p is unknown. Since
the equilibrium of each pin provides sufficient information to deter-
mine two unknowns, a check of our analysis is obtained at this joint.
The force triangle is drawn, and the magnitude and sense of Fj are
determined. Since F¢p is directed toward joint C, member CB
pushes on pin C and is in compression. The check is obtained by
verifying that the force Fcp and member CB are parallel.

At joint B, all of the forces are known. Since the corresponding
pin is in equilibrium, the force triangle must close and an additional
check of the analysis is obtained.

It should be noted that the force polygons shown in Fig. 6.8
are not unique. Each of them could be replaced by an alternative
configuration. For example, the force triangle corresponding to joint
A could be drawn as shown in Fig. 6.9. The triangle actually shown
in Fig. 6.8 was obtained by drawing the three forces Ry, F4¢, and
F,p in tip-to-tail fashion in the order in which their lines of action
are encountered when mowng clockwise around joint A. The other
acn drawn in the same way, can
as shown in Fig. 6.10. Such a

AXpertSOft Trial Version greatly facilitates the graphical

*6.5 JOINTS UNDER SPECIAL LOADING
CONDITIONS

Consider Fig. 6.11a, in which the joint shown connects four mem-
bers lying in two intersecting straight lines. The free-body diagram
of Fig. 6.11b shows that pin A is subjected to two pairs of directly
opposite forces. The corresponding force polygon, therefore, must
be a parallelogram (Fig. 6.11¢), and the forces in opposite members
must be equal.

E

% / Fac
A A Fac
N
FAD
D

F
AD ]

©

Of

Fac

(@ (b) (©
Fig. 6.11
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Consider next Fig. 6.12a, in which the joint shown connects
three members and supports a load P. Two of the members lie in
the same line, and the load P acts along the third member. The free-
body diagram of pin A and the corresponding force polygon will be
as shown in Fig. 6.11b and ¢, with F 4z replaced by the load P. Thus,
the forces in the two opposite members must be equal, and the force
in the other member must equal P. A particular case of special inter-
est is shown in Fig. 6.12b. Since, in this case, no external load is
applied to the joint, we have P = 0, and the force in member AC is
zero. Member AC is said to be a zero-force member.

Consider now a joint connecting two members only. From
Sec. 2.9, we know that a particle which is acted upon by two forces will
be in equilibrium if the two forces have the same magnitude, same line
of action, and opposite sense. In the case of the joint of Fig. 6.13a,
which connects two members AB and AD lying in the same line, the
forces in the two members must be equal for pin A to be in equilibrium.
In the case of the joint of Fig. 6.13b, pin A cannot be in equilibrium
unless the forces in both members are zero. Members connected as
shown in Fig. 6.13b, therefore, must be zero-force members.

Spotting the joints which are under the special loading condi-
tions listed above will expedite the analysis of a truss. Consider, for
example, a Howe truss loaded as shown in Fig. 6.14. All of the mem-
bers represented by green lines will be recognized as zero-force
members. Joint C connects three members, two of which lie in the
same line, and is not subjected
thus a zero-force member. Ap
we find that member JK is alg
now in the same situation as jol
a zero-force member. The examination of joints C, |, and K also shows
that the forces in members AC and CE are equal, that the forces in
members HJ and JL are equal, and that the forces in members IK
and KL are equal. Turning our attention to joint I, where the 20-kN
load and member HI are collinear, we note that the force in member
HI is 20 kN (tension) and that the forces in members GI and IK are
equal. Hence, the forces in members GI, IK, and KL are equal.

25 kN F 50 kN
25 kN AN
D /// g i \“\Q;\‘%H
Z R\ V/, QT\\
Z TN / R
DY AN /‘ N
od 4 [
AL \\ N\ N
h T C E G 1 K T"
20kNY
Fig. 6.14

Note that the conditions described above do not apply to joints B
and D in Fig. 6.14, and it would be wrong to assume that the force in
member DE is 25 kN or that the forces in members AB and BD are
equal. The forces in these members and in all remaining members
should be found by carrying out the analysis of joints A, B, D, E, F, G,
H, and L in the usual manner. Thus, until you have become thoroughly
familiar with the conditions under which the rules established in this
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6.5 Joints Under Special Loading Conditions 90

P

(@)
Fig. 6.12

@
Fig. 6.13

B

e

(b)

(b)

Photo 6.4 Three-dimensional or space trusses
are used for broadcast and power transmission
line towers, roof framing, and spacecraft
applications, such as components of the
International Space Station.
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292 Andlysis of Structures section can be applied, you should draw the free-body diagrams of all
pins and write the corresponding equilibrium equations (or draw the
corresponding force polygons) whether or not the joints being consid-
ered are under one of the special loading conditions described above.

A final remark concerning zero-force members: These mem-
bers are not useless. For example, although the zero-force members
of Fig. 6.14 do not carry any loads under the loading conditions
shown, the same members would probably carry loads if the loading
conditions were changed. Besides, even in the case considered, these
members are needed to support the weight of the truss and to main-
tain the truss in the desired shape.

*6.6 SPACE TRUSSES

c When several straight members are joined together at their extremi-
ties to form a three-dimensional configuration, the structure obtained
is called a space truss.

We recall from Sec. 6.3 that the most elementary two-

D dimensional rigid truss consisted of three members joined at their
extremities to form the sides of a triangle; by adding two members at a
time to this basic configuration, and connecting them at a new joint, it
was possible to obtain a larger rigid structure which was defined as a
simple truss. Similarly, the most elementary rigid space truss consists of
six members joined at their extremities to form the edges of a tetrahedron

@ . 6. . adding three members at a time to this basic

attaching them to three existing

nt,f we can obtain a larger rigid
pace truss (Fig. 6.15b). Observ-
ng tha DasiC tetrahedron has six members and four joints and that
every time three members are added, the number of joints is increased

A by one, we conclude that in a simple space truss the total number of

members is m = 3n — 6, where n is the total number of joints.

=/ B If a space truss is to be completely constrained and if the reac-
tions at its supports are to be statically determinate, the supports

should consist of a combination of balls, rollers, and balls and sockets

) which provides six unknown reactions (see Sec. 4.9). These unknown

Fig. 6.15 reactions may be readily determined by solving the six equations

expressing that the three-dimensional truss is in equilibrium.

Although the members of a space truss are actually joined to-
gether by means of bolted or welded connections, it is assumed that
each joint consists of a ball-and-socket connection. Thus, no couple
will be applied to the members of the truss, and each member can be
treated as a two-force member. The conditions of equilibrium for each
joint will be expressed by the three equations 2F, = 0, 2F, = 0, and
2F, = 0. In the case of a simple space truss containing n joints, writ-
ing the conditions of equilibrium for each joint will thus yield 3n
equations. Since m = 3n — 6, these equations suffice to determine
all unknown forces (forces in m members and six reactions at the
supports). However, to avoid the necessity of solving simultaneous
equations, care should be taken to select joints in such an order that
no selected joint will involve more than three unknown forces.

tThe four joints must not lie in a plane.
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SAMPLE PROBLEM 6.1

Using the method of joints, determine the force in each member of the
truss shown.

SOLUTION

Free-Body: Entire Truss. A free-body diagram of the entire truss is drawn;
external forces acting on this free body consist of the applied loads and the
reactions at C and E. We write the following equilibrium equations.

+I1ZMe = 0: (2000 Ib)(24 ft) + (1000 Ib)(12 ft) — E(6 ft) =

E = +10,000 Ib E = 10,000 Ibx
VEF, = 0: C. =0
+><3F, = 0:  —2000 b — 1000 b + 10,000 1b + C, = 0

C, = —7000 Ib C, = 7000 Tbw

AxpertSoft Trial Version

3
2000 Ibl 5_|4

FAB

FAD

~Foe Foa

Y- 1s jomt 1s subjected to only two unknown forces,
namely, the forces exerted by members AB and AD. A force triangle is used
to determine F,5 and F,;, We note that member AB pulls on the joint and
thus is in tension and that member AD pushes on the joint and thus is in
compression. The magnitudes of the two forces are obtained from the
proportion

Fas  Fap

2000 Ib

4 3 5
=15001b T
=25001b C

FAB
F AD

/

Free-Body: Joint D. Since the force exerted by member AD has been
determined, only two unknown forces are now involved at this joint. Again,
a force triangle is used to determine the unknown forces in members DB
and DE.

= 2500 1b T
= 3000 1b C

F DB
Fpg

FDB _FDA
FDE - 2( )FDA
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1000 Ib

Faa=1500 Ib
4 N4

Fgp = 2500 Ib Fae

Feg=37501b  Fec

4 4

ERE
Fep= 3000 Ib
E=10,000 Ib
C,=7000 Ib
Feg=5250 Ib
cB C,=0
C
7
3
Fce=28750 Ib

3 3 FBC

Free-Body: Joint B. Since more than three forces act at this joint, we
determine the two unknown forces Fy¢ and Fyg by solving the equilibrium
equations F, = 0 and F, = 0. We arbitrarily assume that both unknown
forces act away from the joint, i.e., that the members are in tension. The
positive value obtained for Fpc indicates that our assumption was correct;
member BC is in tension. The negative value of Fpp indicates that our
assumption was wrong; member BE is in compression.

BSF, =0:  —1000 — 3(2500) — 3Fy; = 0
YSF, =0 Fpe — 1500 — 2(2500) — 3(3750) = 0

Free-Body: Joint E. The unknown force Fy is assumed to act away from
the joint. Summing x components, we write

AxpertSoft Trial Version

Summing y components, we obtain a check of our computations:

10,000 — %(3750) — %(8750)
10,000 — 3000 — 7000 = 0

+xEFy

(checks)

Free-Body: Joint C. Using the computed values of F¢p and Feg, we can
determine the reactions C, and C, by considering the equilibrium of
this joint. Since these reactions have already been determined from the
equilibrium of the entire truss, we will obtain two checks of our com-
putations. We can also simply use the computed values of all forces acting
on the joint (forces in members and reactions) and check that the joint is
in equilibrium:

—5250 + 3(8750) = —5250 + 5250 = 0
—7000 + %(8750) = —7000 + 7000 = 0

(checks)
(checks)

V3F,
+x2Fy
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SOULVINGIEROBLEIVIY
DN RO URSOVVIN

In this lesson you learned to use the method of joints to determine the forces in
the members of a simple truss, that is, a truss that can be constructed from a
basic triangular truss by adding to it two new members at a time and connecting
them at a new joint.

Your solution will consist of the following steps:

1. Draw a free-body diagram of the entire truss, and use this diagram to
determine the reactions at the supports.

2. Locate a joint connecting only two members, and draw the free-body
diagram of its pin. Use this free-body diagram to determine the unknown force
in each of the two members. If only three forces are involved (the two unknown
forces and a known one), you will probably find it more convenient to draw and
solve the corresponding force triangle. If more than three forces are involved, you
should write and solve the equilibrium equations for the pin, £F, = 0 and 2F, = 0,
assuming that the members are in tension. A positive answer means that the mem-
ber is in tension, a negative answer that the member is in compression. Once the
forces have been found, enter their values on a sketch of the truss, with T for
tension and C §

AxpertSoft Trial Version

3. Next, locat e connected mem-
bers are still unknown. Draw the iree-bod diagram oI the pin and use it as
indicated above to determine the two unknown forces.

4. Repeat this procedure until the forces in all the members of the truss have
been found. Since you previously used the three equilibrium equations associated
with the free-body diagram of the entire truss to determine the reactions at the
supports, you will end up with three extra equations. These equations can be used
to check your computations.

5. Note that the choice of the first joint is not unique. Once you have deter-
mined the reactions at the supports of the truss, you can choose either of two
joints as a starting point for your analysis. In Sample Prob. 6.1, we started at joint
A and proceeded through joints D, B, E, and C, but we could also have started at
joint C and proceeded through joints E, B, D, and A. On the other hand, having
selected a first joint, you may in some cases reach a point in your analysis beyond
which you cannot proceed. You must then start again from another joint to com-
plete your solution.

Keep in mind that the analysis of a simple truss can always be carried out
by the method of joints. Also remember that it is helpful to outline your solution
before starting any computations.

295


http://www.axpertsoft.com/pdf-splitter-software/

PROBLEMS

6.1 through 6.8 Using the method of joints, determine the force
in each member of the truss shown. State whether each member
is in tension or compression.

A
48 kN
[«—3m 4—‘
300 b 1.25m g
B J T
AC B
-t L |
3.2m 20 in. m 84 kN
C
T C . | 48in. <ﬁ
L—S m— 15 in. C
Fig. P6.1 Fig. P6.2 Fig. P6.3
ins 1 kip
AXPE 0 3 s 0 cv
600 Ib 5
AV 6.4 ft
300 Ib 3001b } D l
l 6 ft oo E FA
Dy |
B A = Y 2.4 kips
<4 ft ! 8 ft 8 ft ! 4ftJ , 12 ft 12 ft
Fig. P6.4 Fig. P6.5
A
i
4m
B
O ee——— 6 kN
5 kN
FD__A B
4 m f
0.9m LS kN
. \
J—POC OF

C D
- D
2m Ll,ZmJ@l.Z m

Fig. P6.6 Fig. P6.7 Fig. P6.8
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6.9 Determine the force in each member of the Gambrel roof truss Problems  92Q7
shown. State whether each member is in tension or compression.

600 Ib
600 Ib 600 Ib
T -
300 Ib
¥ 6 ft
AL a3 600 Ib 600 Ib
“obto C‘ E‘ G‘ S IVANS D"
f
g g g ft] 8ft—>l 300 Ib / 3001b 6 ft
sy o
Fig. P6.9
6 ft
6.10 Determine the force in each member of the Howe roof truss A% \ H |
shown. State whether each member is in tension or compression. — c E G‘ —
L 8 ft 8 ft 8 ft—<—38 ft—"

6.11 Determine the force in each member of the Pratt roof truss shown.
State whether each member is in tension or compression. Fig. P6.10

5.7 kN
B
O
A
A c
|<—3.8 m—t3. 1.5 kN
Fig. P6.11 Ilm

6.12 Determine the force in each member of the Fink roof truss shown.
State whether each member is in tension or compression.

. . . I«— 3m | 3m | 3m —»I
6.13 Determine the force in each member of the double-pitch roof truss
shown. State whether each member is in tension or compression.  Fig. P6.12

4m 4m 4m dm_ 3m
1.75 kN
2 kN
1.5 kN
2 kN l ,:‘U' D g <1800 N
1kN D \ / GO.75 kN
3.75m
l B 6m
\ 4
A H
fo} Nl — 1 B < 800 N
A C ‘ E o E
! 6-m—r~—6m 6m—] 3.75m
Fig. P6.13
Ad F_ v
6.14 The truss shown is one of several supporting an advertising panel. == C A
Determine the force in each member of the truss for a wind load
2m—-<2m

equivalent to the two forces shown. State whether each member
is in tension or compression. Fig. P6.14
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298 Andlysis of Structures 6.15 Determine the force in each of the members located to the left of
line FGH for the studio roof truss shown. State whether each
member is in tension or compression.

6ft  6ft , 6ft
400 Ib
400 Ib 400 Ib
400 Ib £y 400 Ib
9 ft B K
l A VL
A

cl el H| 3ft]

9 ft—~ 9ft—>|

6ft  6ft  6ft
Fig. P6.15 and P6.16

6.16 Determine the force in member FG and in each of the members
located to the right of FG for the studio roof truss shown. State
whether each member is in tension or compression.

6.17 Determine the force in each of the members located to the left of
FG for the scissors roof truss shown. State whether each member
is in tension or compression.

"2m ' 2m "2m I 2ml2m " 2m .
. . FG and in each of the members
Fig. P6.17 and P6.18 AXpertSOft Trial Version e scissors roof truss shown. State
410N Or compression.
L 9ft 18t 8t 9ft 6.19 Determine the force in each member of the Warren bridge truss
B 8 D 8 F shown. State whether each member is in tension or compression.
_w 6.20 Solve Prob. 6.19 assuming that the load applied at E has been
G_L removed.
A= -
c E 6.21 Determine the force in each member of the Pratt bridge truss
18t 18t 18 ft ‘ shown. State whether each member is in tension or compression.
Y
6 ki 6 ki
ips ips 5 5 -
Fig. P6.19 —(
12 ft
Ad= UHAL
A [¢ E G ot
LQ ft—| <9 ft—|<~—9 ft—<—9 ft—‘
\ 4 \ 4 |

4 Kips 4 kips 4 Kips
Fig. P6.21

6.22 Solve Prob. 6.21 assuming that the load applied at G has been
removed.
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6.23 The portion of truss shown represents the upper part of a power Problems 9200
transmission line tower. For the given loading, determine the force
in each of the members located above HJ. State whether each
member is in tension or compression.

1.60
,-2.21 m Mo 221 m—»l
B D
A = 0.60 m
| 0.60m
C E
1.20m
12kN N 3 1.2 kN
G | L losom
0.60 m
I il
297 m—— 1.20 m
1.2 kN N o 1.2 kN
M| P 0.60 m
\| 0.60 m
Q R
1.2 kN 1.2 kN
s T

1.6m|1.6m|1.6m|1.6m 16m 1.6m

Fig. P6.23
6.24 FYor the tower and loadi AxpertSOft Trial Version

and in each of the members located between HJ and NO. State
whether each member is in tension or compression.

6.25 Solve Prob. 6.23 assuming that the cables hanging from the right
side of the tower have fallen to the ground.

6.26 Determine the force in each of the members connecting joints A
through F of the vaulted roof truss shown. State whether each
member is in tension or compression. Fig. P6.26

24m '18m 18m 18m ' 1.8m'

6.27 Determine the force in each member of the truss shown. State
whether each member is in tension or compression.

~—10 ft —

15 kips

! =—10 ft !
5ft 51t

Fig. P6.27
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300 Andlysis of Structures 6.28 Determine the force in each member of the truss shown. State
whether each member is in tension or compression.

15 kips

6.29 Determine whether the trusses of Probs. 6.31a, 6.32a, and 6.33a

A 5 c \ 'D are simple trusses.
] 6.30 Determine whether the trusses of Probs. 6.31b, 6.32b, and 6.33b

15 ft I H are simple trusses.

G
j__?h 7 6.31 For the given loading, determine the zero-force members in each
of the two trusses shown.
‘«—12 ft-»‘«—lz ft <12 ft >|< 12 ft -
Fig. P6.28 lF’
A B C

O
m
>\-ﬂ\\
@
-
I
Nl N

Fig. P6.31

6.32 For the given loading, determine the zero-force members in each
of the two trusses shown.

(b) 6.33 For the given loading, determine the zero-force members in each
Fig. P6.32 of the two trusses shown.
P P
| \
A B C A B '<—Q
C

o)
¢
¢

=

o)
O
=

F i

A G H I ot
 / Y G H
b N A
(a) (b)

Fig. P6.33

6.34 Determine the zero-force members in the truss of (z) Prob. 6.26,
(b) Prob. 6.28.
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*6.35 The truss shown consists of six members and is supported by a Problems  3()]
short link at A, two short links at B, and a ball and socket at D.
Determine the force in each of the members for the given
loading.

400 Ib
Fig. P6.35

*6.36 The truss shown consists of six members and is supported by a ball
and socket at B, a short link at C, and two short links at D. Deter-
mine the force in each of the members for P = (2184 N)j and

Q=0

*6.37 The truss shown consists of six members and is supported by a
ball and socket at B, a short link at C, and two short links at D.
Determine the force in cg : = =
(2968 N)i.

*6.38 The truss shown consist
ball and socket at A, two short links at B, and a short link at C.
Determine the force in each of the members for the given
loading.

Fig. P6.38

*6.39 The truss shown consists of nine members and is supported by a
ball and socket at B, a short link at C, and two short links at D.
(@) Check that this truss is a simple truss, that it is completely
constrained, and that the reactions at its supports are statically

determinate. (b) Determine the force in each member for P =
(1200 N)j and Q = 0.

*6.40 Solve Prob. 6.39 for P = 0 and Q = (=900 N)k.
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302 Andlysis of Structures

C | =R
In
(a
lpl Py
A BY
iS » Fgp
F
Fee
AN
> N E
C Fe
(b)

Fig. 6.16

*6.41 The truss shown consists of 18 members and is supported by a ball
and socket at A, two short links at B, and one short link at G.
(a) Check that this truss is a simple truss, that it is completely
constrained, and that the reactions at its supports are statically
determinate. (b) For the given loading, determine the force in each
of the six members joined at E.

*6.42 The truss shown consists of 18 members and is supported by a ball
and socket at A, two short links at B, and one short link at G.
(@) Check that this truss is a simple truss, that it is completely
constrained, and that the reactions at its supports are statically
determinate. (b) For the given loading, determine the force in each
of the six members joined at G.

6.7 ANALYSIS OF TRUSSES BY THE METHOD
OF SECTIONS

The method of joints is most effective when the forces in all the
members of a truss are to be determined. If, however, the force in
only one member or the forces in a very few members are desired,
another method, the method of sections, is more efficient.
Assume, for example, that we want to determine the force in
member BD of the truss shown in Fig. 6.16a. To do this, we must
ber BD acts on either joint B
DE 0 - O 0 od of joints, we would choose
. However, we can also choose
as a tree body a Jarger portion of the truss, composed of several joints
and members, provided that the desired force is one of the external
forces acting on that portion. If, in addition, the portion of the truss
is chosen so that there is a total of only three unknown forces acting
upon it, the desired force can be obtained by solving the equations
of equilibrium for this portion of the truss. In practice, the portion
of the truss to be utilized is obtained by passing a section through
three members of the truss, one of which is the desired member,
i.e., by drawing a line which divides the truss into two completely
separate parts but does not intersect more than three members.
Either of the two portions of the truss obtained after the intersected
members have been removed can then be used as a free body.t
In Fig. 6.16a, the section nn has been passed through members
BD, BE, and CE, and the portion ABC of the truss is chosen as the
free body (Fig. 6.16b). The forces acting on the free body are the
loads P, and P; at points A and B and the three unknown forces Fyp,
Fgp, and Fgp. Since it is not known whether the members removed
were in tension or compression, the three forces have been arbitrarily
drawn away from the free body as if the members were in tension.

tIn the analysis of certain trusses, sections are passed which intersect more than three
members; the forces in one, or possibly two, of the intersected members may be
obtained if equilibrium equations can be found, each of which involves only one
unknown (see Probs. 6.61 through 6.64).
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The fact that the rigid body ABC is in equilibrium can be
expressed by writing three equations which can be solved for the
three unknown forces. If only the force Fyy, is desired, we need write
only one equation, provided that the equation does not contain the
other unknowns. Thus the equation ZMy = 0 yields the value of
the magnitude Fgp, of the force Fgp (Fig. 6.16b). A positive sign in
the answer will indicate that our original assumption regarding the
sense of Fyp was correct and that member BD is in tension; a nega-
tive sign will indicate that our assumption was incorrect and that BD
is in compression.

On the other hand, if only the force Fcy is desired, an equation
which does not involve Fg;, or Fgp; should be written; the appropriate
equation is XMy = 0. Again a positive sign for the magnitude F¢p of
the desired force indicates a correct assumption, that is, tension; and a
negative sign indicates an incorrect assumption, that is, compression.

If only the force Fyp is desired, the appropriate equation is
2F, = 0. Whether the member is in tension or compression is again
determined from the sign of the answer.

When the force in only one member is determined, no inde-
pendent check of the computation is available. However, when all
the unknown forces acting on the free body are determined, the
computations can be checked by writing an additional equation. For
instance, if Fgp, Fpp, and Fop are determined as indicated above,
the computation can be checked by verifying that 2F, = 0.

GRS  AxpertSoft Trial Version

Consider two simple trusses AB
three bars BD, BE, and CE as shown in Fig. 6.17a, they will form
together a rigid truss ABDF. The trusses ABC and DEF can also be
combined into a single rigid truss by joining joints B and D into a single
joint B and by connecting joints C and E by a bar CE (Fig. 6.17b).
The truss thus obtained is known as a Fink truss. It should be noted
that the trusses of Fig. 6.17a and b are not simple trusses; they cannot
be constructed from a triangular truss by adding successive pairs of
members as prescribed in Sec. 6.3. They are rigid trusses, however,
as we can check by comparing the systems of connections used to hold
the simple trusses ABC and DEF together (three bars in Fig. 6.17a,
one pin and one bar in Fig. 6.17b) with the systems of supports dis-
cussed in Secs. 4.4 and 4.5. Trusses made of several simple trusses
rigidly connected are known as compound trusses.

L N Y —

Fig. 6.17

6.8 Trusses Made of Several Simple Trusses

— oW

Mo g 1‘ ?

303


http://www.axpertsoft.com/pdf-splitter-software/

304 Andlysis of Structures

B D
o "‘O o 0
& N 2
A3 o & I% o §F

(@
Fig. 6.17 (repeated)

Mo

A y ‘70‘ (o:

In a compound truss the number of members m and the num-
ber of joints n are still related by the formula m = 2n — 3. This can
be verified by observing that, if a compound truss is supported by a
frictionless pin and a roller (involving three unknown reactions), the
total number of unknowns is m + 3, and this number must be equal
to the number 2n of equations obtained by expressing that the n pins
are in equilibrium; it follows that m = 2n — 3. Compound trusses
supported by a pin and a roller, or by an equivalent system of sup-
ports, are statically determinate, rigid, and completely constrained.
This means that all of the unknown reactions and the forces in all
the members can be determined by the methods of statics, and that
the truss will neither collapse nor move. The forces in the members,
however, cannot all be determined by the method of joints, except
by solving a large number of simultaneous equations. In the case of
the compound truss of Fig. 6.17a, for example, it is more efficient
to pass a section through members BD, BE, and CE to determine
the forces in these members.

Suppose, now, that the simple trusses ABC and DEF are con-
nected by four bars BD, BE, CD, or CE (Fig. 6.18). The number of
members m is now larger than 2n — 3; the truss obtained is overrigid,
and one of the four members BD, BE, CD, or CE is said to be redun-
dant. If the truss is supported by a pin at A and a roller at F, the
total number of unknowns is m + 3. Since m > 2n — 3, the number
m + 3 of unknowns is now larger than the number 2n of available
; ; mmictically indeterminate.
two simple trusses ABC and

Fig. 6.18 AXpertSOft Trial Version g. 6.19a. The number of mem-

—om@

Mo—"

Ag’d'é

Fig. 6.19

 truss is supported by a pin at
A and a roller at F, the total number of unknowns is m + 3. Since
m < 2n — 3, the number m + 3 of unknowns is now smaller than
the number 2n of equilibrium equations which should be satisfied;
the truss is nonrigid and will collapse under its own weight. How-
ever, if two pins are used to support it, the truss becomes rigid
and will not collapse (Fig. 6.19b). We note that the total number
of unknowns is now m + 4 and is equal to the number 2n of equa-
tions. More generally, if the reactions at the supports involve r
unknowns, the condition for a compound truss to be statically deter-
minate, rigid, and completely constrained is m + r = 2n. However,
while necessary this condition is not sufficient for the equilibrium of
a structure which ceases to be rigid when detached from its supports
(see Sec. 6.11).

= ow
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28 kips 28 kips SAMPLE PROBLEM 6.2

A YC E Y | K 1eikips

Determine the force in members EF and GI of the truss shown.
10 ft
I8 ;
A D F H
A T
"gft ' 8ft ' 8ft ' gft ' 8ft '
28 kips 28 kips SOLUT|ON
A Vc E VG 1 K 16kips  Free-Body: Entire Truss. A free-body diagram of the entire truss is
drawn; external forces acting on this free body consist of the applied
1(1ft 5 loads and the reactions at B and J. We write the following equilibrium
— equations.
Bx A D F H MJ E
J +I2MB = OI
Byl=gf "8ft " 8ft ' 8ft ' Bf —(28 kips)(8 ft) — (28 kips)(24 ft) — (16 kips)(10 ft) + J(32 ft) = 0

J = +33 kips J = 33 kipsx
28 kips 28 kips

A Yo E Yo B,= —16kips B, = 16 kips=

— (16 kips)(10 ft) — B,(32 ft) = 0
B, = +23 kips B, = 23 kipsx

16 kips A Dn/ F H

23 kips 33 kips
28 ki .
8 Kips Force in Member EF. Section nn is passed through the truss so that it
intersects member EF and only two additional members. After the inter-
A Yc E > sected members have been removed, the left-hand portion of the truss is
Fes chosen as a free body. Three unknowns are involved; to eliminate the two
F horizontal forces, we write
EF
B BEF, = 0: +23 kips — 28 kips — Fgr = 0
e = — i
16 kips A D F.. Fer 5 kips
23 kips The sense of Fyp was chosen assuming member EF to be in tension; the
negative sign obtained indicates that the member is in compression.
Fa i
<—I—§_> Fpp =5 kIPS C
—’7 16 kips
F
10 ft E'/
L Ve Force in Member GIl. Section mm is passed through the truss so that it
HCF,:‘_‘ \‘] intersects member GI and only two additional members. After the inter-
Ik sected members have been removed, we choose the right-hand portion of
8 ft—133 kips the truss as a free body. Three unknown forces are again involved; to elimi-

nate the two forces passing through point H, we write

+HISMy = 0 (33 kips)(8 ft) — (16 kips)(10 ft) + F;(10 ft) = 0
FGI = —-104 klpS FCI = 104 klpS C
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1kN SAMPLE PROBLEM 6.3

1kN * 1kN
F
T 1kN N \*H 1kN Determine the force in members FH, GH, and GI of the roof truss
h= 8m }J\\ shown.
A
o} L
* G 1 K =&

5kN 5kN 5kN
LGpanels@Sm 30m4‘

SOLUTION
Free Body: Entire Truss. From the free-body diagram of the entire truss,
ol we find the reactions at A and L:
1 kN . |1kN A = 12.50 kNx L = 7.50 kNx
LN DV \‘*H LN We note that
B \ }\J\%ai 28.07°
‘ FG 8m
AT ci E* G* T TL na = == ?—05333 a = 28.07°
|
5kN 5KN 5KN | L
12.50 kN n

d through the truss as shown.

1kN
Fen bdy, the value of F; is obtained
%
= tH “1 kN
GH
2@m)=533m \Q oMy = 0: 50 KN)(10 m) — (1 KN)(5 m) — Fg;(5.33 m) = 0

L T
sm S m—{ 7,50 kN

Force in Member FH. The value of Fyy is obtained from the equation

Feyy COS @ Frusin ZMg = 0. We move Fpy along its line of action until it acts at point F,
F 1kN where it is resolved into its x and y components. The moment of Fpj; with
' AN *H respect to point G is now equal to (Fpy cos @)(8 m).
| > 1 kN
SmlFGH/ JJ _HIEM = 0;
L: S R ¥~ 2897 (750 kN)(15 m) — (1 kN)(10 m) — (1 kN)(5 m) + (Fgy cos @)(8 m) = 0

&
e E L
5m—f=5m 5m—

7.50 kN
Force in Member GH. We first note that
1 kN
F ‘ _ g _ Sm _ _ °
FH \LH 1KN tanb = o 2(8m) = 0.9375 b =43.15
B= 43.153: \.}J 3
Eeysin G,7 4 > The value of Fgy is then determined by resolving the force Fgy into x and
e ’ y components at point G and solving the equation ZM;, = 0.

E cosﬂi ‘L ‘L f7 sokntIZML = 0: (1 kN)(10 m) + (1 kN)(5 m) + (Fgy cos b)(15 m) = 0

306
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SOULVINGIEROBLEIVIY
ONERYOURIOVIN

The method of joints that you studied earlier is usually the best method to use
when the forces in all the members of a simple truss are to be found. However,
the method of sections, which was covered in this lesson, is more effective when
the force in only one member or the forces in a very few members of a simple
truss are desired. The method of sections must also be used when the truss is not
a simple truss.

A. To determine the force in a given truss member by the method of sections,
you should follow these steps:

1. Draw a free-body diagram of the entire truss, and use this diagram to
determine the reactions at the supports.

2. Pass a section through three members of the truss, one of which is the
desired member. After you have removed these members, you will obtain two
separate portions of truss.

3. Select one of the two portions of truss you have obtained, and draw its
free-body diagram. This diagram should include the external forces applied to
the selected po intersected members

RS AxpertSoft Trial Version

4. You can now wr which can be solved for the

forces in the three intersected members.

5. An dlternative approach is to write a single equation, which can be solved
for the force in the desired member. To do so, first observe whether the forces
exerted by the other two members on the free body are parallel or whether their
lines of action intersect.

a. If these forces are parallel, they can be eliminated by writing an equilib-
rium equation involving components in a direction perpendicular to these two
forces.

b. If their lines of action intersect at a point H, they can be eliminated by
writing an equilibrium equation involving moments about H.

6. Keep in mind that the section you use must intersect three members only.
This is because the equilibrium equations in step 4 can be solved for three
unknowns only. However, you can pass a section through more than three mem-
bers to find the force in one of those members if you can write an equilibrium
equation containing only that force as an unknown. Such special situations are
found in Probs. 6.61 through 6.64.

(continued)
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B. About completely constrained and determinate trusses:

1. First note that any simple truss which is simply supported is a completely
constrained and determinate truss.

2. To determine whether any other truss is or is not completely constrained
and determinate, you first count the number m of its members, the number n
of its joints, and the number r of the reaction components at its supports. You
then compare the sum m + r representing the number of unknowns and the
product 2n representing the number of available independent equilibrium
equations.

a. If m + r < 2n, there are fewer unknowns than equations. Thus, some of
the equations cannot be satisfied; the truss is only partially constrained.

b. If m + r > 2n, there are more unknowns than equations. Thus, some of
the unknowns cannot be determined; the truss is indeterminate.

c. If m + r = 2n, there are as many unknowns as there are equations. This,
however, does not mean that all the unknowns can be determined and that all the
equations can be satisfied. To find out whether the truss is completely or improp-
erly constrained, you 4 j ; g pports and the

forces in its member AxpertSO ft Trial Version onstrained and

determinate.



http://www.axpertsoft.com/pdf-splitter-software/

PROBLEMS

6.43 Determine the force in members CD and DF of the truss shown.
12kN 12kN

C ‘E $G |

J

D F H
I<—4panels@ 24mK9.6 m~—l

Fig. P6.43 and P6.44

>

[N
Q0 >
3

[oe]
‘4_-

6.25 ft N 125ft 125ft 125ft 125ft
6.44 Determine the force in members FG and FH of the truss shown. | i I I |

sl bl Fl HI
6.45 A Warren bridge truss is loaded as shown. Determine the force in
members CE, DE, and DF. 1jj
A
K
6.46 A Warren bridge truss is loaded as shown. Determine the force in =8 C E G | 1 | VAN
members EG, FG, and FH. | |
'n5ﬂ"u5ﬂ"u5ﬂ'u5ﬁ'n5ﬁ'

6.47 Determine the force in members DF, EF, and EG of the truss 6000 1b 6000 Ib

shown.
6.45 and P6.46
AXpe 0 0 ersio
3m
3m G K
J

3m E M
3m L

16 KN 16 kN N

Fig. P6.47 and P6.48

6 panels@ 4 m = 24 m—>|

6.48 Determine the force in members GI, GJ, and HI of the truss
shown.

6.49 Determine the force in members AD, CD, and CE of the truss
shown.

~—45m i 45m i 45m
ZOkN ZOkN

36N |a

Fig. P6.49 and P6.50

6.50 Determine the force in members DG, FG, and FH of the truss

shown. 309
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310 Andlysis of Structures 6.51 A stadium roof truss is loaded as shown. Determine the force in

members AB, AG, and FG.
0.9 kips
LA Y5 0.9 kips
9ft §§§ij° c
v D
G H
<12 ft»L—14 ft—|~14 ft—r‘

J

3151t |

TR

8ft 8ft
Fig. P6.51 and P6.52

3m>|<3 m*|<3 m>|<3 m*l 6.52 A stadium roof truss is loaded as shown. Determine the force in
vomwo kl\wm kN J10 kN members AE, EF, and FJ.
A C E G
g bers CD and DF of the truss
r > i AxpertSo al Versio
5m I:T
J_ o bers CE and EF of the truss
2 b shown.

Fig. P6.53 and P6.54 6.55 The truss shown was designed to support the roof of a food market.

For the given loading, determine the force in members FG, EG,
and EH.

1.24 kN 1.24 kN
| 06 kN 0.6 kN
1.75m 4
— A 2.87m
T VN
4.80 m v 3 6¥8 m
| B P>
AA ¢ E H K M s O
! 3.84m 3.84m
3.6m 24m36m 3.6m24m 3.6m

Fig. P6.55 and P6.56

6.56 The truss shown was designed to support the roof of a food market.

For the given loading, determine the force in members KM, LM,
and LN.



http://www.axpertsoft.com/pdf-splitter-software/

6.57 A Polynesian, or duopitch, roof truss is loaded as shown. Deter-
mine the force in members DF, EF, and EG.

6ft 6Tt 6ft 6ft 6ft 6ft 6ft 6ft

|
‘ 350 Ib

4001b | 3001b
400 %9 T HY 30016300 1y
150 Ib

4 ft
45 ft

96ft ' 84ft ' 6ft
Fig. P6.57 and P6.58

6.58 A Polynesian, or duopitch, roof truss is loaded as shown. Deter-
mine the force in members HI, GI, and GJ.

6.59 Determine the force in members DE and DF of the truss shown
when P = 20 kips.

oM

f D H
75 ft B_A I

c lE |G | = K

J_AA
f
L AxpertSo al Versio

6p
Fig. P6.59 and P

6.60 Determine the force in members EG and EF of the truss shown
when P = 20 kips.

6.61 Determine the force in members EH and GI of the truss shown.
(Hint: Use section aa.)

B E J%H b M
il T~ 8 ft
C (\F\: :’K/\ :W ——8ﬂ
A I Il P
A ° |G‘\a 1 /b L Jo =%
| 15ft  15ft = 15ft W 15ft | 15ft \ 15ft |

12 kips 12 kips 12 kips
Fig. P6.61 and P6.62

6.62 Determine the force in members HJ and IL of the truss shown.

(Hint: Use section bb.)

6.63 Determine the force in members DG and FI of the truss shown.

(Hint: Use section aa.)

6.64 Determine the force in members GJ and IK of the truss shown.

(Hint: Use section bb.)

Problems

L]

2m 2m

Fig. P6.63 and P6.64

311
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312 Andlysis of Structures 6.65 and 6.66 The diagonal members in the center panels of the
truss shown are very slender and can act only in tension; such

members are known as counters. Determine the forces in the

48kips 4.8kips 4.8kips 2.4kips 2.4 kips
BT i L 1 ﬂ_’l counters that are acting under the given loading.
AL BY cY DY EV 6.67 and 6.68 The diagonal members in the center panels of the
1 power transmission line tower shown are very slender and can act
9.6 ft only in tension; such members are known as counters. For the
. | given loading, determine (@) which of the two counters listed below
A G = H is acting, (b) the force in that counter.
. 6.67 Counters CJ and HE.
Fig. P6.65
9 6.68 Counters IO and KN.
48kips 4.8kips 4.8kips 2.4kips 2.4 kips
~11ft 11 ft 11 ft 11 ft—
A BV cV DV E "2.21 m —B>|<-1.60 m+I<D— 221 m—»l
A |E 0.60 m
9.6 ft a
0.60 m
200 o
FAT G e H | c N
) 12kN J 12kN am
Fig. P6.66
s L 0.60 m
0.60 m
202
N AN 20°
|<— 297 m —= K ~ " 120m
1.2 kN N 12kN
P 0.60m
AXpe 0 5 ersio 0.60 m
20
1.2 kN T 1.2 kN
Fig. P6.67 and P6.68
6.69 Classify each of the structures shown as completely, partially, or
improperly constrained; if completely constrained, further classify
as determinate or indeterminate. (All members can act both in
tension and in compression.)
P P P
P \ P l P \/
— — 0 —_—
o A—
A A
(@ (b) (©

Fig. P6.69
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6.70 through 6.74 Classify each of the structures shown as com- Problems 313
pletely, partially, or improperly constrained; if completely con-
strained, further classify as determinate or indeterminate. (All
members can act both in tension and in compression.)

ror ror ror

A e A =& A

Fig. P6.70  (a) (b) ()

Fig. P6.73 () )

—
S
N

ot ot ot e

Fig. P6.74 (1) ®) (©)
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Af°)

AxpertSoft Trial Version

6.9 STRUCTURES CONTAINING MULTIFORCE MEMBERS

Under trusses, we have considered structures consisting entirely of
pins and straight two-force members. The forces acting on the two-
force members were known to be directed along the members them-
selves. We now consider structures in which at least one of the
members is a multiforce member, i.e., a member acted upon by three
or more forces. These forces will generally not be directed along the
members on which they act; their direction is unknown, and they
should be represented therefore by two unknown components.

Frames and machines are structures containing multiforce
members. Frames are designed to support loads and are usually sta-
tionary, fully constrained structures. Machines are designed to trans-
mit and modify forces; they may or may not be stationary and will
always contain moving parts.

6.10 ANALYSIS OF A FRAME

As a first example of analysis of a frame, the crane described in Sec. 6.1,
which carries a given load W (Fig. 6.20a), will again be considered.
The free-body diagram of the entire frame is shown in Fig. 6.20b. This
diagram can be used to determine the external forces acting on the
inwe first determine the force T
y components, we then deter-
e reaction at the pin A.
¥nal forces holding the various
parts of a frame together, we must dismember the frame and draw
a free-body diagram for each of its component parts (Fig. 6.20c).
First, the two-force members should be considered. In this frame,
member BE is the only two-force member. The forces acting at each
end of this member must have the same magnitude, same line of
action, and opposite sense (Sec. 4.6). They are therefore directed
along BE and will be denoted, respectively, by Fyz and —Fpgg. Their
sense will be arbitrarily assumed as shown in Fig. 6.20c; later the
sign obtained for the common magnitude Fgj of the two forces will
confirm or deny this assumption.

D D -Cx E
Cy F
- / E T | Cx 1 l
o ) F Fee
F C w
* FBE -Fge
B W B /
W E
A Ax B

Fig. 6.20

@

BE

X —- | A
A1 T
A, A, F

(b) (©
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Next, we consider the multiforce members, i.e., the members
which are acted upon by three or more forces. According to Newton’s
third law, the force exerted at B by member BE on member AD
must be equal and opposite to the force Fgj; exerted by AD on BE.
Similarly, the force exerted at E by member BE on member CF
must be equal and opposite to the force —Fjp exerted by CF on BE.
Thus the forces that the two-force member BE exerts on AD and
CF are, respectively, equal to —Fgp and Fgp; they have the same
magnitude Fg and opposite sense, and should be directed as shown
in Fig. 6.20c.

At C two multiforce members are connected. Since neither
the direction nor the magnitude of the forces acting at C is known,
these forces will be represented by their x and y components. The
components C, and C, of the force acting on member AD will be
arbitrarily directed to the right and upward. Since, according to
Newton’s third law, the forces exerted by member CF on AD and by
member AD on CF are equal and opposite, the components of the
force acting on member CF must be directed to the left and down-
ward; they will be denoted, respectively, by —C, and —C,. Whether
the force C, is actually directed to the right and the force —C, is
actually dlrected to the left will be determined later from the sign
of their common magnitude C,, a plus sign indicating that the
assumption made was correct, and a minus sign that it was wrong.
The free-body diagrams of the multlforce members are completed
by showing the external forcesg

The internal forces can

free-body diagram of either o AXpertSOft Trial Version

ing the free-body diagram of C
EMc = 0, ZMy = 0, and 2F, = 0, which yield the values of the
magnitudes Fyg, C,, and C,, respectively. These values can be checked
by verifying that member AD is also in equilibrium.

It should be noted that the pins in Fig. 6.20 were assumed to
form an integral part of one of the two members they connected and
so it was not necessary to show their free-body diagram. This assump-
tion can always be used to simplify the analysis of frames and
machines. When a pin connects three or more members, however,
or when a pin connects a support and two or more members, or
when a load is applied to a pin, a clear decision must be made in
choosing the member to which the pin will be assumed to belong.
(If multiforce members are involved, the pin should be attached to
one of these members.) The various forces exerted on the pin should
then be clearly identified. This is illustrated in Sample Prob. 6.6.

It is not strictly necessary to use a minus sign to distinguish the force exerted by one
member on another from the equal and opposite force exerted by the second member
on the first, since the two forces belong to different free-body diagrams and thus cannot
easily be confused. In the Sample Problems, the same symbol is used to represent equal
and opposite forces which are applied to different free bodies. It should be noted that,
under these conditions, the sign obtained for a given force component will not directly
relate the sense of that component to the sense of the corresponding coordinate axis.
Rather, a positive sign will indicate that the sense assumed for that component in the
free-body diagram is correct, and a negative sign will indicate that it is wrong.

6.11 Frames Which Cease to Be Rigid When
Detached from Their Supports
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316 Andlysis of Structures 6.11 FRAMES WHICH CEASE TO BE RIGID WHEN
DETACHED FROM THEIR SUPPORTS

The crane analyzed in Sec. 6.10 was so constructed that it could keep
the same shape without the help of its supports; it was therefore
considered as a rigid body. Many frames, however, will collapse if
detached from their supports; such frames cannot be considered as
rigid bodies. Consider, for example, the frame shown in Fig. 6.21a,
which consists of two members AC and CB carrying loads P and Q
at their midpoints; the members are supported by pins at A and B
and are connected by a pin at C. If detached from its supports, this
frame will not maintain its shape; it should therefore be considered
as made of two distinct rigid parts AC and CB.

The equations =F, = 0, 2F, = 0,2M =0 (about any given
point) express the conditions for the equilibrium of a rigid body
(Chap. 4); we should use them, therefore, in connection with the
free-body diagrams of rigid bodies, namely, the free-body diagrams
of members AC and CB (Fig. 6.21D). Since these members are multi-
force members, and since pins are used at the supports and at the
connection, the reactions at A and B and the forces at C will each be
represented by two components. In accordance with Newton’s third
law, the components of the force exerted by CB on AC and the com-
ponents of the force exerted by AC on CB will be represented by
vectors of the same magnitude and opposite sense; thus, if the first
pair of comnonen Qngists o and C, the second pair will be
. . ote that four unknown force
AXpertSOft Trial Version e only three independent equa-
Jody is in equilibrium; similarly,
four unknowns, but only three equations, are associated with CB.
However, only six different unknowns are involved in the analysis of
the two members, and altogether six equations are available to express
that the members are in equilibrium. Writing M, = 0 for free body
AC and ZMj = 0 for CB, we obtain two simultaneous equations
which may be solved for the common magnitude C, of the compo-
nents C, and —C,, and for the common magnitude C, of the com-
ponents C, and —C,. We then write 2F, = 0 and XF, = 0 for each
of the two free bodies, obtaining, successively, the magnitudes A,, Ay
B,, and B,

Fig. 6.21
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It can now be observed that since the equations of equilibrium
2F, = 0,3F, = 0, and ZM = 0 (about any given point) are satisfied
by the forces acting on free body AC, and since they are also satisfied
by the forces acting on free body CB, they must be satisfied when the
forces acting on the two free bodies are considered simultaneously.
Since the internal forces at C cancel each other, we find that the equa-
tions of equilibrium must be satisfied by the external forces shown on
the free-body diagram of the frame ACB itself (Fig. 6.21c), although
the frame is not a rigid body. These equations can be used to deter-
mine some of the components of the reactions at A and B. We will
also find, however, that the reactions cannot be completely determined
from the free-body diagram of the whole frame. It is thus necessary to
dismember the frame and to consider the free-body diagrams of
its component parts (Fig. 6.21b), even when we are interested in
determining external reactions only. This is because the equilibrium
equations obtained for free body ACB are necessary conditions for
the equilibrium of a nonrigid structure, but are not sufficient
conditions.

The method of solution outlined in the second paragraph of
this section involved simultaneous equations. A more efficient method
is now presented, which utilizes the free body ACB as well as the
free bodies AC and CB. Writing XM, = 0 and ZMjy = 0 for free
body ACB, we obtain B, and A,. Writing M = 0, 2F, = 0, and
2F, =0 for free body AC we obtaln successwely A,, C,, and C,.
Flnally writing 2F, = 0 for A

We noted above that t

involves six unknown force cq AXpertSOft Trial Version

librium equations. (The equiliR
were obtained from the original six equations and, therefore, are
not independent.) Moreover, we checked that all unknowns could
be actually determined and that all equations could be satisfied.
The frame considered is statically determinate and rigid.t In gen-
eral, to determine whether a structure is statically determinate and
rigid, we should draw a free-body diagram for each of its compo-
nent parts and count the reactions and internal forces involved. We
should also determine the number of independent equilibrium
equations (excluding equations expressing the equilibrium of the
whole structure or of groups of component parts already analyzed).
If there are more unknowns than equations, the structure is stati-
cally indeterminate. If there are fewer unknowns than equations,
the structure is nonrigid. If there are as many unknowns as equa-
tions, and if all unknowns can be determined and all equations
satisfied under general loading conditions, the structure is statically
determinate and rigid. If, however, due to an improper arrange-
ment of members and supports, all unknowns cannot be deter-
mined and all equations cannot be satisfied, the structure is
statically indeterminate and nonrigid.

tThe word “rigid” is used here to indicate that the frame will maintain its shape as long
as it remains attached to its supports.

6.11 Frames Which Cease to Be Rigid When
Detached from Their Supports
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80 mm
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SAMPLE PROBLEM 6.4

In the frame shown, members ACE and BCD are connected by a pin at C
and by the link DE. For the loading shown, determine the force in link DE
and the components of the force exerted at C on member BCD.

SOLUTION

Free Body: Entire Frame. Since the external reactions involve only three

| |E unknowns, we compute the reactions by considering the free-body diagram
60 mm 100 mm 150mm=1 " f the entire frame.
. >SF, = 0: A, — 480N =0 A, = +480 N A, = 480 N
Ay +IZM, = 0: —(480 N)(100 mm) + B(160 mm) = 0
L LIy B = +300 N B = 300 Ny
Y2F, = 0: B+ A =0
300N+A, =0 A =—300N A, =300 N=
160 mm
B
-B 480 N
C ¢ Members. We now dismember the frame. Since only two members are
g connected at C, the components of the unknown forces acting on ACE and
o RO ore ccnectively ocmal ond onno ite and are assumed directed as

and exerts equal and opposite

AxpertSoft Trial Version

Free Body: Member BCD. Using the free body BCD, we write

60 mm 100 mm
300N 5 i [somm 12ty = 0
@ Sy 480 N (Fpg sin @)(250 mm) + (300 N)(80 mm) + (480 N)(100 mm) = 0
1\ =i==—py V2F, = 0: C, — Fpgcosa + 300N =0
c Cx A{a C, — (=561 N) cos 28.07° + 300 N =0 C, = —T95 N
Foe +>SF, = 0. C, — Fppsina — 480 N = 0
Cy — (=561 N) sin 28.07° — 480 N = 0 C, = +216 N
480 N !
A From the signs obtained for C, and C, we conclude that the force compo-
A nents C, and C, exerted on member BCD are directed, respectively, to the
T (Oy®=—=300N left and up. We have
C, =795 Nz, C, = 216 NX
220 mm
Free Body: Member ACE (Check). The computations are checked by
ch considering the free body ACE. For example,
1 -
1 N +I1ZM, = (Fpg cos @)(300 mm) + (Fpg sin @)(100 mm) — C,(220 mm)
E/mm pod = (=561 cos @)(300) + (—561 sin a)(100) — (—795)(220) = 0
E
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48m !

SAMPLE PROBLEM 6.5

Determine the components of the forces acting on each member of the
frame shown.

SOLUTION

Free Body: Entire Frame. Since the external reactions involve only three
unknowns, we compute the reactions by considering the free-body diagram
of the entire frame.

+ISM; = 0. —(2400 N)(3.6 m) + F(4.8 m) = 0
F = +1800 N F = 1800 N><
EF, =0:  —2400N + 1800N + E, = 0
E,= +600 N E, = 600 Nx
Y3F, = 0: E, =0

Members. The frame is now dismembered; since only two members are
connected at each joint, equal and opposite components are shown on each
member at each joint.

Free Body: Member BCD

m)=0 C,=+3600N
m) =0 B, =+I200N

We note that neither B, nor C, can be obtained by considering only member
BCD. The positive values obtained for B, and C, indicate that the force
components B, and C, are directed as assumed.

Free Body: Member ABE

+I1EM, =0: B.27m)=0 B, =0
V3F, = 0: +B,— A, =0 A, =0
BEF, = 0: —A, + B, + 600N =0

—A, + 1200 N + 600 N = 0 A, = +1800 N

Free Body: Member BCD. Returning now to member BCD, we write
VSF,=0. -B,+C,=0 0+C,=0 C,=0

Free Body: Member ACF (Check). All unknown components have now
been found; to check the results, we verify that member ACF is in
equilibrium.

+ISM, = (1800 N)(2.4 m) — A,
-1

(2.4 m) — A(2.7 m)
= (1800 N)(2.4 m) 800 N)(24m) —0=0 (checks)
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600 Ib

A
o

60010 o o
PO
EaL,
AB 13 _
FAB 3
7.5 ft
O
12 4
43 Feo
I % e
FCD
2.5 ft
+_>,o E _>>O
Ex Fx A
Yy Ey = 1000 Ib

Fy = 1000 Ib

AxpertSoft Trial Version

SAMPLE PROBLEM 6.6

A 600-1b horizontal force is applied to pin A of the frame shown. Determine
the forces acting on the two vertical members of the frame.

SOLUTION

Free Body: Entire Frame. The entire frame is chosen as a free body;
although the reactions involve four unknowns, E, and F, may be deter-
mined by writing

+ISMg = 0: —(600 Ib)(10 ft) + F,(6 ft) = 0

F, = +1000 Ib F, = 1000 Ihx
3SF,=0.  E,+F,=0

E, = —1000 Ib E, = 1000 Ihw

Members. The equations of equilibrium of the entire frame are not suf-
ficient to determine E, and F,. The free-body diagrams of the various mem-
bers must now be considered in order to proceed with the solution. In
dismembering the frame we will assume that pin A is attached to the mul-
tiforce member ACE and, thus, that the 600-Ib force is applied to that
member. We also note that AB and CD are two-force members.

Solving these equations simultaneously, we find
Fus = —10401b  Fep = +1560 Ib

The signs obtained indicate that the sense assumed for Fgp was correct and
the sense for F, incorrect. Summing now x components,

Y5F, = 0. 6001b + 2(—1040 Ib) + 12(+1560 Ib) + E, = 0
E, = —1080 Ib E, = 1080 b=

Free Body: Entire Frame. Since E, has been determined, we can return
to the free-body diagram of the entire frame and write

VEF, =0: 6001b—10801b + F, =0
F, = +480 b F, = 480 by

Free Body: Member BDF (Check). We can check our computations by
verifying that the equation XMy = 0 is satisfied by the forces acting on
member BDF.

+IZMy = —(BFcp)25 ft) + (F)(7.5 ft)
—13(1560 1b)(2.5 ft) + (480 Ib)(7.5 ft)
= —36001b - ft + 3600 1b - ft = 0 (checks)
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SOULVINGIEROBLEIVIY
DN RO URSOVVIN

In this lesson you learned to analyze frames containing one or more multiforce
members. In the problems that follow you will be asked to determine the exter-
nal reactions exerted on the frame and the internal forces that hold together the
members of the frame.

In solving problems involving frames containing one or more multiforce members,
follow these steps:

1. Draw a free-body diagram of the entire frame. Use this free-body diagram
to calculate, to the extent possible, the reactions at the supports. (In Sample
Prob. 6.6 only two of the four reaction components could be found from the free
body of the entire frame.)

2. Dismember the frame, and draw a free-body diagram of each member.

3. Considering first the two-force members, apply equal and opposite forces to
each two-force member at the points where it is connected to another member.
If the two-forcg ill be directed along
the axis of the AxpertSOft Trial Version er the member is in
tension or com sion and direct both
of the forces away jrom : ave the same unknown
magnitude, give them both the same name and, to avoid any confusion later, do
not use a plus sign or a minus sign.

4. Next, consider the multiforce members. For each of these members, show
all the forces acting on the member, including applied loads, reactions, and inter-
nal forces at connections. The magnitude and direction of any reaction or reaction
component found earlier from the free-body diagram of the entire frame should
be clearly indicated.

a. Where a multiforce member is connected to a two-force member, apply
to the multiforce member a force equal and opposite to the force drawn on the
free-body diagram of the two-force member, giving it the same name.

b. Where a multiforce member is connected to another multiforce member,
use horizontal and vertical components to represent the internal forces at that
point, since neither the direction nor the magnitude of these forces is known. The
direction you choose for each of the two force components exerted on the first
multiforce member is arbitary, but you must apply equal and opposite force com-
ponents of the same name to the other multiforce member. Again, do not use a
plus sign or a minus sign.

(continued)
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5. The internal forces may now be determined, as well as any reactions that
you have not already found.

a. The free-body diagram of each of the multiforce members can provide
you with three equilibrium equations.

b. To simplify your solution, you should seek a way to write an equation
involving a single unknown. If you can locate a point where all but one of
the unknown force components intersect, you will obtain an equation in a single
unknown by summing moments about that point. If all unknown forces except one
are parallel, you will obtain an equation in a single unknown by summing force
components in a direction perpendicular to the parallel forces.

c. Since you arbitrarily chose the direction of each of the unknown forces,
you cannot determine until the solution is completed whether your guess was cor-
rect. To do that, consider the sign of the value found for each of the unknowns:
a positive sign means that the direction you selected was correct; a negative sign
means that the direction is opposite to the direction you assumed.

6. To be more effective and efficient as you proceed through your solution,
observe the following rules:

a. If an equatio . _ nd, write that
equation and solve i AxpertSoft Trial Version nknown wher-
ever it appears on otX found. Repeat
this process by seeking equilibrium equations involving only one unknown until
you have found all of the internal forces and unknown reactions.

b. If an equation involving only one unknown cannot be found, you may
have to solve a pair of simultaneous equations. Before doing so, check that you
have shown the values of all of the reactions that were obtained from the free-body
diagram of the entire frame.

c. The total number of equations of equilibrium for the entire frame and for
the individual members will be larger than the number of unknown forces and
reactions. After you have found all the reactions and all the internal forces, you
can use the remaining equations to check the accuracy of your computations.
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PROBLEMS

FREE BODY PRACTICE PROBLEMS
6.F1 For the frame and loading shown, draw the free-body diagram(s)

needed to determine the forces acting on member ABC at B 4_200_>|<_200_>
and C.
T_ 9 G
5 150
= 3 C B © o )C
A B
90 mm
A s D 300 900 N
200 N | | | D E
I | | N Q OF
120 mm 120 mm 120 mm F
150
Fig. P6.F1 O
Dimensions in mm

6.F2 For the frame and loading shown, draw the free-body diagram(s)

needed to determine all forces acting on member GBEH. Fig. P6.F2

6.F3 For the frame and loading shown, draw the free-body diagram(s)
needed to determine the reactions at B and F.

AxpertSoft Trial Version

Ls in.va in—

Fig. P6.F3

6.F4 Knowing that the surfaces at A and D are frictionless, draw the
free-body diagram(s) needed to determine the forces exerted at B
and C on member BCE.

Fig. P6.F4
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324 Andlysis of Structures END-OF-SECTION PROBLEMS

6.75 and 6.76 Determine the force in member BD and the compo-

135 mm nent of the reaction at C.
<< 240 MM —

24 in. |
l] 60 1b 10'in.
A B
450 mm © © O
510 mm ’[
14 in.—>{=<8 in. 8 in. >

é Fig. P6.75

o/ B
120 mm| o . .

6.77 Determine the components of all forces acting on member ABCD

—Q

of the assembly shown.

Y 00N
Fig. P6.76 R J BN A —1
0 I—L: © D 5 C SOinm
T I oDl
R
6 ft "80mm 80 mm ' | 40 mm

A®©

AxpertSoft Trial Version

Loo Ib Lso Ib

4ft—>l<—4ft t—>l<—4ft

Fig. P6.78 6.79 For the frame and loading shown, determine the components of
all forces acting on member ABC.

all forces acting on member ABD

of te frae son. 7

i_nwf"

6.80 Solve Prob. 6.79 assuming that the 20-kip load is replaced by a
clockwise couple of magnitude 100 kip - ft applied to member
EDC at point D.

6.81 Determine the components of all forces acting on member ABCD

when u = 0.
100 mm
50 mm
Fig. P6.79 -— - —
9 B
9 ©
C
200 mm
I | ¢
PJ)-—- - — - - - - - -

Fig. P6.81 and P6.82

6.82 Determine the components of all forces acting on member ABCD
when u = 90°
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6.83

6.85

6.87

6.88

6.89

6.90

(@ (b)
Fig. P6.90
6.91 A 3-ft-diameter pipe is supported every 16 ft by a small frame like

6.92

Problems

325

and 6.84 Determine the components of the reactions at A
and E if a 750-N force directed vertically downward is applied
(a) at B, (b) at D.

and 6.86 Determine the components of the reactions at A
and E if the frame is loaded by a clockwise couple of magnitude
36 N - m applied (a) at B, (b) at D.

Determine all the forces exerted on member AI if the frame is
loaded by a clockwise couple of magnitude 1200 Ib - in. applied
(@) at point D, (b) at point E.

A
20 in.
B

+ @ @ C__
10 in. 10 in.

"l £l —
10 in. 10 in.

Y e 5 —1'

F G

20 in. 20 in

48 in.
Fig. P6.87 and P6.88

Determine all the forceg
loaded by a 40-Ib forcd
applied (@) at point D,

&]H
|

Determine the componen

ACUIONS at A and b, C
100-1b load is applied as shown, (b) if the 100-Ib load is moved

5in.
along its line of action and is applied at point F. C %
(@) Show that when a frame supports a pulley at A, an equivalent 51in.
loading of the frame and of each of its component parts can be D—L

obtained by removing the pulley and applying at A two forces

equal and parallel to the forces that the cable exerted on the pul- 4in
ley. (b) Show that if one end of the cable is attached to the frame 100bY
at a point B, a force of magnitude equal to the tension in the cable Fig. P6.89

should also be applied at B.

A B g BT 4
/ !
— TT T

T =

that shown. Knowing that the combined weight of the pipe and its
contents is 500 Ib/ft and assuming frictionless surfaces, determine
the components (@) of the reaction at E, (b) of the force exerted at
C on member CDE.

Solve Prob. 6.91 for a frame where h = 6 ft.
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326 Andlysis of Structures 6.93 Knowing that the pulley has a radius of 0.5 m, determine the
components of the reactions at A and E.

Fig. P6.93
| 180 mm I120 mm.

N

6.94 Knowing that the pulley has a radius of 50 mm, determine the
components of the reactions at B and E.

6.95 A trailer weighing 2400 Ib is attached to a 2900-1b pickup truck
by a ball-and-socket truck hitch at D. Determine (a) the reac-
tions at each of the six wheels when the truck and trailer are at

300N rest, (b) the additional load on each of the truck wheels due to

Fig. P6.94 the trailer.

Fig. P6.95

6.96 1In order to obtain a better weight distribution over the four wheels
of the pickup truck of Prob. 6.95, a compensating hitch of the
type shown is used to attach the trailer to the truck. The hitch
consists of two bar springs (only one is shown in the figure) that
fit into bearings inside a support rigidly attached to the truck. The
springs are also connected by chains to the trailer frame, and
specially designed hooks make it possible to place both chains in
tension. (@) Determine the tension T required in each of the two

tension T / e chains if the additional load due to the trailer is to be evenly
) distributed over the four wheels of the truck. (b) What are the

Bar spring L_ Lt _4 resulting reactions at each of the six wheels of the trailer-truck

Fig. P6.96 combination?

Chain under
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6.97 The cab and motor units of the front-end loader shown are con-
nected by a vertical pin located 2 m behind the cab wheels. The
distance from C to D is 1 m. The center of gravity of the 300-kN
motor unit is located at G,,, while the centers of gravity of the
100-kN cab and 75-kN load are located, respectively, at G, and
G;. Knowing that the machine is at rest with its brakes released,
determine (@) the reactions at each of the four wheels, (b) the
forces exerted on the motor unit at C and D.

100 kN 0.8m

|<—0.9 m->l<—0.9 m—»l«—»l
0.3m

Fig. P6.99

Fig. P6.97

6.98 Solve Prob. 6.97 assuming
6.99 and 6.100 For the AxpertSoft Trial Version

components of all forces

3.6
I«A— m

N

6.101 For the frame and loading shown, determine the components of
all forces acting on member ABD.

91n.—>|<—91n. <9 in.—>| L
360 H)v‘ 240 1b
¢ I
)

) | 48m !
T Fig. P6.100
iy
(@ (o
A
12 in.

12 in.
F~ £
() R

6 in.

Fig. P6.101

6.102 Solve Prob. 6.101 assuming that the 360-Ib load has been removed.

2in. 4in.

the forces acting on member CDE at C and D. Fig. P6.103

6.103 For the frame and loading shown, determine the components of

Problems
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328 Andlysis of Structures 6.104 For the frame and loading shown, determine the components of
the forces acting on member CFE at C and F.

A
@ T 6.105 For the frame and loading shown, determine the components of
all forces acting on member ABD.

w
@

4in. "—400—>’474()0‘~‘
_t A B

4in: «-4in.—>| { cl @D -

!
=

Fig. P6.104 300 . .
NG
T r | ‘ ‘
0l 42 D 200 200 ' 200
o Dimensions in mm
Fig. P6.105
12 in.
R E .
& © 6.106 Solve Prob. 6.105 assuming that the 3-kN load has been removed.
12 and the force in members AE

pwn, determine the reactions at
the surface at each support is

> D El L El a
Fig. P6.107 frictionless.
6.109 The axis of the three-hinge arch ABC is a parabola with vertex
<8 in.—»l at B. Knowing that P = 112 kN and Q = 140 kN, determine (a) the
components of the reaction at A, (b) the components of the force

B exerted at B on segment AB.

|<—8in.—>
A

1000 Ib

Fig. P6.108

! 8m 6m

Fig. P6.109 and P6.110

6.110 The axis of the three-hinge arch ABC is a parabola with vertex
at B. Knowing that P = 140 kN and Q = 112 kN, determine (¢) the
components of the reaction at A, (b) the components of the force
exerted at B on segment AB.
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6.111, 6.112, and 6.113 Members ABC and CDE are pin-connected Problems 390
at C and supported by four links. For the loading shown, deter-
mine the force in each link.

P
A BY c D E
@ Q @ O) 9
|
G
Q F Q H Q,
La a—j<—a a“
Fig. P6.111 Fig. P6.112

6.114 Members ABC and CDE are pin-connected at C and supported
by the four links AF, BG, DG, and EH. For the loading shown,
determine the force in each link.

6.115 Solve Prob. 6.112 assuming that the force P is replaced by a clock-
wise couple of moment My, applied to member CDE at D.

6.116 Solve Prob. 6.114 assuming that the force P is replaced by a clock-
wise couple of moment M, applied at the same point.

6.117 Four beams, each of length 3a, are held together by single nails at
A, B, C, and D. Each beam is attached to a support located at a
distance a from an end of the beam as shown Assumlng that only
vertical forces are exerted EVSNAVECEetyEvE
cal reactions at E, F, G,

B —— Fig. P6.114
FC

2a
-
. S S
H : (@
Fig. P6.117

6.118 Four beams, each of length 2a, are nailed together at their mid-
points to form the support system shown. Assuming that only verti-
cal forces are exerted at the connections, determine the vertical
reactions at A, D, E, and H.

Fig. P6.118
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330 Andlysis of Structures 6.119 through 6.121 Each of the frames shown consists of two
L-shaped members connected by two rigid links. For each frame,
determine the reactions at the supports and indicate whether the
frame is rigid.

I«—Za < a—> 2a

Fig. P6.119

2a < a— 2a

Fig. P6.120

P 1,
4
A !
N
5 |
2a—=f<a ! 22—

Fig. P6.121

6.12 MACHINES

Machines are structures designed to transmit and modify forces.
Whether they are simple tools or include complicated mechanisms,
their main purpose is to transform input forces into output forces.
Consider, for example, a pair of cutting pliers used to cut a wire
(Fig. 6.22a). If we apply two equal and opposite forces P and —P
on their handles, they will exert two equal and opposite forces Q and
—Q on the wire (Fig. 6.22b).
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Fig. 6.22

To determine the magnitude Q of the output forces when the
magnitude P of the input forces is known (or, conversely, to deter-
mine P when Q is known), we draw a free-body diagram of the pliers
alone, showing the input forces P and —P and the reactions —Q and
Q that the wire exerts on the pliers (Fig. 6.23). However, since a
pair of pliers forms a nonrigid structure, we must use one of the
component parts as a free body in order to determine the unknown
forces. Considering Fig. 6.24a, for example, and taking moments
about A, we obtain the relation Pa = Qb, which defines the magni-
tude Q in terms of P or P in terms of Q. The same free-body diagram
can be used to determine the components of the internal force at A;
we find A, = 0 and A, = P + Q.

In the case of more com;

necessary to use several free- AXpertSOft Trial Version

simultaneous equations invol
bodies should be chosen to inclt e e e
to the output forces, and the total number of unknown force compo-
nents involved should not exceed the number of available independent
equations. It is advisable, before attempting to solve a problem, to
determine whether the structure considered is determinate. There is
no point, however, in discussing the rigidity of a machine, since a
machine includes moving parts and thus must be nonrigid.

Pl a b*l

(b)

Fig. 6.24

6.12 Machines 33]

Photo 6.5 The lamp shown can be placed
in many positions. By considering various free
s, the force in the springs and the internal
at the joints can be determined.
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SAMPLE PROBLEM 6.7

A hydraulic-lift table is used to raise a 1000-kg crate. It con-
sists of a platform and two identical linkages on which hydrau-
lic cylinders exert equal forces. (Only one linkage and one
cylinder are shown.) Members EDB and CG are each of length
2a, and member AD is pinned to the midpoint of EDB. If the
crate is placed on the table, so that half of its weight is sup-
ported by the system shown, determine the force exerted by
each cylinder in raising the crate for u = 60°, ¢ = 0.70 m, and
L = 3.20 m. Show that the result obtained is independent of
the distance d.

SOLUTION

The machine considered consists of the platform and of the link-
age. Its free-body diagram includes an input force Fpy exerted
by the cylinder, the weight W, equal and opposite to the output
force, and reactions at E and G that we assume to be directed
as shown. Since more than three unknowns are involved, this
diagram will not be used. The mechanism is dismembered and
a free-body diagram is drawn for each of its component parts.

= 8 are two-force members. We
b be in compression; we now

AXpertSOft Trial VerSion bnsion and direct as shown the

d opposite vectors will be used
to represent the forces exerted by the two-force members on the
platform, on member BDE, and on roller C.

1
d— W
\
Il As Ac |
6
CG
FBS B C EBC C

Fce
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d— oW

I As Ac |
Ve
E o 2 © Free Body: Platform ABC.
S/EFx =0: FAD cosu =20 FAD =0

HSF, =0 B+C—-3W=0 B+C=3W 1)

Free Body: Roller C. We draw a force triangle and obtain Fz; = C cot U.

Free Body: Member BDE. Recalling that Fyp = 0,

+IZM; = 0: Fpy cos (F = 90°)a — B(2a cos U) — Fpp(2a sin u) = 0
sU) — (C cotu)(2a sinu) =0

AxpertSoft Trial Version skl

cosu

Fou =W
DH sin ¥

and we observe that the result obtained is independent of d.

Applying first the law of sines to triangle EDH, we write

in T i EH
SII:H = SIIDHHU sin ¥ = DA sin u (3)
/ND Using now the law of cosines, we have
a
¢ (DH)? = * + L*> — 2aL cos u
6
\E b =(0.70)* + (3.20)% — 2(0.70)(3.20) cos 60°
! 1 | (DH? = 849  DH =291 m

We also note that
W =mg = (1000 kg)(9.81 m/sz) = 9810 N = 9.81 kN
Substituting for sin ¥ from (3) into (2) and using the numerical data, we

write

DH 291 m
Fou = W cotu = (9.81 kN
pn = Wi eotu = (O81kN) -

cot 60°

333
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SOULVINGIEROBLEIVIY
ON RO URSOVVIN

This lesson was devoted to the analysis of machines. Since machines are designed
to transmit or modify forces, they always contain moving parts. However, the
machines considered here will always be at rest, and you will be working with the
set of forces required to maintain the equilibrium of the machine.

Known forces that act on a machine are called input forces. A machine transforms
the input forces into output forces, such as the cutting forces applied by the pliers
of Fig. 6.22. You will determine the output forces by finding the forces equal and
opposite to the output forces that should be applied to the machine to maintain
its equilibrium.

In the preceding lesson you analyzed frames; you will now use almost the same
procedure to analyze machines:

1. Draw a free-body diagram of the whole machine, and use it to determine
as many as possible of the unknown forces exerted on the machine.

2. Dismember the machine, and draw a free-body diagram of each member.

3. Considering first the two-force members, apply equal and opposite forces to
each two-force member at the points where it is connected to another member.
If you cannot tell at thismaintaghetberthe oo bericin tonsdion g1 in compression
just assume that the rces away from

the member. Since t AxpertSoft Trial Version give them both

the same name.

4. Next consider the multiforce members. For each of these members, show all
the forces acting on the member, including applied loads and forces, reactions,
and internal forces at connections.

a. Where a multiforce member is connected to a two-force member, apply
to the multiforce member a force equal and opposite to the force drawn on the
free-body diagram of the two-force member, giving it the same name.

b. Where a multiforce member is connected to another multiforce member,
use horizontal and vertical components to represent the internal forces at that
point. The directions you choose for each of the two force components exerted on
the first multiforce member are arbitrary, but you must apply equal and opposite
force components of the same name to the other multiforce member.

5. Equilibrium equations can be written after you have completed the various
free-body diagrams.

a. To simplify your solution, you should, whenever possible, write and solve
equilibrium equations involving single unknowns.

b. Since you arbitrarily chose the direction of each of the unknown forces, you
must determine at the end of the solution whether your guess was correct. To that
effect, consider the sign of the value found for each of the unknowns. A positive sign
indicates that your guess was correct, and a negative sign indicates that it was not.

6. Finally, you should check your solution by substituting the results obtained
into an equilibrium equation that you have not previously used.
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PROBLEMS

FREE BODY PRACTICE PROBLEMS

6.F5 The position of member ABC is controlled by the hydraulic cyl-
inder CD. Knowing that u = 30°, draw the free-body diagram(s)
needed to determine the force exerted by the hydraulic cylinder
on pin C, and the reaction at B.

05m 0.8m
160 mm 90 mm
A

, 15m | 320 mm

Fig. P6.F5

6.F6 Arm ABC is connected by pins to a collar at B and to crank
CD at C. Neglecting the effect of friction, draw the free-body
diagram(s) needed to dg
in equilibrium when

6.F7 Since the brace show
magnitude of P is ve - -
at D and E. The spring DE has a constant of 50 lb/m and an
unstretched length of 7 in. Knowing that [ = 10 in. and that the
magnitude of P is 800 b, draw the free-body diagram(s) needed
to determine the force Q required to release the brace.

P

20in.

2 Nt~ I«—l in.

Fig. P6.F7

6.F8 A log weighing 800 Ib is lifted by a pair of tongs as shown. Draw
the free-body diagram(s) needed to determine the forces exerted !
at E and F on tong DEF. Fig. P6.F8

12in. |

335
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336 Anclysis of Structures END-OF-SECTION PROBLEMS

6.122 The shear shown is used to cut and trim electronic-circuit-board

30% 400 N laminates. For the position shown, determine (@) the vertical com-

A’\ ponent of the force exerted on the shearing blade at D, (b) the
reaction at C.

6.123 The press shown is used to emboss a small seal at E. Knowing that
P = 250 N, determine (a) the vertical component of the force
exerted on the seal, (b) the reaction at A.

60 mm

25 mm 30 mmI
Fig. P6.122

6.125 Water pressure in the supply system exerts a downward force of
135 N on the vertical plug at A. Determine the tension in the fus-
ible link DE and the force exerted on member BCE at B.

! in'\ 9in.

24in.

Fig. P6.125

24 in.

6.126 An 84-Ib force is applied to the toggle vise at C. Knowing that
U = 90°, determine (@) the vertical force exerted on the block at
D, (b) the force exerted on member ABC at B.

Fig. P6.126 6.127 Solve Prob. 6.126 when u = 0.
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6.128 For the system and loading shown, determine (a) the force P Problems 337
required for equilibrium, (b) the corresponding force in member
BD, (c) the corresponding reaction at C.

6.129 The Whitworth mechanism shown is used to produce a quick- 75 mm
return motion of point D. The block at B is pinned to the crank
AB and is free to slide in a slot cut in member CD. Determine the
couple M that must be applied to the crank AB to hold the mecha-
nism in equilibrium when (¢) a = 0, (b) a = 30°.

D 1200 N
C _>

100 mm

Fig. P6.128

400 mm

Fig. P6.129

6.130 Solve Prob. 6.129 when

6.131 A couple M of magnitudd
engine system shown. For each of the two positions shown, deter-
mine the force P required to hold the system in equilibrium.

50 mm B

75 mm 100 mm

@ (b)
Fig. P6.131 and P6.132

6.132 A force P of magnitude 16 kN is applied to the piston of the engine
system shown. For each of the two positions shown, determine the
couple M required to hold the system in equilibrium.

6.133 The pin at B is attached to member ABC and can slide freely along
the slot cut in the fixed plate. Neglecting the effect of friction,
determine the couple M required to hold the system in equilib-
rium when u = 30°.

6.134 The pin at B is attached to member ABC and can slide freely along
the slot cut in the fixed plate. Neglecting the effect of friction,
determine the couple M required to hold the system in equilib-
rium when u = 60°. Fig. P6.133 and P6.134
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338 Andlysis of Structures 6.135 and 6.136 Rod CD is attached to the collar D and passes
through a collar welded to end B of lever AB. Neglecting the effect

D of friction, determine the couple M required to hold the system
e s 3— in equilibrium when u = 30°.
0
/ 150 N 5
ol —
B Alo M ——

0
& 300 N
c \ 80 mm 100 mm 200 mm

Fig. P6.136

ml U — 6.137 and 6.138 Two rods are connected by a frictionless collar B.
Knowing that the magnitude of the couple M, is 500 Ib - in.,

determine (a) the couple M¢ required for equilibrium, (b) the cor-
Fig. P6.135 responding components of the reaction at C.

[
\

AxpertSoft Trial Version

Fig. P6.137 Fig. P6.138

6.139 Two hydraulic cylinders control the position of the robotic arm
ABC. Knowing that in the position shown the cylinders are paral-
lel, determine the force exerted by each cylinder when P = 160 N
and Q = 80 N.

150 mm
l<—300 mm—} | 600 mm |P

400 mm

I«——I 200 mm |<—

150 mm
Fig. P6.139 and P6.140

6.140 Two hydraulic cylinders control the position of the robotic arm
ABC. In the position shown, the cylinders are parallel and both
are in tension. Knowing that Fyz = 600 N and Fpg = 50 N,
determine the forces P and Q applied at C to arm ABC.
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6.141 The tongs shown are used to apply a total upward force of 45 kN on Problems 330
a pipe cap. Determine the forces exerted at D and F on tong ADF.

Fig. P6.141

6.142 1If the toggle shown is added to the tongs of Prob. 6.141 and a
single vertical force is applied at G, determine the forces exerted
at D and F on tong ADF. Fig. P6.142

6.143 A small barrel weighing 60 Ib is lifted
Knowing that ¢ = 5 in., determine the fc
on tong ABD.

6.144 A 39-ft length of railroad
shown. Determine the fo

[<~9.6 in.—~}—9.6 in.—~]

! 18 in. !

Fig. P6.143

|
0'Sin'—»|J[:—o.8in.

Fig. P6.144

6.145 Determine the magnitude of the gripping forces produced when
two 300-N forces are applied as shown. Fig. P6.145
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340 Andlysis of Structures 6.146 The compound-lever pruning shears shown can be adjusted by
placing pin A at various ratchet positions on blade ACE. Know-
ing that 300-lb vertical forces are required to complete the
pruning of a small branch, determine the magnitude P of the
forces that must be applied to the handles when the shears are
adjusted as shown.

P

3.5in. |

0.5in.
0.55in.
1.2in. 60 IbI 0.25in_

P 0.65in. 0.75in.

Fig. P6.146

60 IbT 6.147 The pliers shown are used to grip a 0.3-in.-diameter rod. Knowing
Fig. P6.147 that two 60-1b forces are applied to the handles, determine (a) the
magnitude of the forces exerted on the rod, (b) the force exerted

300 N by the pin at A on portion AB of the pliers.

y worker applies two 300-N forces
lagnitude of the forces exerted by

6.149 The specialized plumbing wrench shown is used in confined areas
(e.g., under a basin or sink). It consists essentially of a jaw BC pinned
at B to a long rod. Knowing that the forces exerted on the nut are

300 N equivalent to a clockwise (when viewed from above) couple of mag-
24 mm nitude 135 Ib - in., determine (@) the magnitude of the force exerted
Fig. P6.148 by pin B on jaw BC, (b) the couple M, that is applied to the wrench.

6.150 and 6.151 Determine the force P that must be applied to the
toggle CDE to maintain bracket ABC in the position shown.

2
lQlO N

(DI

b 1

] 150 mm * 150 mm 150 mm 150 mm
Fig. P6.149 Fig. P6.150 Fig. P6.151



http://www.axpertsoft.com/pdf-splitter-software/

6.152 A 45-1b shelf is held horizontally by a self-locking brace that con- Problems 341
sists of two parts EDC and CDB hinged at C and bearing against
each other at D. Determine the force P required to release the
brace.

1in. <

Fig. P6.152

6.153 The telescoping arm ABC is used to provide an elevated platform
for construction workers. The workers and the platform together s

have a mass of 200 kg and have a combined center of gravity

located directly above C. For the position when u = 20°, determine 5m

(a) the force exerted at B by the single hydraulic cylinder BD, C J

(b) the force exerted on the supporting carriage at A. 0t O/\ 24m

6.154 The telescoping arm AB
C is close to the grou
platform. For the positio!
exerted at B by the sing .
exerted on the supporting carriage at A.

6.155 The bucket of the front-end loader shown carries a 3200-1b load. I_l
The motion of the bucket is controlled by two identical mecha- 05m
nisms, only one of which is shown. Knowing that the mechanism Fig. P6.153
shown supports one-half of the 3200-lb load, determine the force

exerted (a) by cylinder CD, (b) by cylinder FH.

15,2 16 24 6

Dimensions in inches

Fig. P6.155
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342 Andlysis of Structures 6.156 The motion of the bucket of the front-end loader shown is con-
trolled by two arms and a linkage that are pin-connected at D. The
arms are located symmetrically with respect to the central, verti-
cal, and longitudinal plane of the loader; one arm AFJ] and its
control cylinder EF are shown. The single linkage GHDB and its
control cylinder BC are located in the plane of symmetry. For the
position and loading shown, determine the force exerted (a) by

cylinder BC, (b) by cylinder EF.

20in. 28in.

4500 Ib

Fig. P6.156

6.157 The motion of the backhoe bucket shown is controlled by the
hydraulic cylinders AD, CG, and EF. As a result of an attempt to
dislodge a portion of a slab, a 2-kip force P is exerted on the bucket
teeth at J. Knowing that u = 45°, determine the force exerted by

AxpertSoft Trial Version

12in.

110 in.
16 in.

Fig. P6.157 8in.
6.158 Solve Prob. 6.157 assuming that the 2-kip force P acts horizontally
to the right (u = 0).

6.159 In the planetary gear system shown, the radius of the central gear
Ais @ = 18 mm, the radius of each planetary gear is b, and the
radius of the outer gear E is (@ + 2b). A clockwise couple of mag-
nitude M, = 10 N - m is applied to the central gear A and a
counterclockwise couple of magnitude Mg = 50 N - m is applied
to the spider BCD. If the system is to be in equilibrium, determine
(@) the required radius b of the planetary gears, (b) the magnitude

Fig. P6.159 M, of the couple that must be applied to the outer gear E.
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6.160 The gears D and G are rigidly attached to shafts that are held by Problems 343
frictionless bearings. If 7, = 90 mm and r; = 30 mm, determine
(@) the couple My that must be applied for equilibrium, (b) the
reactions at A and B.

y

Fig. P6.160

*6.161 Two shafts AC and CF, which lie in the vertical xy plane, are con-
nected by a universal jg
not exert any axial force.
wise when viewed from
at F. At a time when thd&
CF is horizontal, determine (¢) the magnitude of the couple that
must be applied to shaft AC at A to maintain equilibrium, (b) the
reactions at B, D, and E. (Hint: The sum of the couples exerted on
the crosspiece must be zero.)

y

B\ 5in;
Fig. P6.161 /

*6.162 Solve Prob. 6.161 assuming that the arm of the crosspiece attached
to shaft CF is vertical.

*6.163 The large mechanical tongs shown are used to grab and lift a thick
7500-kg steel slab HJ. Knowing that slipping does not occur
between the tong grips and the slab at H and ], determine the
components of all forces acting on member EFH. (Hint: Consider
the symmetry of the tongs to establish relationships between the
components of the force acting at E on EFH and the components
of the force acting at D on DG]J.) Fig. P6.163
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Analysis of trusses

Simple trusses

In this chapter you learned to determine the internal forces holding
together the various parts of a structure.

The first half of the chapter was devoted to the analysis of trusses,
i.e., to the analysis of structures consisting of straight members con-
nected at their extremities only. The members being slender and
unable to support lateral loads, all the loads must be applied at the
joints; a truss may thus be assumed to consist of pins and two-force
members [Sec. 6.2].

A truss is said to be rigid if it is designed in such a way that it will
not greatly deform or collapse under a small load. A triangular truss
consisting of three members connected at three joints is clearly a
rigid truss (Fig. 6.25a) and so will be the truss obtained by adding
two new members to the first one and connecting them at a new
joint (Fig. 6.25b). Trusses obtained by repeating this procedure are
called simple trusses. We may check that in a simple truss the total
where n is the total number of

AxpertSoft Trial Version

Method of joints

344

The forces in the various members of a simple truss can be deter-
mined by the method of joints [Sec. 6.4]. First, the reactions at the
supports can be obtained by considering the entire truss as a free
body. The free-body diagram of each pin is then drawn, showing the
forces exerted on the pin by the members or supports it connects.
Since the members are straight two-force members, the force exerted
by a member on the pin is directed along that member, and only the
magnitude of the force is unknown. It is always possible in the case
of a simple truss to draw the free-body diagrams of the pins in such
an order that only two unknown forces are included in each dia-
gram. These forces can be obtained from the corresponding two
equilibrium equations or—if only three forces are involved—f{rom
the corresponding force triangle. If the force exerted by a member
on a pin is directed toward that pin, the member is in compression;
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if it is directed away from the pin, the member is in tension [Sam-
ple Prob. 6.1]. The analysis of a truss is sometimes expedited by
first recognizing joints under special loading conditions [Sec. 6.5].
The method of joints can also be extended to the analysis of three-
dimensional or space trusses [Sec. 6.6].

The method of sections is usually preferred to the method of joints
when the force in only one member—or very few members—of a
truss is desired [Sec. 6.7]. To determine the force in member BD of
the truss of Fig. 6.26a, for example, we pass a section through mem-
bers BD, BE, and CE, remove these members, and use the portion
ABC of the truss as a free body (Fig. 6.26b). Writing My = 0, we
determine the magnitude of the force Fjp, which represents the
force in member BD. A positive sign indicates that the member is
in tension; a negative sign indicates that it is in compression [Sample

Probs. 6.2 and 6.3].

Pl PZ PE
n
A BY | D

Fig. 6.26

The method of sections is particularly useful in the analysis of com-
pound trusses, i.e., trusses which cannot be constructed from the
basic triangular truss of Fig. 6.25a but which can be obtained by
rigidly connecting several simple trusses [Sec. 6.8]. If the component
trusses have been properly connected (e.g., one pin and one link, or
three nonconcurrent and nonparallel links) and if the resulting struc-
ture is properly supported (e.g., one pin and one roller), the
compound truss is statically determinate, rigid, and completely con-
strained. The following necessary—but not sufficient—condition is
then satisfied: m + r = 2n, where m is the number of members, r is
the number of unknowns representing the reactions at the supports,
and n is the number of joints.

Review and Summary 345

Method of sections

Compound trusses
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346 Andlysis of Structures The second part of the chapter was devoted to the analysis of frames
and machines. Frames and machines are structures which contain
Frames and machines multiforce members, i.e., members acted upon by three or more
forces. Frames are designed to support loads and are usually station-
ary, fully constrained structures. Machines are designed to transmit
or modify forces and always contain moving parts [Sec. 6.9].

Analysis of a frame  To analyze a frame, we first consider the entire frame as a free body
and write three equilibrium equations [Sec. 6.10]. If the frame
remains rigid when detached from its supports, the reactions involve
only three unknowns and may be determined from these equations
[Sample Probs. 6.4 and 6.5]. On the other hand, if the frame ceases
to be rigid when detached from its supports, the reactions involve
more than three unknowns and cannot be completely determined

from the equilibrium equations of the frame [Sec. 6.11; Sample
Prob. 6.6].

Multiforce members  We then dismember the frame and identify the various members as
either two-force members or multiforce members; pins are assumed
o form an inteoral part of one of the members they connect. We
. . of the multiforce members,
AXpertSOft Trial Version bmbers are connected to the
ed upon by that member with
equal and opposite forces of unknown magnitude but known direc-
tion. When two multiforce members are connected by a pin, they
exert on each other equal and opposite forces of unknown direction,
which should be represented by two unknown components. The
equilibrium equations obtained from the free-body diagrams of the
multiforce members can then be solved for the various internal
forces [Sample Probs. 6.4 and 6.5]. The equilibrium equations can
also be used to complete the determination of the reactions at the
supports [Sample Prob. 6.6]. Actually, if the frame is statically deter-
minate and rigid, the free-body diagrams of the multiforce members
could provide as many equations as there are unknown forces
(including the reactions) [Sec. 6.11]. However, as suggested above,
it is advisable to first consider the free-body diagram of the entire
frame to minimize the number of equations that must be solved
simultaneously.

Analysis of a machine To analyze a machine, we dismember it and, following the same
procedure as for a frame, draw the free-body diagram of each of the
multiforce members. The corresponding equilibrium equations yield
the output forces exerted by the machine in terms of the input forces

applied to it, as well as the internal forces at the various connections
[Sec. 6.12; Sample Prob. 6.7].


http://www.axpertsoft.com/pdf-splitter-software/

REVIEW PROBLEMS

6.164 Using the method of joints, determine the force in each member _A B
of the truss shown. State whether each member is in tension or “gny
compression.
2.25m
6.165 Using the method of joints, determine the force in each member
of the roof truss shown. State whether each member is in tension C D
or compression. 900N
2.25m

l~— 6 6 | 6
m m mﬂ .

‘TI

Fig. P6.164

2.4 kN , 3m |
F
o]
2.4 kN
D

1.2 kN

AV

——om

Fig. P6.165

AxpertSoft Trial Version

6.166 A Howe scissors roof truss is loaded as shown. Determine the force
in members DF, DG, and EG.

1.6 kips
1.6 kips 1.6 kips

1.6 kips ‘ EY ‘ﬂkips
0.8 kip ‘ D! UH 0.8kipf ¢ ¢
B o | .
AL Cl KA
!8ft'8ft'8ft'8ft'8ft'8ft! 201b
Fig. P6.166 and P6.167

el G| VL

15 |n‘»|<— 15 |n‘>|

6.167 A Howe scissors roof truss is loaded as shown. Determine the force
in members GI, HI, and HJ.

6.168 Rod CD is fitted with a collar at D that can be moved along rod
AB, which is bent in the shape of an arc of circle. For the position
when U = 30° determine (a) the force in rod CD, (b) the reaction
at B. Fig. P6.168

347
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348 Analysis of Structures 6.169 For the frame and loading shown, determine the components of
all forces acting on member ABC.

6.170 Knowing that each pulley has a radius of 250 mm, determine the
components of the reactions at D and E.

|s6m-]

Fig. P6.169

4.8 kN
Fig. P6.170

6.171 For the frame and loading shown, determine the components of
the forces acting on member DABC at B and D.

|<720in.‘>
1001b A
0

Fig. P6.171

E
o— 6.172 For the frame and loading shown, determine (a) the reaction at C,
(b) the force in member AD.

C E 6.173 The control rod CE passes through a horizontal hole in the body
°) °— of the toggle system shown. Knowing that link BD is 250 mm long,

determine the force Q required to hold the system in equilibrium
Fig. P6.172 when b = 20°,

100 N

Fig. P6.173
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6.174 Determine the magnitude of the gripping forces exerted along line Review Problems 340
aa on the nut when two 50-Ib forces are applied to the handles as
shown. Assume that pins A and D slide freely in slots cut in the
jaws.

50 Ib 0.751in. a
4.5in. ~—0.5in.
1’? //BO

\,;)_(,, -

Coly
‘& EO |
P |
|
|
|
|
|
50 Ib a

Fig. P6.174

6.175 Knowing that the frame shown has a sag at B of @ = 1 in., deter-
mine the force P required to maintain equilibrium in the position
shown.

AxpertSoft Trial Version

Fig. P6.175



http://www.axpertsoft.com/pdf-splitter-software/

COMPUTER PROBLEMS

B D F 6.C1 A Pratt steel truss is to be designed to support three 10-kip loads as
shown. The length of the truss is to be 40 ft. The height of the truss and
thus the angle u, as well as the cross-sectional areas of the various members,
are to be selected to obtain the most economical design. Specifically, the
y " cross-sectional area of each member is to be chosen so that the stress (force

FA— C E l (31 4 divided by area) in that member is equal to 20 kips/inz, the allowable stress

for the steel used; the total weight of the steel, and thus its cost, must be
as small as possible. (¢) Knowing that the specific weight of the steel used
et R R R is 0.284 Ib/in®, write a computer program that can be used to calculate the

weight of the truss and the cross-sectional area of each load-bearing member
Fig. P6.C1 located to the left of DE for values of u from 20° to 80° using 5° increments.
(b) Using appropriate smaller increments, determine the optimum value of
u and the corresponding values of the weight of the truss and of the cross-
sectional areas of the various members. Ignore the weight of any zero-force
member in your computations.

V¥ 10 kips Y 10 kips Y 10 kips

6.C2 The floor of a bridge will rest on stringers that will be simply sup-
ported by transverse floor beams, as in Fig. 6.3. The ends of the beams will
be connected to the upper joints of two trusses, one of which is shown in
Fig. P6.C2. As part of the design of the bridge, it is desired to simulate the
effect on this truss of driving a 12-kN truck over the bridge. Knowing that
b = 2.25 m and assuming that the
bd over its four wheels, write a
lculate the forces created by the
#es of x from 0 to 17.25 m using
0.75-m increments. From the results obtained, determine (@) the maximum
tensile force in BH, (b) the maximum compressive force in BH, (c¢) the
maximum tensile force in GH. Indicate in each case the corresponding value
of x. (Note: The increments have been selected so that the desired values
are among those that will be tabulated.)

AxpertSoft Trial Version

"375m '375m ' 375m ' 3.75m '
Fig. P6.C2
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6.C3 In the mechanism shown the position of boom AC is controlled by
arm BD. For the loading shown, write a computer program and use it to
determine the couple M required to hold the system in equilibrium for
values of U from —30° to 90° using 10° increments. Also, for the same values
of u, determine the reaction at A. As a part of the design process of the
mechanism, use appropriate smaller increments and determine (a) the value
of u for which M is maximum and the corresponding value of M, (b) the
value of u for which the reaction at A is maximum and the corresponding
magnitude of this reaction.

6.C4 The design of a robotic system calls for the two-rod mechanism
shown. Rods AC and BD are connected by a slider block D as shown.
Neglecting the effect of friction, write a computer program and use it to
determine the couple M, required to hold the rods in equilibrium for values
of u from 0 to 120° using 10° increments. For the same values of u, deter-
mine the magnitude of the force F exerted by rod AC on the slider block.

6.C5 The compound-lever pruning shears shown can be adjusted by placing
pin A at various ratchet positions on blade ACE. Knowing that the length
AB is 0.85 in., write a computer program and use it to determine the mag-
nitude of the vertical forces applied to the small branch for values of d from
0.4 in. to 0.6 in. using 0.025-in. increments. As a part of the design of the
shears, use appropriate smaller increments and determine the smallest allow-
able value of d if the force in link AB is not to exceed 500 Ib.

Fig. P6.C5

6.C6 Rod CD is attached to collar D and passes through a collar welded
to end B of lever AB. As an initial step in the design of lever AB, write a
computer program and use it to calculate the magnitude M of the couple
required to hold the system in equilibrium for values of u from 15° to 90°
using 5° increments. Using appropriate smaller increments, determine the
value of u for which M is minimum and the corresponding value of M.

Computer Problems

D
0)
6
150 N

80 mm 100 mm

%

Fig. P6.C6
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Chapter 7 Forces in Beams

and Cables

7.1 Introduction

7.2 Internal Forces in Members

7.3 Various Types of Loading
and Support

7.4  Shear and Bending Moment
in a Beam

7.5 Shear and Bending-Moment
Diagrams

7.6  Relations Among Load, Shear,
and Bending Moment

7.7 Cables with Concentrated Loads

7.8 Cables with Distributed Loads

7.9  Parabolic Cable

7.10 Catenary

@) (b)

*7.1 INTRODUCTION

In preceding chapters, two basic problems involving structures were
considered: (1) determining the external forces acting on a structure
(Chap. 4) and (2) determining the forces which hold together the
various members forming a structure (Chap. 6). The problem of
determining the internal forces which hold together the various parts
of a given member will now be considered.

We will first analyze the internal forces in the members of a
frame, such as the crane considered in Secs. 6.1 and 6.10, noting
that whereas the internal forces in a straight two-force member can
produce only tension or compression in that member, the internal
forces in any other type of member usually produce shear and bend-
ing as well.

Most of this chapter will be devoted to the analysis of the
internal forces in two important types of engineering structures,
namely,

1. Beams, which are usually long, straight prismatic members
designed to support loads applied at various points along the
member.

2. Cables, which are flexible members capable of withstanding
only tension, designed to support either concentrated or dis-
tributed loads. Cables are used in many engineering applica-
tions, such as suspension bridges and transmission lines.

Let us first consider a straight two-force member AB (Fig. 7.1a).
From Sec. 4.6, we know that the forces F and —F acting at A and B,
respectively, must be directed along AB in opposite sense and have
the same magnitude F. Now, let us cut the member at C. To maintain
the equilibrium of the free bodies AC and CB thus obtained, we
must apply to AC a force —F equal and opposite to F, and to CB a
force F equal and opposite to —F (Fig. 7.1b). These new forces are
directed along AB in opposite sense and have the same magnitude
F. Since the two parts AC and CB were in equilibrium before the
member was cut, internal forces equivalent to these new forces must
have existed in the member itself. We conclude that in the case of
a straight two-force member, the internal forces that the two portions
of the member exert on each other are equivalent to axial forces.
The common magnitude F of these forces does not depend upon the
location of the section C and is referred to as the force in member
AB. In the case considered, the member is in tension and will elon-
gate under the action of the internal forces. In the case represented
in Fig. 7.2, the member is in compression and will decrease in length
under the action of the internal forces.

Next, let us consider a multiforce member. Take, for instance,
member AD of the crane analyzed in Sec. 6.10. This crane is shown
again in Fig. 7.3a, and the free-body diagram of member AD is
drawn in Fig. 7.3b. We now cut member AD at | and draw a free-
body diagram for each of the portions [D and AJ of the member
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7.2 Internal Forces in Members 355

D D D
. A A
C8 “=As—F Clo=>-C, J
C‘ v Cyf F v
B‘o// i B - .
G A Ay
“t
Ay

(@ (b) (©
Fig. 7.3

(Fig. 7.3¢ and d). Considering the free body D, we find that its
equilibrium will be maintained if we apply at | a force F to balance
the vertical component of T, a force V to balance the horizontal
component of T, and a couple M to balance the moment of T about
J. Again we conclude that internal forces must have existed at |
before member AD was cut. The internal forces acting on the por-
tion JD of member AD are equivalent to the force-couple system
shown in Fig. 7.3c. According to Newton’s third law, the internal
forces acting on A] must be
force-couple system, as shown
of the internal forces in me
tension or compression as in the
the internal forces also produce shear and bendmg The force F is
an axial force; the force V is called a shearing force; and the moment Photo 7.1 The de5|gn of the shaft of a circular
M of the couple is known as the bending moment at J. We note that ~saw must account for the internal forces resulting
when determining internal forces in a member, we should clearly Zom th,e force_s °Ppl'ed fo the teeth _°'t the blade.
. . . t a given point in the shaft, these internal
indicate on which portion of the member the forces are supposed to ¢ =2 = equivalent fo a force-couple system
act. The deformation which will occur in member AD is sketched in  consisting of axial and shearing forces and a
Fig. 7.3e. The actual analysis of such a deformation is part of the couple representing the bending and torsional
study of mechanics of materials. moments.

It should be noted that in a two-force member which is not
straight, the internal forces are also equivalent to a force-couple sys-
tem. This is shown in Fig. 7.4, where the two-force member ABC
has been cut at D.

(b) (©
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SAMPLE PROBLEM 7.1

In the frame shown, determine the internal forces () in member ACF at
point [, (b) in member BCD at point K. This frame has been previously
considered in Sample Prob. 6.5.

SOLUTION

Reactions and Forces at Connections. The reactions and the forces acting
on each member of the frame are determined; this has been previously done
in Sample Prob. 6.5, and the results are repeated here.

AxpertSoft Trial Version

a. Internal Forces at J. Member ACF is cut at point J, and the two parts
shown are obtained. The internal forces at | are represented by an equiva-
lent force-couple system and can be determined by considering the equi-
librium of either part. Considering the free body AJ, we write

+1 ZM; = 0: —(1800 N)(1.2m) + M =0

M = +2160 N - m M = 2160 N - ml
+\ 2F, = 0: F — (1800 N) cos 41.7° = 0

F = +1344 N F = 1344 N\
+7 2F, = 0: —V + (1800 N) sin 41.7° = 0

V = +1197 N V =1197T Nv

The internal forces at | are therefore equivalent to a couple M, an axial
force F, and a shearing force V. The internal force-couple system acting on
part JCF is equal and opposite.

b. Internal Forces at K. We cut member BCD at K and obtain the two
parts shown. Considering the free body BK, we write

+1 =My = 0: (1200 N)(1.5m) + M = 0

M = —1800 N - m M =1800N -mi
Y3F, = 0: F=0 F=0
BIF, = 0: —1200N — V=0

V = —-1200 N V = 1200 N
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In this lesson you learned to determine the internal forces in the member of a
frame. The internal forces at a given point in a straight two-force member
reduce to an axial force, but in all other cases, they are equivalent to a force-couple
system consisting of an axial force F, a shearing force V, and a couple M repre-
senting the bending moment at that point.

To determine the internal forces at a given point | of the member of a frame, you
should take the following steps.

1. Draw a free-body diagram of the entire frame, and use it to determine as
many of the reactions at the supports as you can.

2. Dismember the frame, and draw a free-body diagram of each of its
members. Write as many equilibrium equations as are necessary to find all the
forces acting on the member on which point [ is located.

3. Cut the member at point J, and draw a free-body diagram of each of the
two portions of the member that you have obtained, applying to each portion at
point | the force components and couple representing the internal forces exerted
by the other pq couples are equal in

RELAGREERE]  AxpertSoft Trial Version

4. Select one o you have drawn and use it to
write three equilibrium equations for the corresponding portion of member.

a. Summing moments about J and equating them to zero will yield the bend-
ing moment at point J.

b. Summing components in directions parallel and perpendicular to the
member at | and equating them to zero will yield, respectively, the axial and shear-
ing force.

5. When recording your answers, be sure to specify the portion of the
member you have used, since the forces and couples acting on the two portions
have opposite senses.

Since the solutions of the problems in this lesson require the determination of the
forces exerted on each other by the various members of a frame, be sure to review
the methods used in Chap. 6 to solve this type of problem. When frames involve
pulleys and cables, for instance, remember that the forces exerted by a pulley on
the member of the frame to which it is attached have the same magnitude and
direction as the forces exerted by the cable on the pulley [Prob. 6.90].

357


http://www.axpertsoft.com/pdf-splitter-software/

358

PROBLEMS

7.1 and 7.2 Determine the internal forces (axial force, shearing
force, and bending moment) at point J of the structure indicated.

7.1 Frame and loading of Prob. 6.75

7.2 Frame and loading of Prob. 6.78

7.3 Determine the internal forces at point | when a = 90°.

300 mm_, 300 mm

point | when a = 0.

p € turnbuckle has been tightened until
the tension in wire AD is 850 N, determine the internal forces at
the point indicated:

7.5 Point |
7.6 Point K

7.7 Two members, each consisting of a straight and a quarter-circular
I~7280 mm—>| portion of rod, are connected as shown and support a 75-1b load

. at A. Determine the internal forces at point J.
Fig. P7.5 and P7.6

[~—6in. N~<3 in>~j~—=6in. 3 |n.»|
b
3in.
/J 3in.
A {

Y7510
Fig. P7.7 and P7.8
7.8 Two members, each consisting of a straight and a quarter-circular

portion of rod, are connected as shown and support a 75-1b load
at A. Determine the internal forces at point K.
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7.9 A semicircular rod is loaded as shown. Determine the internal Problems 350
forces at point .

7.10 A semicircular rod is loaded as shown. Determine the internal 120 N
forces at point K.

7.11 A semicircular rod is loaded as shown. Determine the internal
forces at point | knowing that u = 30°.

280 N

|<—160 mm 160 mm—»l
A B

160 mm

Fig. P7.9 and P7.10

Fig. P7.11 and P7.12

7.12 A semicircular rod is loaded as shown. Determine the magnitude
and location of the maximum bending moment in the rod.

7.13 Th is of th d . .
PORACIRIEIA A\ xpertSoft Trial Version

the internal forces at | w

7.14 Knowing that the axis of the curved member AB is a parabola with a
vertex at A, determine the magnitude and location of the maxi-
mum bending moment.

7.15 Knowing that the radius of each pulley is 200 mm and neglecting L |
fllrliction, determine the internal forces at point | of the frame Fig. P7.13 and P7.14
shown.

18m

A D
Q

™)
[€]
=,
A
06m N\ 0.8m
0.2m

Fig. P7.15 and P7.16

7.16 Knowing that the radius of each pulley is 200 mm and neglecting
friction, determine the internal forces at point K of the frame
shown.



http://www.axpertsoft.com/pdf-splitter-software/

Forces in Beams and Cables

360

’-—O.Sm——’—O.G m—‘
@ . \’;w) -

A J B l
L7
o

500 N

0.9m

Fig. P7.19 and P7.20

Fig. P7.22

717

7.18

7.19

7.20

AxpertSoft Trial Version

A 5-in.-diameter pipe is supported every 9 ft by a small frame
consisting of two members as shown. Knowing that the combined
weight of the pipe and its contents is 10 Ib/ft and neglecting the
effect of friction, determine the magnitude and location of the
maximum bending moment in member AC.

[ 12in. !
Fig. P7.17

6.75in:

For the frame of Prob. 7.17, determine the magnitude and location
of the maximum bending moment in member BC.

Knowing that the radius of each pulley is 150 mm, that a = 20°,
and neglecting friction, determine the internal forces at (@) point J,
(b) point K.

Knowing that the radius of each pulley is 150 mm, that a = 30°,
and neglecting friction, determine the internal forces at (a) point ],
(b) point K.

1 to a bent rod that is supported
et. For each of the three cases

@ (b) ©
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7.23 and 7.24 A quarter-circular rod of weight W and uniform cross 7.3 Various Types of loading and Support 341
section is supported as shown. Determine the bending moment at
point | when u = 30°.

Fig. P7.23

7.25 For the rod of Prob. 7.23, determine the magnitude and location
of the maximum bending moment.

7.26 For the rod of Prob. 7.24, determine the magnitude and location
of the maximum bending moment.

7.27 and 7.28 A half section of pipe rests on a frictionless horizontal
surface as shown. If the : : s
and a diameter of 300 . .
point [ when u = 90°. AxpertSoft Trial Version

Fig. P7.27 Fig. P7.28

*7.3 VARIOUS TYPES OF LOADING AND SUPPORT

A structural member designed to support loads applied at various
points along the member is known as a beam. In most cases, the
loads are perpendicular to the axis of the beam and will cause
only shear and bending in the beam. When the loads are not at a
right angle to the beam, they will also produce axial forces in the
beam.

Beams are usually long, straight prismatic bars. Designing a
beam for the most effective support of the applied loads is a two-part
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362 Forces in Beams and Cables process: (1) determining the shearing forces and bending moments
produced by the loads and (2) selecting the cross section best suited

P, P, to resist the shearing forces and bending moments determined in
the first part. Here we are concerned with the first part of the prob-
B c lem of beam design. The second part belongs to the study of mechan-
Al D .
; e of materials.

A beam can be subjected to concentrated loads Py, Py, . . .,

(a) Concentrated loads expressed in newtons, pounds, or their multiples kilonewtons and

kips (Fig. 7.5a), to a distributed load w, expressed in N/m, kN/m,

Ib/At, or kips/ft (Fig. 7.5b), or to a combination of both. When the

W load w per unit length has a constant value over part of the beam

(as between A and B in Fig. 7.5b), the load is said to be uniformly

Al IC  distributed over that part of the beam. The determination of the
A B #E  reactions at the supports is considerably simplified if distributed

(b) Distributed load loads are replaced by equivalent concentrated loads, as explained in

Fig. 7.5 Sec. 5.8. This substitution, however, should not be performed, or at
g. /. . . .
least should be performed with care, when internal forces are being

computed (see Sample Prob. 7.3).

Beams are classified according to the way in which they are
supported. Several types of beams frequently used are shown in
Fig. 7.6. The distance L between supports is called the span. It
should be noted that the reactions will be determinate if the supports
involve only three unknowns. If more unknowns are involved, the
reactions will be statically indeterminate and the methods of statics
; i ; e reactions; the properties of
ce to bending must then be

AXpertSOft Trial Version ported by two rollers are not

Pnstrained and will move under

certain loadings.

Sometimes two or more beams are connected by hinges to
form a single continuous structure. Two examples of beams hinged
at a point H are shown in Fig. 7.7. It will be noted that the
reactions at the supports involve four unknowns and cannot be

Statically \
Determinate

Beams | |
| L |

|
|
L ! ! L |

(a) Simply supported beam (b) Overhanging beam (c) Cantilever beam

Statically \ | |
Indeterminate 4\ e s -

| | |
| | |
R N At . 1 |

(d) Continuous beam (e) Beam fixed at one end () Fixed beam
and simply supported
at the other end

Fig. 7.6
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1 H 7.4 Shear and Bending Moment in a Beam 343
[ > | B
1A <
@
H
Al Rl |C
B == e
(b)
Fig. 7.7

determined from the free-body diagram of the two-beam system.
They can be determined, however, by considering the free-body
diagram of each beam separately; six unknowns are involved
(including two force components at the hinge), and six equations
are available.

*7.4 SHEAR AND BENDING MOMENT IN A BEAM

Consider a beam AB subjected to various concentrated and dis-
tributed loads (Fig. 7.8a). We propose to determine the shearing
force and bending moment at any point of the beam. In the
example considered here, the beam is simply supported, but the
method used could be applig
nate beam.

First we determine the

entire beam as a free body (Fig. S48 & overpass shown vary as the truck crosses the

we obtain, respectively, Ry and RA overpass.
Py Wy | P, P3 W,
!
vITTT ie
Al ! 1B
A ; =
@
Py Wy P, P3 Wy
VI I I I 1 C

|
|
|
Al j 1B
l
I

Al |

ﬂTlTl Cl)'\" M'(T‘C l l W

Fig. 7.8
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)y (1:

7

(a) Internal forces at section
(positive shear and positive bending moment)

C
|

(b) Effect of external forces
(positive shear)

C
|
L

Canr™ 3

Fig. 7.9

(c) Effect of external forces
(positive bending moment)

To determine the internal forces at C, we cut the beam at C
and draw the free-body diagrams of the portions AC and CB of the
beam (Fig. 7.8¢). Using the free-body diagram of AC, we can deter-
mine the shearing force V at C by equating to zero the sum of the
vertical components of all forces acting on AC. Similarly, the bending
moment M at C can be found by equating to zero the sum of the
moments about C of all forces and couples acting on AC. Alterna-
tively, we could use the free-body diagram of CBf and determine
the shearing force V' and the bending moment M’ by equating to
zero the sum of the vertical components and the sum of the moments
about C of all forces and couples acting on CB. While this choice of
free bodies may facilitate the computation of the numerical values
of the shearing force and bending moment, it makes it necessary to
indicate on which portion of the beam the internal forces considered
are acting. If the shearing force and bending moment are to be
computed at every point of the beam and efficiently recorded, we
must find a way to avoid having to specify every time which portion
of the beam is used as a free body. We shall adopt, therefore, the
following conventions:

In determining the shearing force in a beam, it will always be
assumed that the internal forces V and V' are directed as shown in
Fig. 7.8c. A positive value obtained for their common magnitude V
will indicate that this assumption was correct and that the shearing
forces are actually directed as shown A negative value obtained for
: as wrong and that the shearing
v. Thus, only the magnitude V,
eeds to be recorded to define
given point of the beam. The
scalar V is commonly referred to as the shear at the given point of
the beam.

Similarly, it will always be assumed that the internal couples M
and M’ are directed as shown in Fig. 7.8c. A positive value obtained
for their magnitude M, commonly referred to as the bending moment,
will indicate that this assumption was correct, and a negative value
will indicate that it was wrong. Summarizing the sign conventions we
have presented, we state:

The shear V and the bending moment M at a given point of
a beam are said to be positive when the internal forces and cou-
ples acting on each portion of the beam are directed as shown in
Fig. 7.9a.

These conventions can be more easily remembered if we note
that:

1. The shear at C is positive when the external forces (loads and
reactions) acting on the beam tend to shear off the beam at C
as indicated in Fig. 7.9b.

2. The bending moment at C is positive when the external forces
acting on the beam tend to bend the beam at C as indicated in
Fig. 7.9c.

#The force and couple representing the internal forces acting on CB will now be denoted
by V' and M, rather than by —V and —M as done earlier, in order to avoid confusion
when applying the sign convention which we are about to introduce.
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It may also help to note that the situation described in Fig. 7.9,
in which the values of the shear and of the bending moment are
positive, is precisely the situation which occurs in the left half of a
simply supported beam carrying a single concentrated load at its
midpoint. This particular example is fully discussed in the following
section.

*7.5 SHEAR AND BENDING-MOMENT DIAGRAMS

Now that shear and bending moment have been clearly defined in
sense as well as in magnitude, we can easily record their values at
any point of a beam by plotting these values against the distance x
measured from one end of the beam. The graphs obtained in this
way are called, respectively, the shear diagram and the bending-
moment diagram. As an example, consider a simply supported
beam AB of span L subjected to a single concentrated load P
applied at its midpoint D (Fig. 7.10a). We first determine the reac-
tions at the supports from the free-body diagram of the entire beam
(Fig. 7.10b); we find that the magnitude of each reaction is equal
to P/2.

Next we cut the beam at a point C between A and D and
draw the free-body diagrams of AC and CB (Fig. 7.10c). Assuming
that shear and bending moment are posmve we dlrect the 1nternal
forces V and V' and the intej ‘
in Fig. 7.9a. Considering thg
sum of the vertical componen
C of the forces acting on the
and M = +Px/2. Both shear and bending moment are therefore
positive; this can be checked by observing that the reaction at A
tends to shear off and to bend the beam at C as indicated in
Fig. 7.9b and c¢. We can plot V and M between A and D (Fig. 7.10e
and f); the shear has a constant value V = P/2, while the bending
moment increases linearly from M = 0 atx = 0 to M = PL/4 at
x = L/2.

Cutting, now, the beam at a point E between D and B and
considering the free body EB (Fig. 7.10d), we write that the sum of
the vertical components and the sum of the moments about E of the
forces acting on the free body are zero. We obtain V.= —P/2 and
M = P(L — x)/2. The shear is therefore negative and the bending
moment positive; this can be checked by observing that the reaction
at B bends the beam at E as indicated in Fig. 7.9¢ but tends to shear
it off in a manner opposite to that shown in Fig. 7.9b. We can com-
plete, now, the shear and bending-moment diagrams of Fig. 7.10e
and f; the shear has a constant value V = —P/2 between D and B,
while the bending moment decreases linearly from M = PL/4 atx =
L2toM = 0atx = L.

It should be noted that when a beam is subjected to concen-
trated loads only, the shear is of constant value between loads and
the bending moment varies linearly between loads, but when a beam
is subjected to distributed loads, the shear and bending moment vary
quite differently (see Sample Prob. 7.3).

AxpertSoft Trial Version

7.5 Shear and Bending-Moment Diagrams 345
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A |D
A C =t

<-2.5m>l<—3 m —»LZ m>|

‘«2.5m><—3 m—==<2 m=>|

+28 KN-m

/N

—-50 kN-m

SAMPLE PROBLEM 7.2

Draw the shear and bending-moment diagrams for the beam and loading
shown.

SOLUTION

Free-Body: Entire Beam. From the free-body diagram of the entire beam,
we find the reactions at B and D:

R; = 46 kN Rj = 14 kNx

Shear and Bending Moment. We first determine the internal forces just
to the right of the 20-kN load at A. Considering the stub of beam to the
left of section I as a free body and assuming V and M to be positive (accord-
ing to the standard convention), we write

HSF, = 0: —20kN -V, =0 V, = —20 kN
+I1SM, =0.  (20kN)Om) + M, =0 M, =0

portion of the beam to the left

AxpertSoft Trial Version
V, = —20 kN

MZZ —50 kN - m

+1 2M, = 0: (20 kN)(2.5 m) + M, = 0

The shear and bending moment at sections 3, 4, 5, and 6 are deter-
mined in a similar way from the free-body diagrams shown. We obtain

V, = +26 kN M;= —50kN - m
V,= +26kN M, = +28kN - m
Vs=—14kN Ms = +28kN - m
Vs = —14 kN Ms =0

For several of the latter sections, the results are more easily obtained by
considering as a free body the portion of the beam to the right of the
section. For example, considering the portion of the beam to the right of
section 4, we write

HSF, =0.  V,—40kN + 14kN =0 V, = +26 kN
FI1SM, = 0.  —M,+ (14kN)2m) =0 M, = +28kN - m

Shear and Bending-Moment Diagrams. We can now plot the six points
shown on the shear and bending-moment diagrams. As indicated in Sec. 7.5,
the shear is of constant value between concentrated loads, and the bending
moment varies linearly; we therefore obtain the shear and bending-moment
diagrams shown.
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SAMPLE PROBLEM 7.3

Draw the shear and bending-moment diagrams for the beam AB. The dis-
tributed load of 40 lb/in. extends over 12 in. of the beam, from A to C, and
the 400-1b load is applied at E.

SOLUTION

Free-Body: Entire Beam. The reactions are determined by considering the
entire beam as a free body.

+13M, =0:  B,(32in.) — (480 Ib)(6 in.) — (400 1b)(22 in.) = 0

B, = +3651b B, = 365 Ibx
+13Mp=0:  (4801b)(26 in.) + (400 1b)(10 in.) — A(32in.) = 0

A= +5151b A =5151bx
YSF, = 0: B, =0 B, =0

The 400-1b load is now replaced by an equivalent force-couple system acting
on the beam at point D.

Shear and Bending Moment. From A to C. We determine the internal
sonsidering the portion of the beam to
tributed load acting on the free body

V =515 — 40x
M = 515x — 20x2

g o V=0

—515x + 40x(Gx) + M =0

y_
+| EMl =0:

Since the free-body diagram shown can be used for all values of x smaller
than 12 in., the expressions obtained for V and M are valid throughout the
region 0 < x < 12 in.

From C to D. Considering the portion of the beam to the left of section 2
and again replacing the distributed load by its resultant, we obtain

©>SF, =0: 515—-480 - V=0V=2351b

y
+12M, = 0: —515x +480(x — 6) + M =0 M = (2880 + 35x) Ib - in.

These expressions are valid in the region 12 in. < x < 18 in.

From D to B. Using the portion of the beam to the left of section 3, we
obtain for the region 18 in. <x < 32 in.

515 — 480 — 400 —V =0 vV =-3651b

—515x + 480(x — 6) — 1600 + 400(x — 18) + M = 0
M = (11,680 — 365x) Ib - in.

+X2Fy =0:
+| EMS =0:

Shear and Bending-Moment Diagrams. The shear and bending-moment
diagrams for the entire beam can now be plotted. We note that the couple
of moment 1600 Ib - in. applied at point D introduces a discontinuity into
the bending-moment diagram.

367
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SYOULVINGEEROBLEIVIY
IINBIOUKSOVVIN

In this lesson you learned to determine the shear V and the bending moment
M at any point in a beam. You also learned to draw the shear diagram and the
bending-moment diagram for the beam by plotting, respectively, V and M against
the distance x measured along the beam.

A. Determining the shear and bending moment in a beam. To determine the
shear V and the bending moment M at a given point C of a beam, you should
take the following steps.

1. Draw a free-body diagram of the entire beam, and use it to determine the
reactions at the beam supports.

2. Cut the beam at point C, and, using the original loading, select one of the
two portions of the beam you have obtained.

3. Draw the free-body diagram of the portion of the beam you have selected,
showing:

a. The loads and the reachon exerted on that portlon of the beam, replacing
each distributed load Ly as_cxplained earlier in
Sec. 5.8. ) .

] AxpertSoft Trial Version g the interndl
forces at C. To facil oment M after
they have been determined, follow the convention indicated in Figs. 7.8 and 7.9.
Thus, if you are using the portion of the beam located to the left of C, apply at C
a shearing force V directed downward and a bending couple M directed counter-
clockwise. If you are using the portion of the beam located to the right of C, apply
at C a shearing force V' directed upward and a bending couple M" directed clock-
wise [Sample Prob. 7.2].

4. Write the equilibrium equations for the portion of the beam you have
selected. Solve the equation =F, = 0 for V and the equation M = 0 for M.

5. Record the values of V and M with the sign obtained for each of them. A
positive sign for V means that the shearing forces exerted at C on each of the two
portions of the beam are directed as shown in Figs. 7.8 and 7.9; a negative sign
means that they have the opposite sense. Similarly, a positive sign for M means
that the bending couples at C are directed as shown in these figures, and a nega-
tive sign means that they have the opposite sense. In addition, a positive sign for
M means that the concavity of the beam at C is directed upward, and a negative
sign means that it is directed downward.
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B. Drawing the shear and bending-moment diagrams for a beam. These
diagrams are obtained by plotting, respectively, V and M against the distance x
measured along the beam. However, in most cases the values of V and M need to
be computed only at a few points.

1. For a beam supporting only concentrated loads, we note [Sample Prob. 7.2]
that

a. The shear diagram consists of segments of horizontal lines. Thus, to
draw the shear diagram of the beam you will need to compute V only just to the
left or just to the right of the points where the loads or the reactions are applied.

b. The bending-moment diagram consists of segments of oblique straight
lines. Thus, to draw the bending-moment diagram of the beam you will need to
compute M only at the points where the loads or the reactions are applied.

2. For a beam supporting uniformly distributed loads, we note [Sample
Prob. 7.3] that under each of the distributed loads:

a. The shear diagram consists of a segment of an oblique straight
line. Thus, you will need to compute V only where the distributed load begins
and where it eng

b. The ben¢
cases you will
where it ends.

parabola. In most

AxpertSoft Trial Version  [gghw begins and

3. For a beam with a more complicated loading, it is necessary to consider
the free-body diagram of a portion of the beam of arbitrary length x and determine
V and M as functions of x. This procedure may have to be repeated several times,
since V and M are often represented by different functions in various parts of the
beam [Sample Prob. 7.3].

4. When a couple is applied to a beam, the shear has the same value on both
sides of the point of application of the couple, but the bending-moment diagram
will show a discontinuity at that point, rising or falling by an amount equal to the
magnitude of the couple. Note that a couple can either be applied directly to the
beam, or result from the application of a load on a curved member rigidly attached
to the beam [Sample Prob. 7.3].

369
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Fig. P7.29

Al

Fig. P7.30

PROBLEMS

7.29 through 7.32 For the beam and loading shown, (a) draw the

shear and bending-moment diagrams, (b) determine the maximum

| B absolute values of the shear and bending moment.
P
P

A BY C D

[ ] c
e A A A |

L L L A B
s T
P P 2 ! 2

Fig. P7.31 Fig. P7.32

7.33 and 7.34 For the beam and loading shown, (¢) draw the shear
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.

| L | L
‘ 2 ‘ 2 ‘
Y B
. el "\ A 1

Mo =PL

AxpertSoft Trial Version

y. P7.34

7.35 and 7.36 For the beam and loading shown, (¢) draw the shear
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.

30 kN 20 kN
10 KN-m 40kN  32kN 16 kN
/ oV EV s l
A e | C D E
A W\ |c Al B
A [
—~—1m i
05m 05m 05m | 15m—! o
15 kN 06m 09m | —ozm

Fig. P7.35

7.37 and 7.38 For the beam and loading shown, (¢) draw the shear
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.

Fig. P7.36

6 kips 12 kips 4.5 kips 1201b 300 Ib 1201b

cl Dl A vc o E_V
i - . 8 A .= °
| | el
Dot 2ft | 2ft | 2ft 10in. 25in. © 20in. '15in.
Fig. P7.37 Fig. P7.38
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7.39 through 7.42 For the beam and loading shown, (a) draw the
shear and bending-moment diagrams, (b) determine the maximum
absolute values of the shear and bending moment.

60 kN 24 kN

25 kKN/m 8 kN/m
A cy D B l C D
F Al | B
A = A
|<_2 m im 2 m_)l ~—3m 3m 3 m——l
Fig. P7.39 Fig. P7.40

7.43 Assuming the upward reaction of the ground on beam AB to be
uniformly distributed and knowing that P = wa, (a) draw the shear
and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.

w P w
ClDE

A B

e o

Fig. P7.43

7.44 Solve Prob. 7.43 knowin|

7.45 Assuming the upward rd
uniformly distributed and knowing that ¢ = 0. ,
shear and bending-moment diagrams, (b) determine the maximum
absolute values of the shear and bending moment.

7.46 Solve Prob. 7.45 knowing that ¢ = 0.5 m.

7.47 and 7.48 Assuming the upward reaction of the ground on beam
AB to be uniformly distributed, (a) draw the shear and bending-
moment diagrams, (b) determine the maximum absolute values of
the shear and bending moment.

7.49 and 7.50 Draw the shear and bending-moment diagrams for
the beam AB, and determine the maximum absolute values of the
shear and bending moment.

, 300 mm 300 mm , 300 mm

120 N ¢120 N 400 N 400 N 400 N
A B
A(@ B A c D E =
I | |
<200 mm 200 mm 150 mm 300 mm 300 mm 150 mm

Fig. P7.49 Fig. P7.50

Problems
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372 Forces in Beams and Cables
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Fig. P7.60

7.51 and 7.52 Draw the shear and bending-moment diagrams for
the beam AB, and determine the maximum absolute values of the
shear and bending moment.

c
ey

A E F
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°)G Y510 llZOIb

| 9in. 6in.—~—6 in.—r‘

Fig. P7.52

Eaa

7.53 Two small channel sections DF and EH have been welded to the
uniform beam AB of weight W = 3 kN to form the rigid structural
member shown. This member is being lifted by two cables attached
at D and E. Knowing that u = 30° and neglecting the weight of
the channel sections, (@) draw the shear and bending-moment dia-
grams for beam AB, (b) determine the maximum absolute values
of the shear and bending moment in the beam.

7.54 Solve Prob. 7.53 when u = 60°.

gb. 7.53, determine (a) the angle u for
e of the bending moment in beam
orresponding value of |M|,,,. (Hint:
am and then equate the absolute
values of the Jargest positive and negative bending moments obtained.)

7.56 For the beam of Prob. 7.43, determine (a) the ratio k = Phova for
which the maximum absolute value of the bending moment in the
beam is as small as possible, (b) the corresponding value of |M]|,,...

(See hint for Prob. 7.55.)

7.57 For the beam of Prob. 7.45, determine (@) the distance a for which
the maximum absolute value of the bending moment in the beam
is as small as possible, (b) the corresponding value of |M|,,,. (See
hint for Prob. 7.55.)

7.58 For the beam and loading shown, determine (a) the distance a for
which the maximum absolute value of the bending moment in the
beam is as small as possible, (b) the corresponding value of |M|,,x.
(See hint for Prob. 7.55.)

7.59 A uniform beam is to be picked up by crane cables attached at A
and B. Determine the distance a from the ends of the beam to the
points where the cables should be attached if the maximum absolute
value of the bending moment in the beam is to be as small as pos-
sible. (Hint: Draw the bending-moment diagram in terms of a, L, and
the weight per unit length w, and then equate the absolute values of
the largest positive and negative bending moments obtained.)

7.60 Knowing that P = Q = 150 Ib, determine (a) the distance a for
which the maximum absolute value of the bending moment in
beam AB is as small as possible, (b) the corresponding value of
[M|,.x- (See hint for Prob. 7.55.)
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7.61 Solve Prob. 7.60 assuming that P = 300 Ib and Q = 150 Ib. 7.6 Relations Among load, Shear, 373
and Bending Moment

*7.62 In order to reduce the bending moment in the cantilever beam
AB, a cable and counterweight are permanently attached at end B.
Determine the magnitude of the counterweight for which the
maximum absolute value of the bending moment in the beam is
as small as possible and the corresponding value of |M|,,,,. Con-
sider () the case when the distributed load is permanently applied l
to the beam, (b) the more general case when the distributed load |A
may either be applied or removed. | L

Fig. P7.62

*7.6 RELATIONS AMONG LOAD, SHEAR,
AND BENDING MOMENT

When a beam carries more than two or three concentrated loads, or
when it carries distributed loads, the method outlined in Sec. 7.5 for
plotting shear and bending moment is likely to be quite cumber-
some. The construction of the shear diagram and, especially, of the
bending-moment diagram will be greatly facilitated if certain rela-
tions existing among load, shear, and bending moment are taken into
consideration.

Let us consider a simply suanastad baas
uted load w per unit length ( . .
points of the beam at a distan AXpertSOft Trial Version
bending moment at C will be &
will be assumed positive; the shear and bending moment at C’ will
be denoted by V. + AV and M + AM.

Let us now detach the portion of beam CC" and draw its free-
body diagram (Fig. 7.11b). The forces exerted on the free body w
include a load of magnitude w Ax and internal forces and couples at
C and C'. Since shear and bending moment have been assumed
positive, the forces and couples will be directed as shown in the
ﬁgure. Al T

@

c D B

Relations Between Load and Shear. We write that the
sum of the vertical components of the forces acting on the free body NP
CC’ is zero: (@)

V- (V+AV) —wAx =0
AV = —w Ax

Dividing both members of the equation by Ax and then letting Ax
approach zero, we obtain

Vv
dv (7.1) T

T o] e

|C+AX+C| V+ AV
Formula (7.1) indicates that for a beam loaded as shown in Fig. 7.11a,
the slope dV/dx of the shear curve is negative; the numerical value of (b)
the slope at any point is equal to the load per unit length at that point. ~ Fig. 7.11
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Fig. 7.11

Integrating (7.1) between points C and D, we obtain

V- Ve = —J' w dx (7.2)

Vp — Vo = —(area under load curve between C and D)  (7.2')
Note that this result could also have been obtained by considering
the equilibrium of the portion of beam CD, since the area under the
load curve represents the total load applied between C and D.

It should be observed that formula (7.1) is not valid at a point
where a concentrated load is applied; the shear curve is discontinuous
at such a point, as seen in Sec. 7.5. Similarly, formulas (7.2) and (7.2')
cease to be valid when concentrated loads are applied between C and
D, since they do not take into account the sudden change in shear
caused by a concentrated load. Formulas (7.2) and (7.2'), therefore,
should be applied only between successive concentrated loads.

Relations Between Shear and Bending Moment. Re-
turning to the free-body diagram of Fig. 7.11b, and writing now that
the sum of the moments about C’ is zero, we obtain

As
<M+AM>—M—VAx+wa§=o

AM =V Ax — %w(Ax)2
ion by Ax and then letting Ax

AxpertSoft Trial Version

\% (7.3)

Formula (7.3) indicates that the slope dM/dx of the bending-moment
curve is equal to the value of the shear. This is true at any point
where the shear has a well-defined value, i.e., at any point where no
concentrated load is applied. Formula (7.3) also shows that the shear
is zero at points where the bending moment is maximum. This prop-
erty facilitates the determination of the points where the beam is
likely to fail under bending.
Integrating (7.3) between points C and D, we obtain

My — M = J V dx (7.4)

Mp — Mg = area under shear curve between C and D (7.4")
Note that the area under the shear curve should be considered
positive where the shear is positive and negative where the shear is
negative. Formulas (7.4) and (7.4") are valid even when concentrated
loads are applied between C and D, as long as the shear curve has
been correctly drawn. The formulas cease to be valid, however, if a
couple is applied at a point between C and D, since they do not take
into account the sudden change in bending moment caused by a
couple (see Sample Prob. 7.7).
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EXAMPLE Let us consider a simply supported beam AB of span L car-
rying a uniformly distributed load w (Fig. 7.12a). From the free-body dia-
gram of the entire beam we determine the magnitude of the reactions at
the supports: Ry = Ry = wL/2 (Fig. 7.12b). Next, we draw the shear dia-
gram. Close to the end A of the beam, the shear is equal to Ry, that is, to
wL/2, as we can check by considering a very small portion of the beam as
a free body. Using formula (7.2), we can then determine the shear V at any
distance x from A. We write

V:VA—wx=f—wx=w(f—x)

The shear curve is thus an oblique straight line which crosses the x axis at
x = L/2 (Fig. 7.12¢). Considering, now, the bending moment, we first
observe that M, = 0. The value M of the bending moment at any distance
x from A can then be obtained from formula (7.4); we have

M—MA=J V dx
0

M =J; w(%—x)dx = %(Lx - %)

The bending-moment curve is a parabola. The maximum value of the bend-
ing moment occurs when x = L/2, since V (and thus dM/dx) is zero for that
value of x. Substituting x = L/2

wL?8. m

In most engineering ap
moment needs to be known only at a Tew specific pomts. Once
shear diagram has been drawn, and after M has been determined at
one of the ends of the beam, the value of the bending moment can
then be obtained at any given point by computing the area under
the shear curve and using formula (7.4"). For instance, since M, = 0
for the beam of Fig. 7.12, the maximum value of the bending moment
for that beam can be obtained simply by measuring the area of the
shaded triangle in the shear diagram:

2
v _LLuL _wl?
22 2 8

In this example, the load curve is a horizontal straight line, the
shear curve is an oblique straight line, and the bending-moment curve
is a parabola. If the load curve had been an oblique straight line (first
degree), the shear curve would have been a parabola (second degree),
and the bending-moment curve would have been a cubic (third degree).
The shear and bending-moment curves will always be, respectively, one
and two degrees higher than the load curve. Thus, once a few values
of the shear and bending moment have been computed, we should be
able to sketch the shear and bending-moment diagrams without actu-
ally determining the functions V(x) and M(x). The sketches obtained
will be more accurate if we make use of the fact that at any point where
the curves are continuous, the slope of the shear curve is equal to —w
and the slope of the bending-moment curve is equal to V.

7.6 Relations Among Load, Shear,
and Bending Moment
w
N
Al /B
A e
| L |
w (a)
N
Al B
L _wL
TRA =7 Re=7
(b)
L
L Pox
2 |
© | _wL
2
777777 |
|
|
|
|
L L X
2

Fig. 7.12
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SAMPLE PROBLEM 7.4

Draw the shear and bending-moment diagrams for the beam and loading
shown.

SOLUTION

Free-Bocly: Entire Beam. Considering the entire beam as a free body, we
determine the reactions:

+2I M, = 0:
D(24 ft) — (20 kips)(6 ft) — (12 kips)(14 ft) — (12 kips)(28 ft) = 0
D = +26 kips D = 26 kipsx
BEF, = 0: A, — 20 kips — 12 kips + 26 kips — 12 kips = 0
A, = +18 kips A, = 18 kipsx
YSF, =0: A, =0 A, =0

We also note that at both A and E the bending moment is zero; thus two
points (indicated by small circles) are obtained on the bending-moment
diagram.

Shear Dlugrcm

Since dV/dx = —w, we find that between concentrated

be shear diagram is zero (i.e., the shear is
H by dividing the beam into two
ly. For example, using the por-
in the shear between B and C:

V=0 V = —2 kips

AxpertSoft Trial Version

+)(2Fy =0:

+18 kips — 20 kips —

We also find that the shear is +12 kips just to the right of D and zero at
end E. Since the slope dV/dx = —w is constant between D and E, the shear
diagram between these two points is a straight line.

Bending-Moment Diagram. We recall that the area under the shear curve
between two points is equal to the change in bending moment between the
same two points. For convenience, the area of each portion of the shear
diagram is computed and is indicated on the diagram. Since the bending
moment M, at the left end is known to be zero, we write

My — M, = +108 My = +108 kip - ft
Mg — My = — 16 Mc = + 92 kip - ft
Mp — Mg = —140 Mp = — 48 kip - ft
My — My, = + 48 My =0

Since My, is known to be zero, a check of the computations is obtained.

Between the concentrated loads and reactions the shear is constant;
thus the slope dM/dx is constant, and the bending-moment diagram is drawn
by connecting the known points with straight lines. Between D and E, where
the shear diagram is an oblique straight line, the bending-moment diagram
is a parabola.

From the V and M diagrams we note that V. =
M, = 108 kip - ft.

18 kips and


http://www.axpertsoft.com/pdf-splitter-software/

20 kN/m
EEERRER
A | C
B B
! 6m ! 3m—>|
W
‘ 20 kN/m
IEEENEEN
Al
1 o |
80 kN 40 kN
\Y
| 80kN
A| (+160) D B C
— x— e X
X (|40) L( 120) | X
6m |
le—X =4 m—
M 160 kN-m

AxpertSoft Trial Version

SAMPLE PROBLEM 7.5

Draw the shear and bending-moment diagrams for the beam and loading
shown and determine the location and magnitude of the maximum bending
moment.

SOLUTION

Free-Body: Entire Beam. Considering the entire beam as a free body, we
obtain the reactions

R, = 80 kN R¢ = 40 kN

Shear Diagram. The shear just to the right of A is V, = +80 kN. Since
the change in shear between two points is equal to minus the area under
the load curve between the same two points, we obtain Vy by writing

Vs — V, = —(20 kN/m)(6 m) = —120 kN
Vp = —120 + V, = —120 + 80 = —40 kN
Since the slope dV/dx = —w is constant between A and B, the shear dia-

gram between these two points is represented by a straight line. Between
o e is zero; therefore,

C=V3=_40kN
dcC.

Bending-Moment Diagram. We note that the bending moment at each
end of the beam is zero. In order to determine the maximum bending
moment, we locate the section D of the beam where V = 0. We write

VD_VA:
0 — 80 kN =

—wx

—(20 kN/m)x

and, solving for x: x=4m

The maximum bending moment occurs at point D, where we have
dM/dx =V = 0. The areas of the various portions of the shear diagram are
computed and are given (in parentheses) on the diagram. Since the area of
the shear diagram between two points is equal to the change in bending
moment between the same two points, we write

Mp — My, = +160 kN - m Mp = +160 kN - m
My — Mp=— 40kN - m My = +120kN - m
Mg — My = —120kN - m Mg =0

The bending-moment diagram consists of an arc of parabola followed by a
segment of straight line; the slope of the parabola at A is equal to the value
of V at that point.

The maximum bending moment is

M, = Mp = +160 kN - m

377
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SAMPLE PROBLEM 7.6
Wo
\ Sketch the shear and bending-moment diagrams for the cantilever beam

A ] shown.

v SOLUTION

Shear Diagram. At the free end of the beam, we find V, = 0. Between

_lw.a? _1 L_
[ 3 Wo’] [ 3 Woall- —a) A and B, the area under the load curve is fwqa; we find Vy by writing

N 4 X

1 1
Vg = Vi = —3wpa Vi = —3woa

Between B and C, the beam is not loaded; thus V; = Vj. At A, we have
w = wy, and, according to Eq. (7.1), the slope of the shear curve is dV/dx =
—wy, while at B the slope is dV/dx = 0. Between A and B, the loading
decreases linearly, and the shear diagram is parabolic. Between B and C,
w = 0, and the shear diagram is a horizontal line.

1
— =~ Wpa
2 P

Bending-Moment Diagram. We note that M, = 0 at the free end of the
_ % wya beam. We compute the area under the shear curve and write

2

1
My = —gwoa2

) My — My = —3woa
— 5 Woa(3L —a) Mg — My = —3woa(L — a)
Mc = —twoa(3L — a)

. . is completed by recalling that
AXpertSOft Trial Version the diagram is represented by

een B and C the diagram is

SAMPLE PROBLEM 7.7

B
) G
T The simple beam AC is loaded by a couple of magnitude T applied at point B.
|<— a—s| Draw the shear and bending-moment diagrams for the beam.
|

§
- ‘ i SOLUTION

Free-Body: Entire Beam. The entire beam is taken as a free body, and we
obtain

M T|_
V R, = zX R, =
A= C
X
/ Shear and Bending-Moment Diagrams. The shear at any section is con-

=) stant and equal to T/L. Since a couple is applied at B, the bending-moment
L
diagram is discontinuous at B; the bending moment decreases suddenly by
an amount equal to T.

=~
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SOULVINGEEROBLEIVIY
DINBIOURSOVVIN

In this lesson you learned how to use the relations existing among load, shear,
and bending moment to simplify the drawing of the shear and bending-moment
diagrams. These relations are

dv

— = —w 7.1
I w (7.1)
dM
— =V 7.3
I (7.3)
Vp — Vo = —(area under load curve between C and D) (7.2")
Mp — My = (area under shear curve between C and D) (7.4")

Taking into account these relations, you can use the following procedure to draw
the shear and bending-moment diagrams for a beam.

1. Draw a free-body diagram of the entire beam, and use it to determine the
reactions at the beam supports.

2. Draw the shear diagram. This can be done as in the preceding lesson by
cutting the beam at various pomts and con51der1ng the free-body diagram of one
of the two portigmens - - gmample Prob. 7.3]. You
can, however, d . . bdures.

a. The shed AXpertSOft Trial Version f the reactions and
loads to the Ié . ed as positive, and a
downward force is counted as negatlve

b. For a beam carrying a distributed load, you can start from a point where
you know V and use Eq. (7.2") repeatedly to find V at all the other points of
interest.

3. Draw the bending-moment diagram, using the following procedure.

a. Compute the area under each portion of the shear curve, assigning a
positive sign to areas located above the x axis and a negative sign to areas located
below the x axis.

b. Apply Eq. (7.4') repeatedly [Sample Probs. 7.4 and 7.5], starting from the
left end of the beam, where M = 0 (except if a couple is applied at that end, or
if the beam is a cantilever beam with a fixed left end).

c. Where a couple is applied to the beam, be careful to show a disconti-
nuity in the bending-moment diagram by increasing the value of M at that point
by an amount equal to the magnitude of the couple if the couple is clockwise,

or decreasing the value of M by that amount if the couple is counterclockwise
[Sample Prob. 7.7].

(continued)
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4. Determine the location and magnitude of |M| o The maximum absolute
value of the bending moment occurs at one of the points where dM/dx = 0, that
is, according to Eq. (7.3), at a point where V is equal to zero or changes sign. You
should, therefore:

a. Determine from the shear diagram the value of |[M| where V changes
sign; this will occur under the concentrated loads [Sample Prob. 7.4].

b. Determine the points where V = 0 and the corresponding values of
|M[; this will occur under a distributed load. To find the distance x between point
C, where the distributed load starts, and point D, where the shear is zero, use
Eq. (7.2"); for V¢ use the known value of the shear at point C, for Vj, use zero,
and express the area under the load curve as a function of x [Sample Prob. 7.5].

5. You can improve the quality of your drawings by keeping in mind that at
any given point, according to Eqs. (7.1) and (7.3), the slope of the V curve is equal
to —w and the slope of the M curve is equal to V.

6. Finally, for beams supporting a distributed load expressed as a function
W(x), remember that the shear V can be obtamed by mtegratmg the function

w(x), and the bendipsssamaniilaaa g V(x) [Egs. (7.3)
and (7.4)].

AxpertSoft Trial Version
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7.63
7.64
7.65
7.66
7.67
7.68
7.69

7.71
7.72
7.73
7.74
7.75

PROBLEMS

Using the method of Sec.
Using the method of Sec.
Using the method of Sec.
Using the method of Sec.
Using the method of Sec.
Using the method of Sec.

7.6, solve Prob. 7.29.
7.6, solve Prob. 7.30.
7.6, solve Prob. 7.31.
7.6, solve Prob. 7.32.
7.6, solve Prob. 7.33.
7.6, solve Prob. 7.34.

and 7.70 For the beam and loading shown, (@) draw the shear
and bending-moment diagrams, (b) determine the maximum abso-

lute values of the shear and bending moment.

Using the method of Sec. 7.6, solve Prob. 7.39.
Using the method of Sec. 7.6, solve Prob. 7.40.
Using the method of Sec. 7.6, solve Prob. 7.41.
Using the method of Sec. 7.6, solve Prob. 7.42.

and 7.76 For the bea
and bending-moment di4
lute values of the shear

16 kips 45 kips 8 kips
Bl Cl D \
Al E
<3 ft~l~—>5 ft <—4ft—>L3ft->
Fig. P7.75

AxpertSoft Trial Version

7.77 through 7.79 For the beam and loading shown, (a) draw the
shear and bending-moment diagrams, (b) determine the magnitude
and location of the maximum absolute value of the bending moment.

Fig. P7.77

15 kN/m

2.5 kN/m

6 m

Ly

1.5m 2.5m

B ofte-

Fig. P7.78

1 m—

7.80 Solve Prob. 7.79 assuming that the 20-kN - m couple applied at B

is counterclockwise.

Ll
L

{—4—

Lzm

Fig. P7.70

20 Ib/in. 1251b )

5 125 1
P
A |E
" L
12 in.>{=<12 in.>{=12 in. ’l
9in.

Fig. P7.76

25 kN/m

20 kN-m

A D

I 4m 1

Fig. P7.79

381


http://www.axpertsoft.com/pdf-splitter-software/

382 Forces in Beams and Cables 7.81 For the beam shown, draw the shear and bending-moment dia-
grams, and determine the magnitude and location of the maximum
absolute value of the bending moment, knowing that (@) M = 0,
(b) M = 24 kip - ft.

4 Kips/ft

C
M{ A | B
2 kips/ft P =R
—at at—|

c Vv !
A B Fig. P7.81

| 7.82 For the beam shown, draw the shear and bending-moment dia-
6 ft i grams, and determine the magnitude and location of the maximum
absolute value of the bending moment, knowing that (@) P = 6 kips,

7.83 (a) Draw the shear and bending-moment diagrams for beam AB,
(b) determine the magnitude and location of the maximum abso-
lute value of the bending moment.

300 Ibrft

A B 7.84 Solve Prob. 7.83 assuming that the 300-1b force applied at D is

D W_CI directed upward.

7.85 through 7.87 For the beam and loading shown, (a) write the
2ft | 21t equations of the shear and bending-moment curves, (b) determine
the magnitude and location of the maximum bending moment.

4 ft

\ 4
300 Ib

Fig. P7.83

AxpertSoft Trial Version

W

/mg

Al ] —x Al x
w | B A
I L ! L !
W, Fig. P7.85 Fig. P7.86
7.88 For the beam and loading shown, (a) write the equations of the
shear and bending-moment curves, (b) determine the maximum
bending moment.
A —X
w
;WO . X
L |3 Wq w:wo(l—smt)
Fig. P7.87
A B

| 1 |
- o Fig. P7.88
20 kN/m 7.89 The beam AB is subjected to the uniformly distributed load shown
A
il

and to two unknown forces P and Q. Knowing that it has been
B experimentally determined that the bending moment is +800 N + m
I&L’: at D and +1300 N - m at E, (@) determine P and Q, (b) draw the
| shear and bending-moment diagrams for the beam.
1

A

03m 03m 03m 03m 7.90 Solve Prob. 7.89 assuming that the bending moment was found to
Fig. P7.89 be +650 N - m at D and +1450 N - m at E.
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*7.91 The beam AB is subjected to the uniformly distributed load shown 7.7 Cables with Concentrated loads 3873
and to two unknown forces P and Q. Knowing that it has been experi-
mentally determined that the bending moment is +6.10 kip - ft at D p
and +5.50 kip - ft at E, (@) determine P and Q, (b) draw the shear 250 Ib/ft

and bending-moment diagrams for the beam.
| Y
*7.92 Solve Prob. 7.91 assuming that the bending moment was found to A 0 D B
be +5.96 kip - ft at D and +6.84 kip - ft at E. Cl D E| F| ==
| |
O TIR N TIrTY
Fig. P7.91

*7.7 CABLES WITH CONCENTRATED LOADS

Cables are used in many engineering applications, such as suspension
bridges, transmission lines, aerial tramways, guy wires for high towers, etc.
Cables may be divided into two categories, according to their loading:
(1) cables supporting concentrated loads, (2) cables supporting distrib-
uted loads. In this section, cables of the first category are examined.
Consider a cable attached to two fixed points A and B and sup-
porting n vertical concentrated loads Py, Py, . . ., P, (Fig. 7.13a). We
assume that the cable is flexible, i.e., that its resistance to bending is
small and can be neglected. We further assume that the weight of the
cable is negligible compared with the loads supported by the cable.
Any portion of cable between successive loads can therefore be con-
sidered as a two-force member, and the internal forces at any point
in the cable reduce to a force
We assume that each of tl : -
that the horizontal distance fri AXpertSOft Trial Version
known; we also assume that
between the supports are known. We propose to determme the shape of
the cable, i.e., the vertical distance from support A to each of the points
C,Csy ..., Cn, and also the tension T in each portion of the cable.

ato 7.3 Since the weight of the cable of
airlift shown is negligible compared to the
s of the chairs and skiers, the methods of
ction can be used to determine the force
point in the cable.

@ (b)

Fig. 7.13

We first draw the free-body diagram of the entire cable (Fig. 7.13b).
Since the slope of the portions of cable attached at A and B is not known,
the reactions at A and B must be represented by two components each.
Thus, four unknowns are involved, and the three equations of equilib-
rium are not sufficient to determine the reactions at A and B.t We must

tClearly, the cable is not a rigid body; the equilibrium equations represent, therefore,
necessary but not sufficient conditions (see Sec. 6.11).
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384 Forces in Beams and Cables

A Ay
Abe
Ax
y
o N
Py S
<—X14>|
~—— X——

@

O apIC 73T 5 g (.IF0). WV 24
PIV G =% which can be solved for y,. Writing =

Y
N
XJ

(@) (b)
Fig. 7.13 (repeated)

therefore obtain an additional equation by considering the equilibrium
of a portion of the cable. This is possible if we know the coordinates
x and y of a point D of the cable. Drawing the free-body diagram of
the portion of cable AD (Fig. 7.14a) and writing =M, = 0, we obtain
an additional relation between the scalar components A, and A, and
can determine the reactions at A and B. The problem would remain
indeterminate, however, if we did not know the coordinates of D,
unless some other relation between A, and A, (or between B, and B,)
were given. The cable might hang in any of various possible ways, as
indicated by the dashed lines in Fig. 7.13b.

ermined, the vertical distance
easily be found. Considering
pe-body diagram of the portion
¢, = 0, we obtain an equation
F, = 0 and 2F, = 0, we obtain
the components of the force T representing the tension in the por-
tion of cable to the right of C,. We observe that T cos u = —A,; the
horizontal component of the tension force is the same at any point
of the cable. Tt follows that the tension T is maximum when cos U is
minimum, i.e., in the portion of cable which has the largest angle of
inclination u. Clearly, this portion of cable must be adjacent to one
of the two supports of the cable.

AxpertSoft Trial Version

*7.8 CABLES WITH DISTRIBUTED LOADS

Consider a cable attached to two fixed points A and B and carrying
a distributed load (Fig. 7.15a). We saw in the preceding section that
for a cable supporting concentrated loads, the internal force at any
point is a force of tension directed along the cable. In the case of a
cable carrying a distributed load, the cable hangs in the shape of a
curve, and the internal force at a point D is a force of tension T
directed along the tangent to the curve. In this section, you will learn
to determine the tension at any point of a cable supporting a given
distributed load. In the following sections, the shape of the cable will
be determined for two particular types of distributed loads.
Considering the most general case of distributed load, we draw
the free-body diagram of the portion of cable extending from the
lowest point C to a given point D of the cable (Fig. 7.15b). The
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@ (b) ©
Fig. 7.15

forces acting on the free body are the tension force T, at C, which
is horizontal, the tension force T at D, directed along the tangent to
the cable at D, and the resultant W of the distributed load supported
by the portion of cable CD. Drawing the corresponding force trian-
gle (Fig. 7.15¢), we obtain the following relations:

Tcosu=T, Tsinu=W (7.5)

—— w
T= 2T+ W tanu = T (7.6)
0

From the relations (7.5), it appears that the horizontal component
of the tension force T is the s

component of T is equal to thAVAeISTERSTo IR N =IRVAET S (o))

from the lowest point. Relati
minimum at the lowest point and
of support.

maximum at one ot the two points

*7.9 PARABOLIC CABLE

Let us assume, now, that the cable AB carries a load uniformly dis-
tributed along the horizontal (Fig. 7.16a). Cables of suspension
bridges may be assumed loaded in this way, since the weight of the
cables is small compared with the weight of the roadway. We denote
by w the load per unit length (measured horizontally) and express it
in N/m or in Ib/ft. Choosing coordinate axes with origin at the lowest
point C of the cable, we find that the magnitude W of the total load
carried by the portion of cable extending from C to the point D of
coordinates x and y is W = wx. The relations (7.6) defining the
magnitude and direction of the tension force at D become

T = 2T + v’ tanu = % (7.7)
0

Moreover, the distance from D to the line of action of the resultant
W is equal to half the horizontal distance from C to D (Fig. 7.16D).
Summing moments about D, we write

+13M, = 0: wx%—TOyZO

7.9 Parabolic Cable

y B<1
I>A D(W
E//
|
w
@
y
.
/\’z
c Y

Fig. 7.16
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386 Forces in Beams and Cables

1
xa<0 C

(©)
Fig. 7.17

Xg

and, solving for vy,

U.??C2

& 7.8
I o, (7.8)

This is the equation of a parabola with a vertical axis and its vertex
at the origin of coordinates. The curve formed by cables loaded uni-
formly along the horizontal is thus a parabola.t

When the supports A and B of the cable have the same eleva-
tion, the distance L between the supports is called the span of the
cable and the vertical distance h from the supports to the lowest
point is called the sag of the cable (Fig. 7.17a). If the span and sag
of a cable are known, and if the load w per unit horizontal length is
given, the minimum tension Ty may be found by substituting x =
L/2 and y = h in Eq. (7.8). Equations (7.7) will then yield the ten-
sion and the slope at any point of the cable and Eq. (7.8) will define
the shape of the cable.

When the supports have different elevations, the position of the
lowest point of the cable is not known and the coordinates x,, ¢4 and
xg, yp of the supports must be determined. To this effect, we express
that the coordinates of A and B satisfy Eq. (7.8) and that x3 — x4 = L
and yp — ya = d, where L and d denote, respectively, the horizontal
and vertical distances between the two supports (Fig. 7.17b and c).

: : lowest point C to its support

dx (7.9)

Differentiating (7.8), we obtain the derivative dy/dx = wx/T; sub-
stituting into (7.9) and using the binomial theorem to expand the
radical in an infinite series, we have

p 2.2 xp 2.2 4.4
wx wx wx
sB—f Bl+ngx—f <1+ +--->dx

) ) 2T 8T
2 2 4 4
wXx wx
SBZxB(1+ f— i-l—m)
6T; 40T,

: 2
and, since wxp/2T) = ys3,

_ 2(ys\ _2(ysY'
N S ) - (o e

The series converges for values of the ratio yp/xy less than 0.5; in
most cases, this ratio is much smaller, and only the first two terms
of the series need be computed.

fCables hanging under their own weight are not loaded uniformly along the horizontal,

and they do not form a parabola. The error introduced by assuming a parabolic shape for
cables hanging under their weight, however, is small when the cable is sufficiently taut. A
complete discussion of cables hanging under their own weight is given in the next section.
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E SAMPLE PROBLEM 7.8

0 ft The cable AE supports three vertical loads from the points indicated. If
l point C is 5 ft below the left support, determine (a) the elevation of points
B and D, (b) the maximum slope and the maximum tension in the cable.

Lzo ft—]10 ft|<15 ft-Ls ft

SOLUTION

Reactions at Supports. The reaction components A, and A, are deter-
mined as follows:

Free Body: Entire Cable

A(20 ft) — A,(60 ft) + (6 kips)(40 ft) + (12 kips)(30 ft) + (4 kips)(15 ft) = 0
20A, — 604, + 660 = 0

Free Body: ABC
+1 EMC =0:

—A((5 ft) — A, (30 ft) + (6 kips)(10 ft) = 0

sly, we obtain

A, = 18 kips =z
A, = 5 kipsx

| a. Elevation of Points B and D.
Free Body: AB Considering the portion of cable AB as a free body,
we write

+1 ZMz = 0: (18 kips)yp — (5 kips)(20 ft) = 0
yp = 5.56 ft below A

Free Body: ABCD Using the portion of cable ABCD as a free body,

we write
+| EMD = OI
—(18 kips)yp — (5 kips)(45 ft) + (6 kips)(25 ft) + (12 kips)(15 ft) = 0
‘15ft.‘ E, =18 kips yp = 5.83 ft above A
A
% (14171 . ) )
’5 kips DAV 1y “ b. Maximum Slope and Maximum Tension. We observe that the maxi-
18 kips < ~ ¢ T 583t um slope occurs in portion DE. Since the horizontal component of the
B 4 kips tension is constant and equal to 18 kips, we write
6kipsY 15 kips 19T oL 4T s
T 5k '
18 kips
Thax = Ty = 24.8 kips
cos U

387
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| 40 m |
A ¥ B

A\ ; ®
0.5m D

To

SAMPLE PROBLEM 7.9

A light cable is attached to a support at A, passes over a small pulley at B,
and supports a load P. Knowing that the sag of the cable is 0.5 m and that
the mass per unit length of the cable is 0.75 kg/m, determine (a) the mag-
nitude of the load P, (b) the slope of the cable at B, (c) the total length of
the cable from A to B. Since the ratio of the sag to the span is small, assume
the cable to be parabolic. Also, neglect the weight of the portion of cable
from B to D.

SOLUTION

a. Load P. We denote by C the lowest point of the cable and draw the
free-body diagram of the portion CB of cable. Assuming the load to be
uniformly distributed along the horizontal, we write

w = (0.75 kg/m)(9.81 m/s>) = 7.36 N/m
The total load for the portion CB of cable is
W = wxg = (7.36 N/m)(20 m) = 147.2 N
and is applied halfway between C and B. Summing moments about B, we

write
Ty = 2944 N

AxpertSoft Trial Version

Ty = 2T + W?
= 2(2944 N)? + (1472 N)? = 2948 N

Since the tension on each side of the pulley is the same, we find

P =T = 2948 N

b. Slope of Cable at B. We also obtain from the force triangle

g2 W _1472N
el
d T, 2944 N

= 0.05

c. Length of Cable. Applying Eq. (7.10) between C and B, we write

2 2
sB=xB[1 +f(@) +]
3 XB

2/05m\’
+ -+ | = 20.00833 m

= (20 1T1)|:1 aF g(zoim

The total length of the cable between A and B is twice this value,
Length = 2s; = 40.0167 m
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SOULVINGEEROBLEIVIY
DINBIOURSOVVIN

In the problems of this section you will apply the equations of equilibrium to
cables that lie in a vertical plane. We assume that a cable cannot resist bending,
so that the force of tension in the cable is always directed along the cable.

A. In the first part of this lesson we considered cables subjected to concen-
trated loads. Since the weight of the cable is neglected, the cable is straight
between loads.

Your solution will consist of the following steps:

1. Draw a free-body diagram of the entire cable showing the loads and the
horizontal and vertical components of the reaction at each support. Use this free-
body diagram to write the corresponding equilibrium equations.

2. You will be confronted with four unknown components and only three
equations of equilibrium (see Fig. 7.13). You must therefore find an additional
piece of information, such as the position of a point on the cable or the slope of
the cable at a g

AxpertSoft Trial Version

3. After you | ere the additional
information exists, cut the cable at that point, and draw a free-body diagram of
one of the two portions of the cable you have obtained.

a. If you know the position of the point where you have cut the cable, writing
ZM = 0 about that point for the new free body will yield the additional equation
required to solve for the four unknown components of the reactions [Sample
Prob. 7.8].

b. If you know the slope of the portion of the cable you have cut, writing
2F, = 0 and 2F, = 0 for the new free body will yield two equilibrium equations
which, together with the original three, can be solved for the four reaction com-
ponents and for the tension in the cable where it has been cut.

4. To find the elevation of a given point of the cable and the slope and ten-
sion at that point once the reactions at the supports have been found, you should
cut the cable at that point and draw a free-body diagram of one of the two por-
tions of the cable you have obtained. Writing XM = 0 about the given point yields
its elevation. Writing 2F, = 0 and 2F, = 0 yields the components of the tension
force, from which its magnitude and direction can easily be found.

(continued)

389
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5. For a cable supporting vertical loads only, you will observe that the hori-
zontal component of the tension force is the same at any point. It follows that, for
such a cable, the maximum tension occurs in the steepest portion of the cable.

B. In the second portion of this lesson we considered cables carrying a load
uniformly distributed along the horizontal. The shape of the cable is then
parabolic.

Your solution will use one or more of the following concepts:

1. Placing the origin of coordinates at the lowest point of the cable and
directing the x and y axes to the right and upward, respectively, we find that the
equation of the parabola is

_ w’
7 o,

(7.8)

The minimum cable Ble is horizontal,

and the maximum té

2. If the supports o e sag h of the cable
is the vertical distance from the lowest point of the cable to the horizontal line
joining the supports. To solve a problem involving such a parabolic cable, you
should write Eq. (7.8) for one of the supports; this equation can be solved for one
unknown.

3. If the supports of the cable have different elevations, you will have to write
Eq. (7.8) for each of the supports (see Fig. 7.17).

4. To find the length of the cable from the lowest point to one of the supports,
you can use Eq. (7.10). In most cases, you will need to compute only the first two
terms of the series.
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PROBLEMS

7.93 Three loads are suspended as shown from the cable ABCDE.
Knowing that dc = 3 m, determine (a) the components of the
reaction at E, (b) the maximum tension in the cable.

|<—4m 4m 4m 41n—>|

C
|
2kN \ 4kN
3 kN
Fig. P7.93 and P7.94 |«8 ft—|<8 ft—<8 ft»l«s ft—»l
f | E

7.94 Knowing that the maximum tension in cable ABCDE is 13 kN, Sﬁ_‘ A

determine the distance d.

7.95 If d; = 8 ft, determine (@) the reaction at A, (b) the reaction at E.

200 Ib
7.96 1f d, = 4.5 ft, determi . . 300 Ib
at E. AxpertSoft Trial Version  ZIEutEzin
7.97 Knowing that dc = 3 m, determine (@ distances dg and dp,
(b) the reaction at E. om 2m

R
7.98 Determine (a) distance d for which portion DE of the cable is A

horizontal, (b) the corresponding reactions at A and E.

7.99 An oil pipeline is supported at 6-ft intervals by vertical hangers
attached to the cable shown. Due to the combined weight of the
pipe and its contents, the tension in each hanger is 400 Ib. Know-
ing that d¢ = 12 ft, determine (¢) the maximum tension in the

cable, (b) the distance d).

10 kN
Fig. P7.97 and P7.98

L—S@Gﬂ:BOft—J

Fig. P7.99 and P7.100

7.100 Solve Prob. 7.99 assuming that dc = 9 ft.
391
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|<—4m 6m

7.101 Knowing that mz = 70 kg and mc = 25 kg, determine the mag-
nitude of the force P required to maintain equilibrium.

4m
_»I 7.102 Knowing that my = 18 kg and m¢ = 10 kg, determine the mag-
nitude of the force P required to maintain equilibrium.

Fig. P7.101 and P7.102

7.103 Cable ABC supports two loads as shown. Knowing that b = 21 ft,
determine (@) the required magnitude of the horizontal force P,
(b) the corresponding distance a.

| b

180 1b

AxpertSoft Trial Version

k shown. Determine the distances
a and D when a horizontal Torce P of magnitude 200 Ib is applied
at C.

7.105 If ¢ = 3 m, determine the magnitudes of P and Q required to
maintain the cable in the shape shown.

’~4 m—|<4 m—|<4 m—»"4 m—>|

2m

«

120 kN \
Fig. P7.105 and P7.106

7.106 If a = 4 m, determine the magnitudes of P and Q required to
maintain the cable in the shape shown.

7.107 A transmission cable having a mass per unit length of 0.8 kg/m is
strung between two insulators at the same elevation that are 75 m
apart. Knowing that the sag of the cable is 2 m, determine (a) the
maximum tension in the cable, (b) the length of the cable.
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7.108 The total mass of cable ACB is 20 kg. Assuming that the mass of Problems 303
the cable is distributed uniformly along the horizontal, determine

(@) the sag h, (b) the slope of the cable at A.

7.109 The center span of the Verrazano-Narrows Bridge consists of two
uniform roadways suspended from four cables. The uniform
load supported by each cable is w = 10.8 kips/ft along the hori-
zontal. Knowing that the span L is 4260 ft and that the sag h is
390 ft, determine (¢) the maximum tension in each cable, (b) the
length of each cable.

7.110 The center span of the Verrazano-Narrows Bridge consists of two  Fig. P7.108
uniform roadways suspended from four cables. The design of the
bridge allows for the effect of extreme temperature changes that
cause the sag of the center span to vary from h,, = 386 {t in winter
to hy = 394 ft in summer. Knowing that the span is L = 4260 ft,
determine the change in length of the cables due to extreme tem-
perature changes.

7.111 Each cable of the Golden Gate Bridge supports a load w =
11.1 kips/ft along the horizontal. Knowing that the span L is 4150
ft and that the sag h is 464 ft, determine (¢) the maximum tension
in each cable, (b) the length of each cable.

7.112 Two cables of the same gauge are attached to a transmission tower
at B. Since the tower is slender, the horizontal component of the
resultant of the forces e - -

Knowing that the mass
determine (a) the requir
cable.

| 90m i GOm“
A y 4B | C
f A\
ft 3m

Fig. P7.112

7.113 A 50.5-m length of wire having a mass per unit length of 0.75 kg/m 25
is used to span a horizontal distance of 50 m. Determine (a) the ‘ m—>|
approximate sag of the wire, (b) the maximum tension in the wire.

[Hint: Use only the first two terms of Eq. (7.10)] h

25m

7.114 A cable of length L + A is suspended between two points that are
at the same elevation and a distance L apart. (¢) Assuming that A
is small compared to L and that the cable is parabolic, determine
the approximate sag in terms of L and A. (b) If L = 100 ft and
A = 4 ft, determine the approximate sag. [Hint: Use only the first
two terms of Eq. (7.10)]

_H:D
WW
[

~3mM——~

450 kg

7.115 The total mass of cable AC is 25 kg. Assuming that the mass of
the cable is distributed uniformly along the horizontal, determine
the sag h and the slope of the cable at A and C. Flg. P7.115
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394 Forces in Beams and Cables 7.116 Cable ACB supports a load uniformly distributed along the hori-
zontal as shown. The lowest point C is located 9 m to the right of
A. Determine (a) the vertical distance a, (b) the length of the cable,
(¢) the components of the reaction at A.

i 9m GmA‘

—FAK\ 12.25 m
S Easanunif
|

Fig. P7.116

a load w = 10.2 kips/ft along the horizontal. Knowing that for the
side spans the maximum vertical distance h from each cable to the
h=30ft chord AB is 30 ft and occurs at midspan, determine (a) the maxi-
mum tension in each cable, (b) the slope at B.

1100 ft 7.117 Each cable of the side spans of the Golden Gate Bridge supports
5 <1 P ge supp

o—>

=4

C
L l> 7.118 A steam pipe weighing 45 Ib/ft that passes between two buildings
A 40 ft apart is supported by a system of cables as shown. Assuming
that the weight of the cable system is equivalent to a uniformly

10.2 kips/ft distributed loading of 5 Ib/ft, determine (@) the location of the
Fig. P7.117 auact oaint Cobtha cable (L) the maximum tension in the cable.
AxpertSoft Trial Version

5 ft

14 ft

4 ft

Fig. P7.118

L { *7.119 A cable AB of span L and a simple beam A'B" of the same span

are subjected to identical vertical loadings as shown. Show that the
magnitude of the bending moment at a point C' in the beam is
equal to the product Tyh, where T is the magnitude of the hori-
zontal component of the tension force in the cable and h is the
vertical distance between point C and the chord joining the points
of support A and B.

‘Pl ‘P ‘PS lP” 7.120 through 7.123 Making use of the property established in Prob.
Al 1B 7.119, solve the problem indicated by first solving the correspond-
A c e ing beam problem.
. 7.120 Prob. 7.94.
Fig. P7.119 7.121  Prob. 797.

7.122 Prob. 7.99b.
7.123 Prob. 7.1005.
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*7.124 Show that the curve assumed by a cable that carries a distributed
load w(x) is defined by the differential equation dzy/dx2 = w(x)/Ty,
where T, is the tension at the lowest point.

*7.125 Using the property indicated in Prob. 7.124, determine the curve
assumed by a cable of span L and sag h carrying a distributed load
w = wy cos (Px/L), where x is measured from mid-span. Also
determine the maximum and minimum values of the tension in
the cable.

*7.126 1If the weight per unit length of the cable AB is we/cos” U, prove
that the curve formed by the cable is a circular arc. (Hint: Use the
property indicated in Prob. 7.124.)

*7.10 CATENARY

Let us now consider a cable AB carrying a load uniformly distrib-
uted along the cable itself (Fig. 7.18a). Cables hanging under their
own weight are loaded in this way. We denote by w the load per
unit length (measured along the cable) and express it in N/m or in
Ib/ft. The magnitude W of the total load carried by a portion of
cable of length s extending from the lowest point C to a point D is
W = ws. Substituting this value for W in formula (7.6), we obtain
the tension at D:

Fig. 7.18

In order to simplify the subsequent computations, we introduce the
constant ¢ = Ty/w. We thus write

T, = wc W = ws T=w2d+s* (7.11)

The free-body diagram of the portion of cable CD is shown in
Fig. 7.18b. This diagram, however, cannot be used to obtain directly
the equation of the curve assumed by the cable, since we do not
know the horizontal distance from D to the line of action of the
resultant W of the load. To obtain this equation, we first write that
the horizontal projection of a small element of cable of length ds is

7.10 Catenary 395

Fig. P7.126

Photo 7.4 The forces on the supports and the
internal forces in the cables of the power line
shown are discussed in this section.
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dx = ds cos u. Observing from Fig. 7.18¢ that cos u = Ty/T and
using (7.11), we write

weds ds
w2 + §° 21 + %

T
dx=dscosu=?0ds=

Selecting the origin O of the coordinates at a distance ¢ directly
below C (Fig. 7.18a) and integrating from C(0, ¢) to D(x, y), we

To
(©
Fig. 7.18 (continued)

obtaint
s dS s
x =j ——= c[sinh_ls} e
b 21 + s7/c? ¢ Jo c

This equation, which relates the length s of the portion of cable CD
and the horizontal distance x, can be written in the form

s=c sinh% (7.15)

The relation between the coordinates x and y can now be
obtained by writing dy = dx tan u. Observing from Fig. 7.18¢ that
tan u = W/T, and using (7.11) and (7.15), we write

s x
—dx = sinh —dx
c c
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and using (7.12) and (7.13), we

y—c =J" sinhfdx = c{cosh x} = c<coshx — 1>
) c c c

0

x
y—czccoshg—c

tThis integral can be found in all standard integral tables. The function
z=sinh 'u

(read “arc hyperbolic sine u”) is the inverse of the function u = sinh z (read “hyperbolic
sine z7). This function and the function v = cosh z (read “hyperbolic cosine z”) are
defined as follows:

u = sinh z = %(e: ) v = cosh z = §(&" + ¢7)

Numerical values of the functions sinh z and cosh z are found in tables of hyperbolic
functions. They may also be computed on most calculators either directly or from the
above definitions. The student is referred to any calculus text for a complete description
of the properties of these functions. In this section, we use only the following properties,
which are easily derived from the above definitions:

d sinh z d cosh z

e cosh z = sinh z (7.12)

sinh 0 = 0 cosh0 =1 (7.13)

cosh? z — sinh®>z = 1 (7.14)
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which reduces to
i
y = ¢ cosh . (7.16)

This is the equation of a catenary with vertical axis. The ordinate ¢
of the lowest point C is called the parameter of the catenary. Squar-
ing both sides of Eqs. (7.15) and (7.16), subtracting, and taking (7.14)
into account, we obtain the following relation between y and s:

y2 - =¢ (7.17)

Solving (7.17) for s* and carrying into the last of the relations (7.11),
we write these relations as follows:

Ty, = wc W = ws T = wy (7.18)

The last relation indicates that the tension at any point D of the cable
is proportlonal to the vertical ¢
representing the x axis.

When the supports A an
tion, the distance L between t -
cable and the vertical distance h from the supports to the Iowest
point C is called the sag of the cable. These definitions are the
same as those given in the case of parabolic cables, but it should
be noted that because of our choice of coordinate axes, the sag h
is now

h=ys—c (7.19)

It should also be observed that certain catenary problems involve
transcendental equations which must be solved by successive approx-
imations (see Sample Prob. 7.10). When the cable is fairly taut, how-
ever, the load can be assumed uniformly distributed along the
horizontal and the catenary can be replaced by a parabola. This
greatly simplifies the solution of the problem, and the error intro-
duced is small.

When the supports A and B have different elevations, the posi-
tion of the lowest point of the cable is not known. The problem can
then be solved in a manner similar to that indicated for parabolic
cables, by expressing that the cable must pass through the supports
and that x3 — x4, = L and yz — y4 = d, where L and d denote,
respectively, the horizontal and vertical distances between the two
supports.

AxpertSoft Trial Version
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SAMPLE PROBLEM 7.10

A uniform cable weighing 3 Ib/ft is suspended between two points A and B
as shown. Determine (¢) the maximum and minimum values of the tension

in the cable, (b) the length of the cable.

SOLUTION

Equation of Cable. The origin of coordinates is placed at a distance ¢

below the lowest point of the cable. The equation of the cable is given by
Eq. (7.16),

%
y = c¢ cosh -
The coordinates of point B are
xp = 250 ft yp = 100 + ¢
Substituting these coordinates into the equation of the cable, we obtain

250
100 + ¢ = ccoshT

100 250
— + 1 = cosh —
c c

hccessive trial values, as shown

AxpertSoft Trial Version

250 100 100 250
c = — —+1 cosh —

c C

300 0.833 0.333 1.333 1.367
350 0.714 0.286 1.286 1.266
330 0.758 0.303 1.303 1.301
328 0.762 0.305 1.305 1.305

Taking ¢ = 328, we have
yp = 100 + ¢ = 428 ft

a. Maximum and Minimum Values of the Tension. Using Eqgs. (7.18),
we obtain

Toin = Ty = we = (3 Ib/At)(328 ft) Toin = 984 1b

T = T = wyp = (3 Ib/ft)(428 ft) Toax = 1284 1b
b. Length of Cable. One-half the length of the cable is found by solving
Eq. (7.17):

ys — ses = ¢ sep = yp — c* = (428)> — (328  sgp = 275 ft

The total length of the cable is therefore

SAB — QSCB = 2(275 ft) SAB — 550 ft
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SULVINGREROBLEIVIS
DINBNOU RSOVVIN

In the last section of this chapter you learned to solve problems involving a cable
carrying a load uniformly distributed along the cable. The shape assumed by
the cable is a catenary and is defined by the equation:

y=c coshg (7.16)

1. You should keep in mind that the origin of coordinates for a catenary is
located at a distance ¢ directly below the lowest point of the catenary. The
length of the cable from the origin to any point is expressed as

s=c sinh§ (7.15)

2. You should first identify all of the known and unknown quantities. Then
consider each of the equations listed in the text (Egs. 7.15 through 7.19), and solve
an equation that contains only one unknown. Substitute the value found into
another equation, and solve that equation for another unknown.

3. If the sag
is known [Samy
tion obtained {0

¢ in Eq. (7.16) if x
and solve the equa-

AxpertSoft Trial Version

4. Many of the problems that you will encounter will involve the solution by
trial and error of an equation involving a hyperbolic sine or cosine. You can make
your work easier by keeping track of your calculations in a table, as in Sample
Prob. 7.10, or by applying a numerical methods approach using a computer or
calculator.

399
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Fig. P7.131, P7.132, and P7.133

PROBLEMS

7127

7.128

7.129

7.130

7.131

7.132

7.133

7.134

A 20-m chain of mass 12 kg is suspended between two points at
the same elevation. Knowing that the sag is 8 m, determine (@) the
distance between the supports, (b) the maximum tension in the
chain.

A 600-ft-long aerial tramway cable having a weight per unit length
of 3.0 Ib/ft is suspended between two points at the same elevation.
Knowing that the sag is 150 ft, find (¢) the horizontal distance
between the supports, (b) the maximum tension in the cable.

A 40-m cable is strung as shown between two buildings. The maxi-
mum tension is found to be 350 N, and the lowest point of the
cable is observed to be 6 m above the ground. Determine (a) the
horizontal distance between the buildings, (b) the total mass of the
cable.

Fig. P7.129

A 200-ft steel surveying tape weighs 4 Ib. If the tape is stretched
between two points at the same elevation and pulled until the
tension at each end is 16 Ib, determine the horizontal distance
between the ends of the tape. Neglect the elongation of the tape
due to the tension.

A 20-m length of wire having a mass per unit length of 0.2 kg/m
is attached to a fixed support at A and to a collar at B. Neglecting
the effect of friction, determine (a) the force P for which h = 8 m,
(b) the corresponding span L.

A 20-m length of wire having a mass per unit length of 0.2 kg/m
is attached to a fixed support at A and to a collar at B. Knowing
that the magnitude of the horizontal force applied to the collar is
P = 20 N, determine (e) the sag h, (b) the span L.

A 20-m length of wire having a mass per unit length of 0.2 kg/m
is attached to a fixed support at A and to a collar at B. Neglecting
the effect of friction, determine (a) the sag h for which L = 15 m,
(b) the corresponding force P.

Determine the sag of a 30-ft chain that is attached to two points
at the same elevation that are 20 ft apart.
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7.135 A 10-ft rope is attached to two supports A and B as shown. Deter- Problems 401
mine (a) the span of the rope for which the span is equal to the
sag, (b) the corresponding angle uj. i L i

7.136 A 90-m wire is suspended between two points at the same elevation
that are 60 m apart. Knowing that the maximum tension is 300 N,
determine (a) the sag of the wire, (b) the total mass of the wire.

7.137 A cable weighing 2 Ib/ft is suspended between two points at the same
elevation that are 160 ft apart. Determine the smallest allowable sag
of the cable if the maximum tension is not to exceed 400 Ib.

7.138 A uniform cord 50 in. long passes over a pulley at B and is attached
to a pin support at A. Knowing that L = 20 in. and neglecting the
effect of friction, determine the smaller of the two values of h for .
- o o Fig. P7.135
which the cord is in equilibrium.

| L |
A Bl

M

Fig. P7.138

7.139 A motor M is used to slowly reel in the cable shown. Knowing that i 10m |

the mass per unit length of the cable is 0.4 kg/m, determine the A B | M
maximum tension in the cable when h = 5 m. P hI @'@
7.140 A motor M is used to sloy i :

the mass per unit lengtl

maximum tension in the AXpertSOft Trlal VerS|0n 7.139 and P7.140

7.141 The cable ACB has a mass p

below the support A, determine (a) the location of the lowest
point C, (b) the maximum tension in the cable.

12m |
B
)
1.8m A
7.142 The cable ACB has a mass per unit length of 0.45 kg/m. Knowing 1 P\ c /

a
that the lowest point of the cable is located at a distance ¢ = 2 m T
below the support A, determine (a) the location of the lowest
point C, (b) the maximum tension in the cable. Fig. P7.141 and P7.142

7.143 A uniform cable weighing 3 Ib/ft is held in the position shown by a
horizontal force P applied at B. Knowing that P = 180 1b and u, =
60°, determine (a) the location of point B, (b) the length of the cable.

Fig. P7.143 and P7.144

7.144 A uniform cable weighing 3 Ib/ft is held in the position shown by
a horizontal force P applied at B. Knowing that P = 150 Ib and
Uy = 60° determine (a) the location of point B, (b) the length of
the cable.
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7.145

7.146

*7.147

To the left of point B the long cable ABDE rests on the rough
horizontal surface shown. Knowing that the mass per unit length
of the cable is 2 kg/m, determine the force F when ¢ = 3.6 m.

a

Fig. P7.145 and P7.146

To the left of point B the long cable ABDE rests on the rough
horizontal surface shown. Knowing that the mass per unit length
of the cable is 2 kg/m, determine the force F when ¢ = 6 m.

The 10-ft cable AB is attached to two collars as shown. The collar
at A can slide freely along the rod; a stop attached to the rod
prevents the collar at B from moving on the rod. Neglecting the
effect of friction and the weight of the collars, determine the dis-
tance a.

AxpertSoft Trial Version

N\

Ih

Fig. P7.151, P7.152, and P7.153

T - gl
M

*7.148

7.149

*7.150

*7.151

*7.152

*7.153

Fig. P7.147

Solve Prob. 7.147 assuming that the angle u formed by the rod and
the horizontal is 45°.

Denoting by u the angle formed by a uniform cable and the hori-
zontal, show that at any point () s = ¢ tan u, (b)) y = ¢ sec u.

(@) Determine the maximum allowable horizontal span for a uniform
cable of weight per unit length w if the tension in the cable is not
to exceed a given value T,,,. (b) Using the result of part ¢, determine
the maximum span of a steel wire for which w = 0.25 Ib/ft and

T,, = 8000 Ib.

A cable has a mass per unit length of 3 kg/m and is supported as
shown. Knowing that the span L is 6 m, determine the {wo values
of the sag h for which the maximum tension is 350 N.

Determine the sag-to-span ratio for which the maximum tension
in the cable is equal to the total weight of the entire cable AB.

A cable of weight per unit length w is suspended between two
points at the same elevation that are a distance L apart. Determine
(a) the sag-to-span ratio for which the maximum tension is as small
as possible, (b) the corresponding values of Uz and T,,.
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In this chapter you learned to determine the internal forces which
hold together the various parts of a given member in a structure.

Considering first a straight two-force member AB [Sec. 7.2], we
recall that such a member is subjected at A and B to equal and
opposite forces F and —F directed along AB (Fig. 7.19a). Cutting
member AB at C and drawing the free-body diagram of portion AC,
we conclude that the internal forces which existed at C in member
AB are equivalent to an axial force —F equal and opposite to F
(Fig. 7.19b). We note that in the case of a two-force member which
is not straight, the internal forces reduce to a force-couple system
and not to a single force.

Fig. 7.20

Considering next a multiforce member AD (Fig. 7.20a), cutting it at
], and drawing the free-body diagram of portion JD, we conclude that
the internal forces at | are equivalent to a force-couple system con-
sisting of the axial force F, the shearing force V, and a couple M
(Fig. 7.20b). The magnitude of the shearing force measures the shear
at point J, and the moment of the couple is referred to as the bending
moment at J. Since an equal and opposite force-couple system would
have been obtained by considering the free-body diagram of portion
AJ, it is necessary to specify which portion of member AD was used
when recording the answers [Sample Prob. 7.1].

Most of the chapter was devoted to the analysis of the internal forces
in two important types of engineering structures: beams and cables.
Beams are usually long, straight prismatic members designed to sup-
port loads applied at various points along the member. In general
the loads are perpendicular to the axis of the beam and produce only
shear and bending in the beam. The loads may be either concentrated

Forces in straight two-force members

-F

(b)

Forces in multiforce members

Forces in beams
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404 Forces in Beams and Cables

Shear and bending moment
in a beam

- - bd .

Internal forces at section
(positive shear and positive bending moment)

Fig. 7.21

at specific points, or distributed along the entire length or a portion
of the beam. The beam itself may be supported in various ways; since
only statically determinate beams are considered in this text, we lim-
ited our analysis to that of simply supported beams, overhanging
beams, and cantilever beams [Sec. 7.3].

To obtain the shear V and bending moment M at a given point C of
a beam, we first determine the reactions at the supports by consider-
ing the entire beam as a free body. We then cut the beam at C and
use the free-body diagram of one of the two portions obtained in
this fashion to determine V and M. In order to avoid any confusion
regarding the sense of the shearing force V and couple M (which
act in opposite directions on the two portions of the beam), the sign
convention illustrated in Fig. 7.21 was adopted [Sec. 7.4]. Once the
values of the shear and bending moment have been determined at
a few selected points of the beam, it is usually possible to draw a
shear diagram and a bending-moment diagram representing, respec-
tively, the shear and bending moment at any point of the beam
[Sec. 7.5]. When a beam is subjected to concentrated loads only, the
shear is of constant value between loads and the bending moment
varies linearly between loads [Sample Prob. 7.2]. On the other hand,
when a beam is subjected to distributed loads, the shear and bending
moment vary quite differently [Sample Prob. 7.3].

The construction of the shear and bending-moment diagrams is
b taken into account. Denoting

AXpertSOft Trial Version h (assumed positive if directed

Relations among load, shear,
and bending moment

Cables with concentrated loads

av

— = —w 7.1
I w (7.1)
dM
— =V 7.3
I (7.3)
or, in integrated form,
Vp — Vo = —(area under load curve between C and D)  (7.2')
Mp — Mg = area under shear curve between C and D (7.4")

Equation (7.2") makes it possible to draw the shear diagram of a
beam from the curve representing the distributed load on that beam
and the value of V at one end of the beam. Similarly, Eq. (7.4")
makes it possible to draw the bending-moment diagram from the
shear diagram and the value of M at one end of the beam. However,
concentrated loads introduce discontinuities in the shear diagram
and concentrated couples in the bending-moment diagram, none of
which are accounted for in these equations [Sample Probs. 7.4 and
7.7]. Finally, we note from Eq. (7.3) that the points of the beam
where the bending moment is maximum or minimum are also the
points where the shear is zero [Sample Prob. 7.5].

The second half of the chapter was devoted to the analysis of flexible
cables. We first considered a cable of negligible weight supporting
concentrated loads [Sec. 7.7]. Using the entire cable AB as a free


http://www.axpertsoft.com/pdf-splitter-software/

body (Fig. 7.22), we noted that the three available equilibrium equa-
tions were not sufficient to determine the four unknowns represent-
ing the reactions at the supports A and B. However, if the coordinates
of a point D of the cable are known, an additional equation can be
obtained by considering the free-body diagram of the portion AD or
DB of the cable. Once the reactions at the supports have been deter-
mined, the elevation of any point of the cable and the tension in any
portion of the cable can be found from the appropriate free-body
diagram [Sample Prob. 7.8]. It was noted that the horizontal com-
ponent of the force T representing the tension is the same at any
point of the cable.

We next considered cables carrying distributed loads [Sec. 7.8].
Using as a free body a portion of cable CD extending from the lowest
point C to an arbitrary point D of the cable (Fig. 7.23), we observed
that the horizontal component of the tension force T at D is constant
and equal to the tension T, at C, while its vertical component is equal
to the weight W of the portion of cable CD. The magnitude and
direction of T were obtained from the force triangle:

— w
T= 2T + W? tanu = - (7.6)
0

In the case of a load uniformly distributed along the horizontal—as
in a suspension bridge (Fig.
SRR LT  AxpertSoft Trial Version
length [Sec. 7.9]. We also fou
is a parabola of equation

wx 2

y:TTO

(7.8)

and that the length of the cable can be found by using the expansion
in series given in Eq. (7.10) [Sample Prob. 7.9].

In the case of a load uniformly distributed along the cable itself—
e.g., a cable hanging under its own weight (Fig. 7.25)—the load
supported by portion CD is W = ws, where s is the length measured
along the cable and w is the constant load per unit length [Sec. 7.10].
Choosing the origin O of the coordinate axes at a distance ¢ = Tp/w
below C, we derived the relations

s=c sinhg (7.15)
x
y = c cosh . (7.16)
-5 = (7.17)
Ty = we W = ws T = wy (7.18)

which can be used to solve problems involving cables hanging under
their own weight [Sample Prob. 7.10]. Equation (7.16), which defines
the shape of the cable, is the equation of a catenary.

Review and Summary 405
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Cables with distributed loads
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REVIEW PROBLEMS

|«240 mm *I 7.154 Determine the internal forces at point J of the structure shown.
7.155 Determine the internal forces at point K of the structure shown.

225 7.156 An archer aiming at a target is pulling with a 45-lb force on the
bowstring. Assuming that the shape of the bow can be approxi-

mated by a parabola, determine the internal forces at point J.

8in.

225

é B

©

4 60 mm
60 mm

s

16in
A@
16in
Vv 135mm N
400 N

Fig. P7.154 and P7.155

AxpertSoft Trial Version

Fig. P7.156

7.157 Knowing that the radius of each pulley is 200 mm and neglecting
friction, determine the internal forces at point | of the frame

shown.
1.8m
60 kips 60 kips
PA AP
cY D E VF Fig. P7.157
ps :
‘ o 7.158 For the beam shown, determine (¢) the magnitude P of the two
! ! upward forces for which the maximum absolute value of the bend-

| I
2ft " 2ft  2ft 2ft 2ft ing moment in the beam is as small as possible, (b) the correspond-
Fig. P7.158 ing value of [M|,..

406
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7.159 and 7.160 For the beam and loading shown, (a) draw the shear

7.161

7.162

7.163

7.164

7.165

and bending-moment diagrams, (b) determine the maximum abso-
lute values of the shear and bending moment.

2 kN/m

ol
o]

B

4 kN

 /

32m !
0.8m

Fig. P7.159

For the beam and loading shown, (@) draw the shear and bending-
moment diagrams, (b) determine the magnitude and location of
the maximum absolute value of the bending moment.

The beam AB, which lies on the ground, supports the parabolic load
shown. Assuming the upward reaction of the ground to be uniformly
distributed, (@) write the equations of the shear and bending-moment
curves, (b) determine the maximum bending moment.

w

>

Fig. P7.162

Two loads are suspended as shown from the cable ABCD. Knowing
that dy = 1.8 m, determine (a) the distance d, (b) the components
of the reaction at D, (¢) the maximum tension in the cable.

A wire having a mass per unit length of 0.65 kg/m is suspended
from two supports at the same elevation that are 120 m apart. If
the sag is 30 m, determine (a) the total length of the wire, (b) the
maximum tension in the wire.

A counterweight D is attached to a cable that passes over a small
pulley at A and is attached to a support at B. Knowing that L = 45 ft
and h = 15 ft, determine (@) the length of the cable from A to B,
(b) the weight per unit length of the cable. Neglect the weight of the
cable from A to D.

| |
| - |
A T '8
D h
{
C
80 Ib

Fig. P7.165
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2 kips 3 kips 4 kips

6 kip-ft 12 kip-ft
cyY D E
Al B
A
! | | | !
6ft ' 6ft ' 6ft  6ft
Fig. P7.160
1500 lb/ft
B
Al C
A oo A
6000 Ib
DR i

Fig. P7.161

4m {

A|<f3m

10 kN

Fig. P7.163
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COMPUTER PROBLEMS

Cj i
P1¢ PZ‘ Pw Prw
A =i B A
e

7.C1 An overhanging beam is to be designed to support several concen-
trated loads. One of the first steps in the design of the beam is to determine
the values of the bending moment that can be expected at the supports
A and B and under each of the concentrated loads. Write a computer pro-
gram that can be used to calculate those values for the arbitrary beam and
loading shown. Use this program for the beam and loading of () Prob. 7.36,
(b) Prob. 7.37, (¢) Prob. 7.38.

7.C2 Several concentrated loads and a uniformly distributed load are to be
applied to a simply supported beam AB. As a first step in the design of the
beam, write a computer program that can be used to calculate the shear and
bending moment in the beam for the arbitrary loading shown using given
increments Ax. Use this program for the beam of (a) Prob. 7.39, with Ax =
0.25 m; (b) Prob. 7.41, with Ax = 0.5 ft; (¢) Prob. 7.42, with Ax = 0.5 ft.

Fig. P7.C2

7.C3 A beam AB hinged at B and supported by a roller at D is to
be designed to carry a load uniformly distributed from its end A to its
midpoint C with maximum efficiency. As part of the design process, write
a computer program that can be used to determine the distance @ from end
A to the point D where the roller should be placed to minimize the absolute
value of the bending moment M in the beam. (Note: A short preliminary
analysis will show that the roller should be placed under the load and
that the largest negative value of M will occur at D, while its largest posi-
tive value will occur somewhere between D and C. Also see the hint for

Prob. 7.55.)

5m 5m |
20 kN/m

A
.

Fig. P7.C3
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7.€4 The floor of a bridge will consist of narrow planks resting on two
simply supported beams, one of which is shown in the figure. As part of the
design of the bridge, it is desired to simulate the effect that driving a 3000-1b
truck over the bridge will have on this beam. The distance between the
truck’s axles is 6 ft, and it is assumed that the weight of the truck is equally
distributed over its four wheels. (a) Write a computer program that can be
used to calculate the magnitude and location of the maximum bending
moment in the beam for values of x from —3 ft to 10 ft using 0.5-ft
increments. (b) Using smaller increments if necessary, determine the largest
value of the bending moment that occurs in the beam as the truck is driven
over the bridge and determine the corresponding value of x.

le—— X ——>
750 Ib 750 Ib

3ft | 3ft
A Y Y B

[ 20 ft |
Fig. P7.C4

*7.C5 Write a computer program that can be used to plot the shear and

Computer Problems 409

bending-moment diagrams for the beam of Prob. 7.C1. Using this program

and a plotting increment Ax = L/100, plot the V and M diagrams for the
beam and loading of (a) Prob. 7.36, (b) Prob. 7.37, (¢) Prob. 7.38.

*7.C6 Write a computer progra
bending-moment diagrams for thy
and a plotting increment Ax = LSS
beam and loading of (a) Prob. 7.39, (b)

AxpertSoft Trial Version

Prob. 741 (¢) Prob. 742,

Ao
7.C7 Write a computer program that can be used in the design of cable sup-
ports to calculate the horizontal and vertical components of the reaction at the
support A, from values of the loads Py, Ps, . . ., P, _;, the horizontal distances
dy, dy, . . ., d,, and the two vertical distances hy and hy. Use this program to
solve Probs. 7.95b, 7.96b, and 7.97b. Fig. P7.C7

7.C8 A typical transmission-line installation consists of a cable of length
sap and weight w per unit length suspended as shown between two points
at the same elevation. Write a computer program and use it to develop a
table that can be used in the design of future installations. The table should
present the dimensionless quantities h/L, sap/L, To/wL, and T, /wL for
values of ¢/L from 0.2 to 0.5 using 0.025 increments and from 0.5 to 4 using
0.5 increments.

| |
| L |
A 1 B
h
Fig. P7.C8

7.€9 Write a computer program and use it to solve Prob. 7.132 for values
of P from 0 to 50 N using 5-N increments.
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The tractive force that a railroad
locomotive can develop depends upon
the frictional resistance between the
drive wheels and the rails. When the

potential exists for wheel slip to occur,

such as when a train travels uperada

over wet rails, sand is deposite ~ AxpertSoft Trial Version

of the railhead to increase this tricnon.
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Chapter 8 Friction

8.1 Introduction
8.2 The Laws of Dry Friction.
Coefficients of Friction

8.3  Angles of Friction

8.1 INTRODUCTION

In the preceding chapters, it was assumed that surfaces in contact
were either frictionless or rough. If they were frictionless, the force
each surface exerted on the other was normal to the surfaces and
the two surfaces could move freely with respect to each other. If they

8.4  Problems Involving Dry Friction were rough, it was assumed that tangential forces could develop to
8.5 Wedges prevent the motion of one surface with respect to the other.

8.6  Square-Threaded Screws This view was a simplified one. Actually, no perfectly friction-
8.7  Journal Bearings. Axle Friction less surface exists. When two surfaces are in contact, tangential
8.8  Thrust Bearings. Disk Friction forces, called friction forces, will always develop if one attempts to

8.9  Wheel Friction. Rolling Resistance  11,ove one surface with respect to the other. On the other hand, these

8.10 Belt Friction

412

friction forces are limited in magnitude and will not prevent motion
if sufficiently large forces are applied. The distinction between fric-
tionless and rough surfaces is thus a matter of degree. This will be
seen more clearly in the present chapter, which is devoted to the
study of friction and of its applications to common engineering
situations.

There are two types of friction: dry friction, sometimes called
Coulomb friction, and fluid friction. Fluid friction develops between
layers of fluid moving at different velocities. Fluid friction is of
great importance in problems involving the flow of fluids through
pipes and orifices or dealing with bodies immersed in moving
fluids. It is also basic in the analysis of the motion of lubricated
mechanism h_problems are considered in texts on fluid
. . d to dry friction, i.e., to prob-
AxpertSoft Trial Version e in contact along nonlubri-

In the first part of this chapter, the equilibrium of various rigid
bodies and structures, assuming dry friction at the surfaces of con-
tact, is analyzed. Later a number of specific engineering applications
where dry friction plays an important role are considered: wedges,
square-threaded screws, journal bearings, thrust bearings, rolling
resistance, and belt friction.

8.2 THE LAWS OF DRY FRICTION.
COEFFICIENTS OF FRICTION

The laws of dry friction are exemplified by the following experiment.
A block of weight W is placed on a horizontal plane surface
(Fig. 8.1a). The forces acting on the block are its weight W and the
reaction of the surface. Since the weight has no horizontal component,
the reaction of the surface also has no horizontal component; the
reaction is therefore normal to the surface and is represented by N
in Fig. 8.1a. Suppose, now, that a horizontal force P is applied to the
block (Fig. 8.1b). If P is small, the block will not move; some other
horizontal force must therefore exist, which balances P. This other
force is the static-friction force F, which is actually the resultant of
a great number of forces acting over the entire surface of contact
between the block and the plane. The nature of these forces is not
known exactly, but it is generally assumed that these forces are due
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to the irregularities of the surfaces in contact and, to a certain extent, 8.2 The Laws of Dry Friction. 413
R Coefficients of Friction
to molecular attraction.
If the force P is increased, the friction force F also increases,
continuing to oppose P, until its magnitude reaches a certain maxi-
mum value F,, (Fig. 8.1c). If P is further increased, the friction force

W W
| F | Equilibrium | Motion
|
P * F
\ 4 m
A B A | F
A = :
|
N N : 5
(@ (b) (©

Fig. 8.1

cannot balance it any more and the block starts sliding.t As soon as
the block has been set in motion, the magnitude of F drops from F,,
to a lower value F}. This is because there is less interpenetration
between the irregularities of the surfaces in contact when these sur-
faces move with respect to egg
keeps sliding with increasing vq . '
by F; and called the kinetic- AxpertSoft Trial Version
constant.

Experimental evidence shows that the maximum value F,, of
the static-friction force is proportional to the normal component N
of the reaction of the surface. We have

F,, = m\N (8.1)

where m, is a constant called the coefficient of static friction. Simi-
larly, the magnitude F; of the kinetic-friction force may be put in
the form

F, = m,N 8.2)

where m; is a constant called the coefficient of kinetic friction. The
coefficients of friction m; and m; do not depend upon the area of

1t should be noted that, as the magnitude F of the friction force increases from 0 to
F,,, the point of application A of the resultant N of the normal forces of contact moves
to the right, so that the couples formed, respectively, by P and F and by W and N
remain balanced. If N reaches B before F reaches its maximum value F,,, the block
will tip about B before it can start sliding (see Probs. 8.15 through 8.18).
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N

P |w
SN
Py
1°F
F=P,
F < lIsN
N N="P,+W
(b) No motion (P, < Fp,)
P W
PVN ‘
L,P,X,
r—
Fm
F =
:ﬂs
N N Py +W

(c) Motion impending —— (P, = F,)

N

|

Fy
F <Py
F = ukN

(d) Motion —— (P, > F,,)

Fig. 8.2

N=P, +W

the surfaces in contact. Both coefficients, however, depend strongly on
the nature of the surfaces in contact. Since they also depend upon the
exact condition of the surfaces, their value is seldom known with an
accuracy greater than 5 percent. Approximate values of coefficients of
static friction for various dry surfaces are given in Table 8.1. The cor-
responding values of the coefficient of kinetic friction would be about
25 percent smaller. Since coefficients of friction are dimensionless
quantities, the values given in Table 8.1 can be used with both ST units
and U.S. customary units.

TABLE 8.1 Approximate
Values of Coefficient of
Static Friction for Dry

Surfaces

Metal on metal 0.15-0.60
Metal on wood 0.20-0.60
Metal on stone 0.30-0.70
Metal on leather 0.30-0.60
Wood on wood 0.25-0.50
Wood on leather 0.25-0.50
Stone on stone 0.40-0.70
Earth on earth 0.20-1.00

Rubber on concrete 0.60-0.90

given above, it appears that four different

situations can occur when a rlgld body is in contact with a horizontal
surface:

1.

2.

3.

The forces applied to the body do not tend to move it along
the surface of contact; there is no friction force (Fig. 8.2a).
The applied forces tend to move the body along the surface
of contact but are not large enough to set it in motion. The
friction force F which has developed can be found by solv-
ing the equations of equilibrium for the body. Since there is
no evidence that F has reached its maximum value, the equa-
tion F,, = MN cannot be used to determine the friction force
(Fig. 8.2b).

The applied forces are such that the body is just about to slide.
We say that motion is impending. The friction force F has
reached its maximum value F,, and, together with the normal
force N, balances the applied forces. Both the equations of
equilibrium and the equation F,, = m\N can be used. We also
note that the friction force has a sense opposite to the sense of
impending motion (Fig. 8.2¢).

The body is sliding under the action of the applied forces,
and the equations of equilibrium do not apply any more.
However, F is now equal to Fy and the equation F;, = m;N may
be used. The sense of Fy is opposite to the sense of motion

(Fig. 8.2d).
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8.3 ANGLES OF FRICTION

It is sometimes convenient to replace the normal force N and the
friction force F by their resultant R. Let us consider again a block
of weight W resting on a horizontal plane surface. If no horizontal
force is applied to the block, the resultant R reduces to the normal
force N (Fig. 8.3a). However, if the applied force P has a horizontal
component P, which tends to move the block, the force R will have
a horizontal component F and, thus, will form an angle ¥ with the
normal to the surface (Fig. 8.3b). If P, is increased until motion
becomes impending, the angle between R and the vertical grows and
reaches a maximum value (Fig. 8.3¢). This value is called the angle
of static friction and is denoted by F,. From the geometry of Fig. 8.3c,
we note that

~~

. m,N
tanf, = — =
N

tan £, = m, (8.3)

If motion actually takes place, the magnitude of the friction
force drops to Fy; similarly, the angle ¥ between R and N drops to
a lower value Ty, called the angle Of kinetic friction (Fig. 8.3d). From
the geometry of Fig. 8.3d, we 34

tan fk

tan . = m; (8.4)

Another example will show how the angle of friction can be
used to advantage in the analysis of certain types of problems. Con-
sider a block resting on a board and subjected to no other force than
its weight W and the reaction R of the board. The board can be
given any desired inclination. If the board is horizontal, the force R
exerted by the board on the block is perpendicular to the board and
balances the weight W (Fig. 8.4a). If the board is given a small angle
of inclination u, the force R will deviate from the perpendicular to
the board by the angle u and will keep balancing W (Fig. 8.4b); it
will then have a normal component N of magnitude N = W cos u
and a tangential component F of magnitude F = W sin u.

If we keep increasing the angle of inclination, motion will soon
become impending. At that time, the angle between R and the nor-
mal will have reached its maximum value ¥ (Fig. 8.4c). The value
of the angle of inclination corresponding to impending motion is
called the angle of repose. Clearly, the angle of repose is equal to
the angle of static friction F. If the angle of inclination u is further
increased, motion starts and the angle between R and the normal
drops to the lower value ; (Fig. 8.4d). The reaction R is not vertical
any more, and the forces acting on the block are unbalanced.

AxpertSoft Trial Version

8.3 Angles of Friction 415

W
N l
L:

(d) Motion ——
Fig. 8.3
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41 6 Friction

W

Y
W cos &

A
=0 6> ¢s R ’/Fk<Wsin 0

R /
(a) No friction (b) No motion (c) Motion impending (d) Motion
Fig. 8.4

8.4 PROBLEMS INVOLVING DRY FRICTION

Problems involving dry friction are found in many engineering appli-
cations. Some deal with simple situations such as the block sliding
on a plane described in the preceding sections. Others involve more
complicated situations as in Sample Prob. 8.3; many deal with the
stability of rigid bodies in accelerated motion and will be studied in
dynamics. Also, a number of common machines and mechanisms can
be analyzed by applying the laws of dry friction. These include
wedges, screws, journal and thrust bearings, and belt transmissions.
; I s sections.

. . ed to solve problems involving
AXpertSOft Trial Version ked in the preceding chapters.
bf translation, with no possible
rotation, the body under consideration can usually be treated as a
particle, and the methods of Chap. 2 used. If the problem involves
a possible rotation, the body must be considered as a rigid body, and
the methods of Chap. 4 should be used. If the structure considered
is made of several parts, the principle of action and reaction must
be used as was done in Chap. 6.

If the body considered is acted upon by more than three forces
(including the reactions at the surfaces of contact), the reaction at
each surface will be represented by its components N and F and the
problem will be solved from the equations of equilibrium. If only
three forces act on the body under consideration, it may be more
convenient to represent each reaction by the single force R and to
solve the problem by drawing a force triangle.

Most problems involving friction fall into one of the following
three groups: In the first group of problems, all applied forces are
given and the coefficients of friction are known; we are to determine
whether the body considered will remain at rest or slide. The friction
force F required to maintain equilibrium is unknown (its magnitude
is not equal to mN) and should be determined, together with the
normal force N, by drawing a free-body diagram and solving the
equations of equilibrium (Fig. 8.5a). The value found for the magni-
tude F of the friction force is then compared with the maximum
value F,, = mN. If F is smaller than or equal to F,,, the body remains
at rest. If the value found for F is larger than F,,, equilibrium cannot

Photo 8.1 The coefficient of static friction
between a package and the inclined conve
belt must be sufficiently large to enable the

package to be transported without slipping.
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be maintained and motion takes place; the actual magnitude of the
friction force is then F; = mpN.

In problems of the second group, all applied forces are given
and the motion is known to be impending; we are to determine the
value of the coefficient of static friction. Here again, we determine
the friction force and the normal force by drawing a free-body dia-
gram and solving the equations of equilibrium (Fig. 8.5b). Since we
know that the value found for F is the maximum value F,,, the coef-
ficient of friction may be found by writing and solving the equation
F, = mN.

In problems of the third group, the coefficient of static friction
is given, and it is known that the motion is impending in a given
direction; we are to determine the magnitude or the direction of one
of the applied forces. The friction force should be shown in the free-
body diagram with a sense opposite to that of the impending motion
and with a magnitude F,, = m,N (Fig. 8.5¢c). The equations of equi-
librium can then be written, and the desired force determined.

As noted above, when only three forces are involved it may be
more convenient to represent the reaction of the surface by a single
force R and to solve the problem by drawing a force triangle. Such
a solution is used in Sample Prob. 8.2.

When two bodies A and B are in contact (Fig. 8.6a), the
forces of friction exerted, respectively, by A on B and by B on A
are equal and opposite (Newton’s thlrd law) In drawmg the free-
body diagram of one of the hgah
appropriate friction force witl
should then be observed: The
A is opposite to that of the m
observed from B (Fig. 8.6b).1 The sense of the friction force acting
on B is determined in a similar way (Fig. 8.6¢). Note that the
motion of A as observed from B is a relative motion. For example,
if body A is fixed and body B moves, body A will have a relative
motion with respect to B. Also, if both B and A are moving down
but B is moving faster than A, body A will be observed, from B,
to be moving up.

1t is therefore the same as that of the motion of B as observed from A.

—
o
—
o
T<—T|
P4
———————e

Motion of A with respect to B

(@ (b)
Fig. 8.6

8.4 Problems Involving Dry Friction

Motion of B with respect to A

B ——
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fOO Ib
100 Ib

>3

4

300 Ib

100 Ib

F=481b
N =240 Ib

418

SAMPLE PROBLEM 8.1

A 100-Ib force acts as shown on a 300-Ib block placed on an inclined plane.
The coefficients of friction between the block and the plane are m; = 0.25
and m; = 0.20. Determine whether the block is in equilibrium, and find the
value of the friction force.

SOLUTION

Force Required for Equilibrium. We first determine the value of the fric-
tion force required to maintain equilibrium. Assuming that F is directed
down and to the left, we draw the free-body diagram of the block and write

+73F, =0:  100Ib —23001b) — F =0
F=-81I F=80Ib/

+NZF,=0: N -§3001b)=0
N=+2401b N =240 b~

The force F required to maintain equilibrium is an 80-Ib force directed up
and to the right; the tendency of the block is thus to move down the plane.

of the maximum friction force

AxpertSoft Trial Version

F, = mN F,, = 0.25(240 1b) = 60 Ib

Since the value of the force required to maintain equilibrium (80 Ib) is
larger than the maximum value which may be obtained (60 1b), equilibrium
will not be maintained and the block will slide down the plane.

Actual Value of Friction Force. The magnitude of the actual friction force
is obtained as follows:

Factual = Fk = mkN
= 0.20(240 Ib) = 48 1b

The sense of this force is opposite to the sense of motion; the force is thus
directed up and to the right:

Fuctuu] =48 1b/

It should be noted that the forces acting on the block are not balanced; the
resultant is

3(300 1b) — 100 Ib — 48 1b = 32 b
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800 N

SAMPLE PROBLEM 8.2

A support block is acted upon by two forces as shown. Knowing that the
coefficients of friction between the block and the incline are m; = 0.35 and
m; = 0.25, determine the force P required (a) to start the block moving up
the incline, (b) to keep it moving up, (¢) to prevent it from sliding down.

SOLUTION

Free-Body Diagram. For each part of the problem we draw a free-body
diagram of the block and a force triangle including the 800-N vertical force,
the horizontal force P, and the force R exerted on the block by the incline.
The direction of R must be determined in each separate case. We note that
since P is perpendicular to the 800-N force, the force triangle is a right tri-
angle, which can easily be solved for P. In most other problems, however,
the force triangle will be an oblique triangle and should be solved by apply-
ing the law of sines.

a. Force P to Start Block Moving Up

tan 44.29° P=780Nz

AxpertSoft Trial Version

4.29%

b. Force P to Keep Block Moving Up

800 N
P 800 N P = (800 N) tan 39.04° P=649 Nz
b @, = 14.04° R
25° + 14.04° = 39.04°
R
25°
800 N c. Force P to Prevent Block from Sliding Down
¢ =19.29° .
p 192972571 P = (800 N) tan 5.71° P = 800Nz
800N | R
s
257R

419


http://www.axpertsoft.com/pdf-splitter-software/

SAMPLE PROBLEM 8.3

The movable bracket shown may be placed at any height on the 3-in.-
diameter pipe. If the coefficient of static friction between the pipe and
bracket is 0.25, determine the minimum distance x at which the load W can
be supported. Neglect the weight of the bracket.

SOLUTION
I«—x—» W Free-Body Diagram. We draw the free-body diagram of the bracket.

] When W is placed at the minimum distance x from the axis of the pipe, the
I‘_X_l's |n.—>" bracket is just about to slip, and the forces of friction at A and B have
I
|
|
|

reached their maximum values:

FA = mSNA = 0.25 NA

5HSF. = 0: Ny —N,=0
NB=NA

+3F,=0: Fy+F—-W=0
0.25N, + 0.25N; = W

And, since N has been found equal to Ny,

050N, = W
N, = 2W

FISMy = 0: Ny(6in) — Fy(3in.) — Wx — 1.5in.) = 0
6N, — 3(0.25N,) — Wa + 1L5W = 0
6(2W) — 0.75(2W) — Wx + 1.5W = 0

Dividing through by W and solving for x,

x = 12 in.

420
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SOULVINGIEROBLEIVIY
DN RO URSOVVIN

In this lesson you studied and applied the laws of dry friction. Previously you
had encountered only (a) frictionless surfaces that could move freely with
respect to each other, (b) rough surfaces that allowed no motion relative to each
other.

A. In solving problems involving dry friction, you should keep the following
in mind.

1. The reaction R exerted by a surface on a free body can be resolved into
a component N and a tangential component F. The tangential component is known
as the friction force. When a body is in contact with a fixed surface the direction
of the friction force F is opposite to that of the actual or impending motion of the
body.

a. No motiog
F,, = m\N, whq . .

WY AxpertSoft Trial Version — g
equilibrium. As Js to [}, = mN, where
my. is the coefficient of kinetic friction [Sample Prob. 8.1].

d the maximum value

2. When only three forces are involved an alternative approach to the analysis
of friction may be preferred [Sample Prob. 8.2]. The reaction R is defined by its
magnitude R and the angle T it forms with the normal to the surface. No motion
will occur as long as ¥ does not exceed the maximum value ¥, where tan ¥, = m,.
Motion will occur if a value of ¥ larger than F; is required to maintain equilibrium,
and the actual value of ¥ will drop to T, where tan £, = m;.

3. When two bodies are in contact the sense of the actual or impending rela-
tive motion at the point of contact must be determined. On each of the two bodies
a friction force F should be shown in a direction opposite to that of the actual or
impending motion of the body as seen from the other body.

(continued)
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B. Methods of solution. The first step in your solution is to draw a free-body
diagram of the body under consideration, resolving the force exerted on each
surface where friction exists into a normal component N and a friction force F. If
several bodies are involved, draw a free-body diagram of each of them, labeling
and directing the forces at each surface of contact as you learned to do when
analyzing frames in Chap. 6.

The problem you have to solve may fall in one of the following three categories:

1. All the applied forces and the coefficients of friction are known, and you
must determine whether equilibrium is maintained. Note that in this situation
the friction force is unknown and cannot be assumed to be equal to mN.

a. Write the equations of equilibrium to determine N and F.

b. Calculate the maximum allowable friction force, F,, = M\N. If F < F,,
equilibrium is maintajs ebieaacceand e aonitude of the

friction force is F} . .
@  AxpertSoft Trial Version

2. All the applied forces are known, and you must find the smallest allow-
able value of M, for which equilibrium is maintained. You will assume that
motion is impending and determine the corresponding value of m,.

a. Write the equations of equilibrium to determine N and F.

b. Since motion is impending, F = F,. Substitute the values found for N
and F into the equation F,, = mN and solve for m,.

3. The motion of the body is impending and g is known; you must find some
unknown quantity, such as a distance, an angle, the magnitude of a force, or the
direction of a force.

a. Assume a possible motion of the body and, on the free-body diagram,
draw the friction force in a direction opposite to that of the assumed motion.

b. Since motion is impending, F = F, = pN. Substituting for m; its known
value, you can express F in terms of N on the free-body diagram, thus eliminating
one unknown.

¢. Write and solve the equilibrium equations for the unknown you seek
[Sample Prob. 8.3].


http://www.axpertsoft.com/pdf-splitter-software/

PROBLEMS

FREE BODY PRACTICE PROBLEMS

8.F1 Draw the free-body diagram needed to determine the smallest HEN.45
force P for which equilibrium of the 7.5-kg block is maintained. 14 F0.35
8.F2 Two blocks A and B are connected by a cable as shown. Knowing 7'59kg_
that the coefficient of static friction at all surfaces of contact is 7100
0.30 and neglecting the friction of the pulleys, draw the free-body
diagrams needed to determine the smallest force P required to

move the blocks.

A Fig. P8.F1

<
) B

Y E—
a—

Fig. P8.F2

8.F3 The cylinder shown is of weight W and radius r, and the coef-
ficient of static friction m, is the same at A and B. Draw the free-
body diagram needed to determine the la :

be applied to the cyling

AxpertSoft Trial Version

B
Fig. P8.F3

8.F4 A uniform crate of mass 30 kg must be moved up along the 15° in-
cline without tipping. Knowing that the force P is horizontal, draw
the free-body diagram needed to determine the largest allowable
coefficient of static friction between the crate and the incline, and
the corresponding force P.

Fig. P8.F4

423
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424 Friction

451b

14, M 0.40
14,8 0.30

P
A
(5]
40°
30°

Fig. P8.3, P8.4, and P8.5

AxpertSoft Trial Version

25 kg
(¢
30°
Fig. P8.6
P
/ ’
0]
35°
500 N

Fig. P8.8

END-OF-SECTION PROBLEMS

8.1 Determine whether the block shown is in equilibrium and find the
magnitude and direction of the friction force when u = 25° and
P = 750 N.

Fig. P8.1 and P8.2

8.2 Determine whether the block shown is in equilibrium and find the
magnitude and direction of the friction force when u = 30° and
P = 150 N.

8.3 Determine whether the block shown is in equilibrium and find the
magnitude and direction of the friction force when P = 100 Ib.

8.4 Determine whether the block shown is in equilibrium and find the
magnitude and direction of the friction force when P = 60 1Ib.

P required to (a) start the block
\g up, (c) prevent it from moving

8.6 Knowing that the coefficient of friction between the 25-kg block
and the incline is m; = 0.25, determine (a) the smallest value of P
required to start the block moving up the incline, (b) the corre-

sponding value of b.
8.7 The 80-Ib block is attached to link AB and rests on a moving belt.
Knowing that m; = 0.25 and m; = 0.20, determine the magnitude

of the horizontal force P that should be applied to the belt to
maintain its motion (a) to the right, (b) to the left.

T o)B
80 Ib30

B~

Fig. P8.7

8.8 The coefficients of friction between the block and the rail are
m, = 0.30 and m; = 0.25. Knowing that u = 65°, determine the
smallest value of P required (a) to start the block moving up the
rail, (b) to keep it from moving down.


http://www.axpertsoft.com/pdf-splitter-software/

8.9 Considering only values of u less than 90°, determine the smallest Problems 425
value of U required to start the block moving to the right when

(a) W =175 lb, (b) W = 100 lb #SmmeS
8.10 Determine the range of values of P for which equilibrium of the
block shown is maintained. W@
X u4s=025
\ =020
|
30°\ 5~ N301b
— Fig. P8.9

Fig. P8.10

8.11 The 20-Ib block A and the 30-lb block B are supported by an
incline that is held in the position shown. Knowing that the coef-
ficient of static friction is 0.15 between the two blocks and zero
between block B and the incline, determine the value of u for
which motion is impending.

8.12 The 20-1b block A and the 30-1b block B
incline that is held in thessasisanmalasa
ficient of static friction
determine the value of

d by an

are supporte

8.13 and 8.14 The coefficients o , = 0.40 and m;
0.30 between all surfaces of contact. Determine the smallest force
P required to start the 30-kg block moving if cable AB (a) is
attached as shown, (b) is removed.

8.15 A 40-kg packing crate must be moved to the left along the floor
without tipping. Knowing that the coefficient of static friction between
the crate and the floor is 0.35, determine (@) the largest allowable
value of a, (b) the corresponding magnitude of the force P.

Fig. P8.14

D

l<—0.8 m—»l

Fig. P8.15 and P8.16

8.16 A 40-kg packing crate is pulled by a rope as shown. The coefficient
of static friction between the crate and the floor is 0.35. If a =
40°, determine (@) the magnitude of the force P required to move
the crate, (b) whether the crate will slide or tip.
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426 Friction

——
h
A@ uB

24in.
Fig. P8.17 and P8.18

3in. A

3in.

Fig. P8.19

Fig. P8.23

8.17

8.19

8.20

8.21

8.22

8.23

8.24

A 120-Ib cabinet is mounted on casters that can be locked to pre-
vent their rotation. The coefficient of static friction between the
floor and each caster is 0.30. If h = 32 in., determine the magni-
tude of the force P required to move the cabinet to the right
(a) if all casters are locked, (b) if the casters at B are locked and
the casters at A are free to rotate, (c) if the casters at A are locked
and the casters at B are free to rotate.

A 120-1b cabinet is mounted on casters that can be locked to pre-
vent their rotation. The coefficient of static friction between the
floor and each caster is 0.30. Assuming that the casters at both A
and B are locked, determine (@) the force P required to move the
cabinet to the right, (b) the largest allowable value of h if the cabi-
net is not to tip over.

Wire is being drawn at a constant rate from a spool by applying a
vertical force P to the wire as shown. The spool and the wire
wrapped on the spool have a combined weight of 20 1b. Knowing
that the coefficients of friction at both A and B are m; = 0.40 and
m, = 0.30, determine the required magnitude of the force P.

Solve Prob. 8.19 assuming that the coefficients of friction at B are
Zero.

The hydraulic cylinder shown exerts a force of 3 kN directed to
the rlght on pomt B and to the left on point E. Determine the
g aquired to rotate the drum clockwise

150 mm 150 mm
250 mm

Fig. P8.21 and P8.22

A couple M of magnitude 100 N - m is applied to the drum as
shown. Determine the smallest force that must be exerted by the
hydraulic cylinder on joints B and E if the drum is not to rotate.

A slender rod of length L is lodged between peg C and the vertical
wall, and supports a load P at end A. Knowing that the coefficient
of static friction between the peg and the rod is 0.15 and neglecting
friction at the roller, determine the range of values of the ratio L/a
for which equilibrium is maintained.

Solve Prob. 8.23 assuming that the coefficient of static friction
between the peg and the rod is 0.60.
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8.25 A 6.5-m ladder AB leans against a wall as shown. Assuming that Problems 427
the coefficient of static friction m, is zero at B, determine the small-
est value of m, at A for which equilibrium is maintained.

8.26 A 6.5-m ladder AB leans against a wall as shown. Assuming that the
coefficient of static friction m, is the same at A and B, determine
the smallest value of m, for which equilibrium is maintained.

8.27 The press shown is used to emboss a small seal at E. Knowing that
the coefficient of static friction between the vertical guide and the 6m
embossing die D is 0.30, determine the force exerted by the die

on the seal.
%C

400 mm

25—

250 N Fig. P8.25 and P8.26

Fig. P8.27

8.28 The machine base sho
skids at A and B. The cod
and the floor is 0.30. If
at corner C, determine the range of values of u for which the base
will not move.

8.29 The 50-1b plate ABCD is attached at A and D to collars that can I'_O'S m—’lm'l
slide on the vertical rod. Knowing that the coefficient of static fric-
tion is 0.40 between both collars and the rod, determine whether
the plate is in equilibrium in the position shown when the magni-
tude of the vertical force applied at E is (@) P = 0, (b) P = 20 Ib.

- P

>

N
=3

Fig. P8.29

8.30 In Prob. 8.29, determine the range of values of the magnitude P
of the vertical force applied at E for which the plate will move
downward.
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428 Friction 8.31 A rod DE and a small cylinder are placed between two guides as
shown. The rod is not to slip downward, however large the force
P may be; i.e., the arrangement is said to be self-locking. Neglect-
ing the weight of the cylinder, determine the minimum allowable
coefficients of static friction at A, B, and C.

@)

O

g ! Fig. P8.31

75
r m 8.32 A 500-N concrete block is to be lifted by the pair of tongs shown.
Determine the smallest allowable value of the coefficient of static

friction between the block and the tongs at F and G.

is used to control the motion of
befficient of static friction between
d neglecting friction at the roller
force P required to maintain
the motion of the plate, knowing that the plate is 20 mm thick,
(b) the largest thickness of the plate for which the mechanism is
self-locking (i.e., for which the plate cannot be moved however
large the force P may be).

GO‘N
Fig. P8.32
100 mm
m
Fig. P8.33
. Ao ’
in. " A
| 0.8 'n'”/_’i'_ 8.34 A safety device used by workers climbing ladders fixed to high
4 ?n FH\T structures consists of a rail attached to the ladder and a sleeve that
v (A E can slide on the flange of the rail. A chain connects the worker’s
Bq l® belt to the end of an eccentric cam that can be rotated about an
| A | axle attached to the sleeve at C. Determine the smallest allowable
6in common value of the coefficient of static friction between the
3in. flange of the rail, the pins at A and B, and the eccentric cam if the

sleeve is not to slide down when the chain is pulled vertically
Fig. P8.34 downward.
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8.35

8.36

8.37

8.38

8.39

8.40

To be of practical use, the safety sleeve described in Prob. 8.34
must be free to slide along the rail when pulled upward. Deter-
mine the largest allowable value of the coefficient of static friction p
between the flange of the rail and the pins at A and B if the sleeve

is to be free to slide when pulled as shown in the figure, assuming

(@) u = 60° (b) u =>50° (c) u=40°

E

Two 10-1b blocks A and B are connected by a slender rod of neg- T A®}\®
ligible weight. The coefficient of static friction is 0.30 between all ~ 4in. I
surfaces of contact, and the rod forms an angle u = 30° with the * 5 ;/
vertical. (a) Show that the system is in equilibrium when P = 0. 4jp. S
(b) Determine the largest value of P for which equilibrium is ¥ ®‘}®
maintained. B

W=101b i

Fig. P8.35

Fig. P8.36

Bar AB is attached to ¢
shown. A force P is appl
end A. Knowing that th|
each collar and the rod ulss _ T —
the weights of the bar and of the collars, determine the smallest
value of the ratio a/L for which equilibrium is maintained.

Fig. P8.37
Two identical uniform boards, each of weight 40 Ib, are temporarily
leaned against each other as shown. Knowing that the coefficient
of static friction between all surfaces is 0.40, determine (a) the
largest magnitude of the force P for which equilibrium will be
maintained, (b) the surface at which motion will impend.

B

f
4t
VA C

‘<—6ft—><—6ft“

Fig. P8.38

Knowing that the coefficient of static friction between the collar
and the rod is 0.35, determine the range of values of P for which
equilibrium is maintained when u = 50° and M = 20 N - m.

100 mm

Knowing that the coefficient of static friction between the collar
and the rod is 0.40, determine the range of values of M for which
equilibrium is maintained when u = 60° and P = 200 N.

©)
BL—lOO mm ——|

Fig. P8.39 and P8.40

Problems 429
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430 Friction 8.41
i 10 ft i
Al | B =]
L E p = <—
XJ 2 ft 8.42
Fig. P8.41
€5 8.43
100 mm
r @ 8 kg
200 mm 8.44
25°
+— A 8kg
Fig. P8.43

A 10-ft beam, weighing 1200 Ib, is to be moved to the left onto
the platform. A horizontal force P is applied to the dolly, which is
mounted on frictionless wheels. The coefficients of friction between
all surfaces are m; = 0.30 and m; = 0.25, and initially x = 2 ft.
Knowing that the top surface of the dolly is slightly higher than
the platform, determine the force P required to start moving the
beam. (Hint: The beam is supported at A and D.)

(a) Show that the beam of Prob. 8.41 cannot be moved if the top
surface of the dolly is slightly lower than the platform. (b) Show that
the beam can be moved if two 175-b workers stand on the beam
at B and determine how far to the left the beam can be moved.

Two 8-kg blocks A and B resting on shelves are connected by a rod of
negligible mass. Knowing that the magnitude of a horizontal force P
applied at C is slowly increased from zero, determine the value of P
for which motion occurs, and what that motion is, when the coefficient
of static friction between all surfaces is (a) m; = 0.40, (b) m, = 0.50.

A slender steel rod of length 225 mm is placed inside a pipe as
shown. Knowing that the coefficient of static friction between the
rod and the pipe is 0.20, determine the largest value of u for which
the rod will not fall into the pipe.

AxpertSoft Trial Version

8.45

8.46

8.47

Fig. P8.46 and P8.47

—

Fig. P8.44

In Prob. 8.44, determine the smallest value of u for which the rod
will not fall out of the pipe.

Two slender rods of negligible weight are pin-connected at C and
attached to blocks A and B, each of weight W. Knowing that u =
80° and that the coefficient of static friction between the blocks
and the horizontal surface is 0.30, determine the largest value of
P for which equilibrium is maintained.

Two slender rods of negligible weight are pin-connected at C and
attached to blocks A and B, each of weight W. Knowing that P =
1.260W and that the coefficient of static friction between the blocks
and the horizontal surface is 0.30, determine the range of values of
u, between 0 and 180°, for which equilibrium is maintained.

8.5 WEDGES

Wedges are simple machines used to raise large stone blocks and
other heavy loads. These loads can be raised by applying to the

wedge a force usually considerably smaller than the weight of the
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load. In addition, because of the friction between the surfaces in
contact, a properly shaped wedge will remain in place after being
forced under the load. Wedges can thus be used advantageously to
make small adjustments in the position of heavy pieces of
machinery.

Consider the block A shown in Fig. 8.7a. This block rests
against a vertical wall B and is to be raised slightly by forcing a wedge
C between block A and a second wedge D. We want to find the
minimum value of the force P which must be applied to the wedge
C to move the block. It will be assumed that the weight W of the
block is known, either given in pounds or determined in newtons
from the mass of the block expressed in kilograms.

The free-body diagrams of block A and of wedge C have been
drawn in Fig. 8.7b and c¢. The forces acting on the block include its
weight and the normal and friction forces at the surfaces of contact
with wall B and wedge C. The magnitudes of the friction forces F,
and F, are equal, respectively, to mN; and miN, since the motion of
the block must be started. It is important to show the friction forces
with their correct sense. Since the block will move upward, the force
F, exerted by the wall on the block must be directed downward. On
the other hand, since the wedge C moves to the right, the relative
motion of A with respect to C is to the left and the force F; exerted
by C on A must be directed to the right.

Considering now the free body C in Fig. 8.7c, we note that the
forces acting on C include the gk :
friction forces at the surfaces

8.6 Square-Threaded Screws 431

of the wedge is small comparg AXpertSOft Trial Version

can be neglected. The forces e
site to the forces Ny and F, exerted by C on A and are denoted,
respectively, by =N, and —Fs; the friction force —F; must therefore
be directed to the left. We check that the force F; exerted by D is
also directed to the left.

The total number of unknowns involved in the two free-body
diagrams can be reduced to four if the friction forces are expressed
in terms of the normal forces. Expressing that block A and wedge C
are in equilibrium will provide four equations which can be solved
to obtain the magnitude of P. It should be noted that in the example
considered here, it will be more convenient to replace each pair of
normal and friction forces by their resultant. Each free body is then
subjected to only three forces, and the problem can be solved by
drawing the corresponding force triangles (see Sample Prob. 8.4).

8.6 SQUARE-THREADED SCREWS

Square-threaded screws are frequently used in jacks, presses, and
other mechanisms. Their analysis is similar to the analysis of a block
sliding along an inclined plane.

Consider the jack shown in Fig. 8.8. The screw carries a load
W and is supported by the base of the jack. Contact between screw
and base takes place along a portion of their threads. By applying a
force P on the handle, the screw can be made to turn and to raise

the load W.

Fig. 8.8


http://www.axpertsoft.com/pdf-splitter-software/

432 Friction The thread of the base has been unwrapped and shown as a
straight line in Fig. 8.9a. The correct slope was obtained by plotting
horizontally the product 2pr, where r is the mean radius of the thread,
and vertically the lead L of the screw, i.e., the distance through which
the screw advances in one turn. The angle u this line forms with the
horizontal is the lead angle. Since the force of friction between two
surfaces in contact does not depend upon the area of contact, a much
smaller than actual area of contact between the two threads can be
assumed, and the screw can be represented by the block shown in
Fig. 8.9a. It should be noted, however, that in this analysis of the jack,
the friction between cap and screw is neglected.

The free-body diagram of the block should include the load W,
the reaction R of the base thread, and a horizontal force Q having
the same effect as the force P exerted on the handle. The force Q

Photo 8.2 Wedges are used as shown to split should have the same moment as P about the axis of the screw and
free trunks because the normal forces exerted by jts magnitude should thus be Q = Pa/r. The force Q, and thus the
the wedges on the wood are much larger than force P required to raise the load W, can be obtained from the free-

the forces required to insert the wedges.

body diagram shown in Fig. 8.9a. The friction angle is taken equal
to T, since the load will presumably be raised through a succession
of short strokes. In mechanisms providing for the continuous rotation
of a screw, it may be desirable to distinguish between the force
required to start motion (using F,) and that required to maintain
motion (using ).

| \
P
R |¢S \
I 27r | ™o
(a) Impending motion upward (b) Impending motion downward with ¢ > & (c) Impending motion downward with ¢ < 6

Fig. 8.9 Block-and-incline analysis of a screw.

If the friction angle F; is larger than the lead angle u, the screw
is said to be self-locking; it will remain in place under the load.
To lower the load, we must then apply the force shown in Fig. 8.9b.
If ¥, is smaller than u, the screw will unwind under the load; it
is then necessary to apply the force shown in Fig. 8.9¢ to maintain
equilibrium.

The lead of a screw should not be confused with its pitch. The
lead was defined as the distance through which the screw advances
in one turn; the pitch is the distance measured between two consecu-
tive threads. While lead and pitch are equal in the case of single-
threaded screws, they are different in the case of multiple-threaded
screws, i.e., screws having several independent threads. It is easily
verified that for double-threaded screws, the lead is twice as large
as the pitch; for triple-threaded screws, it is three times as large as
the pitch; etc.
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SAMPLE PROBLEM 8.4

The position of the machine block B is adjusted by moving the wedge A.
Knowing that the coefficient of static friction is 0.35 between all surfaces of

contact, determine the force P required (a) to raise block B, (b) to lower
block B.

SOLUTION

For each part, the free-body diagrams of block B and wedge A are drawn,
together with the corresponding force triangles, and the law of sines is
used to find the desired forces. We note that since m; = 0.35, the angle of

friction is
40N 27.3° f, = tan™' 0.35 = 19.3°
Rl
180° —27.3° - 109.3° .
- 4340 a. Force P to Raise Block

o o 2
9(3 +19.3 Free Body: Block B

R, ~ 400 b
sin 109.3° sin 43.4°
R, = 5491b

Free Body: Wedge A

27.3° +19.3° P = 549 1b
= 46.6° sin 46.6° sin 70.7°
P = 4231b P =4231b =z

90°-19.3°=70.7°

b. Force P to Lower Block

RZ o ) o
180°-70.7° - 11.3 Free Body: Block B

wom| fr 7B
: R, 4001b
11.3° sin 70.7°  sin 98.0°
R, = 3811b

Free Body: Wedge A

11.3° /’( el 90° - 19.3° =70.7° P _ 381 1b
Ru=381 P sin 30.6°  sin 70.7°

111.3° P = 2061b P = 2061by
19'30} 381 b

R, ¥19.3° +11.3°
=30.6°
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SAMPLE PROBLEM 8.5

A clamp is used to hold two pieces of wood together as shown. The clamp
has a double square thread of mean diameter equal to 10 mm with a pitch
of 2 mm. The coefficient of friction between threads is m; = 0.30. If a
maximum couple of 40 N - m is applied in tightening the clamp, determine
(a) the force exerted on the pieces of wood, (b) the couple required to
loosen the clamp.

SOLUTION

a. Force Exerted by Clamp. The mean radius of the screw is r = 5 mm.
Since the screw is double-threaded, the lead L is equal to twice the pitch:
L = 2(2 mm) = 4 mm. The lead angle u and the friction angle ¥ are
obtained by writing

L 4mm

tanu = — = = 0.1273 u="73°
2pr 10p mm

tan £, = m; = 0.30 T, = 16.7°

The force Q which should be applied to the block representing the screw
is obtained by expressing that its moment Qr about the axis of the screw is

6+ ¢, = 24.0° equal to the applied couple.

X R AxpertSoft Trial Version

= 8000 N = 8kN

—_— The free-body diagram and the corresponding force triangle can now be
drawn for the block; the magnitude of the force W exerted on the pieces
of wood is obtained by solving the triangle.
Q8K
tan(u + F,) tan 24.0°

W = 17.97 kN

b. Couple Required to Loosen Clamp. The force Q required to loosen
the clamp and the corresponding couple are obtained from the free-body
diagram and force triangle shown.

Q = Wtan (f, — u) = (17.97 kN) tan 9.4°
= 2975 kN
Couple = Qr = (2.975 kN)(5 mm)
= (2975 X 10° N)(5 X 10 *m) = 1487 N - m

Couple = 14.87 N - m

¢ — 6=9.4°

R fw =17.97 kN

434
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SOULVINGEEROBLEIVIY
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In this lesson you learned to apply the laws of friction to the solution of problems
involving wedges and square-threaded screws.

1. Wedges. Keep the following in mind when solving a problem involving a
wedge:

a. First draw a free-body diagram of the wedge and of all the other
bodies involved. Carefully note the sense of the relative motion of all surfaces of
contact and show each friction force acting in a direction opposite to the direction
of that relative motion.

b. Show the maximum static friction force F,, at each surface if the wedge
is to be inserted or removed, since motion will be impending in each of these cases.

c. The reaction R and the angle of friction, rather than the normal force and
the friction force, can be used in many applications. You can then draw one or
more force triangles and determine the unknown quantities either graphically or

by trigonometry [Sample Prob. 8.4].

2. Square-Threaded Screws. The analysis of a square-threaded screw is equiva-
lent to the analysis of a block sliding on an incline. To draw the appropriate incline,
you should un at it by a straight line
Sample Prob. . . are-threaded screw.
Leepﬁhe tollo AxpertSoft Trial Version ’

a. Do not ¢d SERf a screw. The pitch
of a screw is the dlstance between two consecutive threads, while the lead of a
screw is the distance the screw advances in one full turn. The lead and the pitch
are equal only in single-threaded screws. In a double-threaded screw, the lead is
twice the pitch.

b. The couple required to tighten a screw is different from the couple
required to loosen it. Also, screws used in jacks and clamps are usually self-
locking; that is, the screw will remain stationary as long as no couple is applied to
it, and a couple must be applied to the screw to loosen it [Sample Prob. 8.5].

435
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PROBLEMS

A 1800 N
350 mm
B e »
< f—
~ <600 mm—]
400 mm
Fig. P8.48

Fig. P8.50

8.48

8.49

8.50

8.52

The machine part ABC is supported by a frictionless hinge at B
and a 10° wedge at C. Knowing that the coefficient of static friction
at both surfaces of the wedge is 0.20, determine (a) the force P
required to move the wedge, (b) the components of the corre-
sponding reaction at B.

Solve Prob. 8.48 assuming that the force P is directed to the right.

and 8.51 The elevation of the end of the steel beam sup-
ported by a concrete floor is adjusted by means of the steel
wedges E and F. The base plate CD has been welded to the
lower flange of the beam, and the end reaction of the beam is
known to be 100 kN. The coefficient of static friction is 0.30
between two steel surfaces and 0.60 between steel and concrete.
If the horizontal motion of the beam is prevented by the force
Q, determine (a) the force P required to raise the beam, (b) the
corresponding force Q.

and 8.53 Two 10° wedges of negligible weight are used to
move and position the 400-1b block. Knowing that the coefficient
of static friction is 0.25 at all surfaces of contact, determine the
x applied as shown to one of the

AxpertSoft Trial Version
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3 kN

g

Fig. P8.54, P8.55, and P8.56

8.54

8.55

8.56

400 Ib

. P
—>‘ 10° t : 10°

Fig. P8.52 Fig. P8.53

Block A supports a pipe column and rests as shown on wedge B.
Knowing that the coefficient of static friction at all surfaces of
contact is 0.25 and that u = 45°, determine the smallest force P
required to raise block A.

Block A supports a pipe column and rests as shown on wedge B.
Knowing that the coefficient of static friction at all surfaces of
contact is 0.25 and that u = 45°, determine the smallest force P
for which equilibrium is maintained.

Block A supports a pipe column and rests as shown on wedge B.
The coefficient of static friction at all surfaces of contact is 0.25.
If P = 0, determine (@) the angle u for which sliding is impending,
(b) the corresponding force exerted on the block by the vertical wall.
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8.57 A wedge A of negligible weight is to be driven between two 100-1b Problems ~ 437
plates B and C. The coefficient of static friction between all sur-
faces of contact is 0.35. Determine the magnitude of the force P
required to start moving the wedge (a) if the plates are equally
free to move, (b) if plate C is securely bolted to the surface.

lp
75° 75°

B 1001b / A \ 1001b C

[ A JF

M

8.58 A 10° wedge is used to split a section of a log. The coefficient of
static friction between the wedge and the log is 0.35. Knowing that
a force P of magnitude 600 Ib was required to insert the wedge,
determine the magnitude of the forces exerted on the wood by the
wedge after insertion.

Fig. P8.57

8.59 A 10° wedge is to be forced under end B of the 5-kg rod AB.
Knowing that the coefficient of static friction is 0.40 between the
wedge and the rod and 0.20 between the wedge and the floor,
determine the smallest force P required to raise end B of the rod.

8.60 The spring of the door I3
position shown exerts a
static friction between t
surfaces are well lubri
Determine the magnitude of the force P required to start closing
the door. Fig. P8.59

AxpertSoft Trial Version 5

tn] Y

it

8
Fig. P8.60

8.61 In Prob. 8.60, determine the angle that the face of the bolt should
form with the line BC if the force P required to close the door is
to be the same for both the position shown and the position when
B is almost at the strike plate.

8.62 A 5° wedge is to be forced under a 1400-Ib machine base at A.
Knowing that the coefficient of static friction at all surfaces is 0.20,
(a) determine the force P required to move the wedge, (b) indicate PoA
whether the machine base will move.

@ 1400 Ib

{

G

SR

8.63 Solve Prob. 8.62 assuming that the wedge is to be forced under 20 in.
the machine base at B instead of A. Fig. P8.62
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438 Friction 8.64 A 15° wedge is forced under a 50-kg pipe as shown. The coefficient
of static friction at all surfaces is 0.20. (a) Show that slipping will
occur between the pipe and the vertical wall. (b) Determine the
force P required to move the wedge.

8.65 A 15° wedge is forced under a 50-kg pipe as shown. Knowing that

A the coefficient of static friction at both surfaces of the wedge is
0.20, determine the largest coefficient of static friction between
P the pipe and the vertical wall for which slipping will occur at A.

f

150 *8.66 A 200-N block rests as shown on a wedge of negligible weight. The
coefficient of static friction m;is the same at both surfaces of the
wedge, and friction between the block and the vertical wall may
be neglected. For P = 100 N, determine the value of m, for which
motion is impending. (Hint: Solve the equation obtained by trial
and error.)

Fig. P8.64 and P8.65

*8.67 Solve Prob. 8.66 assuming that the rollers are removed and that m,
is the coefficient of friction at all surfaces of contact.

8.68 Derive the following formulas relating the load W and the force P
exerted on the handle of the jack discussed in Sec. 8.6. (a) P =
(Wr/a) tan (u + F,), to raise the load; (b) P = (Wr/a) tan (F, — u), to
lower the load if the screw is self-locking; (¢) P = (Wi/a) tan (u — F,),
to hold the load if the screw is not self-locking.

8.69 The square-threaded worm gear shown has a mean radius of 2 in.
and a lead of 0.5 in. The large gear is subjected to a constant
clockwise couple of 9.6 kip - in. Knowing that the coefficient of
static friction between the two gears is 0.12, determine the couple

Fig. P8.69 that must be applied to shaft AB in order to rotate the large gear

counterclockwise. Neglect friction in the bearings at A, B, and C.

8.70 In Prob. 8.69, determine the couple that must be applied to shaft
AB in order to rotate the large gear clockwise.

8.71 High-strength bolts are used in the construction of many steel
structures. For a 24-mm-nominal-diameter bolt, the required mini-
mum bolt tension is 210 kN. Assuming the coefficient of friction
to be 0.40, determine the required couple that should be applied
to the bolt and nut. The mean diameter of the thread is 22.6 mm,
and the lead is 3 mm. Neglect friction between the nut and washer,

Fig. P8.71 and assume the bolt to be square-threaded.
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8.72 The position of the automobile jack shown is controlled by a screw
ABC that is single-threaded at each end (right-handed thread at
A, left-handed thread at C). Each thread has a pitch of 0.1 in. and
a mean diameter of 0.375 in. If the coefficient of static friction is
0.15, determine the magnitude of the couple M that must be
applied to raise the automobile.

lSOO Ib

Fig. P8.72

8.73 For the jack of Prob. 8.72, determine the magnitude of the couple
M that must be applied to lower the automobile.

8.74 1In the gear-pulling assembly shown, the square-threaded screw AB
has a mean radius of 15 mm and a lead of 4 mm. Knowing that
the coefficient of static friction is 0.10, determine the couple that
must be applied to the screw in order to produce a force of 3 kN
on the gear. Neglect friction at end A of the screw.

8.75 The ends of two fixed rogd
a single-threaded screw
A has a right-handed th
The coefficient of static
sleeve is 0.12. Determine the magnitude of the couple that must
be applied to the sleeve in order to draw the rods closer together.

2 kN A B 2 kN

Fig. P8.75

AxpertSoft Trial Version

8.76 Assuming that in Prob. 8.75 a right-handed thread is used on both
rods A and B, determine the magnitude of the couple that must
be applied to the sleeve in order to rotate it.

*8.7 JOURNAL BEARINGS. AXLE FRICTION

Journal bearings are used to provide lateral support to rotating shafts
and axles. Thrust bearings, which will be studied in the next section,
are used to provide axial support to shafts and axles. If the journal
bearing is fully lubricated, the frictional resistance depends upon
the speed of rotation, the clearance between axle and bearing, and the
viscosity of the lubricant. As indicated in Sec. 8.1, such problems are
studied in fluid mechanics. The methods of this chapter, however, can
be applied to the study of axle friction when the bearing is not lubri-
cated or only partially lubricated. It can then be assumed that the axle
and the bearing are in direct contact along a single straight line.

8.7 Journal Bearings. Axle Friction

439
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Friction

0 wheels, each ol weight W, rigidly mounted on an
axle supported symmetrically by two journal bearings (Fig. 8.10a). If
the wheels rotate, we find that to keep them rotating at constant speed,
it is necessary to apply to each of them a couple M. The free-body
diagram in Fig. 8.10¢ represents one of the wheels and the correspond-
ing half axle in projection on a plane perpendicular to the axle. The
forces acting on the free body include the weight W of the wheel, the
couple M required to maintain its motion, and a force R representing
the reaction of the bearing. This force is vertical, equal, and opposite
to W but does not pass through the center O of the axle; R is located
to the right of O at a distance such that its moment about O balances
the moment M of the couple. Therefore, contact between the axle and
bearing does not take place at the lowest point A when the axle rotates.
It takes place at point B (Fig. 8.10b) or, rather, along a straight line
intersecting the plane of the figure at B. Physically, this is explained by
the fact that when the wheels are set in motion, the axle “climbs” in
the bearings until slippage occurs. After sliding back slightly, the axle
settles more or less in the position shown. This position is such that the
angle between the reaction R and the normal to the surface of the
bearing is equal to the angle of kinetic friction ;. The distance from
O to the line of action of R is thus r sin ., where r is the radius of
the axle. Writing that XM, = 0 for the forces acting on the free body
considered, we obtain the magnitude of the couple M required to over-
come the frictional resistance of one of the bearings:

M = Rr sin T (8.5)
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Observing that, for small values of the angle of friction, sin ;. can be
replaced by tan F, that is, by my, we write the approximate formula

M =~ Rrm, (8.6)

In the solution of certain problems, it may be more convenient to let
the line of action of R pass through O, as it does when the axle does
not rotate. A couple —M of the same magnitude as the couple M but
of opposite sense must then be added to the reaction R (Fig. 8.10d).
This couple represents the frictional resistance of the bearing.

In case a graphical solution is preferred, the line of action of R
can be readily drawn (Fig. 8.10e) if we note that it must be tangent
to a circle centered at O and of radius

rp = rsin i =~ rm; (8.7)

This circle is called the circle of friction of the axle and bearing and
is independent of the loading conditions of the axle.

*8.8 THRUST BEARINGS. DISK FRICTION

Two types of thrust bearings are used to provide axial support to
rotating shafts and axles: (1) end bearings and (2) collar bearings
(Fig. 8.11). In the case of collar bearings, friction forces develop
between the two ring-shaped areas which are in contact. In the case
of end bearings, friction takes place over full circular areas, or over
ring-shaped areas when the g : e

between circular areas, calle

mechanisms, such as disk clut AXpertSOft Trial Version

e IR

(a) End bearing (b) Collar bearing
Fig. 8.11 Thrust bearings.

To obtain a formula which is valid in the most general case of
disk friction, let us consider a rotating hollow shaft. A couple M keeps
the shaft rotating at constant speed while a force P maintains it in
contact with a fixed bearing (Fig. 8.12). Contact between the shaft and

Fig. 8.12

8.8 Thrust Bearings. Disk Friction
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Friction
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the bearing takes place over a ring-shaped area of inner radius R; and
outer radius R,. Assuming that the pressure between the two surfaces
in contact is uniform, we find that the magnitude of the normal force
AN exerted on an element of area AA is AN = P AA/A, where A =
p(R% — R}), and that the magnitude of the friction force AF acting
on AA is AF = m; AN. Denoting by r the distance from the axis of
the shaft to the element of area AA, we express the magnitude AM
of the moment of AF about the axis of the shaft as follows:

rmP AA

AM = TAF = BVECEEETN
pP(R; — RY)

The equilibrium of the shaft requires that the moment M of the
couple applied to the shaft be equal in magnitude to the sum of the
moments of the friction forces AF. Replacing AA by the infinitesimal
element dA = r du dr used with polar coordinates, and integrating
over the area of contact, we thus obtain the following expression for
the magnitude of the couple M required to overcome the frictional
resistance of the bearing:

2 Ry
M = T]{PZJ pJ Tzdrdu
p<RZ - Rl) 0 R
mkP P

When contact takes place over a full circle of radius R, formula
(8.8) reduces to

M = 3m.PR (8.9)

The value of M is then the same as would be obtained if contact
between shaft and bearing took place at a single point located at a
distance 2R/3 from the axis of the shaft.

The largest couple which can be transmitted by a disk clutch
without causing slippage is given by a formula similar to (8.9), where
m;. has been replaced by the coefficient of static friction m,.

*8.9 WHEEL FRICTION. ROLLING RESISTANCE

The wheel is one of the most important inventions of our civilization.
Its use makes it possible to move heavy loads with relatively little
effort. Because the point of the wheel in contact with the ground at
any given instant has no relative motion with respect to the ground,
the wheel eliminates the large friction forces which would arise if
the load were in direct contact with the ground. However, some
resistance to the wheel’s motion exists. This resistance has two dis-
tinct causes. It is due (1) to a combined effect of axle friction and
friction at the rim and (2) to the fact that the wheel and the ground
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deform, with the result that contact between wheel and ground takes
place over a certain area, rather than at a single point.

To understand better the first cause of resistance to the motion
of a wheel, let us consider a railroad car supported by eight wheels
mounted on axles and bearings. The car is assumed to be moving to
the right at constant speed along a straight horizontal track. The free-
body diagram of one of the wheels is shown in Fig. 8.13a. The forces
acting on the free body include the load W supported by the wheel
and the normal reaction N of the track. Since W is drawn through
the center O of the axle, the frictional resistance of the bearing should
be represented by a counterclockwise couple M (see Sec. 8.7). To
keep the free body in equilibrium, we must add two equal and oppo-
site forces P and F, forming a clockwise couple of moment —M. The
force F is the friction force exerted by the track on the wheel, and P
represents the force which should be applied to the wheel to keep it
rolling at constant speed. Note that the forces P and F would not
exist if there were no friction between wheel and track. The couple M
representing the axle friction would then be zero; the wheel would
slide on the track without turning in its bearing.

The couple M and the forces P and F also reduce to zero when
there is no axle friction. For example, a wheel which is not held in
bearings and rolls freely and at constant speed on horizontal ground
(Fig. 8.13b) will be subjected to only two forces: its own weight W
and the normal reaction N of the ground. Regardless of the value of
the coefficient of friction bet —
force will act on the wheel. . .
ground should thus keep rolliy AXpertSOft Trial Version

Experience, however, ind
and eventually come to rest. This is due to the second type of resis-
tance mentioned at the beginning of this section, known as the roll-
ing resistance. Under the load W, both the wheel and the ground
deform slightly, causing the contact between wheel and ground to
take place over a certain area. Experimental evidence shows that the
resultant of the forces exerted by the ground on the wheel over this
area is a force R applied at a point B, which is not located directly
under the center O of the wheel, but slightly in front of it (Fig. 8.13¢).
To balance the moment of W about B and to keep the wheel rolling
at constant speed, it is necessary to apply a horizontal force P at the
center of the wheel. Writing ZMj = 0, we obtain

Pr = Wb (8.10)

where r = radius of wheel
b = horizontal distance between O and B

The distance b is commonly called the coefficient of rolling resis-
tance. It should be noted that b is not a dimensionless coefficient
since it represents a length; b is usually expressed in inches or in
millimeters. The value of b depends upon several parameters in a
manner which has not yet been clearly established. Values of the
coefficient of rolling resistance vary from about 0.01 in. or 0.25 mm
for a steel wheel on a steel rail to 5.0 in. or 125 mm for the same
wheel on soft ground.

8.9 Wheel Friction. Rolling Resistance 443

(a) Effect of axle friction

W

(c) Rolling resistance
Fig. 8.13
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SAMPLE PROBLEM 8.6

A pulley of diameter 4 in. can rotate about a fixed shaft of diameter 2 in.
The coefficient of static friction between the pulley and shaft is 0.20. Deter-
mine (@) the smallest vertical force P required to start raising a 500-Ib load,
(b) the smallest vertical force P required to hold the load, (c) the smallest
horizontal force P required to start raising the same load.

SOLUTION

a. Vertical Force P Required to Start Raising the Load. When the forces
in both parts of the rope are equal, contact between the pulley and shaft
takes place at A. When P is increased, the pulley rolls around the shaft
slightly and contact takes place at B. The free-body diagram of the pulley
when motion is impending is drawn. The perpendicular distance from the
center O of the pulley to the line of action of R is

ry = rsin £, =~ rm, ryp =~ (1in.)0.20 = 0.20 in.
Summing moments about B, we write

+1 M = 0: (2.20 in.)(500 Ib) — (1.80 in.)P = 0
P =6111b P = 611 Ibw

AxpertSoft Trial Version

b. Vertical Force P to Hold the Load. As the force P is decreased, the
pulley rolls around the shaft and contact takes place at C. Considering the
pulley as a free body and summing moments about C, we write

+1 2M¢ = 0: (1.80 in.)(500 1b) — (2.20 in.)P = 0
P = 409 b P = 409 Ibw

c. Horizontal Force P to Start Raising the Load. Since the three forces
W, P, and R are not parallel, they must be concurrent. The direction of R
is thus determined from the fact that its line of action must pass through
the point of intersection D of W and P, and must be tangent to the circle
of friction. Recalling that the radius of the circle of friction is ry = 0.20 in.,
we write

OE 0.20 in

inu=—-— = ——"_ — 00707 u=41°
MU T oD T 2in)12

From the force triangle, we obtain

P = W cot (45° — u) = (500 Ib) cot 40. 9°
=577 1b =577Tby
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In this lesson you learned about several additional engineering applications of
the laws of friction.

1. Journal bearings and axle friction. In journal bearings, the reaction does not
pass through the center of the shaft or axle which is being supported. The distance
from the center of the shaft or axle to the line of action of the reaction (Fig. 8.10)
is defined by the equation.

rp = rsin F = rm
if motion is actually taking place, and by the equation
re = rsin ;=

if the motion is impending.

Once you have determined the line of action of the reaction, you can draw a free-
body diagram and use the corresponding equations of equilibrium to complete
your solution [Sample Prob. 8.6]. In some problems, it is useful to observe that
the line of action of the reaction must be tangent to a circle of radius ry = rmy,
, part c].

AxpertSoft Trial Version

2. Thrust bearMg Pthe magnitude of the
couple required to overcome frictional resistance is equal to the sum of the moments
of the kinetic friction forces exerted on the elements of the end of the shaft

[Egs. (8.8) and (8.9)].

An example of disk friction is the disk clutch. It is analyzed in the same way as a
thrust bearing, except that to determine the largest couple that can be transmitted,
you must compute the sum of the moments of the maximum static friction forces
exerted on the disk.

3. Wheel friction and rolling resistance. You saw that the rolling resistance of
a wheel is caused by deformations of both the wheel and the ground. The line of
action of the reaction R of the ground on the wheel intersects the ground at a
horizontal distance b from the center of the wheel. The distance b is known as
the coefficient of rolling resistance and is expressed in inches or millimeters.

4. In problems involving both rolling resistance and axle friction, your free-
body diagram should show that the line of action of the reaction R of the ground
on the wheel is tangent to the friction circle of the axle and intersects the ground
at a horizontal distance from the center of the wheel equal to the coefficient of
rolling resistance.

445
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PROBLEMS

8.77 A lever of negligible weight is loosely fitted onto a 30-mm-radius fixed
shaft as shown. Knowing that a force P of magnitude 275 N will just
start the lever rotating clockwise, determine () the coefficient of static
friction between the shaft and the lever, (b) the smallest force P for
which the lever does not start rotating counterclockwise.

16 in.
Fig. P8.77

8.78 A hot-metal ladle and its conten

ts weigh 130 kips. Knowing that the
sen the hooks and the pinion is 0.30,
required to start tipping the ladle.

shown is attached to a 10-mm-
radius shaft that fits Joosely in a fixed bearing. Knowing that the
coefficient of static friction between the shaft and the poorly lubri-
cated bearing is 0.40, determine the magnitude of the force P
required to start raising the load.

Fig. P8.79 and P8.81

Fig. P8.80 and P8.82

8.81 and 8.82 The double pulley shown is attached to a 10-mm-
radius shaft that fits loosely in a fixed bearing. Knowing that the
coefficient of static friction between the shaft and the poorly lubri-
cated bearing is 0.40, determine the magnitude of the smallest
force P required to maintain equilibrium.
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8.83 The block and tackle shown are used to raise a 150-lb load. Each Problems 447
of the 3-in.-diameter pulleys rotates on a 0.5-in.-diameter axle.
Knowing that the coefficient of static friction is 0.20, determine
the tension in each portion of the rope as the load is slowly raised.

8.84 The block and tackle shown are used to lower a 150-1b load. Each
of the 3-in.-diameter pulleys rotates on a 0.5-in.-diameter axle.
Knowing that the coefficient of static friction is 0.20, determine the
tension in each portion of the rope as the load is slowly lowered.

8.85 A scooter is to be designed to roll down a 2 percent slope at a
constant speed. Assuming that the coefficient of kinetic friction
between the 25-mm-diameter axles and the bearings is 0.10, deter-
mine the required diameter of the wheels. Neglect the rolling
resistance between the wheels and the ground.

8.86 The link arrangement shown is frequently used in highway bridge
construction to allow for expansion due to changes in temperature.
At each of the 60-mm-diameter pins A and B the coefficient of
static friction is 0.20. Knowing that the vertical component of the

Fig. P8.83 and P8.84

force exerted by BC on the link is 200 kN, determine (a) the hori- Al
zontal force that should be exerted on beam BC to just move the 500 mm
link, (b) the angle that the resulting force exerted by beam BC on Bo c

the link will form with the vertical.
Fig. P8.86
8.87 and 8.88 A lever AB of neghglble welght is loosely ﬁtted onto
a 2.5-in.-diameter fixed sha
friction between the fix¢

the force P required to AXpertSOft Trial VerSiOn |<—2 in.—|

Fig. P8.87 and P8.89 Fig. P8.88 and P8.90

8.89 and 8.90 A lever AB of negligible weight is loosely fitted onto
a 2.5-in.-diameter fixed shaft. Knowing that the coefficient of static
friction between the fixed shaft and the lever is 0.15, determine
the force P required to start the lever rotating clockwise.

8.91 A loaded railroad car has a mass of 30 Mg and is supported by
eight 800-mm-diameter wheels with 125-mm-diameter axles.
Knowing that the coefficients of friction are m; = 0.020 and m; =
0.015, determine the horizontal force required (a) to start the car
moving, (b) to keep the car moving at a constant speed. Neglect
rolling resistance between the wheels and the rails.
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AA8 Friction 8.92 Knowing that a couple of magnitude 30 N - m is required to start
the vertical shaft rotating, determine the coefficient of static fric-

tion between the annular surfaces of contact.
1 8.93 A 50-1b electric floor polisher is operated on a surface for which
the coefficient of kinetic friction is 0.25. Assuming that the normal
Q force per unit area between the disk and the floor is uniformly
distributed, determine the magnitude Q of the horizontal forces
y § required to prevent motion of the machine.
{ z
50 mm
~—— 120 mm — Q

18 in.
Fig. P8.92 ~

Fig. P8.93

*8.94 The frictional resistance of a thrust bearing decreases as the shaft
and bearing surfaces wear out. It is generally assumed that the wear
is directly proportional to the distance traveled by any given point
of the shaft and thus to the distance r from the point to the axis of
the shaft. Assuming, then, that the normal force per unit area is
1nversely proportlonal to r, show that the magnitude M of the

he frictional resistance of a worn-out

he full circular area) is equal to

Eq. (8.9) for a new bearing.

- vearout as indicated in Prob. 8.94, show
that the magmtude M of the couple required to overcome the
frictional resistance of a worn-out collar bearing is

M = ;m; PR, + Ry)

where P = magnitude of the total axial force
R,, Ry = inner and outer radii of the collar

*8.96 Assuming that the pressure between the surfaces of contact is uni-
form, show that the magnitude M of the couple required to over-
come frictional resistance for the conical bearing shown is

2 mP R} - R}
_BSinUR%—R%

—>|R1

5 8.97 Solve Prob. 8.93 assuming that the normal force per unit area
e 2*

between the disk and the floor varies linearly from a maximum at
Fig. P8.96 the center to zero at the circumference of the disk.

8.98 Determine the horizontal force required to move a 2500-1b auto-
mobile with 23-in.-diameter tires along a horizontal road at a con-
stant speed. Neglect all forms of friction except rolling resistance,
and assume the coefficient of rolling resistance to be 0.05 in.

8.99 Knowing that a 6-in.-diameter disk rolls at a constant velocity down
a 2 percent incline, determine the coefficient of rolling resistance
between the disk and the incline.
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8.100 A 900-kg machine base is rolled along a concrete floor using a 8.10 Belt Friction 449
series of steel pipes with outside diameters of 100 mm. Knowing
that the coefficient of rolling resistance is 0.5 mm between the
pipes and the base and 1.25 mm between the pipes and the con- P i
crete floor, determine the magnitude of the force P required to

slowly move the base along the floor. m

8.101 Solve Prob. 8.85 including the effect of a coefficient of rolling Fig. P8.100
resistance of 1.75 mm.

8.102 Solve Prob. 8.91 including the effect of a coefficient of rolling
resistance of 0.5 mm.

8.10 BELT FRICTION

Consider a flat belt passing over a fixed cylindrical drum (Fig. 8.14a).
We propose to determine the relation existing between the values T
and T, of the tension in the two parts of the belt when the belt is
just about to slide toward the right.

Let us detach from the belt a small element PP" subtending
an angle Au. Denoting by T {
tension at P’, we draw the fre
belt (Fig. 8.14b). Besides the
on the free body are the norm3 : -
the drum and the friction force AF. Since motion is assumed to be
impending, we have AF = m; AN. It should be noted that if Au is
made to approach zero, the magnitudes AN and AF, and the differ-
ence AT between the tension at P and the tension at P’, will also
approach zero; the value T of the tension at P, however, will remain
unchanged. This observation helps in understanding our choice of
notations.

Choosing the coordinate axes shown in Fig. 8.14b, we write the
equations of equilibrium for the element PP":

AxpertSoft Trial Version

A A
SF. = 0. (T + AT) cos?u - Tcos?u “MAN =0 (8.11)
A A
SF, =0 AN - (T+AT)sin '~ Tsin =0 (812

Solving Eq. (8.12) for AN and substituting into (8.11), we obtain after
reductions

Au Au
ATCOS? — m,/(2T + AT) Sin? =0

Both terms are now divided by Au. For the first term, this is done
simply by dividing AT by Au. The division of the second term is Fig. 8.14
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45(Q Friction carried out by dividing the terms in the parentheses by 2 and the
sine by Au/2. We write

AT Au m<T N AT) sin(Aw2)
Au ” 2 ) Awz2

If we now let Au approach 0, the cosine approaches 1 and AT/2
approaches zero, as noted above. The quotient of sin (Au/2) over Au/2
approaches 1, according to a lemma derived in all calculus textbooks.
Since the limit of AT/Au is by definition equal to the derivative
dT/du, we write

dr mT = 0 dr_ m,du
du T

Both members of the last equation (Fig. 8.14a) will now be inte-
grated from P; to P,. At P;, we have u = 0 and T = Tj; at P,, we
have u = b and T' = T,. Integrating between these limits, we write

T, b
J dr = J m, du
T 0

T
In T2 - hl Tl = msb

Fig. 8.14a (repeated) b equal to the natural logarithm

In—==mb (8.13)

This relation can also be written in the form

T2 mb
— =" 8.14
T, e (8.14)

The formulas we have derived apply equally well to problems involv-
ing flat belts passing over fixed cylindrical drums and to problems
involving ropes wrapped around a post or capstan. They can also be
used to solve problems involving band brakes. In such problems, it
is the drum which is about to rotate, while the band remains fixed.
The formulas can also be applied to problems involving belt drives.
In these problems, both the pulley and the belt rotate; our concern

Photo 8.3 By wrapping the rope around the

bollard, the force exerted by the worker to control
the rope is much smaller 1hcyn the tension in the taut 1S then to find whether the belt will slip, i.e., whether it will move

portion of the rope. with respect to the pulley.
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Formulas (8.13) and (8.14) should be used only if the belt,
rope, or brake is about to slip. Formula (8.14) will be used if T; or
T is desired; formula (8.13) will be preferred if either m; or the
angle of contact b is desired. We should note that T, is always
larger than Ty; T, therefore represents the tension in that part of
the belt or rope which pulls, while T; is the tension in the part
which resists. We should also observe that the angle of contact b
must be expressed in radians. The angle b may be larger than 2p;
for example, if a rope is wrapped n times around a post, b is equal
to 2pn.

If the belt, rope, or brake is actually slipping, formulas similar
to (8.13) and (8.14), but involving the coefficient of kinetic friction
Mg, should be used. If the belt, rope, or brake is not slipping and is
not about to slip, none of these formulas can be used.

The belts used in belt drives are often V-shaped. In the V belt
shown in Fig. 8.15a contact between belt and pulley takes place

o—

(@ (b)
Fig. 8.15

along the sides of the groove. The relation existing between the val-
ues T and T, of the tension in the two parts of the belt when the
belt is just about to slip can again be obtained by drawing the free-
body diagram of an element of belt (Fig. 8.15b and ¢). Equations
similar to (8.11) and (8.12) are derived, but the magnitude of the
total friction force acting on the element is now 2 AF, and the sum
of the y components of the normal forces is 2 AN sin (a/2). Proceed-
ing as above, we obtain

T. m,b
In -2 = — (8.15)
T, sin (a/2)
or,
T ,
22 mbisin(a2) (8.16)

8.10 Belt Friction

2AF

€ -

A9 X
2
T+AT

2AN sin g

©
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150 N

T,=150N

SAMPLE PROBLEM 8.7

A hawser thrown from a ship to a pier is wrapped two full turns around a

7500 N bollard. The tension in the hawser is 7500 N; by exerting a force of 150 N

on its free end, a dockworker can just keep the hawser from slipping.
(a) Determine the coefficient of friction between the hawser and the bol-
lard. (b) Determine the tension in the hawser that could be resisted by
the 150-N force if the hawser were wrapped three full turns around
the bollard.

SOLUTION

a. Coefficient of Friction. Since slipping of the hawser is impending, we
use Eq. (8.13):
T
In ?j = m,b

Since the hawser is wrapped two full turns around the bollard, we have

b = 2(2p rad) = 12.57 rad
T, = 150 N Ty = 7500 N
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1

7500 N
2. =] =] = 3.
m,(12.57 rad) n 150N n50 = 391
m, = 0311 m, = 0311

b. Hawser Wrapped Three Turns Around Bollard.  Using the value of m,
obtained in part ¢, we now have

b = 3(2p rad) = 18.85 rad
T,=150N m, = 0311

Substituting these values into Eq. (8.14), we obtain

& — ,mb
O
T = 031D(885) _ 5862 _ 351 &
150 N
T, = 52 725 N
T, T, = 52.7 kN
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SAMPLE PROBLEM 8.8

A flat belt connects pulley A, which drives a machine tool, to pulley B, which
is attached to the shaft of an electric motor. The coefficients of friction are
m, = 0.25 and m; = 0.20 between both pulleys and the belt. Knowing that
the maximum allowable tension in the belt is 600 b, determine the largest
torque which can be exerted by the belt on pulley A.

SOLUTION

Since the resistance to slippage depends upon the angle of contact b
between pulley and belt, as well as upon the coefficient of static friction m,,
and since m is the same for both pulleys, slippage will occur first on pulley
B, for which b is smaller.

Pulley B. Using Eq. (8.14) with T, = 600 Ib, m; = 0.25, and b = 120° =
D/3 tad_we write

W1

T, =600 Ib
= O2BCPB) — | 688

Ty B B=120° T, = = 35541b

1.688

Pulley A. We draw the free-body diagram of pulley A. The couple M, is
applied to the pulley by the machine tool to which it is attached and is equal
and opposite to the torque exerted by the belt. We write

T,=6001b +13M, =0 M, — (600 Ib)(8 in.) + (355.4 Ib)S in.) = 0
T,=35541b M, = 1957 1b - in. M, = 163.11b - ft

Note. We may check that the belt does not slip on pulley A by computing
the value of m; required to prevent slipping at A and verifying that it is
smaller than the actual value of m;. From Eq. (8.13) we have

Ty 600 1b
=h—=1 = 0.52
mb =nz =Moo = 05
and, since b = 240° = 4p/3 rad,
4p

M= 0524 m = 0125 < 025

453
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SYOULVINGEEROBLEIVIY
IINBIOUKSOVVIN

In the preceding section you learned about belt friction. The problems you will
solve include belts passing over fixed drums, band brakes in which the drum
rotates while the band remains fixed, and belt drives.

1. Problems involving belt friction fall into one of the following two categories:

a. Problems in which slipping is impending. One of the following formulas,
involving the coefficient of static friction m, may then be used,

T.
In—= = mpb (8.13)
T,
or
T, mb
2=, 8.14
T, e (8.14)

b. Problems in which slipping is occurring. The formulas to be used can be
obtained from Egs. (8.13) and (8.14) by replacing m, with the coefficient of kinetic
friction my.

2. As you start sq remember the
following:

a. The angle B
this is the angle subtend

drum problem,
ne pelt is wrapped.

b. The larger fension is ulways denoted by T, and the smaller tension is
denoted by T.

c. The larger tension occurs at the end of the belt which is in the direction
of the motion, or impending motion, of the belt relative to the drum.

3. In each of the problems you will be asked to solve, three of the four
quantities T, Ty, b, and m, (or m;) will either be given or readily found, and you
will then solve the appropriate equation for the fourth quantity. Here are two kinds
of problems that you will encounter:

a. Find M, between belt and drum, knowing that slipping is impending.
From the given data, determine T, T5, and b; substitute these values into Eq. (8.13)
and solve for m, [Sample Prob. 8.7, part «]. Follow the same procedure to find
the smallest value of my for which slipping will not occur.

b. Find the magnitude of a force or couple applied to the belt or drum,
knowing that slipping is impending. The given data should include m; and b.
If it also includes T, or Ty, use Eq. (8.14) to find the other tension. If neither T,
nor Ty is known but some other data is given, use the free-body diagram of the
belt-drum system to write an equilibrium equation that you will solve simultane-
ously with Eq. (8.14) for T} and T. You will then be able to find the magnitude
of the specified force or couple from the free-body diagram of the system. Follow
the same procedure to determine the largest value of a force or couple which can
be applied to the belt or drum if no slipping is to occur [Sample Prob. 8.8].
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PROBLEMS

8.103 A 300-Ib block is supported by a rope that is wrapped 15 times
around a horizontal rod. Knowing that the coefficient of static fric-
tion between the rope and the rod is 0.15, determine the range of
values of P for which equilibrium is maintained.

8.104 A hawser is wrapped two full turns around a bollard. By exerting
an 80-Ib force on the free end of the hawser, a dockworker can
resist a force of 5000 lb on the other end of the hawser. Determine
(a) the coefficient of static friction between the hawser and the
bollard, (b) the number of times the hawser should be wrapped
around the bollard if a 20,000-Ib force is to be resisted by the same
80-Ib force.

8.105 A rope ABCD is looped over two pipes as shown. Knowing that
the coefficient of static friction is 0.25, determine (@) the smallest
value of the mass m for which equilibrium is possible, (b) the cor-
responding tension in portion BC of the rope.

8.106 A rope ABCD is looped over two pipes as shown. Knowing that
the coefficient of static friction is 0.25, determine (@) the largest
value of the mass m for which equilibrium is possible, (b) the cor-
responding tension in p

8.107 Knowing that the coeffid
rope and the horizontal
vertical pipe, determine the range of values of P for which equi-
librium is maintained.

Fig. P8.107 and P8.108

8.108 Knowing that the coefficient of static friction is 0.30 between the
rope and the horizontal pipe and that the smallest value of P for
which equilibrium is maintained is 80 N, determine (a) the largest
value of P for which equilibrium is maintained, (b) the coefficient
of static friction between the rope and the vertical pipe.

8.109 A band brake is used to control the speed of a flywheel as shown.
The coefficients of friction are m; = 0.30 and m; = 0.25. Determine
the magnitude of the couple being applied to the flywheel, know-
ing that P = 45 N and that the flywheel is rotating counterclock-
wise at a constant speed.

AxpertSoft Trial Version

300 Ib

P

Fig. P8.103
B
30°
C
A D
m

8.105 and P8.106

360 mm

A Bl C
) €)

; 360 mm \

P 120 mm
Fig. P8.109
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Friction

8.110

Fig. P8.110 and P8.111 8.112

The setup shown is used to measure the output of a small turbine.
When the flywheel is at rest, the reading of each spring scale is
14 1b. If a 105-Ib - in. couple must be applied to the flywheel to
keep it rotating clockwise at a constant speed, determine (a) the
reading of each scale at that time, (b) the coefficient of kinetic
friction. Assume that the length of the belt does not change.

The setup shown is used to measure the output of a small turbine.
The coefficient of kinetic friction is 0.20 and the reading of each
spring scale is 16 b when the flywheel is at rest. Determine
(a) the reading of each scale when the flywheel is rotating clock-
wise at a constant speed, (b) the couple that must be applied to
the flywheel. Assume that the length of the belt does not change.

A flat belt is used to transmit a couple from drum B to drum A.
Knowing that the coefficient of static friction is 0.40 and that the
allowable belt tension is 450 N, determine the largest couple that
can be exerted on drum A.

8.113

8.114

Fig. P8.112

A flat belt is used to transmit a couple from pulley A to pulley B.
The radius of each pulley is 60 mm, and a force of magnitude
P = 900 N is applied as shown to the axle of pulley A. Knowing
that the coefficient of static friction is 0.35, determine (a) the larg-
est couple that can be transmitted, (b) the corresponding maximum

value of the tension in the belt.
P
| |
| |
Solve Prob. 8.113 assuming that the belt is looped around the pul-

Fig. P8.113
leys in a figure eight.

240 mm
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8.115

8.116

8.117

8.118

8.119

8.120

8.121

The speed of the brake drum shown is controlled by a belt attached
to the control bar AD. A force P of magnitude 25 b is applied to
the control bar at A. Determine the magnitude of the couple being
applied to the drum, knowing that the coefficient of kinetic friction
between the belt and the drum is 0.25, that ¢ = 4 in., and that
the drum is rotating at a constant speed (a) counterclockwise,

(b) clockwise.

The speed of the brake drum shown is controlled by a belt attached
to the control bar AD. Knowing that ¢ = 4 in., determine
the maximum value of the coefficient of static friction for
which the brake is not self-locking when the drum rotates
counterclockwise.

The speed of the brake drum shown is controlled by a belt attached
to the control bar AD. Knowing that the coefficient of static friction
is 0.30 and that the brake drum is rotating counterclockwise, deter-
mine the minimum value of @ for which the brake is not

self-locking.

Bucket A and block C are connected by a cable that passes over
drum B. Knowing that drum B rotates slowly counterclockwise and
that the coefficients of friction at all surfaces are m; = 0.35 and
m; = 0.25, determine the smallest combined mass m of the bucket
and its contents for which block C will (¢) remain at rest, (b) start
moving up the incline, (¢) continue moving up the incline at a
constant speed.

Solve Prob. 8.118 assumi

and 8.122 A cable is placed z R

ing that the coefficients of friction are m; = 0.25 and m; = 0.20,
determine (a) the smallest weight W for which equilibrium is main-
tained, (b) the largest weight W that can be raised if pipe B is
slowly rotated counterclockwise while pipes A and C remain fixed.

| 24 in. i

al’
—la

Fig. P8.115, P8.116,
and P8.117

Problems 457

Fig. P8.120 and P8.121

and 8.123 A cable is placed around three parallel pipes. Two
of the pipes are fixed and do not rotate; the third pipe is slowly
rotated. Knowing that the coefficients of friction are m; = 0.25 and
m, = 0.20, determine the largest weight W that can be raised
(a) if only pipe A is rotated counterclockwise, (b) if only pipe C is
rotated clockwise.

Fig. P8.122 and P8.123
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458 Friction 8.124 A recording tape passes over the 20-mm-radius drive drum B and
under the idler drum C. Knowing that the coefficients of friction
between the tape and the drums are m; = 0.40 and m; = 0.30 and
that drum C is free to rotate, determine the smallest allowable
value of P if slipping of the tape on drum B is not to occur.

bot the idler drum C is frozen and

AxpertSoft Trial Version

i to grip the pipe firmly without
marring the external surface of the pipe. Knowing that the coef-
ficient of static friction is the same for all surfaces of contact, deter-
mine the smallest value of m; for which the wrench will be
self-locking when ¢ = 200 mm, r = 30 mm, and u = 65°.

Mo

I Fig. P8.126

(8o

8.127 Solve Prob. 8.126 assuming that u = 75°.

-
’7A oC H 8.128 The 10-1b bar AE is suspended by a cable that passes over a 5-in.-
/) radius drum. Vertical motion of end E of the bar is prevented by
‘10 b the two stops shown. Knowing that m; = 0.30 between the cable
T | T ! and the drum, determine (a) the largest counterclockwise couple

in. "~ 5in. 3in.

M, that can be applied to the drum if slipping is not to occur,
Fig. P8.128 (b) the corresponding force exerted on end E of the bar.
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8.129 Solve Prob. 8.128 assuming that a clockwise couple My is applied Problems ~ 459

to the drum.

8.130 Prove that Eqs. (8.13) and (8.14) are valid for any shape of surface
provided that the coefficient of friction is the same at all points of
contact.

Tl T2
Fig. P8.130

8.131 Complete the derivation of Eq. (8.15), which relates the tension in
both parts of a V belt.

8.132 Solve Prob. 8.112 assuming that the flat belt and drums are
replaced by a V belt and V pulleys with a = 36°. (The angle a is
as shown in Fig. 8.15a.)

8.133 Solve Prob. 8.113 assuming that the flat belt and pulleys are
replaced by a V belt and V pulleys with a = 36°. (The angle a is
as shown in Fig. 8.15a.)

AxpertSoft Trial Version
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This chapter was devoted to the study of dry friction, i.e., to prob-
lems involving rigid bodies which are in contact along nonlubricated
surfaces.

|W F |Equilibrium | Motion
|

|
P * m

Fig. 8.16

Static and kinetic friction Applying a horizontal force P to a block resting on a horizontal sur-

face [Sec. 8.2] we note that the block at first does not move. This
have developed to balance P
increased, the magnitude of F
um value F,,. If P is further
the magnitude of F drops from
F,, to a lower value F}. Experlmental evidence shows that F,, and F,
are proportional to the normal component N of the reaction of the
surface. We have

AxpertSoft Trial Version

F,, = mN F, = m\N 8.1, 8.2)

where m; and m; are called, respectively, the coefficient of static
friction and the coefficient of kinetic friction. These coefficients
depend on the nature and the condition of the surfaces in contact.
Approximate values of the coefficients of static friction were given
in Table 8.1.

Angles of friction

It is sometimes convenient to replace the normal force N and the
friction force F by their resultant R (Fig. 8.17). As the friction force
o ‘ increases and reaches its maximum value F,, = mN, the angle ¥ that

R forms with the normal to the surface increases and reaches a
maximum value ¥, called the angle of static friction. If motion actu-

\ ally takes place, the magnitude of F drops to Fy; similarly the angle ¥
N!
|
¢

|W

B drops to a lower value ¥, called the angle of kinetic friction. As

~P\R shown in Sec. 8.3, we have

Fig. 8.17 tan £, = m, tan £, = m; (8.3, 8.4)
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When solving equilibrium problems involving friction, we should keep
in mind that the magnitude F of the friction force is equal to

Review and Summary 461

F,, = mN only if the body is about to slide [Sec. 8.4]. If motion is not ~ Problems involving friction

impending, F and N should be considered as independent unknowns
to be determined from the equilibrium equations (Fig. 8.18a). We

should also check that the value of F required to maintain equilib-
rium is not larger than F,; if it were, the body would move and the
magnitude of the friction force would be F;, = m;N [Sample Prob. 8.1].
On the other hand, if motion is known to be impending, F has
reached its maximum value F,, = mN (Fig. 8.18b), and this expres-
sion may be substituted for F
Prob. 8.3]. When only three AxpertSoft Trial Version
gram, including the reaction
body, it is usually more convenient to solve
a force triangle [Sample Prob. 8.2].

When a problem involves the analysis of the forces exerted on
each other by two bodies A and B, it is important to show the friction
forces with their correct sense. The correct sense for the friction force
exerted by B on A, for instance, is opposite to that of the relative
motion (or impending motion) of A with respect to B [Fig. 8.6].

Dy d I'anIlg

In the second part of the chapter we considered a number of specific Wedges and screws

engineering applications where dry friction plays an important role.
In the case of wedges, which are simple machines used to raise heavy
loads [Sec. 8.5], two or more free-body diagrams were drawn and
care was taken to show each friction force with its correct sense
[Sample Prob. 8.4]. The analysis of square-threaded screws, which
are frequently used in jacks, presses, and other mechanisms, was
reduced to the analysis of a block sliding on an incline by unwrapping
the thread of the screw and showing it as a straight line [Sec. 8.6].
This is done again in Fig. 8.19, where r denotes the mean radius
of the thread, L is the lead of the screw, i.e., the distance through
which the screw advances in one turn, W is the load, and Qr is equal
to the couple exerted on the screw. It was noted that in the case of
multiple-threaded screws the lead L of the screw is not equal to its

2mr

pitch, which is the distance measured between two consecutive !

threads. Fig. 8.19


http://www.axpertsoft.com/pdf-splitter-software/

462 Friction

Other engineering applications considered in this chapter were
journal bearings and axle friction [Sec. 8.7], thrust bearings and disk

friction [Sec. 8.8], wheel friction and rolling resistance [Sec. 8.9], and
belt friction [Sec. 8.10].

Belt friction In solving a problem involving a flat belt passing over a fixed cylinder,

it is important to first determine the direction in which the belt slips
or is about to slip. If the drum is rotating, the motion or impending
motion of the belt should be determined relative to the rotating
drum. For instance, if the belt shown in Fig. 8.20 is about to slip to

Fig. 8.20

the right relative to the drum, the friction forces exerted by the drum
on the belt will be dlrected to the left and the tension will be larger

2 e belt than in the left-hand portion.
e smaller tension by T}, the
id the angle (in radians) sub-
n Sec. 8.10 the formulas

T

In—= = mb (8.13)
T,
T2 mb
— =" 8.14
T, = ¢ (8.14)

which were used in solving Sample Probs. 8.7 and 8.8. If the belt
actually slips on the drum, the coefficient of static friction m; should

be replaced by the coefficient of kinetic friction m; in both of these
formulas.
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REVIEW PROBLEMS

8.134 Determine whether the block shown is in equilibrium and find the P
magnitude and direction of the friction force when u = 35° and

P = 200 N. 0 BOON s =0.20
l M= 0.15
8.135 Three 4-kg packages A, B, and C are placed on a conveyor belt
that is at rest. Between the belt and both packages A and C the
coefficients of friction are m; = 0.30 and m; = 0.20; between pack- ©
age B and the belt the coefficients are m; = 0.10 and m; = 0.08.
The packages are placed on the belt so that they are in contact 250

with each other and at rest. Determine which, if any, of the pack-
ages will move and the friction force acting on each package.
Fig. P8.134

Fig. P8.135

8.136 The cylinder shown is o
W and r the magnitude of ~
to the cylinder if it is not to rotate, assuming the coefficient of

static friction to be (a) zero at A and 0.30 at B, (b) 0.25 at A and
0.30 at B. M

8.137 End A of a slender, uniform rod of length L and weight W bears on
a surface as shown, while end B is supported by a cord BC. Knowing
that the coefficients of friction are m; = 0.40 and m, = 0.30, deter-  Fig. P8.136
mine () the largest value of u for which motion is impending,

(b) the corresponding value of the tension in the cord.

Fig. P8.137
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464 Friction
|<—1.2 m*>| B
\\150
P/
0.9m

Fig. P8.138

Fig. P8.140

8.138 A worker slowly moves a 50-kg crate to the left along a loading

8.139

8.141

dock by applying a force P at corner B as shown. Knowing that
the crate starts to tip about the edge E of the loading dock when
a = 200 mm, determine (a) the coefficient of kinetic friction
between the crate and the loading dock, (b) the corresponding
magnitude P of the force.

A window sash weighing 10 1b is normally supported by two 5-lb
sash weights. Knowing that the window remains open after one
sash cord has broken, determine the smallest possible value of the
coefficient of static friction. (Assume that the sash is slightly
smaller than the frame and will bind only at points A and D.)

i 36in.

|
®
A B

27 in.

= 600 mm is attached to a collar
at B and rests on a small wheel located at a horizontal distance
a = 80 mm from the vertical rod on which the collar slides. Know-
ing that the coefficient of static friction between the collar and the
vertical rod is 0.25 and neglecting the radius of the wheel, deter-
mine the range of values of P for which equilibrium is maintained
when Q = 100 N and u = 30°.

The machine part ABC is supported by a frictionless hinge at B
and a 10° wedge at C. Knowing that the coefficient of static friction
is 0.20 at both surfaces of the wedge, determine () the force P
required to move the wedge to the left, (b) the components of the
Corresponding reaction at B.

1201b A
—_
8in
B L
- , (o <€—P
]
| 10 in. I 100

Fig. P8.141
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8.142 A conical wedge is placed between two horizontal plates that are Review Problems ~ 445
then slowly moved toward each other. Indicate what will happen
to the wedge (@) if m; = 0.20, (b) if m; = 0.30.

—

8.143 In the machinist’s vise shown, the movable jaw D is rigidly attached
to the tongue AB that fits loosely into the fixed body of the vise.
The screw is single-threaded into the fixed base and has a mean
diameter of 0.75 in. and a pitch of 0.25 in. The coefficient of static
friction is 0.25 between the threads and also between the tongue
and the body. Neglecting bearing friction between the screw and
the movable head, determine the couple that must be applied to 25°
the handle in order to produce a clamping force of 1 kip. Fig. P8.142

1.75in.
§ 0.75 in.
1.25in.

Fig. P8.143

8.144 A lever of negligible weig
fixed shaft. It is observe
3-kg mass is added at C. IS8
between the shaft and the lever.

<——150 mm ——{=-100 mmJ
Fig. P8.144

8.145 1In the pivoted motor mount shown, the weight W of the 175-1b
motor is used to maintain tension in the drive belt. Knowing that
the coefficient of static friction between the flat belt and drums A
and B is 0.40, and neglecting the weight of platform CD, determine
the largest couple that can be transmitted to drum B when the
drive drum A is rotating clockwise. Fig. P8.145

12in. |
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COMPUTER PROBLEMS

1000 mm

/ B P 1
=400 mm
A |

]

Fig. P8.C1

>
| C E

150 mm
Fig. P8.C3

466

8.C1 The position of the 10-kg rod AB is controlled by the 2-kg block
shown, which is slowly moved to the left by the force P. Knowing that the
coefficient of kinetic friction between all surfaces of contact is 0.25, write a
computer program and use it to calculate the magnitude P of the force for
values of x from 900 to 100 mm, using 50-mm decrements. Using appropri-
ate smaller decrements, determine the maximum value of P and the cor-
responding value of x.

8.C2 Blocks A and B are supported by an incline that is held in the posi-
tion shown. Knowing that block A weighs 20 Ib and that the coefficient of
static friction between all surfaces of contact is 0.15, write a computer pro-
gram and use it to calculate the value of u for which motion is impending
for weights of block B from 0 to 100 Ib, using 10-Ib increments.

75 mm

150 mm

Fig. P8.C2

8.C3 A 300-g cylinder C rests on cylinder D as shown. Knowing that the
coefficient of static friction m,is the same at A and B, write a computer
program and use it to determine, for values of m; from 0 to 0.40 and using
0.05 increments, the largest counterclockwise couple M that can be applied
to cylinder D if it is not to rotate.

8.C4 Two rods are connected by a slider block D and are held in equilib-
rium by the couple My as shown. Knowing that the coefficient of static
friction between rod AC and the slider block is 0.40, write a computer pro-
gram and use it to determine, for values of u from 0 to 120° and using 10°
increments, the range of values of M, for which equilibrium is maintained.

|<—150 mm—»l

Fig. P8.C4
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8.C5 The 10-1b block A is slowly moved up the circular cylindrical sur-
face by a cable that passes over a small fixed cylindrical drum at B. The
coefficient of kinetic friction is known to be 0.30 between the block and
the surface and between the cable and the drum. Write a computer pro-
gram and use it to calculate the force P required to maintain the motion
for values of u from 0 to 90°, using 10° increments. For the same values
of u calculate the magnitude of the reaction between the block and the
surface. [Note that the angle of contact between the cable and the fixed
drumis b = p — (u2).]

8.C6 A flat belt is used to transmit a couple from drum A to drum B. The
radius of each drum is 80 mm, and the system is fitted with an idler wheel
C that is used to increase the contact between the belt and the drums. The
allowable belt tension is 200 N, and the coefficient of static friction between
the belt and the drums is 0.30. Write a computer program and use it to
calculate the largest couple that can be transmitted for values of U from 0 to
30°, using 5° increments.

Fig. P8.C6

AxpertSoft Trial Version

8.C7 Two collars A and B that 9
tion are connected by a 30-in. cord that passes over a fixed shaft at C.
The coefficient of static friction between the cord and the fixed shaft is
0.30. Knowing that the weight of collar B is 8 Ib, write a computer program
and use it to determine, for values of u from 0 to 60° and using 10° incre-
ments, the largest and smallest weight of collar A for which equilibrium is
maintained.

8.C8 The end B of a uniform beam of length L is being pulled by a station-
ary crane. Initially the beam lies on the ground with end A directly below
pulley C. As the cable is slowly pulled in, the beam first slides to the left
with U = 0 until it has moved through a distance x,. In a second phase, end
B is raised, while end A keeps sliding to the left until x reaches its maximum
value x,, and U the corresponding value u;. The beam then rotates about
A’ while u keeps increasing. As u reaches the value Uy, end A starts sliding
to the right and keeps sliding in an irregular manner until B reaches C.
Knowing that the coefficients of friction between the beam and the ground
are m; = 0.50 and m; = 0.40, (a) write a program to compute x for any value
of u while the beam is sliding to the left and use this program to determine
X0, X, and Uy, (b) modify the program to compute for any u the value of x
for which sliding would be impending to the right and use this new program
to determine the value U, of U corresponding to x = x,,,.

Computer Problems 467

Fig. P8.C5

10 in.——1~——10 in.—-l

Fig. P8.C7

EE =
i<

Fig. P8.C8
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The strength of structural members used
in the construction of buildings depends
to a large extent on the properties of
their cross sections. This includes the

second moments of area, or moments

of inertia, of these cross sectior<

AxpertSoft Trial Version
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Chapter 9 Distributed Forces:
Moments of Inertia

Introduction

Second Moment, or Moment of
Inertia, of an Area
Determination of the Moment of
Inertia of an Area by Integration
Polar Moment of Inertia

Radius of Gyration of an Area
Parallel-Axis Theorem

Moments of Inertia of Composite
Areas

Product of Inertia

Principal Axes and Principal
Moments of Inertia

Mohr’s Circle for Moments and
Products of Inertia

Moment of Inertia of a Mass
Parallel-Axis Theorem

Moments of Inertia of Thin Plates
Determination of the Moment of
Inertia of a Three-Dimensional
Body by Integration

Moments of Inertia of Composite
Bodies

Moment of Inertia of a Bod
with Respect to an Arbitrar
Through O. Mass Products d
Inertia

Ellipsoid of Inertia. Principal Axes
of Inertia

Determination of the Principal
Axes and Principal Moments of
Inertia of a Body of Arbitrary
Shape

9.1 INTRODUCTION

In Chap. 5, we analyzed various systems of forces distributed over
an area or volume. The three main types of forces considered were
(1) weights of homogeneous plates of uniform thickness (Secs. 5.3
through 5.6), (2) distributed loads on beams (Sec. 5.8) and hydrostatic
forces (Sec. 5.9), and (3) weights of homogeneous three-dimensional
bodies (Secs. 5.10 and 5.11). In the case of homogeneous plates, the
magnitude AW of the weight of an element of a plate was propor-
tional to the area AA of the element. For distributed loads on beams,
the magnitude AW of each elemental weight was represented by an
element of area AA = AW under the load curve; in the case of
hydrostatic forces on submerged rectangular surfaces, a similar pro-
cedure was followed. In the case of homogeneous three-dimensional
bodies, the magnitude AW of the weight of an element of the body
was proportional to the volume AV of the element. Thus, in all cases
considered in Chap. 5, the distributed forces were proportional to
the elemental areas or volumes associated with them. The resultant
of these forces, therefore, could be obtained by summing the corre-
sponding areas or volumes, and the moment of the resultant about
any given axis could be determined by computing the first moments
of the areas or volumes about that axis.

In the first part of this chapter, we consider distributed forces
AF Whose magnitudes depend not only upon the elements of area

o upon the distance from AA to
agnitude of the force per unit
y with the distance to the axis.
s of this type are found in the
y of the bending of beams and in problems involving submerged
nonrectangular surfaces. Assuming that the elemental forces involved
are distributed over an area A and vary linearly with the distance y
to the x axis, it will be shown that while the magnitude of their resul-
tant R depends upon the first moment Q, = [ y dA of the area A,
the location of the point where R is apphed depends upon the second
moment, or moment of inertia, I, = [ y* dA of the same area with
respect to the x axis. You will learn to compute the moments of inertia
of various areas with respect to given x and y axes. Also introduced
in the first part of this chapter is the polar moment of inertia Jo =
[ 7 dA of an area, where r is the distance from the element of area
dA to the point O. To facilitate your computations, a relation will be
established between the moment of inertia I, of an area A with respect
to a given x axis and the moment of inertia I, of the same area with
respect to the parallel centroidal " axis (parallel-axis theorem). You
will also study the transformation of the moments of inertia of a given
area when the coordinate axes are rotated (Secs. 9.9 and 9.10).

In the second part of the chapter, you will learn how to deter-
mine the moments of inertia of various masses with respect to a given
axis. As you will see in Sec. 9.11, the moment of inertia of a given
mass about an axis AA’ is defined as I = [ r* dm, where r is the
distance from the axis AA’ to the element of mass dm. Moments of
inertia of masses are encountered in dynamics in problems involving
the rotation of a rigid body about an axis. To facilitate the computation



http://www.axpertsoft.com/pdf-splitter-software/

of mass moments of inertia, the parallel-axis theorem will be intro-
duced (Sec. 9.12). Finally, you will learn to analyze the transforma-
tion of moments of inertia of masses when the coordinate axes are
rotated (Secs. 9.16 through 9.18).

9.2 SECOND MOMENT, OR MOMENT OF INERTIA,
OF AN AREA

In the first part of this chapter, we consider distributed forces AF
whose magnitudes AF are proportional to the elements of area AA
on which the forces act and at the same time vary linearly with the
distance from AA to a given axis.

Consider, for example, a beam of uniform cross section which
is subjected to two equal and opposite couples applied at each end
of the beam. Such a beam is said to be in pure bending, and it is
shown in mechanics of materials that the internal forces in any sec-
tion of the beam are distributed forces whose magnitudes AF =
ky AA vary linearly with the distance y between the element of area
AA and an axis passing through the centroid of the section. This axis,
represented by the x axis in Fig. 9.1, is known as the neutral axis of
the section. The forces on one side of the neutral axis are forces
of compression, while those on the other side are forces of tension;
on the neutral axis itself the fg

The magnitude of the re
which act over the entire sect

R=JkydA=k y dA

The last integral obtained is recognized as the first moment Q, of
the section about the x axis; it is equal to yA and is thus equal to
zero, since the centroid of the section is located on the x axis. The
system of the forces AF thus reduces to a couple. The magnitude M
of this couple (bending moment) must be equal to the sum of the
moments AM, =y AF = ky2 AA of the elemental forces. Integrating
over the entire section, we obtain

MZJkyszijysz

The last integral is known as the second moment, or moment of iner-
tia,t of the beam section with respect to the x axis and is denoted by
I,. It is obtained by multiplying each element of area dA by the square
of its distance from the x axis and integrating over the beam section.
Since each product y2 dA is positive, regardless of the sign of y, or
zero (if y is zero), the integral I, will always be positive.

Another example of a second moment, or moment of inertia,
of an area is provided by the following problem from hydrostatics: A

tThe term second moment is more proper than the term moment of inertia, since, logically,
the latter should be used only to denote integrals of mass (see Sec. 9.11). In engineering
practice, however, moment of inertia is used in connection with areas as well as masses.

AxpertSoft Trial Version

9.2 Second Moment, or Moment of Inertia, 47"

gﬁ

of an Area

AA

AF =ky AA
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47?2 Distributed Forces: Moments of Inertia vertical circular gate used to close the outlet of a large reservoir is
submerged under water as shown in Fig. 9.2. What is the resultant
of the forces exerted by the water on the gate, and what is the

% moment of the resultant about the line of intersection of the plane
of the gate and the water surface (x axis)?

If the gate were rectangular, the resultant of the forces of pressure

could be determined from the pressure curve, as was done in Sec. 5.9.

a Since the gate is circular, however, a more general method must be

used. Denoting by y the depth of an element of area AA and by g the

27N specific weight of water, the pressure at the element is p = gy, and the

I magnitude of the elemental force exerted on AA is AF = p AA =

gy AA. The magnitude of the resultant of the elemental forces is thus

AA AF = ) AA RngydAngydA

y and can be obtained by computing the first moment Q, = [ y dA
of the area of the gate with respect to the x axis. The moment M,
of the resultant must be equal to the sum of the moments AM, =
y AF = gy” AA of the elemental forces. Integrating over the area
of the gate, we have

Fig. 9.2

M, =fgy2dA =g Jysz

epresents the second moment, or
respect to the x axis.

AxpertSoft Trial Version

- - MOMENT OF INERTIA
OF AN AREA BY INTEGRATION

We defined in the preceding section the second moment, or moment
of inertia, of an area A with respect to the x axis. Defining in a similar
way the moment of inertia I, of the area A with respect to the y axis,
we write (Fig. 9.3a)

— 2 _ 2
I, —Jy dA i —Jx dA 9.1
y y y
dA = dx dy dA=(a-x)dy dA =y dx
%d d
< X y [e— X —> y
T T N
| |
X X dx X
di,=y2dA  dl,=x2dA |
=Y v 2 ! di, =2 dA
dl,=y2dA
@ (b) (©)

Fig. 9.3


http://www.axpertsoft.com/pdf-splitter-software/

These integrals, known as the rectangular moments of inertia of the
area A, can be more easily evaluated if we choose dA to be a thin strip
parallel to one of the coordinate axes. To compute I, the strip is cho-
sen parallel to the x axis, so that all of the points of the strip are at
the same distance y from the x axis (Fig. 9.3b); the moment of inertia
dI, of the strip is then obtained by multiplying the area dA of the strip
by yz. To compute I, the strip is chosen parallel to the y axis so that
all of the points of the strip are at the same distance x from the y axis
(Fig. 9.3¢); the moment of inertia dI, of the strip is 2 dA.

Moment of Inertia of a Rectangular Area. As an example, let
us determine the moment of inertia of a rectangle with respect to its
base (Fig. 9.4). Dividing the rectangle into strips parallel to the x axis,
we obtain

dA =bdy  dI, = y’bdy
h
I, = J by*dy = 3bh® (9.2)
0

Computing I, and |, Using the Same Elemental Strips. The
formula just derived can be used to determine the moment of inertia
dI, with respect to the x axis of a rectangular strip which is parallel
to the y axis, such as the strip shown in Fig. 9.3¢c. Setting b = dx and
h = y in formula (9.2), we wrijg

9.4 Polar Moment of Inertia

h dA =bdy
dy
4
y
- ' _
X
—b—
Fig. 9.4
y

& AxpertSoft Trial Version

On the other hand, we have
dl, = ¥* dA = 2y dx

The same element can thus be used to compute the moments of
inertia I, and I, of a given area (Fig. 9.5).

9.4 POLAR MOMENT OF INERTIA

An integral of great importance in problems concerning the torsion of
cylindrical shafts and in problems dealing with the rotation of slabs is

o= f r* dA (9.3)

where r is the distance from O to the element of area dA (Fig. 9.6).
This integral is the polar moment of inertia of the area A with respect
to the “pole” O.

The polar moment of inertia of a given area can be computed
from the rectangular moments of inertia I, and I, of the area if these
quantities are already known. Indeed, noting that r* = x> + > we
write

Jo ZJrgdA :J’ (x® + y*) dA :ijdA +Jx2dA

dly, = %y3dx

dly = x2y dx
Fig. 9.5

Fig. 9.6
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474 Distributed Forces: Moments of Inertia
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Fig. 9.7

that is,

Jo=1 +1

) 9.4)

9.5 RADIUS OF GYRATION OF AN AREA

Consider an area A which has a moment of inertia I, with respect
to the x axis (Fig. 9.7a). Let us imagine that we concentrate this area
into a thin strip parallel to the x axis (Fig. 9.7b). If the area A, thus
concentrated, is to have the same moment of inertia with respect to
the x axis, the strip should be placed at a distance k, from the x axis,
where k, is defined by the relation

I, = kA

Solving for k,, we write

L

k=g 9.5)

The distance k, is referred to as the radius of gyration of the area

with respect to the x axis. In a similar way, we can define the radii

of gyration k, and ko (Fig. 9.7c and d); we write

L =kA k= b

Y BA

B 9.7)
BA

(9.6)

If we rewrite Eq. (9.4) in terms of the radii of gyration, we find that
ko = ki + k; (9.8)

EXAMPLE For the rectangle shown in Fig. 9.8, let us compute the radius
of gyration k, with respect to its base. Using formulas (9.5) and (9.2),
we write

sbh’ B2 h

PERNE L _

YA Dbh 3 Y13

The radius of gyration k, of the rectangle is shown in Fig. 9.8. It should not
be confused with the ordinate y = h/2 of the centroid of the area. While k,
depends upon the second moment, or moment of inertia, of the area, the
ordinate y is related to the first moment of the area. ®

h Tké—T

I

—b—

Fig. 9.8
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SAMPLE PROBLEM 9.1

Determine the moment of inertia of a triangle with respect to its base.

SOLUTION

A triangle of base b and height & is drawn; the x axis is chosen to coincide
with the base. A differential strip parallel to the x axis is chosen to be dA. Since
all portions of the strip are at the same distance from the x axis, we write

dl, =y*dA  dA =ldy
Using similar triangles, we have

I _h—y _ h—y _ by
= l=b—; dA = b—

dy

Integrating dI, from y = 0 to y = h, we obtain

(a) Determine the centroidal polar moment of inertia of a circular area by
direct integration. (b) Using the result of part ¢, determine the moment of
inertia of a circular area with respect to a diameter.

SOLUTION

a. Polar Moment of Inertia. An annular differential element of area is
chosen to be dA. Since all portions of the differential area are at the same
distance from the origin, we write

dlo =u*dA  dA =2pudu

Jo= J dJo = Jru2(2pu du) = Qerus du
0 0

P
fo = 57"4

b. Moment of Inertia with Respect to a Diameter. Because of the sym-
metry of the circular area, we have I, = I,. We then write

P P,
]O = Ix + Ii ETA = 211 Idimnclcr = Ix = Z’A

= 9,
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SAMPLE PROBLEM 9.3

(a) Determine the moment of inertia of the shaded area shown with respect
to each of the coordinate axes. (Properties of this area were considered in
Sample Prob. 5.4.) (b) Using the results of part ¢, determine the radius of
gyration of the shaded area with respect to each of the coordinate axes.

SOLUTION

Referring to Sample Prob. 5.4, we obtain the following expressions for the
equation of the curve and the total area:

y=%x2 A = 3ab
a

Moment of Inertia I,. A vertical differential element of area is chosen to

be dA. Since all portions of this element are not at the same distance from
the x axis, we must treat the element as a thin rectangle. The moment of
inertia of the element with respect to the x axis is then

Moment of Inertia l,. The same vertical differential element of area is
used. Since all portions of the element are at the same distance from the
y axis, we write

dx —éx e

Cl

dI = x° dA—x(ydx)—x<b )
a

“b b «x
=|dl, =| =xtdx=|==
J ! ,[) R { g 5}
B a’b
I, = 5
Radii of Gyration k, and k,. We have, by definition,
I, ab¥21 b? I
2 _ X _ —_ _ 1
M= T s T ke = 270
and
I, 3b/5 =
2 y _a 3 92 3
= = =& - 23
M= s ky = 25a


http://www.axpertsoft.com/pdf-splitter-software/

SOULVINGEPROBLEIVIY
WINBNOURSOVVIN

he purpose of this lesson was to introduce the rectangular and polar moments of

inertia of areas and the corresponding radii of gyration. Although the problems
you are about to solve may appear to be more appropriate for a calculus class than for
one in mechanics, we hope that our introductory comments have convinced you of the
relevance of the moments of inertia to your study of a variety of engineering topics.

1. Calculating the rectangular moments of inertia I, and I,. We defined these
quantities as

= J ydA I, = f x* dA 9.1)

where dA is a differential element of area dx dy. The moments of inertia are the
second moments of the area; it is for that reason that I, for example, depends on
the perpendicular distance y to the area dA. As you study Sec. 9.3, you should
recognize the importance of carefully defining the shape and the orientation of
dA. Further, you should note the following points.

a. The moments of inertia of most areas can be obtained by means of a
single integration. The expressions given in Figs. 9.3b and ¢ and Fig. 9.5 can be
used to calculate I, and I,. Regardless of whether you use a single or a double inte-
gration, be sure to show on your sketch the element dA that you have chosen.

b. The moment of inerfia of an area is always positive, regardless of the location
of the area with is obtained by integrat-
ing the product ¢ AXpertSOft Trial Version liffers from the results
for the first mo (as in the case for a
hole) will its mo . n T s with a minus sign.

¢. As a partial check of your work observe that the moments of inertia are
equal to an area times the square of a length. Thus, every term in an expression
for a moment of inertia must be a length to the fourth power.

2. Computing the polar moment of inertia Jo. We defined ], as
Jo= J r dA (9.3)

where r* = 1> + > If the given area has circular symmetry (as in Sample Prob. 9.2),
it is possible to express dA as a function of r and to compute [, with a single
integration. When the area lacks circular symmetry, it is usually easier first to
calculate I, and I, and then to determine [, from

Jo=1+1, 9.4)
Lastly, if the equation of the curve that bounds the given area is expressed in polar

coordinates, then dA = r dr du and a double integration is required to compute
the integral for ], [see Prob. 9.27].

3. Determining the radii of gyration k, and k, and the polar radius of gyra-
tion ko. These quantities were defined in Sec. 9 5, and you should realize that
they can be determined only after the area and the appropriate moments of inertia
have been computed. It is important to remember that k, is measured in the y
direction, while k, is measured in the x direction; you should carefully study
Sec. 9.5 until you understand this point.

477
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PROBLEMS

y 9.1 through 9.4 Determine by direct integration the moment of
inertia of the shaded area with respect to the y axis.

T 9.5 through 9.8 Determine by direct integration the moment of
hr h, inertia of the shaded area with respect to the x axis.
1
i l
k—a | X

Fig. P9.1 and P9.5

%aﬂ
T

b
N
y W kxt

Fig. P9.4 and P9.8

I a

Fig. P9.2 and P9.6

y
Y2 = MX
9.9 through 9.11 Determine by direct integration the moment of
b inertia of the shaded area with respect to the x axis.
y1=ke? \ 9.12 through 9.14 Determine by direct integration the moment of
| M inertia of the shaded area with respect to the y axis.
| a

Fig. P9.9 and P9.12

Yy
y = keX/a

4B T b
|
| X

! a ! ! ! a 1

Fig. P9.10 and P9.13 Fig. P9.11 and P9.14
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9.15 and 9.16 Determine the moment of inertia and the radius of Problems ~ 479
gyration of the shaded area shown with respect to the x axis.

Y2 =kpxt/2

4—@—»'
S

Fig. P9.15 and P9.17 Fig. P9.16 and P9.18

9.17 and 9.18 Determine the moment of inertia and the radius of
gyration of the shaded area shown with respect to the y axis.

9.19 Determine the moment of inertia and the radius of gyration of the
shaded area shown with respect to the x axis.

y
- y=2b—cx2
AxpertSoft Trial Version
2b
b
N y = kx2 ‘

| a

Fig. P9.19 and P9.20

9.20 Determine the moment of inertia and the radius of gyration of the
shaded area shown with respect to the y axis.

9.21 and 9.22 Determine the polar moment of inertia and the polar
radius of gyration of the shaded area shown with respect to point P.

a | a i__
a i a P
1T !
AT
E

calafale ]

Fig. P9.21 Fig. P9.22
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A8(Q Distributed Forces: Moments of Inertia 9.23 and 9.24 Determine the polar moment of inertia and the
polar radius of gyration of the shaded area shown with respect to

y point P.
i 2a | 2a i
y =C+ kyx2 _r
% !
| '
p

y = kqx2 l \. _

r

. ! >

P X
Fig. P9.23 Fig. P9.24
9.25 (a) Determine by direct integration the polar moment of inertia of
the semiannular area shown with respect to point O. (b) Using the
result of part a, determine the moments of inertia of the given area
with respect to the x and y axes.
y
X
Fig. P9.25 and P9.26
y

9.26 (a) Show that the polar radius of gyration ko of the semiannular
area shown is approximately equal to the mean radius R, =
(R, + Ry)/2 for small values of the thickness + = Ry, — R,.
R=a+ké (b) Determine the percentage error introduced by using R,, in

place of kg for the following values of ¢/R,: 1, 3, and 1.

10 X
2a a—>| 9.27 Determine the polar moment of inertia and the polar radius of
Fig. P9.27 gyration of the shaded area shown with respect to the point O.

9.28 Determine the polar moment of inertia and the polar radius of
gyration of the isosceles triangle shown with respect to the
point O.

——

N
_NLU

—r *9.29 Using the polar moment of inertia of the isosceles triangle of
Prob. 9.28, show that the centroidal polar moment of inertia of a
circular area of radius r is pr*/2. (Hint: As a circular area is divided
h into an increasing number of equal circular sectors, what is the
approximate shape of each circular sector?)

) *9.30 Prove that the centroidal polar moment of inertia of a given area

o X A cannot be smaller than A%2p. (Hint: Compare the moment of
Fig. P9.28 inertia of the given area with the moment of inertia of a circle that
has the same area and the same centroid.)
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9.6 PARALLEL-AXIS THEOREM

Consider the moment of inertia I of an area A with respect to an axis
AA’ (Fig. 9.9). Denoting by y the distance from an element of area
dA to AA’, we write

IZJdeA

Let us now draw through the centroid C of the area an axis BB’
parallel to AA’; this axis is called a centroidal axis. Denoting by y’

H
y' / dA
B B’

Cc

A A
Fig. 9.9

the distance from the element dA to BB', we write y = y' + d,
where d is the distance between the axes AA" and BB'. Substituting
for y in the above integral, we write

AxpertSoft Trial Version

The first integral represents the moment of inertia I of the area with
respect to the centroidal axis BB'. The second integral represents
the first moment of the area with respect to BB'; since the centroid C
of the area is located on that axis, the second integral must be zero.
Finally, we observe that the last integral is equal to the total area A.
Therefore, we have

I=1+ Ad® (9.9)

This formula expresses that the moment of inertia I of an area
with respect to any given axis AA" is equal to the moment of inertia I
of the area with respect to a centroidal axis BB" parallel to AA’
plus the product of the area A and the square of the distance d
between the two axes. This theorem is known as the parallel-axis
theorem. Substituting k*A for I and kA for I, the theorem can also
be expressed as B
K=k +d (9.10)

A similar theorem can be used to relate the polar moment
of inertia o of an area about a point O to the polar moment of
inertia J¢ of the same area about its centroid C. Denoting by d the
distance between O and C, we write

Jo=Jc+Ad® or kb=k+d (9.11)

9.6 Parallel-Axis Theorem

481
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(@
e T
d=r
-
Fig. 9.10
D D
_2
d'=zh
h
B < B'
-1
d=3h \
A f | | A
\ b \
Fig. 9.11

AxpertSoft Trial Version

Photo 9.1 Figure 9.13 tabulates data for a small
sample of the rolled-steel shapes that are readily
available. Shown above are two examples of
wide-flange shapes that are commonly used in the
construction of buildings.

EXAMPLE T As an application of the parallel-axis theorem, let us deter-
mine the moment of inertia Iy of a circular area with respect to a line
tangent to the circle (Fig. 9.10). We found in Sample Prob. 9.2 that the
moment of inertia of a circular area about a centroidal axis is I = tpr. We
can write, therefore,

Iy =1+ Ad* = ipr* + (pri)y? =3pr' m

EXAMPLE 2 The parallel-axis theorem can also be used to determine
the centroidal moment of inertia of an area when the moment of inertia of
the area with respect to a parallel axis is known. Consider, for instance, a
triangular area (Fig. 9.11). We found in Sample Prob. 9.1 that the moment
of inertia of a triangle with respect to its base AA’ is equal to j3bh°. Using
the parallel-axis theorem, we write

Ly = Iy + Ad?

IBB' = IAA' - Adz = 1172th - %bh(%h)z = %bh’g

It should be observed that the product Ad* was subtracted from the given
moment of inertia in order to obtain the centroidal moment of inertia of
the triangle. Note that this product is added when transferring from a cen-
troidal axis to a parallel axis, but it should be subtracted when transferring
to a centroidal axis. In other words, the moment of inertia of an area is
always smaller with respect to a centroidal axis than with respect to any
parallel axis.
i e that the moment of inertia of the
ch is drawn through a vertex) can

Lop = Lyy + Ad'> = bh® + bh(2h)? = i3

Note that Ipp- could not have been obtained directly from I4-. The parallel-
axis theorem can be applied only if one of the two parallel axes passes
through the centroid of the area. ™

9.7 MOMENTS OF INERTIA OF COMPOSITE AREAS

Consider a composite area A made of several component areas A;, A,,
As, . . . Since the integral representing the moment of inertia of A can
be subdivided into integrals evaluated over A, Ay, As, . . ., the moment
of inertia of A with respect to a given axis is obtained by adding the
moments of inertia of the areas A;, A,, A;, . . ., with respect to the
same axis. The moment of inertia of an area consisting of several of
the common shapes shown in Fig. 9.12 can thus be obtained by using
the formulas given in that figure. Before adding the moments of inertia
of the component areas, however, the parallel-axis theorem may have
to be used to transfer each moment of inertia to the desired axis. This
is shown in Sample Probs. 9.4 and 9.5.

The properties of the cross sections of various structural shapes
are given in Fig. 9.13. As noted in Sec. 9.2, the moment of inertia
of a beam section about its neutral axis is closely related to the com-
putation of the bending moment in that section of the beam. The
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y % Ty = bh?
TV Iy =2 b%h
I, = £ bh3
Rectangle h C " X i
t Iy = gbgh
v ¥ Jo =L bh(o? + h?)
- h Ty = 2 bh3
Triangle C X~ 36
h X -1
L \ h Io= L bh3
X
b
y
Te=1,= L7r4
Circle / X X y a7
Q/ X JO : Eﬂ.r“
Semicircle

Quarter circle

1
J ==ar4
0”8
X
<—|"*>|
y
T T = mabs
Ellipse \\OJ X |y=% a3b
J Jo = 3 mab(a + b?)
l~—2a

Fig. 9.12 Moments of inertia of common geometric shapes.

determination of moments of inertia is thus a prerequisite to the
analysis and design of structural members.

It should be noted that the radius of gyration of a composite area
is not equal to the sum of the radii of gyration of the component areas.
In order to determine the radius of gyration of a composite area, it is

first necessary to compute the moment of inertia of the area.

9.7 Moments of Inertia of Composite Areas 483
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Axis X-X Axis Y-Y
Area Depth Width — = — =
Designation in2 in. in. Iy, in% Ky, in. yoin. | Iy, int ky,in. X in.
Y W18 x 76t 223 182 110 1330 7.73 152 2.61
W Shapes W16 X 57 16.8 16.4 712 | 758 6.72 43.1 1.60
(Wide-Flange W14 x 38 11.2 14.1 6.77 | 385 5.87 26.7 1.55
Shapes) X X | w8 x 31 9.12 800 800 | 110 3.47 37.1 2.02
Y
v S18 x 54.7t 16.0 18.0 6.00 | 801 7.07 20.7 1.14
S Shapes S12x 31.8 931 | 120 500 | 217 4.83 933  1.00
(American Standard S10x 25.4 7.45 10.0 4.66 123 4.07 6.73  0.950
Shapes) S6x 12,5 3.66 6.00 333 22.0 2.45 1.80  0.702
X X
Y
v C12 % 20.7t 6.08 | 12.0 294 | 129 461 386 0797 0.698
C Shapes C10x 153 448 | 100 260 67.3 3.87 227 0711 0.634
(American Standard C8x 11, 5 131 0623 0572
Channels) C6 % 8, 0.687 0.536 0.512
X K AxpertSoft Trial Version
<~ X
Y
Y L6X6X 1f 11.0 35.4 1.79 1.86 35.4 179 1.86
_ L4x4x3 3.75 552  1.21 1.18 552 121 118
X L3x3x 4 1.44 123 0926  0.836 1.23 0926 0.836
s L6X4X 1 475 17.3 1.91 1.98 6.22 114 0981
. L5X3%+ 3.75 943 158 1.74 255  0.824 0.746
L3x2x+ 1.19 1.09 0953  0.980 0.390 0.569 0.487
X — X
N iy
|
Y

Fig. 9.13A Properties of rolled-steel shapes (U.S. customary units).*

*Courtesy of the American Institute of Steel Construction, Chicago, Illinois

tNominal depth in inches and weight in pounds per foot

{Depth, width, and thickness in inches

484
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AXxis X-X Axis Y-Y
Area | Depth Width 1y Ky y 1y ky X
Designation mm?2 mm mm 106 mm# mm mm 106 mm4  mm mm
Y W460 X 113t 14400 462 279 554 196 63.3 66.3
W Shapes W410 X 85 10800 417 181 316 171 17.9 40.6
p
(Wide-Flange W360 x 57.8 7230 358 172 160 149 11.1 39.4
Shapes) X X | W200 x 46.1 5880 203 203 45.8 88.1 15.4 51.3
Y
v S460 x 81.41 10300 457 152 333 180 862  29.0
S Shapes S310 X 47.3 6010 | 305 127 90.3 123 388 254
(American Standard S250 X 37.8 4810 254 118 51.2 103 280 241
Shapes) S150 x 18.6 2360 152 84.6 9.16 62.2 0.749 17.8
X X
Y
v €310 x 30.8t 3920 305 747 53.7 117 161 202 17.7
C Shapes C250 2 . a 2 98.3 0945 181 161
(American Standard 79.0 0545 15.8 145
Channels) AxpertSoft Trial Version 594 0286 136 130
X X
— | [~ Y
Y
Y L152 X 152 X 25.4% 7100 14.7 455 472 | 147 455 472
- L102 X 102 X 12.7 2420 2.30 307 300 230 307 300
= %= L76 X 76 X 6.4 929 0512 235 212 0512 235 212
L152 X 102 X 12.7 3060 7.20 485 503 259 290 249
Angles L127 X 76 X 12.7 2420 3.93 401 442 1.06 209 189
L76 X 51 X 6.4 768 0454 242 249 0162 145 124
X — X
NE—
Y

Fig. 9.13B Properties of rolled-steel shapes (S! units).

tNominal depth in millimeters and mass in kilograms per meter

{Depth, width, and thickness in millimeters
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|<_9in._>|j_ '

14.1in.

6.77 in.

7.4251n.
| © .

SAMPLE PROBLEM 9.4

The strength of a W14 X 38 rolled-steel beam is increased by attaching a
9 X %in. plate to its upper flange as shown. Determine the moment of
inertia and the radius of gyration of the composite section with respect to
an axis which is parallel to the plate and passes through the centroid C of
the section.

SOLUTION

The origin O of the coordinates is placed at the centroid of the wide-flange
shape, and the distance Y to the centroid of the composite section is com-
puted using the methods of Chap. 5. The area of the wide-flange shape is
found by referring to Fig. 9.13A. The area and the y coordinate of the
centroid of the plate are

A = (9in.)(0.75 in.) = 6.75 in®
y = 3(14.1in.) + 3(0.75 in.) = 7.425 in.

: : y, in. yA, in®
AxpertSoft Trial Version — =
7.425 50.12
g . 0 0
SA = 1795 SyA = 50.12
YSA = SjA Y(17.95) = 50.12 Y = 2.792 in.

Moment of Inertia. The parallel-axis theorem is used to determine the
moments of inertia of the wide-flange shape and the plate with respect to
the x' axis. This axis is a centroidal axis for the composite section but not
for either of the elements considered separately. The value of I, for the
wide-flange shape is obtained from Fig. 9.13A.

For the wide-flange shape,
I, =1, + AY*> = 385 + (11.2)(2.792)* = 472.3 in*
For the plate,
I, = I + Ad® = (£)(9)3)® + (6.75)(7.425 — 2.792)* = 145.2 in*
For the composite area,
I, = 472.3 + 1452 = 617.5 in* I, = 618 in’
Radius of Gyration. We have

I, 617.5in*
R A k. = 5.87in.
A 17.95 in
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y
| 240 mm |

120 mm

240 mm |

120 mm

A
[ / -
Ce
120 mm \_/
b=281.8 mm

SAMPLE PROBLEM 9.5

Determine the moment of inertia of the shaded area with respect to the
X axis.

SOLUTION

The given area can be obtained by subtracting a half circle from a rectangle.
The moments of inertia of the rectangle and the half circle will be computed
separately.

ferring to Fig. 5.8, we determine the
ircle with respect to diameter AA".

r 50
a = = ————=382mm

The distance b from the centroid C to the x axis is
X

b =120 mm — ¢ = 120 mm — 38.2 mm = 81.8 mm

Referring now to Fig. 9.12, we compute the moment of inertia of the half circle
with respect to diameter AA’; we also compute the area of the half circle.

Iy = tpr' = $p(90 mm)* = 25.76 X 10° mm*
A =ipr? =1p(90 mm)? = 12.72 X 10° mm?
Using the parallel-axis theorem, we obtain the value of I
IAA’ = jx' + Aaz
25.76 X 10° mm?* = I, + (12.72 X 10° mm?)(38.2 mm)?
I, = 7.20 X 10° mm*
Again using the parallel-axis theorem, we obtain the value of I,:

I, =1, + Ab®> =720 X 10° mm* + (12.72 X 10> mm?)(81.8 mm)?>
=923 X 10°mm*

Moment of Inertia of Given Area. Subtracting the moment of inertia of
the half circle from that of the rectangle, we obtain

I, = 1382 X 10° mm®* — 92.3 X 10° mm*
I, = 45.9 X 10° mm*

487
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SOULVINGIEROBLEIVIY
WINBNOURSOVVIN

In this lesson we introduced the parallel-axis theorem and illustrated how it can
be used to simplify the computation of moments and polar moments of inertia
of composite areas. The areas that you will consider in the following problems will
consist of common shapes and rolled-steel shapes. You will also use the parallel-
axis theorem to locate the point of application (the center of pressure) of the
resultant of the hydrostatic forces acting on a submerged plane area.

1. Applying the parallel-axis theorem. In Sec. 9.6 we derived the parallel-axis
theorem

=1+ Ad? (9.9)

which states that the moment of inertia I of an area A with respect to a given axis
is equal to the sum of the moment of inertia I of that area with respect to a paral-
lel centroidal axis and the product Ad?, where d is the distance between the two
axes. It is important that you remember the following points as you use the parallel-
axis theorem.

a. The centroidal moment of inertia I of an area A can be obtained by
subtracting the product Ad? from the moment of 1nert1a I of the area with respect
to a parallel axis. It follgy wgller than the moment
of inertia I of the sa . .

WO elNE  AxpertSoft Trial Version the two axes
involved is a centra e 2, to compute
the moment of inertia of an area with respect to a noncentroidal axis when the
moment of inertia of the area is known with respect to another noncentroidal axis,
it is necessary to first compute the moment of inertia of the area with respect to
a centroidal axis parallel to the two given axes.

2. Computing the moments and polar moments of inertia of composite
areas. Sample Probs. 9.4 and 9.5 illustrate the steps you should follow to solve
problems of this type. As with all composite-area problems, you should show on
your sketch the common shapes or rolled-steel shapes that constitute the various
elements of the given area, as well as the distances between the centroidal axes
of the elements and the axes about which the moments of inertia are to be com-
puted. In addition, it is important that the following points be noted.

a. The moment of inertia of an area is always positive, regardless of the
location of the axis with respect to which it is computed. As pointed out in
the comments for the preceding lesson, it is only when an area is removed (as
in the case of a hole) that its moment of inertia should be entered in your com-
putations with a minus sign.
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b. The moments of inertia of a semiellipse and a quarter ellipse can be
determined by dividing the moment of inertia of an ellipse by 2 and 4, respectively.
It should be noted, however, that the moments of inertia obtained in this manner are
with respect to the axes of symmetry of the ellipse. To obtain the centroidal moments
of inertia of these shapes, the parallel-axis theorem should be used. Note that this
remark also applies to a semicircle and to a quarter circle and that the expressions
given for these shapes in Fig. 9.12 are not centroidal moments of inertia.

c. To calculate the polar moment of inertia of a composite area, you can
use either the expressions given in Fig. 9.12 for ], or the relationship

]O = Ix + Iy (94)

depending on the shape of the given area.
d. Before computing the centroidal moments of inertia of a given area, you
may find it necessary to first locate the centroid of the area using the methods of

Chap. 5.

3. Locating the point of application of the resultant of a system of hydrostatic
forces. In Sec. 9.2 we found that

AxpertSoft Trial Version

where y is the distance from the x axis to the centroid of the submerged plane
area. Since R is equivalent to the system of elemental hydrostatic forces, it fol-
lows that
SMy:  yR = M,
where yp is the depth of the point of application of R. Then
_ I,
yr(gyA) = gL, or  yp= A

In closing, we encourage you to carefully study the notation used in Fig. 9.13 for
the rolled-steel shapes, as you will likely encounter it again in subsequent engi-
neering courses.
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12 mm 12 mm

PROBLEMS

9.31 and 9.32 Determine the moment of inertia and the radius of
gyration of the shaded area with respect to the x axis.

|

y
'.Aa L , . _
L J 6rf1m fln'ﬂ I«Zm.»«Zln.»l I:%ln.
8 mm— ~— 24 mm 2
lin.
(6] X
O o X
24 mm
1lin
‘?rﬁm 1in.
|~ 24 mm —j—24 mm»|7 %in.al . — I:%

Fig. P9.31 and P9.33

Fig. P9.32 and P9.34

ent of inertia and the radius of

AxpertSoft Trial Version EeSaiEs

- gments of inertia of the shaded area
shown W1th respect to the x and y axes when ¢ = 20 mm.

s

Y4 Fig. P9.35 Fig. P9.36
9.37 The shaded area is equal to 50 in2. Determine its centroidal
c D moments of inertia I, and I, knowmg that I = 2] and that the

!
Gin.i

Fig. P9.37 and P9.38

/ I X polar moment of inertia of the area about pomt Ais J, = 2250 i in.
|
|

| 9.38 The polar moments of inertia of the shaded area with respect to

B points A, B, and D are, respectively, [, = 2880 in®, Js = 6720 in,
and Jp = 4560 inf. Determine the shaded area, its centroidal
moment of inertia J¢, and the distance d from C to D.
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9.39 Determine the shaded area and its moment of inertia with respect
to the centroidal axis parallel to AA’, knowing that ¢, = 30 mm and
dy = 10 mm, and that the moments of inertia with respect to AA’
and BB’ are 4.1 X 10° mm® and 6.9 X 10° mm?*, respectively.

d

A A
B d o
Fig. P9.39 and P9.40

1

Problems 49]

12 mm
9.40 Knowing that the shaded area is equal to 7500 mm? and that its 18 mm
moment of inertia with respect to AA" is 31 X 10° mm*, determine X
its moment of inertia with respect to BB', for d; = 60 mm and 18 ﬂ
dy = 15 mm. 2mm
, _ 1A B
9.41 through 9.44 Determine the moments of inertia I, and I, of
the area shown with respect to centroidal axes respectively paréllel 22 mm —- 72mm <—14 mm
and perpendicular to side AB. Fig. P9.41

] . . 1.0in.
AxpertSoft Trial Version J "
42 mm
5.0in. — |=—05in.
3.8in.
28 mm 1 8f.
. *In. —|EST:in.
_r — A B
A |<—36 mm —| B 09 |n.->| 20in. " 2.1in. ! 3.6in. !
Fig. P9.42 Fig. P9.43 Fig. P9.44

9.45 and 9.46 Determine the polar moment of inertia of the area
shown with respect to (@) point O, (b) the centroid of the area.

4 in.—{=—4in.

_

4 in.

|
o7 H 0 4 !n.
el 1

Fig. P9.45 Fig. P9.46

1.3in. |<—
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T 80
60
(0]
|<—40->|<—40->|<-40——|<—40->|
Dimensions in mm
Fig. P9.47
y
| — | C250 x 22.8
PR
c X
10 E b

T! 375 mm

Fig. P9.49

C8x 115

Fig. P9.51

9.47 and 9.48 Determine the polar moment of inertia of the area
shown with respect to (@) point O, (b) the centroid of the area.

54 mm—>I<—54 mm

Semiellipse

Fig. P9.48

9.49 Two channels and two plates are used to form the column section
shown. For b = 200 mm, determine the moments of inertia and
the radii of gyration of the combined section with respect to the
centroidal x and y axes.

9.50 Two L6 X 4 X z-in. angles are welded together to form the section
shown. Determine the moments of inertia and the radii of gyration
of the combined section with respect to the centroidal x and y

axes.

Fig. P9.50

9.51 Two channels are welded to a rolled W section as shown. Deter-
mine the moments of inertia and the radii of gyration of the com-
bined section with respect to the centroidal x and y axes.

9.52 Two 20-mm steel plates are welded to a rolled S section as shown.
Determine the moments of inertia and the radii of gyration of the
combined section with respect to the centroidal x and y axes.

y
80 T ?} mm
=

20 mm

X
_—S310%x47.3

—

Fig. P9.52
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9.53 A channel and a plate are welded together as shown to form a Problems ~ 493
section that is symmetrical with respect to the y axis. Determine
the moments of inertia of the combined section with respect to its
centroidal x and y axes.

y

y Eiczso x22.8
C8x11.5
' C

0.5in. [ ] X C X
r. 121in. !
Fig. P9.53

. —W460 x 113

A
9.54 The strength of the rolled W section shown is increased by welding Fig. P9.54
a channel to its upper flange. Determine the moments of inertia
of the combined section with respect to its centroidal x and y axes.

9.55 Two L76 X 76 X 6.4-mm angles are welded to a C250 X 22.8
channel. Determine the moments of inertia of the combined sec-
tion with respect to centroidal axes respectively parallel and per-
pendicular to the web of the channel.

1.
—>| |<—§ in.
[
U\czmxzzs U 10in.
Fig. P9.55 ( W
9.56 Two L4 X 4 X z-in. angles are welded to a steel plate as shown. - N !

Determine the moments of inertia of the combined section with Laxaxt
respect to centroidal axes respectively parallel and perpendicular 2
to the plate. Fig. P9.56

9.57 and 9.58 The panel shown forms the end of a trough that is
filled with water to the line AA". Referring to Sec. 9.2, determine
the depth of the point of application of the resultant of the hydro-
static forces acting on the panel (the center of pressure).

B

Fig. P9.57 Fig. P9.58
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| a a |
I I

A— f A
b
\_4

N

Semiellipse

12 m//‘ B 051m
d A’)/ D///ﬁ
E

y’;a_.l_?_

Fig. P9.63

9.59

9.61

9.62

*9.63

*9.64

and *9.60 The panel shown forms the end of a trough that is
filled with water to the line AA". Referring to Sec. 9.2, determine
the depth of the point of application of the resultant of the hydro-
static forces acting on the panel (the center of pressure).

= a—]
A— A
f
h
Parabola

Fig. P9.60

A vertical trapezoidal gate that is used as an automatic valve is held
shut by two springs attached to hinges located along edge AB.
Knowing that each spring exerts a couple of magnitude 1470 N - m,
determine the depth d of water for which the gate will open.

The cover for a 0.5-m-diameter access hole in a water storage tank
is attached to the tank with four equally spaced bolts as shown.
Determine the additional force on each bolt due to the water pres-
sure when the center of the cover is located 1.4 m below the water
surface.

Fig. P9.62

Determine the x coordinate of the centroid of the volume shown.
(Hint: The height y of the volume is proportional to the x coordi-
nate; consider an analogy between this height and the water pres-
sure on a submerged surface.)

Determine the x coordinate of the centroid of the volume shown;
this volume was obtained by intersecting an elliptic cylinder with
an oblique plane. (See hint of Prob. 9.63.)

64 mm ~ 64 mm

Fig. P9.64
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*9.65 Show that the system of hydrostatic forces acting on a submerged 9.8 Product of Inertia 495

plane area A can be reduced to a force P at the centroid C of the

area and two couples. The force P is perpendicular to the area

and is of magnitude P = gAy sin u, where g is the specific weight

of the liquid, and the couples are M, = (gl sin U)i and M,

(gIU sin U)j, where IH =[xy’ dA (see Sec. 9.8). Note that the

couples are mdependent of the depth at which the area is

submerged.

P 7_

y

i
Y

Fig. P9.65

*9.66 Show that the resultant of the hydrostatic forces acting on a sub-
merged plane area A is a force P perpendicular to the area and of
magnitude P = gAy sin U = pA, where g is the specific weight of
the liquid and p is the pressure at the centroid C of the area. Show
that P is apphed ata pomt Cp, caHed the center of pressure Whose

(see Sec. 9.8). Show also
equal to kf/g and thus d
is submerged.

*9.8 PRODUCT OF INERTIA
The integral dA

L, = J xy dA (9.12) ¥

(@) X
which is obtained by multiplying each element dA of an area A by \ A
its coordinates x and y and integrating over the area (Fig. 9.14), is
known as the product of inertia of the area A with respect to the
x and y axes. Unlike the moments of inertia I, and I, the product Fig. 9.14
of inertia I, can be positive, negative, or zero.
When one or both of the x and y axes are axes of symmetry . dA
for the area A, the product of inertia I, is zero. Consider, for %I
example, the channel section shown in Fig. 9.15. Since this section :
is symmetrical with respect to the x axis, we can associate with |
each element dA of coordinates x and y an element dA’ of coor- [
dinates x and —y. Clearly, the contributions to I, of any pair of I
i
|

elements chosen in this way cancel out, and the integral (9.12)

reduces to zero. dA
A parallel-axis theorem similar to the one established in Sec. 9.6 E | l

for moments of inertia can be derived for products of inertia.

Consider an area A and a system of rectangular coordinates x and y  Fig. 9.15
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Fig. 9.16

AxpertSoft Trial Version

(Fig. 9.16). Through the centroid C of the area, of coordinates x and
y, we draw two centroidal axes x" and y" which are parallel, respec-
tively, to the x and y axes. Denoting by x and y the coordinates of an
element of area dA with respect to the original axes, and by x" and ¢’
the coordinates of the same element with respect to the centroidal
axes, we write x = x' + x and y = y' + y. Substituting into (9.12),
we obtain the following expression for the product of inertia I,,:

L, ijydA :,[ (" +x)(y" +y)dA

=Jx’y’(lA+yfx’dA+ny’dA+xyfdA

The first integral represents the product of inertia I, of the area A
with respect to the centroidal axes 2" and y'. The next two integrals
represent first moments of the area with respect to the centroidal
axes; they reduce to zero, since the centroid C is located on these
axes. Finally, we observe that the last integral is equal to the total
area A. Therefore, we have

+XyA (9.13)

ate axes x and y (Fig. 9.17).
uct of inertia

Yy

I, =Jy2dA I zijdA I, =ng dA  (9.14)
of the area A are known, we propose to determine the moments and
product of inertia I, I, and Loy of A with respect to new axes x’
and ¢y’ which are obtained by rotating the original axes about the
origin through an angle u.

We first note the following relations between the coordinates

x', y" and «x, y of an element of area dA:

X" =xcosU+ ysinu y' =1y cosU — xsinU
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Substituting for ¢’ in the expression for I, we write 9.9 Principal Axes and Principal ~ 4Q7
Moments of Inertia

I ZJ(y’)ZdA =J’ (y cos U — x sin u)* dA

= cos2uJy2dA - QSiHUCOSUnydA + sin2u4[x2dA

Using the relations (9.14), we write
I, =1, cos*u — 2I,, sin U cos U + I, sin? U (9.15)
Similarly, we obtain for I, and I, the expressions

I, = I, sin® U + 2I,, sin U cos U + I, cos® U (9.16)
Loy = (I, — I,) sin U cos U + Ixy(cos2 u—sinu)  (9.17)

Recalling the trigonometric relations

sin 2u = 2 sin U cos U cos 2U = cos® U — sin® U
and
1 + cos2u ) 1 — cos2u
cos2 U = T sinzu = T

we can write (9.15), (9.16), and (9.17) as follows:
L+1, I -1

Y .
I, 2 + g oS 2u — I, sin 2U (9.18)
I+ 1,
UANEEI  AxpertSoft Trial Version
-1
Loy = - 3 L sin 20 + «y COS 2U

Adding (9.18) and (9.19) we observe that
Lo+ 1, =1, + 1, 9.21)

This result could have been anticipated, since both members of
(9.21) are equal to the polar moment of inertia Jo.

Equations (9.18) and (9.20) are the parametric equations of a
circle. This means that if we choose a set of rectangular axes and
plot a point M of abscissa I,- and ordinate I, for any given value of
the parameter u, all of the points thus obtained will lie on a circle.
To establish this property, we eliminate u from Egs. (9.18) and (9.20);
this is done by transposing (I, + I,)/2 in Eq. (9.18), squaring both
members of Eqs. (9.18) and (9.20), and adding. We write

I+ 1,2 L= 1\
Ixf - 9 + Ix’y’ = T + Ixy (922)

I +1, -1
P and R = Bl 2 + I, (9.23)

Setting

I ave =

we write the identity (9.22) in the form
(lx’ - lave>2 + I%"y' = RZ (924)
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I ave

(b)

AxpertSoft Trial Version

which is the equation of a circle of radius R centered at the point C
whose x and y coordinates are I, and 0, respectively (Fig. 9.18a). We
observe that Eqgs. (9.19) and (9.20) are the parametric equations of the
same circle. Furthermore, because of the symmetry of the circle about
the horizontal axis, the same result would have been obtained if instead
of plotting M, we had plotted a point N of coordinates I,; and —I,,,
(Fig. 9.18b). This property will be used in Sec. 9.10.

The two points A and B where the above circle intersects the
horizontal axis (Fig. 9.18a) are of special interest: Point A corre-
sponds to the maximum value of the moment of inertia I,,, while
point B corresponds to its minimum value. In addition, both points
correspond to a zero value of the product of inertia I,,,,. Thus, the
values U, of the parameter u which correspond to the points A and
B can be obtained by setting I, = 0 in Eq. (9.20). We obtaint

21,

I, — It/
This equation defines two values 2u,, which are 180° apart and thus two
values U, which are 90° apart. One of these values corresponds to point
A in Fig. 9.18a and to an axis through O in Fig. 9.17 with respect to
which the moment of inertia of the given area is maximum; the other
value corresponds to point B and to an axis through O with respect to
which the moment of inertia of the area is minimum. The two axes thus
deﬁned whlch are perpendlcular to each other, are called the principal
- asesponding values I, and I, of
ncipal moments of inertia of the
. defined by Eq. (9.25) were
), it is clear that the product of
inertia of the given area with respect to its principal axes is zero.
We observe from Fig. 9.18a that

tan 2u,, = — (9.25)

IL,.=1L1,+tR IL...=I1. — R (9.26)
Using the values for I, and R from formulas (9.23), we write

. A=Ix+lyi (Ix_1y>+12 ©.27)

femn 2 B\ 2 W ’

Unless it is possible to tell by inspection which of the two principal
axes corresponds to I, and which corresponds to I, it is necessary
to substitute one of the values of u,, into Eq. (9.18) in order to
determine which of the two corresponds to the maximum value of
the moment of inertia of the area about O.

Referring to Sec. 9.8, we note that if an area possesses an axis of
symmetry through a point O, this axis must be a principal axis of the
area about O. On the other hand, a principal axis does not need to be
an axis of symmetry; whether or not an area possesses any axes of sym-
metry, it will have two principal axes of inertia about any point O.

The properties we have established hold for any point O located
inside or outside the given area. If the point O is chosen to coincide
with the centroid of the area, any axis through O is a centroidal axis;
the two principal axes of the area about its centroid are referred to
as the principal centroidal axes of the area.

tThis relation can also be obtained by differentiating I, in Eq. (9.18) and setting
dI./du = 0.
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SAMPLE PROBLEM 9.6

Determine the product of inertia of the right triangle shown (@) with respect
to the x and y axes and (b) with respect to centroidal axes parallel to the x
and y axes.

SOLUTION
a. Product of Inertia l.y. A vertical rectangular strip is chosen as the dif-
ferential element of area. Using the parallel-axis theorem, we write

(lIxy = dlxryr + XY dA

Since the element is symmetrical with respect to the x" and y" axes, we note
that de,y, = 0. From the geometry of the triangle, we obtain

=ydx = h(l = %)dx

X

Integrating dI,, from x = 0 to x = b, we obtain

b 2
I, = J dr, =J %iija dA = j x@)hz(l ~ %) dx
0

b 2 8 2 3 47b
2 x X x of 5 x x
= S A =R -+ —
h L(Q b 2b2>dx h [4 3b 8192}0

272
Iy = 3b°h

b. Product of Inertia I,,». The coordinates of the centroid of the triangle
relative to the x and y axes are

=% y=3i

Using the expression for L, obtained in part a, we apply the parallel-axis

theorem and write

L, =Ly +xyA

2ib™h* = Loy + (30)(5h)(zbh)
Loy = 0% — 0%

Loy = —5b%h

499
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SAMPLE PROBLEM 9.7

For the section shown, the moments of inertia with respect to the x and y
axes have been computed and are known to be

I, = 1038 in* I, = 697 in*

Determine (a) the orientation of the principal axes of the section about O,
(b) the values of the principal moments of inertia of the section about O.

SOLUTION

We first compute the product of inertia with respect to the x and y axes. The
area is divided into three rectangles as shown. We note that the product of
inertia I, with respect to centroidal axes parallel to the x and y axes is zero
for each rectangle. Using the parallel-axis theorem I, = I,.,, + xyA, we find
that I,,, reduces to xyA for each rectangle.

R & o y, in, xyA, in?
. - +1.75 =323

AxpertSoft Trial Version 0 0
=1L =3.28
| SxyA = —6.56

I,, = SxyA = —6.56 in*

a. Principal Axes. Since the magnitudes of I,, I,, and I, are known,
Eq. (9.25) is used to determine the values of U,

nol, = 2 _ 20656)
" I — I,j 10.38 — 6.97
U, = 75.4° and 255.4°
u, = 37.7° and u, = 127.7°

b. Principal Moments of Inertia. Using Eq. (9.27), we write

. L+1, -1\
min — ——— & + I3
max, min 2 B 2 Ily

_ 1038 + 697 _ (10.38 - 6.97
2 B 2
I = 1545 in*

2
> + (—6.56)
I, = 1.897 in*

Noting that the elements of the area of the section are more closely distrib-
uted about the b axis than about the a axis, we conclude that I, = I, =
1545 in* and I, = I, = 1.897 in®. This conclusion can be verified by
substituting u = 37.7° into Egs. (9.18) and (9.19).
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In the problems for this lesson, you will continue your work with moments of inertia
and will utilize various techniques for computing products of inertia. Although the
problems are generally straightforward, several items are worth noting.

1. Calculating the product of inertia I, by integration. We defined this quantity as

L, foy dA (9.12)
and stated that its value can be positive, negative, or zero. The product of inertia can
be computed directly from the above equation using double integration, or it can be
determined using single integration as shown in Sample Prob. 9.6. When applying the
latter technique and using the parallel-axis theorem, it is important to remember that
x, and y,; in the equation

dlxy = dlx/y/ + fdye[ dA

are the coordinates of the centroid of the element of area dA. Thus, if dA is not
in the first quadrant, one or both of these coordinates will be negative.

2. Calculating the products of inertia of composite areas. They can easily be
computed from the products of inertia of their component parts by using the
parallel-axis theorem _ o
L, =L, +xyA (9.13)
The proper techas : ;
Probs. 9.6 and . .
PR AxpertSoft Trial Version
a. If either - o is an axis of sym-
metry for that area, the product of inertia I, for that area is zero. Thus, I,
is zero for component areas such as circles, semicircles, rectangles, and isosceles
triangles which possess an axis of symmetry parallel to one of the coordinate axes.
b. Pay careful attention to the signs of the coordinates x and y of each
component area when you use the parallel-axis theorem [Sample Prob. 9.7].

illustrated in Sample
bite-area problems, it

3. Determining the moments of inertia and the product of inertia for rotated
coordinate axes. In Sec. 9.9 we derived Eqs. (9.18), (9.19), and (9.20), from
which the moments of inertia and the product of inertia can be computed for
coordinate axes which have been rotated about the origin O. To apply these equa-
tions, you must know a set of values I, I, and L, for a given orientation of the
axes, and you must remember that u is positive for counterclockwise rotations of
the axes and negative for clockwise rotations of the axes.

4. Computing the principal moments of inertia. We showed in Sec. 9.9 that
there is a particular orientation of the coordinate axes for which the moments of
inertia attain their maximum and minimum values, I, and I, and for which
the product of inertia is zero. Equation (9.27) can be used to compute these values,
known as the principal moments of inertia of the area about O. The corresponding
axes are referred to as the principal axes of the area about O, and their orientation
is defined by Eq. (9.25). To determine which of the principal axes corresponds to
Iax and which corresponds to I, you can either follow the procedure outlined
in the text after Eq. (9.27) or observe about which of the two principal axes the
area is more closely distributed; that axis corresponds to I, [Sample Prob. 9.7].

501
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PROBLEMS

9.67 through 9.70 Determine by direct integration the product of

y‘ inertia of the given area with respect to the x and y axes.
X Y2

T 42 ! v -

i /
L h

X

| 2a |

Fig. P9.67

SRR '

y Fig. P9.68
B g
DR x
T
I a !
Fig. P9.69
— x and y axes.
y
Yy
60 mm
- |«<— 60 mm ——{<—60 mm
| C F 20 mm a‘
X
20 mm 1
,7J 10 mm 40 mm
60 mm C
X

2 40 mm
10 mm —| 100 mm ! |« 10 mm
Fig. P9.71 Fig. P9.72

y .
0.25in. 0.980 in.
TVL ~ Joag7in.
C X
2 L3x2x+
X 4 d
9| <— 0.25in.
3in.
Fig. P9.73 Fig. P9.74
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9.75 through 9.78 Using the parallel-axis theorem, determine the Problems 5§03
product of inertia of the area shown with respect to the centroidal
x and y axes. y

|<-9in. <~ 3in.

[<~——100 MM ———

—»I <—8mm
19in. 2in
40 mm " 2in.

T .
40 mm 8 mm
J_J 15in.

—>| |<—8mm

Fig. P9.75 3in.—| 9 in.-»l

Fig. P9.76

T :
1.0in.

— [=18.9mm
—t ——I <—12.7 mm

4_
<
_ .
x<
-

y | | B
—~ [<0412in
5.3in. c
. _ < 76 x 12.7 127 mm
MRIYY  AxpertSoft Trial Version c T
44.2 mm
R P 127mm
! 361in. ! 0.5 in. TI«— 76 mm—>|

Fig. P9.77 Fig. P9.78

9.79 Determine for the quarter ellipse of Prob. 9.67 the moments of
inertia and the product of inertia with respect to new axes obtained
by rotating the x and y axes about O (a) through 45° counterclock-
wise, (b) through 30° clockwise.

9.80 Determine the moments of inertia and the product of inertia of
the area of Prob. 9.72 with respect to new centroidal axes obtained
by rotating the x and y axes 30° counterclockwise.

9.81 Determine the moments of inertia and the product of inertia of
the area of Prob. 9.73 with respect to new centroidal axes obtained
by rotating the x and y axes 60° counterclockwise.

9.82 Determine the moments of inertia and the product of inertia of
the area of Prob. 9.75 with respect to new centroidal axes obtained
by rotating the x and y axes 45° clockwise.

9.83 Determine the moments of inertia and the product of inertia of
the L3 X 2 X j-in. angle cross section of Prob. 9.74 with respect
to new centroidal axes obtained by rotating the x and y axes 30°
clockwise.
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9.84 Determine the moments of inertia and the product of inertia of
the L127 X 76 X 12.7-mm angle cross section of Prob. 9.78 with
respect to new centroidal axes obtained by rotating the x and y
axes 45° counterclockwise.

9.85 For the quarter ellipse of Prob. 9.67, determine the orientation of
the principal axes at the origin and the corresponding values of
the moments of inertia.

9.86 through 9.88 For the area indicated, determine the orientation
of the principal axes at the origin and the corresponding values of
the moments of inertia.

9.86 Area of Prob. 9.72
9.87 Area of Prob. 9.73
9.88 Area of Prob. 9.75

9.89 and 9.90 For the angle cross section indicated, determine the
orientation of the principal axes at the origin and the correspond-
ing values of the moments of inertia.

9.89 The L3 X 2 X i-in. angle cross section of Prob. 9.74
9.90 The L127 X 76 X 12.7-mm angle cross section of
Prob. 9.78

*9.10 MOHR’S CIRCLE FOR MOMENTS
AND PRODUCTS OF INERTIA

to illustrate the relations exist-

AxpertSoft Trial Version N Suepn Ve

_ _ ¥ point O was first introduced by
the German engineer Otto Mohr (1835-1918) and is known as Mohr’s
circle. It will be shown that if the moments and product of inertia of
an area A are known with respect to two rectangular x and y axes which
pass through a point O, Mohr’s circle can be used to graphically deter-
mine (a) the principal axes and principal moments of inertia of the area
about O and (b) the moments and product of inertia of the area with
respect to any other pair of rectangular axes x"and y" through O.

Consider a given area A and two rectangular coordinate axes x
and y (Fig. 9.19a). Assuming that the moments of inertia I, and I,
and the product of inertia I,,, are known, we will represent them on
a diagram by plotting a point X of coordinates I, and I, and a point Y
of coordinates I, and —I,, (Fig. 9.19b). If L, is positive, as assumed
in Fig. 9.19a, point X is located above the horizontal axis and point Y
is located below, as shown in Fig. 9.19b. If I, is negative, X is located
below the horizontal axis and Y is located above. Joining X and Y
with a straight line, we denote by C the point of intersection of line
XY with the horizontal axis and draw the circle of center C and
diameter XY. Noting that the abscissa of C and the radius of the
circle are respectively equal to the quantities I,,. and R defined by
the formula (9.23), we conclude that the circle obtained is Mohr’s
circle for the given area about point O. Thus, the abscissas of the
points A and B where the circle intersects the horizontal axis represent,
respectively, the principal moments of inertia I, and I,;, of the area.

We also note that, since tan (XCA) = 2I,,/(I, — I,), the angle XCA
is equal in magnitude to one of the angles 2u,, which satisfy Eq. (9.25);
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Fig. 9.19

thus, the angle u,,, which defines in Fig. 9.19a the principal axis Oa
corresponding to point A in Fig. 9.19b, is equal to half of the angle
XCA of Mohrss circle. We further observe that if I, > I, and I, > 0,
as in the case considered here, the rotatlon which brmgs CX mto CA

is clockwise. Also, under thesg
from Eq. (9.25), which defineg . .
negativgl; thus, the rotation wh AXpertSOft Trial Version
We conclude that the senses 8 _
are the same. If a clockwise rotation through 2u,, is required to bring
CX into CA on Mohr’s circle, a clockwise rotation through u,, will
bring Ox into the corresponding principal axis Oa in Fig. 9.19a.

Since Mohr’s circle is uniquely defined, the same circle can be
obtained by considering the moments and product of inertia of the
area A with respect to the rectangular axes x" and y" (Fig. 9.19a).
The point X' of coordinates I, and I, and the point Y of coordi-
nates I, and —I, are thus located on Mohr’s circle, and the angle
X'CA in Fig. 9.19b must be equal to twice the angle x'Oa in Fig. 9.19.
Since, as noted above, the angle XCA is twice the angle xOa, it
follows that the angle XCX' in Fig. 9.19b is twice the angle xOx’ in
Fig. 9.19a. The diameter X'Y’, which defines the moments and prod-
uct of inertia I, I, and I, of the given area with respect to rect-
angular axes " and y’ forming an angle u with the x and y axes can
be obtained by rotating through an angle 2u the diameter XY which
corresponds to the moments and product of inertia I, I,, and I,
We note that the rotation which brings the diameter XY into the
diameter X'Y" in Fig. 9.19b has the same sense as the rotation which
brings the x and y axes into the 2’ and y" axes in Fig. 9.19a.

It should be noted that the use of Mohr’s circle is not limited
to graphical solutions, i.e., to solutions based on the careful drawing
and measuring of the various parameters involved. By merely sketch-
ing Mohr’s circle and using trigonometry, one can easily derive the
various relations required for a numerical solution of a given problem
(see Sample Prob. 9.8).
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SAMPLE PROBLEM 9.8

For the section shown, the moments and product of inertia with respect to
the x and y axes are known to be

I, =720 X 10°mm*  I,=259x10°mm" I, = —2.54 X 10° mm’
Using Mohrs circle, determine (a) the principal axes of the section about O,
(b) the values of the principal moments of inertia of the section about O,

(¢) the moments and product of inertia of the section with respect to the
x" and y" axes which form an angle of 60° with the x and y axes.

L152 x 102 X 12.7

o210 SOLUTION
Y(2.59, +2.54) ) .
Drawing Mohr’s Circle. We first plot point X of coordinates I, = 7.20, I, =
—2.54, and point Y of coordinates I, = 2.39, —I,, = +2.54. Joining X and
Y with a straight line, we define the center C of Mohr’s circle. The abscissa
C D |A of C, which represents I,., and the radius R of the circle can be measured

T

I

[

|

|

!
Bl E 24, Iy, ly directly or calculated as follows:
(106 mm#4)

I..=OC = y(I, +1,) = 5(7.20 X 10° + 2,59 X 10°) = 4.895 X 10° mm*
X(7.20, ~2.54) CD = 3(I, — I,) = 5(7.20 X 10° — 2,59 X 10°) = 2.305 X 10° mm*

2(2.305 X 10°)* + (2.54 X 10°)
3.430 X 10° mm*

R = 2(CD)* + (DX)?

e section correspond to points
rough which we should rotate

AxpertSoft Trial Version

an Z2U,, = u, = 47.8°1 u, = 23.9° |

CD 2305
Thus, the principal axis Oa corresponding to the maximum value of the moment
of inertia is obtained by rotating the x axis through 23.9° counterclockwise; the
principal axis Ob corresponding to the minimum value of the moment of inertia
can be obtained by rotating the y axis through the same angle.

b. Principal Moments of Inertia. The principal moments of inertia are
represented by the abscissas of A and B. We have

I,.=0A=0C+ CA=1,. +R= (4895 + 3.430)10° mm*
L = 8.33 X 10° mm*
I,.,= OB =0C - BC =1, — R = (489 — 3.430)10° mm*
Ly Iyin = 1.47 X 10° mm*

¢. Moments and Product of Inertia with Respect to the x' and y’ Axes.
On Mohr’s circle, the points X’ and Y’, which correspond to the x' and y’
axes, are obtained by rotating CX and CY through an angle 2u = 2(60°) =
120° counterclockwise. The coordinates of X' and Y’ yield the desired
moments and product of inertia. Noting that the angle that CX" forms with
the horizontal axis is ¥ = 120° — 47.8° = 72.2°, we write

Iwly I, = OF = OC + CF = 4.895 X 10° mm* + (3.430 X 10° mm®) cos 72.2°
I, = 594 x 10° mm*
I, = 0G = OC — GC = 4.895 X 10° mm* — (3.430 X 10° mm?) cos 72.2°
I!// = 3.85 X 10° mm*
26,=47.8° I, = FX' = (3.430 X 10° mm") sin 72.2° .
I, = 327 X 10° mm*

'\,r!//

4.895 x 106 mm*

26=120°

3.430 x 106
mm#4

|

(0]
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In the problems for this lesson, you will use Mohr’s circle to determine the
moments and products of inertia of a given area for different orientations of
the coordinate axes. Although in some cases using Mohr’s circle may not be as
direct as substituting into the appropriate equations [Eqgs. (9.18) through (9.20)],
this method of solution has the advantage of providing a visual representation of
the relationships among the various variables. Further, Mohr’s circle shows all of
the values of the moments and products of inertia which are possible for a given

problem.

Using Mohr's circle. The underlying theory was presented in Sec. 9.9, and we
discussed the application of this method in Sec. 9.10 and in Sample Prob. 9.8. In
the same problem, we presented the steps you should follow to determine the
principal axes, the principal moments of inertia, and the moments and product of
inertia with respect to a specified orientation of the coordinates axes. When you
use Mohrs circle to solve problems, it is important that you remember the follow-
ing points.

a. Mohr’s circle is completely defined by the quantities R and I, which
represent, respectively, the radius of the cnrcle and the distance from the origin O
to the center C g ained from Eqs. (9.23)
if the momentg . . bn orientation of the
axes. However SSWAVAeI=TgecTo) i N{E- IMYACTES (o] g B binations of known
values [Probs. ! may be necessary to
first make one or more assumptions, such as choosing an arbitrary location for the
center when I, is unknown, assigning relative magnitudes to the moments of
inertia (for example, I, > I,), or selecting the sign of the product of inertia.

b. Point X of coordinates (I, I,,) and point Y of coordinates (I, —1,,) are both
located on Mohrs circle and are diametrically opposite.

c. Since moments of inertia must be positive, the entire Mohr’s circle must lie
to the right of the I, axis; it follows that I, > R for all cases.

d. As the coordlnate axes are rotated through an angle U, the associated
rotation of the diameter of Mohr’s circle is equal to 2u and is in the same sense
(clockwise or counterclockwise). We strongly suggest that the known points on the
circumference of the circle be labeled with the appropriate capital letter, as was
done in Fig. 9.19b and for the Mohr circles of Sample Prob. 9.8. This will enable
you to determine, for each value of u, the sign of the corresponding product of
inertia and to determine which moment of inertia is associated with each of the
coordinate axes [Sample Prob. 9.8, parts a and c].

Although we have introduced Mohr’s circle within the specific context of the study
of moments and products of inertia, the Mohr circle technique is also applicable
to the solution of analogous but physically different problems in mechanics of
materials. This multiple use of a specific technique is not unique, and as you
pursue your engineering studies, you will encounter several methods of solution
which can be applied to a variety of problems.
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PROBLEMS

9.91

9.92

9.93

9.94

9.95

Using Mohr’s circle, determine for the quarter ellipse of Prob. 9.67
the moments of inertia and the product of inertia with respect to
new axes obtained by rotating the x and y axes about O (a) through
45° counterclockwise, (b) through 30° clockwise.

Using Mohr’s circle, determine the moments of inertia and the
product of inertia of the area of Prob. 9.72 with respect to new
centroidal axes obtained by rotating the x and y axes 30°
counterclockwise.

Using Mohr’s circle, determine the moments of inertia and the prod-
uct of inertia of the area of Prob. 9.73 with respect to new centroidal
axes obtained by rotating the x and y axes 60° counterclockwise.

Using Mohr’s circle, determine the moments of inertia and the prod-
uct of inertia of the area of Prob. 9.75 with respect to new centroidal
axes obtained by rotating the x and y axes 45° clockwise.

Using Mohr’s circle, determine the moments of inertia and the
product of inertia of the L3 X 2 X j-in. angle cross section of Prob.
Q 7 s . . 1dal axes obtained by rotating the

AxpertSoft Trial Version

9.97

9.98

9.103

the moments of inertia and the
product of inertia of the L127 X 76 X 12.7-mm angle cross section
of Prob. 9.78 with respect to new centroidal axes obtained by rotat-
ing the x and y axes 45° counterclockwise.

For the quarter ellipse of Prob. 9.67, use Mohr’s circle to deter-
mine the orientation of the principal axes at the origin and the
corresponding values of the moments of inertia.

through 9.102 Using Mohr’s circle, determine for the area
indicated the orientation of the principal centroidal axes and the
corresponding values of the moments of inertia.

9.98 Area of Prob. 9.72

9.99 Area of Prob. 9.76

9.100 Area of Prob. 9.73

9.101 Area of Prob. 9.74

9.102 Area of Prob. 9.77
(The moments of inertia I, and I, , of the area of Prob. 9.102 were
determined in Prob. 9.44.)

The moments and product of inertia of an L4 X 3 X i-in. angle
cross section with respect to two rectangular axes x and y through
C are, respectively, I, = 1.33 in®, I, =275 in?, and I‘, < 0, with
the minimum value of the moment of 1nert1a of the area with
respect to any axis through C being I = 0.692 in", Using Mohr’s
circle, determine (a) the product of inertia Iw of the area, (b) the
orientation of the principal axes, (c) the value of .
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9.104 and 9.105 Using Mohr’s circle, determine for the cross section Problems  §(Q
of the rolled-steel angle shown the orientation of the principal
centroidal axes and the corresponding values of the moments of
inertia. (Properties of the cross sections are given in Fig. 9.13.)

y
18.
y 8.9 mm
6.4 mm 24.9 mm 127 mm&,
| NN
-1—L -~ J124mm ~ r_
C X P
51 mm
L127 x 76 x 12.7
L76x51x 6.4~ |
- 127 mm g
—»I ~— 6.4 mm C
76 mm T X
Fig. P9.104 i 44.2 mm

L 76 mm 4,‘ 12.7mm

*9.106 For a given area the moments of inertia with respect to two rect—

angular centroidal x and y axes are I, = 1200 in* and I, =300 in*, Fig. P9.105

respectively. Knowing that after rotating the x and y axes about

the centroid 30° counterclockwise, the moment of inertia relative

to the rotated x axis is 1450 in*, use Mohr’s circle to determine

(@) the orientation of the principal axes, (b) the principal centroidal

moments of inertia.

LN  AxpertSoft Trial Version

—20 X 10° mm*, where {
axes. If the axis correspolt® . S

is obtained by rotating the x axis 67 5° counterclockw1se about C
use Mohr’s circle to determine (¢) the moment of inertia I, of the
area, (b) the principal centroidal moments of inertia.

9.108 Using Mohrs circle, show that for any regular polygon (such as a
pentagon) (a) the moment of inertia with respect to every axis
through the centroid is the same, (b) the product of inertia with
respect to every pair of rectangular axes through the centroid is
Zero.

9.109 Using Mohr’s circle, prove that the expresswn Lo, Iru is inde-
pendent of the orientation of the x" and y' axes, Where L, 1, and
L., represent the moments and product of inertia, respectively, of
a given area with respect to a pair of rectangular axes x" and '
through a given point O. Also show that the given expression is
equal to the square of the length of the tangent drawn from the

origin of the coordinate system to Mohr’s circle.

9.110 Using the invariance property established in the preceding prob-
lem, express the product of inertia I, of an area A with respect to
a pair of rectangular axes through O in terms of the moments of
inertia I, and I, of A and the principal moments of inertia I,,;, and
I .« of A about O. Use the formula obtalned to calculate the prod-
uct of inertia I, of the L3 X 2 X Lin, angle cross section shown
in Fig, 9 13A, knowing that its maximum moment of inertia is
1.257 in*
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5]0 Distributed Forces: Moments of Inertia

9.11 MOMENT OF INERTIA OF A MASS

Consider a small mass Am mounted on a rod of negligible mass
which can rotate freely about an axis AA" (Fig. 9.20a). If a couple
is applied to the system, the rod and mass, assumed to be initially
at rest, will start rotating about AA’. The details of this motion will
be studied later in dynamics. At present, we wish only to indicate
that the time required for the system to reach a given speed of
rotation is proportional to the mass Am and to the square of the
distance r. The product > Am provides, therefore, a measure of
the inertia of the system, i.e., a measure of the resistance the sys-
tem offers when we try to set it in motion. For this reason, the
product * Am is called the moment of inertia of the mass Am with
respect to the axis AA’.

(@) (b)
Fig. 9.20

Consider now a body of mass m which is to be rotated about
an axis AA’ (Fig. 9.20b). Dividing the body into elements of mass
Amy, Amy, etc., we find that the body’s resistance to being rotated is
measured by the sum r? Am; + r3 Am, + -+-. This sum defines,
therefore, the moment of inertia of the body with respect to the axis
AA'. Increasing the number of elements, we find that the moment
of inertia is equal, in the limit, to the integral

= J  dm (9.28)
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The radius of gyration k of the body with respect to the axis
AA' is defined by the relation

I=kKm o k= (9.29)

The radius of gyration k represents, therefore, the distance at which
the entire mass of the body should be concentrated if its moment of
inertia with respect to AA’ is to remain unchanged (Fig. 9.20c).
Whether it is kept in its original shape (Fig. 9.20b) or whether it is
concentrated as shown in Fig. 9.20c, the mass m will react in the
same way to a rotation, or gyration, about AA’.

If ST units are used, the radius of gyration k is expressed in
meters and the mass m in kilograms, and thus the unit used for the
moment of inertia of a mass is kg - m*. If U.S. customary units are
used, the radius of gyration is expressed in feet and the mass in slugs
(i.e., in Ib - s¥ft), and thus the derived unit used for the moment of
inertia of a mass is Ib - ft - s>

The moment of inertia of a body with respect to a coordinate
axis can easily be expressed in terms of the coordinates x, y, z
of the element of mass dm (Fig. 9.21). Noting, for example, that
the square of the distance r from the element dm to the y axis is
2 + 2%, we express the moment of inertia of the body with respect
to the y axis as

Iy:frgd A e 0 C > O

Similar expressions can be obtained for the moments of inertia with
respect to the x and z axes. We write

I, =J (y2 +z23) dm

= J (22 + ) dm (9.30)

It should be kept in mind when converting the moment of inertia of a mass from
U.S. customary units to ST units that the base unit pound used in the derived unit
Ib - ft - s is a unit of force (not of mass) and should therefore be converted into
newtons. We have

11b - ft - s* = (445 N)(0.3048 m)(1 s)> = 1.356 N - m - s°
or, since 1 N = 1 kg - m/s>,

11 - ft-s* = 1356 kg - m*

9.11 Moment of Inertia of a Mass 5'| 'I

y
N \\
\\
~
Ldm
o y
r z/ *
L —

Fig. 9.21

Photo 9.2 As you will discuss in your dynamics
course, the rotational behavior of the camshaft
shown is dependent upon the mass moment of
inertia of the camshaft with respect to its axis of
rotation.


http://www.axpertsoft.com/pdf-splitter-software/

512

Distributed Forces: Moments of Inertia 9.12 PARALLEL-AXIS THEOREM
y Consider a body of mass m. Let Oxyz be a system of rectangular coor-
dinates whose origin is at the arbitrary point O, and Gx'y'z" a system
y of parallel centroidal axes, i.e., a system whose origin is at the center of

gravity G of the bodyt and whose axes x”, ', z" are parallel to the x, y,
and z axes, respectively (Fig. 9.22). Denoting by x, y, z the coordinates
of G with respect to Oxyz, we write the following relations between
the coordinates x, y, z of the element dm with respect to Oxyz and its

WA

coordinates x', y’, 2" with respect to the centroidal axes Gx'y'z":

/GT»X' x=x+x y=y +ty 2=z +z (9.31)
o)

Referring to Egs. (9.30), we can express the moment of inertia of
< the body with respect to the x axis as follows:

z I, ZJ(y2 + 2 dm :J [(y" + y)2 + (' +2)*dn

Fig. 9.22 :J'(y’2 + 2% dm + ny y'dm + Zsz'dm +(y” + zz)J(lm

The first integral in this expression represents the moment of inertia
I of the body with respect to the centroidal axis x'; the second and
third integrals represent the first moment of the body with respect
to the z'x" and 'y’ planes, respectively, and, since both planes con-
tain G, the two integrals are zero; the last integral is equal to the
total mass m of the body. We write, therefore,

> +22) (9.32)

I, =1, +mE+x°) L=L+m&+y’ (9.32")

We easily verify from Fig. 9.22 that the sum z> + x” represents
the square of the distance OB between the y and y' axes. Similarly,
A y®> + z% and x* + y” represent the squares of the distance between
the x and «" axes and the z and z’ axes, respectively. Denoting by d
d_ B the distance between an arbitrary axis AA" and a parallel centroidal
axis BB" (Fig. 9.23), we can, therefore, write the following general
relation between the moment of inertia I of the body with respect
to AA" and its moment of inertia I with respect to BB':

I=1+ md® (9.33)

Expressing the moments of inertia in terms of the corresponding
A radii of gyration, we can also write

K=K+ d (9.34)

Fig. 9.23 where k and k represent the radii of gyration of the body about AA’
and BB', respectively.

tNote that the term centroidal is used here to define an axis passing through the center
of gravity G of the body, whether or not G coincides with the centroid of the volume of

the body.
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9.13 MOMENTS OF INERTIA OF THIN PLATES 713 Morerts of neris of Thin Plotes - 513

Consider a thin plate of uniform thickness ¢, which is made of a
homogeneous material of density r (density = mass per unit vol-
ume). The mass moment of inertia of the plate with respect to an
axis AA" contained in the plane of the plate (Fig. 9.24a) is

— 2
IAA’, mass J r dm

Since dm = rt dA, we write

IAA’, mass re J rZ dA

But r represents the distance of the element of area dA to the axis

Fig. 9.24

AA’; the integral is therefore equal to the moment of inertia of the
area of the plate with respect to AA’. We have

IAA’, mass rtIAA’, area (935)

Similarly, for an axis BB" which is contained in the plane of the plate
and is perpendicular to AA" (Fig. 9.24b), we have

IBB’, mass rtIBB’, area (936)

Considering now the axis CC’ which is perpendicular to the
plate and passes through the point of intersection C of AA" and BB’
(Fig. 9.24c), we write

ICC', mass rt]C, area (937)

where J¢ is the polar moment of inertia of the area of the plate with
respect to point C.

Recalling the relation Jo = I,y + Ipp which exists between
polar and rectangular moments of inertia of an area, we write the
following relation between the mass moments of inertia of a thin
plate:

ICC' = IAA’ + IBB' (9.38)
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Rectangular Plate. In the case of a rectangular plate of sides a
and b (Fig. 9.25), we obtain the following mass moments of inertia
with respect to axes through the center of gravity of the plate:

IAA', mass r-tLIAA’, area rt(l%aial))

IBB’, mass I’-tIBB’, area rt(ﬁabz)
Observing that the product rabt is equal to the mass m of the plate,
we write the mass moments of inertia of a thin rectangular plate as
follows:

Ly = sma®> Iy = 5mb? (9.39)

Ioe = Iy + Ipy = 15m(a® + D7) (9.40)

Circular Plate. 1In the case of a circular plate, or disk, of radius r
(Fig. 9.26), we write
IAA’, mass IFiLIAA’, area rt(%pfl)

Observing that the product rpr’t is equal to the mass m of the plate
and that I, = Igp, we write the mass moments of inertia of a circular
plate as follows:

Lo = Iyy = ymr® (9.41)

Ieo = I + Igg = smr? (9.42)

9.14 DETERMINATION OF THE MOMENT OF INERTIA
OF A THREE-DIMENSIONAL BODY
BY INTEGRATION

nensional body is obtained by

AxpertSoft Trial Version the body is made of a homo-

dm = prr2 dx N7
dly,= %rz dm

dly=dly +x2dm= (%r2 + x2)dm
dl,=dl, +x2dm= (%rZ + x2)dm

Fig. 9.27 Determination of the moment of
inertia of a body of revolution.

ement of mass dm is equal to
r dV and we can write I = r[ r“dV. This integral depends only upon
the shape of the body. Thus, in order to compute the moment of
inertia of a three-dimensional body, it will generally be necessary to
perform a triple, or at least a double, integration.

However, if the body possesses two planes of symmetry, it is
usually possible to determine the body’s moment of inertia with a
single integration by choosing as the element of mass dm a thin slab
which is perpendicular to the planes of symmetry. In the case of
bodies of revolution, for example, the element of mass would be a
thin disk (Fig. 9.27). Using formula (9.42), the moment of inertia of
the disk with respect to the axis of revolution can be expressed as
indicated in Fig. 9.27. Its moment of inertia with respect to each of
the other two coordinate axes is obtained by using formula (9.41)
and the parallel-axis theorem. Integration of the expression obtained
yields the desired moment of inertia of the body.

9.15 MOMENTS OF INERTIA OF COMPOSITE BODIES

The moments of inertia of a few common shapes are shown in
Fig. 9.28. For a body consisting of several of these simple shapes, the
moment of inertia of the body with respect to a given axis can be
obtained by first computing the moments of inertia of its component
parts about the desired axis and then adding them together. As was
the case for areas, the radius of gyration of a composite body cannot
be obtained by adding the radii of gyration of its component parts.
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9.15 Moments of Inertia of 5 'I 5
Composite Bodies

_ 1
12

Slender rod

Iy= 5> m(b2 +c2)

" 1
Thi t I lat / )
In rectangular plate </G )’ Iy_ 12 mc?

1
== mb2
1, B b

1
== 2 + 2
Iy B m(b2 + ¢2)
Rectangular prism ly= —112 m(c2 + a2)

I, = >m(a? + b?)

l,==mr2

Thin disk 1
ly=1,= Zer

1
Iy=5ma?

Circular cylinder L
ly=1,=7m(3a2+L2)

3
IX= Emaz

3 1
i ly=1,=-m(a%+h2
Circular cone y=lz=5m@G )

2
Sphere Iy=1ly=1,=¢ma?

z X

Fig. 9.28 Mass moments of inertia of common geometric shapes.
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SAMPLE PROBLEM 9.9

Determine the moment of inertia of a slender rod of length L and mass m
with respect to an axis which is perpendicular to the rod and passes through
one end of the rod.

SOLUTION

Choosing the differential element of mass shown, we write

m
d = —d‘
m L X
L 3L
m mx ¢
Iy =Jx2 dm ZL xzzdx = [LS]O Iy = %mL2

SAMPLE PROBLEM 9.10

For the homogeneous rectangular prism shown, determine the moment of
inertia with respect to the z axis.

AxpertSoft Trial Version

We choose as the differential element of mass the thin slab shown; thus
dm = rbc dx

Referring to Sec. 9.13, we find that the moment of inertia of the element
with respect to the z" axis is

dl, = 5b*dm

Applying the parallel-axis theorem, we obtain the mass moment of inertia
of the slab with respect to the z axis.

dl. = dL, + x*dm = $b*>dm + x> dm = (5b* + x*)rbe dx

Integrating from x = 0 to x = a, we obtain
L ZJdIZ =J (5b* + 1) rbe dx = rabe(5b* + %)
0

Since the total mass of the prism is m = rabc, we can write
L = m(5b* + 3d°) I = 5m(4a* + b?)

We note that if the prism is thin, b is small compared to a, and the expression
for I reduces to yma®, which is the result obtained in Sample Prob. 9.9
when L = a.
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SAMPLE PROBLEM 9.11

Determine the moment of inertia of a right circular cone with respect to
(a) its longitudinal axis, (b) an axis through the apex of the cone and per-
pendicular to its longitudinal axis, (¢) an axis through the centroid of the
cone and perpendicular to its longitudinal axis.

y y SOLUTION

fe—— X dx
///‘\ . .
M= A We choose the differential element of mass shown.
1 [ :
= I x a
~~__ L)X r=a= dm=rprdc=rp—5xdx
- v h h*
z SR
\\./
h ! a. Moment of Inertia .. Using the expression derived in Sec. 9.13 for a

thin disk, we compute the mass moment of inertia of the differential ele-
ment with respect to the x axis.

\2 2
dl, = 3r*dm = %(a%) <rp%x2 dx) zrpﬁx dx

Integrating from x = 0 to x = h, we obtain

A5

h4

irpa’h, we can write

=3 rp = yrpa'h

AxpertSoft Trial Version

I, = 55rpa‘h = $a*rpa*h) = Sma® I, = {yma®

b. Moment of Inertia l,. The same differential element is used. Applying
the parallel-axis theorem and using the expression derived in Sec. 9.13 for
a thin disk, we write

dl, = dl, + Zdm =P dm + P dm = 37 + %) dm

Substituting the expressions for  and dm into the equation, we obtain

2 2/ 9
dl, = (i%x +x )( phzx dx> = rp;llz(:h2 + l)x dx

h az 612 a2 az hS
J I, L rphz( ne 1)x i rph2(4h2 1) 5

Introducing the total mass of the cone m, we rewrite I, as follows:

y y" I, = %(%02 + hz)érpa% = %m(iaz + h?)
—_3
l— X =-h

c. Moment of Inertia I,,.  We apply the parallel-axis theorem and write
I, = f .+ mx?

Solving for I and recalling that x = 3h, we have

’ Iy = I, — m¥® = dm(ia® + 1%) — m(h)?

v’
2 2
I!/” = 2m(a® + 1h?)
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L SAMPLE PROBLEM 9.12

[~—3in.
L A“ A steel forging consists of a 6 X 2 X 2-in. rectangular prism and two cyl-

Lin. inders of diameter 2 in. and length 3 in. as shown. Determine the moments
of inertia of the forging with respect to the coordinate axes, knowing that
2 l”' the specific weight of steel is 490 /e,
21in B "
i
2if SOLUTION
A
A2in/ Computation of Masses
y Prism
251n. V = (2in.)(2in.Y6 in.) = 24 in®
~—3in. .3 3
24 490 b/t
| ﬂ wo BARENDA) ot
| T 1728 in%/ft
S . -
6.811
b m=8b oot s
: 32.2 ft/s
L 61in.
21 B X Each Cylinder
in.
| V =p(lin.)*3in.) = 9.42in®
9.42 in®)(490 Ib/ft*
| w = D20 _ e
. / o fit
| 2in— 2in.

AxpertSoft Trial Version — [EEIEEEZE

Vioments of Inertia. e moments of inertia of each component are com-
puted from Fig. 9.28, using the parallel-axis theorem when necessary. Note

that all lengths should be expressed in feet.

Prism

I, =1L =5(02111b - s¥ft)[(5 ft)* + (5 1t)*] =488 X 103 1b - ft -
I, = (0211 1b - s/f0)[(F ft)* + (% ft)*] = 0.977 X 107°Ib - ft - §°
Each Cylinder
I, = sma® + my® = 3(0.0829 Ib - s/ft) (3 ft)

+ (0.0829 b - s¥/ft)(% ft)* = 2.59 X 10 °Ib - ft - §*
= 5m(3a® + L) = mx? = £5(0.0829 Ib - s¥/ft)[3(55 ft)* + (3 ft)?]

+ (0.08291b - s¥£)(22 £t)% = 4.17 X 10 °1b - ft - s°
L = 35m(3a*+ L?) + m(x* +¢°) = 15(0.0829 Ib - s¥/ft)[3(15 ft)* + (35 ft)*]

+(0.08291b - s¥ft)[(32 ft)*> + (3 1t)*] = 648 X 10 °Ib - ft - §°

I

Entire Body. Adding the values obtained,

I, = 488 X 107% + 2(2.59 X 10~%) I, = 1006 X 10 %1b - ft - §°
I, =0977 X 107 + 2(417 X 107°) I, = 932X 10 °1b - ft - §*
L =488 X 107> + 2(6.48 X 107°) L. =1784 X101 - ft - ¢

518
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SAMPLE PROBLEM 9.13

A thin steel plate which is 4 mm thick is cut and bent to form the machine
part shown. Knowing that the density of steel is 7850 kg/m determine the
moments of inertia of the machine part with respect to the coordinate axes.

" e SOLUTION

Dimensions in mm

y We observe that the machine part consists of a semicircular plate and a

rectangular plate from which a circular plate has been removed.

r=008m Computation of Masses. Semicircular Plate
= pr’t = 1p(0.08 m)*(0.004m) = 40.21 X 10~° m®
my = rV, = (7.85 x 10° kg/m®)(40.21 X 107° m®) = 0.3156 kg
Rectangular Plate
V, = (0.200 m)(0.160 m)(0.004 m) = 128 X 10°°
my = rV, = (7.85 X 10° kg/m?)(128 X 107° m?) = 1.005 kg
Circular Plate

V; = pa’t = p(0.050 m)*(0.004 m) = 31.42 X 10 ° m*
= rV; = (7.85 X 10® kg/m®)(31.42 X 107° m®) = 0.2466 kg

Moments of Inertia.

&
|

c=0.16m

Using the method presented in Sec. 9.13, we com-
Nomponent.

| we observe that for a circular plate

g =1 = %mr2
Because of symmetry, we note that for a semicircular plate

I =3Gm?) I, =1L = ;(zm?)

Since the mass of the semicircular plate is m; = 3m, we have

I, = smyr® = 5(0.3156 kg)(0.08 m)* = 1.010 X 10 kg - m*
I,=I1.= (Gmr®) = ymyr® = 1(0.3156 kg)(0.08m)* = 0.505 X 10 °kg - m*

Rectangular Plate
I, = fymac® = 75(1.005 kg)(0.16 m)* = 2.144 X 10 °kg - m”
L = 3meb® = 5(1.005kg)(0.2m)* = 13.400 X 10"° kg - m>
I, =1, + I, = (2144 + 13.400)(107%) = 15.544 X 10"°kg - m
Circular Plate
I, = tmsa® = £(0.2466 kg)(0.05m)* = 0.154 X 10 kg - m*
I, = tmy® + m3d2
= 1(0.2466 kg)(0.05 m)? + (0.2466 kg)(0.1 m)* = 2.774 X 10 kg -m”
I =Ytmya® + mgd2 1(0.2466 kg)(0.05 m)* + (0.2466 kg)(0.1 m)*
=2.620 X 10 kg - m?
Entire Machine Part
I, = (1010 + 2.144 — 0154)(10* ) kg - m2 1 =3.00 X 10~ kg - m

1, = (0.505 + 15.544 — 2.774)(10" )kg m’ I, =1328X 10" gkg m
I, = (0505 + 13400 — 262010 ") kg - m* .= 1129 X 10 " kg - m

Y

[T Y
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In this lesson we introduced the mass moment of inertia and the radius of gyra-
tion of a three-dimensional body with respect to a given axis [Eqs. (9.28) and
(9.29)]. We also derived a parallel-axis theorem for use with mass moments of
inertia and discussed the computation of the mass moments of inertia of thin plates
and three-dimensional bodies.

1. Computing mass moments of inertia. The mass moment of inertia I of a body
with respect to a given axis can be calculated directly from the definition given in
Eq. (9.28) for simple shapes [Sample Prob. 9.9]. In most cases, however, it is
necessary to divide the body into thin slabs, compute the moment of inertia of
a typical slab with respect to the given axis—using the parallel-axis theorem if
necessary—and integrate the expression obtained.

2. Applying the parallel-axis theorem. In Sec. 9.12 we derived the parallel-axis
theorem for mass moments of inertia

I=1+md (9.33)

which states that the moment of inertia I of a body of mass m with respect to a
given axis is equal to body with respect
to a parallel centroid . . stance between
the two axes. When AXpertSOft Trial Version 1 body is calcu-
lated with respect to'X *d by the sum of
the squares of distances measured along the other two coordinate axes [Eqs. (9.32)
and (9.32)].

3. Avoiding unit-related errors. To avoid errors, it is essential that you be con-
sistent in your use of units. Thus, all lengths should be expressed in meters or
feet, as appropriate, and for problems using U.S. customary units, masses should
be given in 1b - s¥ft. In addition, we strongly recommend that you include units
as you perform your calculations [Sample Probs. 9.12 and 9.13].

4. Calculating the mass moment of inertia of thin plates. We showed in
Sec. 9.13 that the mass moment of inertia of a thin plate with respect to a given
axis can be obtained by multiplying the corresponding moment of inertia of the
area of the plate by the density r and the thickness ¢ of the plate [Eqs. (9.35)
through (9.37)]. Note that since the axis CC’ in Fig. 9.24c¢ is perpendicular to the
plate, Icc s is associated with the polar moment of inertia Jc. ea-

Instead of calculating directly the moment of inertia of a thin plate with
respect to a specified axis, you may sometimes find it convenient to first compute
its moment of inertia with respect to an axis parallel to the specified axis and then
apply the parallel-axis theorem. Further, to determine the moment of inertia of a
thin plate with respect to an axis perpendicular to the plate, you may wish to first
determine its moments of inertia with respect to two perpendicular in-plane axes
and then use Eq. (9.38). Finally, remember that the mass of a plate of area A,
thickness ¢, and density r is m = rtA.
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5. Determining the moment of inertia of a body by direct single integration. We
discussed in Sec. 9.14 and illustrated in Sample Probs. 9.10 and 9.11 how single
integration can be used to compute the moment of inertia of a body that can be
divided into a series of thin, parallel slabs. For such cases, you will often need to
express the mass of the body in terms of the body’s density and dimensions. Assum-
ing that the body has been divided, as in the sample problems, into thin slabs
perpendicular to the x axis, you will need to express the dimensions of each slab
as functions of the variable x.

a. In the special case of a body of revolution, the elemental slab is a thin
disk, and the equations given in Fig. 9.27 should be used to determine the moments

of inertia of the body [Sample Prob. 9.11].

b. In the general case, when the body is not of revolution, the differential
element is not a disk, but a thin slab of a different shape, and the equations of
Fig. 9.27 cannot be used. See, for example, Sample Prob. 9.10, where the element
was a thin, rectangular slab. For more complex configurations, you may want to
use one or more of the following equations, which are based on Eqs. (9.32) and
(9.32") of Sec. 9.12.

dl, = dl, + (g% + z%) dm

AxpertSoft Trial Version

where the primes=s o ental slab, and where

Xel, Yo, and z represent the coordmdtes of its centrmd The centroidal moments
of inertia of the slab are determined in the manner described earlier for a thin
plate: Referring to Fig. 9.12 on page 483, calculate the corresponding moments of
inertia of the area of the slab and multiply the result by the density r and the
thickness ¢ of the slab. Also, assuming that the body has been divided into thin slabs
perpendicular to the x axis, remember that you can obtain dI.. by adding dI, and
dI, instead of computing it directly. Finally, using the geometry of the body, express
the result obtained in terms of the single variable x and integrate in x.

6. Computing the moment of inertia of a composite body. As stated in Sec. 9.15,
the moment of inertia of a composite body with respect to a specified axis is equal
to the sum of the moments of its components with respect to that axis. Sample
Probs. 9.12 and 9.13 illustrate the appropriate method of solution. You must also
remember that the moment of inertia of a component will be negative only if the
component is removed (as in the case of a hole).

Although the composite-body problems in this lesson are relatively straightforward,
you will have to work carefully to avoid computational errors. In addition, if some
of the moments of inertia that you need are not given in Fig. 9.28, you will have
to derive your own formulas, using the techniques of this lesson.
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522

PROBLEMS

A 9.111

9.112

A
Fig. P9.111

9.113

Fig. P9.113

9.114

A thin plate of mass m is cut in the shape of an equilateral triangle
of side a. Determine the mass moment of inertia of the plate with
respect to (a) the centroidal axes AA" and BB, (b) the centroidal
axis CC' that is perpendicular to the plate.

The elliptical ring shown was cut from a thin, uniform plate.
Denoting the mass of the ring by m, determine its mass moment
of inertia with respect to (a) the centroidal axis BB', (b) the cen-
troidal axis CC" that is perpendicular to the plane of the ring.

A thin semicircular plate has a radius @ and a mass m. Determine
the mass moment of inertia of the plate with respect to (@) the
centroidal axis BB', (b) the centroidal axis CC' that is perpendicu-
lar to the plate.

The quarter ring shown has a mass m and was cut from a thin,
uniform plate. Knowing that r; = %’2, determine the mass moment
of inertia of the quarter ring with respect to (a) the axis AA’,
(b) the centroidal axis CC’ that is perpendicular to the plane of
the quarter ring.

A
D P
r C /
/ <
o)

B c
A

Fig. P9.114
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9.115

9.116

9.117

9.118

9.119

9.120

9.121

A piece of thin, uniform sheet metal is cut to form the machine com-
ponent shown. Denoting the mass of the component by m, determine
its mass moment of inertia with respect to (@) the x axis, (b) the y axis.

A piece of thin, uniform sheet metal is cut to form the machine
component shown. Denoting the mass of the component by m, deter-
mine its mass moment of inertia with respect to (a) the axis AA,
(b) the axis BB', where the AA” and BB’ axes are parallel to the x axis
and lie in a plane parallel to and at a distance a above the xz plane.

A thin plate of mass m was cut in the shape of a parallelogram as
shown. Determine the mass moment of inertia of the plate with respect
to (a) the x axis, (b) the axis BB, which is perpendicular to the plate.

A thin plate of mass m was cut in the shape of a parallelogram as
shown. Determine the mass moment of inertia of the plate with respect
to (a) the y axis, (b) the axis AA’, which is perpendicular to the plate.

Determine by direct integration the mass moment of inertia with
respect to the z axis of the right circular cylinder shown, assuming
that it has a uniform density and a mass m.

y

Fig. P9.119

The area shown is revolved about the x axis to form a homogeneous
solid of revolution of mass m. Using direct integration, express the
mass moment of inertia of the solid with respect to the x axis in
terms of m and h.

The area shown is revolved about the x axis to form a homogeneous
solid of revolution of mass m. Determine by direct integration the
mass moment of inertia of the solid with respect to (a) the x axis,
(b) the y axis. Express your answers in terms of m and the dimen-
sions of the solid.

y \

I«—a ! 2a | X

Fig. P9.121

Problems

523

Fig. P9.120
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524 Distributed Forces: Moments of Inertia 9.122 Determine by direct integration the mass moment of inertia with
respect to the x axis of the pyramid shown, assuming that it has a
uniform density and a mass m.

%
-

<

1
|

X

z
y2+22= kx Fig. P9.122 and P9.123

9.123 Determine by direct integration the mass moment of inertia with
respect to the y axis of the pyramid shown, assuming that it has a
uniform density and a mass m.

9.124 Determine by direct integration the mass moment of inertia with
respect to the y axis of the paraboloid shown, assuming that it has

Fig. P9.124

AXpertSOft Trial Version is welded to a vertical shaft AB
forms an angle u with the y axis,
determine by direct integration the mass moment of inertia of the
plate with respect to (@) the y axis, (b) the z axis.

y= (a2/3 — X2/3)3/2

Fig. P9.125

" *9.126 A thin steel wire is bent into the shape shown. Denoting the mass
a | per unit length of the wire by m’, determine by direct integration
the mass moment of inertia of the wire with respect to each of the

Fig. P9.126 coordinate axes.

z
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9.127

9.128

Shown is the cross section of an idler roller. Determine its mass
moment of inertia and its radius of gyration with respect to the axis
AA'. (The specific weight of bronze is 0.310 Ib/in®; of aluminum,
0.100 Ib/in®; and of neoprene, 0.0452 Ib/in®)

Shown is the cross section of a molded flat-belt pulley. Determine
its mass moment of inertia and its radius of gyration with respect
to the axis AA". (The density of brass is 8650 kg/m3 and the density
of the fiber-reinforced polycarbonate used is 1250 kg/mS.)

Polycarbonate

Fig. P9.128

9.129 The machine part shown is formed by machining a conical surface

9.130

into a circular cylinder. For b = %h, determine the mass moment
of inertia and the radius of gyration of the machine part with
respect to the y axis.

Fig. P9.129

Given the dimensions and the mass m of the thin conical shell
shown, determine the mass moment of inertia and the radius of
gyration of the shell with respect to the x axis. (Hint: Assume that
the shell was formed by removing a cone with a circular base of
radius a from a cone with a circular base of radius @ + ¢, where ¢
is the thickness of the wall. In the resulting expressions, neglect
terms containing 2,3, etc. Do not forget to account for the dif-
ference in the heights of the two cones.)

Problems 525

Neoprene
11. .
|<— —>| Aluminum
S T E— 1.
3

Bronze

Fig. P9.127

Fig. P9.130
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4.21in.

//N

4.2in.

~

Fig. P9.131

9.131

9.132

A square hole is centered in and extends through the aluminum
machine component shown. Determine (a) the value of a for which
the mass moment of inertia of the component with respect to the
axis AA’, which bisects the top surface of the hole, is maximum,
(b) the corresponding values of the mass moment of inertia and
the radius of gyration with respect to the axis AA". (The specific
weight of aluminum is 0.100 b/in®)

The cups and the arms of an anemometer are fabricated from a
material of density r. Knowing that the mass moment of inertia of
a thin, hemispherical shell of mass m and thickness ¢ with respect
to its centroidal axis GG’ is 5ma*/12, determine (a) the mass
moment of inertia of the anemometer with respect to the axis AA’,
(b) the ratio of a to [ for which the centroidal moment of inertia
of the cups is equal to 1 percent of the moment of inertia of the
cups with respect to the axis AA".

AxpertSoft Trial Version

0.41in.

2.410n.

~—1.2 in."

1.6in.

Fig. P9.134

9.133

Fig. P9.132

After a period of use, one of the blades of a shredder has been
worn to the shape shown and is of mass 0.18 kg. Knowing that the
mass moments of inertia of the blade with respect to the AA” and
BB’ axes are 0.320 g m? and 0.680 g m?, respectively, determine
(@) the location of the centroidal axis GG, (b) the radius of gyration
with respect to axis GG'.

Fig. P9.133

9.134 Determine the mass moment of inertia of the 0.9-1b machine com-

ponent shown with respect to the axis AA".
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9.135 and 9.136 A 2-mm-thick piece of sheet steel is cut and bent Problems  §97
into the machine component shown. Knowing that the density of
steel is 7850 kg/mS, determine the mass moment of inertia of the
component with respect to each of the coordinate axes.

y
y
0.48m
z 0.76 m \ z 350 mm %
N X \/ \L
Fig. P9.135 Fig. P9.136

9.137 A subassembly for a model airplane is fabricated from three pieces
of 1.5-mm plywood. Neglecting the mass of the adhesive used to
assemble the three pieces, determine the mass moment of inertia
of the subassembly with resnect to_each of the coardinate axe

(The density of the ply

9.138 The cover for an electro
that is 0.05 in. thick. Determime the 4 OMICIT O 2
cover with respect to each of the coordinate axes. (The specific

weight of aluminum is 0.100 b/in®) Fig. P9.137

y
/}\Mn.

6.2 in. y
™
\r T\ 2.25n.
2.4in. /
z
\K 3.5in.
X \x
1lin.
Fig. P9.138 %
9.139 A framing anchor is formed of 0.05-in.-thick galvanized steel. 125 in 2in/ ‘
Determine the mass moment of inertia of the anchor with respect : / L/ '

to each of the coordinate axes. (The specific weight of galvanized
steel is 470 Ib/ft’) Fig. P9.139
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*9.140 A farmer constructs a trough by welding a rectangular piece of

9.141

2-mm-thick sheet steel to half of a steel drum. Knowing that the
density of steel is 7850 kg/m3 and that the thickness of the walls
of the drum is 1.8 mm, determine the mass moment of inertia of
the trough with respect to each of the coordinate axes. Neglect
the mass of the welds.

210m

L
<

840 mm

N

X

Fig. P9.140

The machine element shown is fabricated from steel. Determine
the mass moment of inertia of the assembly with respect to
(a) the x axis, (b) the y axis, (¢) the z axis. (The density of steel
is 7850 kg/m®.)

Fig. P9.141

9.142 Determine the mass moments of inertia and the radii of gyration

of the steel machine element shown with respect to the x and y
axes. (The density of steel is 7850 kg/m3.)

Dimensions in mm
Fig. P9.142
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9.143 Determine the mass moment of inertia of the steel machine ele- Problems 5§90

ment shown with respect to the y axis. (The specific weight of steel
is 490 Ib/ft®)

0.6in. 1.35in.

0.6in.

1.21in.
Fig. P9.143 and P9.144

9.144 Determine the mass md AxpertSOft Trial Vers|0n

ment shown with respec

is 490 Ib/ft>)

9.145 Determine the mass moment of inertia of the steel fixture shown
with respect to (@) the x axis, (b) the y axis, (¢) the z axis. (The
density of steel is 7850 kg/mg.)

y
/Fg m%\BO mm

Fig. P9.145

9.146 Aluminum wire with a weight per unit length of 0.033 Ib/ft is used
to form the circle and the straight members of the figure shown.
Determine the mass moment of inertia of the assembly with ?2 X
respect to each of the coordinate axes. Fig. P9.146
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530 Distributed Forces: Moments of Inertia 9.147 The figure shown is formed of i-in.-diameter steel wire. Knowing
that the specific weight of the steel is 490 Ib/fe3, determine the
mass moment of inertia of the wire with respect to each of the

y coordinate axes.

1.2m

/ Fig. P9.147
12m

\/ X 9,148 A homogeneous wire with a mass per unit length of 0.056 kg/m is
used to form the figure shown. Determine the mass moment of
Fig. P9.148 inertia of the wire with respect to each of the coordinate axes.

*9.16 MOMENT OF INERTIA OF A BODY WITH
RESPECT TO AN ARBITRARY AXIS THROUGH O.
Raas ERTIA

AXpertSOft Trial Version oment of inertia of a body can
trary axis OL through the ori-
ig. 9. il its moments ol inertia with respect to the three
coordinate axes, as well as certain other quantities to be defined
below, have already been determined.
The moment of inertia I, of the body with respect to OL is
equal to [ p*dm, where p denotes the perpendicular distance from

the element of mass dm to the axis OL. If we denote by I the unit

/ vector along OL and by r the position vector of the element dm, we

z observe that the perpendicular distance p is equal to 7 sin u, which
Fig. 9.29 is the magnitude of the vector product L X r. We therefore write

Iop = f p*dm = J IL x rf*dm (9.43)

Expressing IL x rl* in terms of the rectangular components of the
vector product, we have

loL :J [(Ly — |yx)2 + Iz — |:y)2 + (Lx — 12)Ydm

where the components 1, I, 1. of the unit vector L represent the
direction cosines of the axis OL and the components x, y, z of r
represent the coordinates of the element of mass dm. Expanding the
squares and rearranging the terms, we write

Iop = Ifj (yz + 29 dm + I§J (% + ) dm + |§J (x* + yQ)dm

- 2L, ny dm — 2|!/|zjyz dm — 2|;|szx dm  (9.44)
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Referring to Egs. (9.30), we note that the first three integrals
in (9.44) represent, respectively, the moments of inertia I, I, and
I, of the body with respect to the coordinate axes. The last three
integrals in (9.44), which involve products of coordinates, are called
the products of inertia of the body with respect to the x and y axes,
the y and z axes, and the z and x axes, respectively. We write

I, = J xy dm I, = J yz dm L, = J zx dm (9.45)

Rewriting Eq. (9.44) in terms of the integrals defined in Egs. (9.30)
and (9.45), we have

I, = L+ 1,1 + 112 =21, 00, — 21 0 0. — 2L 1.1, (9.46)

We note that the definition of the products of inertia of a mass
given in Eqgs. (9.45) is an extension of the definition of the product
of inertia of an area (Sec. 9.8). Mass products of inertia reduce to
zero under the same conditions of symmetry as do products of inertia
of areas, and the parallel-axis theorem for mass products of inertia
is expressed by relations similar to the formula derived for the prod-
uct of inertia of an area. Substituting the expressions for x, y, and z
given in Egs. (9.31) into Egs. (9.45), we find that

where x,y,z are the coordinates of the center of gravity G of
the body and L./, I/, I denote the products of inertia of the body
with respect to the centroidal axes x' . y', 2" (See Fig. 9.22).

*9.17 ELLIPSOID OF INERTIA. PRINCIPAL AXES
OF INERTIA

Let us assume that the moment of inertia of the body considered in the
preceding section has been determined with respect to a large number
of axes OL through the fixed point O and that a point Q has been plot-
ted on each axis OL at a distance OQ = 1/ 11y, from O. The locus of
the points Q thus obtained forms a surface (Fig. 9. 30) The equation of
that surface can be obtained by substituting 1/(OQ)? for I in (9.46) and
then multiplying both sides of the equation by (OQ)?. Observing that

OQ),=x (OO, =y  (OQ). =z
where x, y, z denote the rectangular coordinates of Q, we write
Ix? + Iyy2 + 2% — 2Ly — 2[,yz — 2z2x = 1 (9.48)

The equation obtained is the equation of a quadric surface. Since
the moment of inertia Ioy, is different from zero for every axis OL,
no point Q can be at an infinite distance from O. Thus, the quadric
surface obtained is an ellipsoid. This ellipsoid, which defines the

9.17 Ellipsoid of Inertia. Principal

Axes of Inertia

31
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Fig. 9.31

AxpertSoft Trial Version

moment of inertia of the body with respect to any axis through O,
is known as the ellipsoid of inertia of the body at O.

We observe that if the axes in Fig. 9.30 are rotated, the coef-
ficients of the equation defining the ellipsoid change, since they are
equal to the moments and products of inertia of the body with
respect to the rotated coordinate axes. However, the ellipsoid itself
remains unaffected, since its shape depends only upon the distribu-
tion of mass in the given body. Suppose that we choose as coordinate
axes the principal axes x', y', 2’ of the ellipsoid of inertia (Fig. 9.31).
The equation of the ellipsoid with respect to these coordinate axes
is known to be of the form

ILx?+1Ly? +Lz7%=1 (9.49)
X y !/ z

which does not contain any products of the coordinates. Comparing
Egs. (9.48) and (9.49), we observe that the products of inertia of the
body with respect to the ', y', 2’ axes must be zero. The x', y', 2’
axes are known as the principal axes of inertia of the body at O, and
the coefficients I, I,;, I, are referred to as the principal moments
of inertia of the body at O. Note that, given a body of arbitrary shape
and a point O, it is always possible to find axes which are the prin-
cipal axes of inertia of the body at O, that is, axes with respect to
which the products of inertia of the body are zero. Indeed, whatever
the shape of the body, the moments and products of inertia of the
body with reepect to X, Y, and z axes through O will define an ellip-
acipal axes which, by definition,
b body at O.

, y', 2" are used as coordinate
9.46) for the moment of inertia
of a body with respect to an arbitrary axis through O reduces to

L= LAY + L+ LIE (9.50)

The determination of the principal axes of inertia of a body of
arbitrary shape is somewhat involved and will be discussed in the
next section. There are many cases, however, where these axes can
be spotted immediately. Consider, for instance, the homogeneous
cone of elliptical base shown in Fig. 9.32; this cone possesses two
mutually perpendicular planes of symmetry OAA” and OBB’. From
the definition (9.45), we observe that if the x'y’ and y'z" planes are
chosen to coincide with the two planes of symmetry, all of the prod-
ucts of inertia are zero. The «, y', and z’ axes thus selected are
therefore the principal axes of inertia of the cone at O. In the case
of the homogeneous regular tetrahedron OABC shown in Fig. 9.33,
the line joining the corner O to the center D of the opposite face is
a principal axis of inertia at O, and any line through O perpendicular
to OD is also a principal axis of inertia at O. This property is appar-
ent if we observe that rotating the tetrahedron through 120° about
OD leaves its shape and mass distribution unchanged. It follows that
the ellipsoid of inertia at O also remains unchanged under this rota-
tion. The ellipsoid, therefore, is a body of revolution whose axis of
revolution is OD, and the line OD, as well as any perpendicular line
through O, must be a principal axis of the ellipsoid.
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*9.18 DETERMINATION OF THE PRINCIPAL AXES
AND PRINCIPAL MOMENTS OF INERTIA
OF A BODY OF ARBITRARY SHAPE

The method of analysis described in this section should be used
when the body under consideration has no obvious property of
symmetry.

Consider the ellipsoid of inertia of the body at a given point O
(Fig. 9.34); let r be the radius vector of a point P on the surface of
the ellipsoid and let n be the unit vector along the normal to that
surface at P. We observe that the only points where r and n are col-
linear are the points Py, Py, and P;, where the principal axes intersect
the visible portion of the surface of the ellipsoid, and the correspond-
ing points on the other side of the ellipsoid.

9.18 Determination of the Principal Axes and 533
Principal Moments of Inertia of a
Body of Arbitrary Shape

Fig. 9.34

We now recall from calculus that the direction of the normal
to a surface of equation f(x, y, z) = 0 at a point P(x, y, z) is defined
by the gradient Vf of the function f at that point. To obtain the points
where the principal axes intersect the surface of the ellipsoid of iner-
tia, we must therefore write that r and Vf are collinear,

Vf = (2K)r (9.51)

where K is a constant, r = xi + yj + zk, and

Recalling Eq. (9.48), we note that the function f(x, y, z) correspond-
ing to the ellipsoid of inertia is

fl,y, z) = Ix* + Iyy2 + I1z% — 2y — 2I,yz — 2L,zx — 1

Substituting for r and Vfinto Eq. (9.51) and equating the coefficients
of the unit vectors, we write

Lx — L,y — Lz = Kx
—Lyx + Ly — I,z =Ky (9.52)
—Lx — Iy + Lz =Kz
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534 Distributed Forces: Moments of Inertia

Dividing each term by the distance r from O to P, we obtain similar

equations involving the direction cosines I, I, and 1.:
., — 1,0, - L. =KI
~1, 0, + 11, — 1.0, =KI, 9.53)
-1, — 1.1, + LI, =KI

Transposing the right-hand members leads to the following homoge-
neous linear equations:

(L, =KL, — 1,0, — 1.1, =0
I+ (1, — KL, — L1 =0 (9.54)
—L A — L0, + (L K)I =0
For this system of equations to have a solution different from I, =
1, = 1. = 0, its discriminant must be zero:
L-K -1, -
I, I,-K —I. | =0 (9.55)

1y y vz
L, ~I, I.—K

Expanding this determinant and changing signs, we write
K> — (I, + I, + K> + (LI, + II. + LI, — I, — I, — I2)K

(1,1 I - LI — 1 I, — LI, — 2L,I,.1,) =0 (9.56)

This is a cubic equation in K, which yields three real, positive roots
Kla KQ, and KS-

the principal axis correspond-

AxpertSOft Trial Version r K in Egs. (9.54). Since these

only two of them may be used

o serertional equation may be obtained,
however, by recalhng from Sec. 2.12 that the direction cosines must
satisfy the relation

B+ + =1 (9.57)

Repeating this procedure with Ky and Kj, we obtain the direction
cosines of the other two principal axes.

We will now show that the roots K, Ky, and K; of Eq. (9.56)
are the principal moments of inertia of the given body Let us sub-
stitute for K in Eqgs. (9.53) the root Kj, and for I, I,, and I the
corresponding values (I,);, (Iy)l, and (L.); of the dlrectlon cosines;
the three equations will be satisfied. We now multiply by (1,);, (Iy)l,
and (1);, respectively, each term in the first, second, and third equa-
tion and add the equations obtained in this way. We write

LT+ L)+ (LT — 2L (L1, _ _
— 20, (L)y(1)y — 2L, (Ey(L)y = Ki[(1)F + (1)F + (1))

Recalling Eq. (9.46), we observe that the left-hand member of this
equation represents the moment of inertia of the body with respect
to the principal axis corresponding to Kj; it is thus the principal
moment of inertia corresponding to that root. On the other hand,
recalling Eq. (9.57), we note that the right-hand member reduces to
K. Thus K; itself is the principal moment of inertia. We can show
in the same fashion that Ky and Kj are the other two principal
moments of inertia of the body.
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272 29 2 9
mab” + bc+ ca

y SAMPLE PROBLEM 9.14
D c Consider a rectangular prism of mass m and sides a, b, ¢. Determine (a) the
| T moments and products of inertia of the prism with respect to the coordinate
! axes shown, (b) its moment of inertia with respect to the diagonal OB.
|
| a2 H
e
/// ¢ X
i / SOLUTION
a F . . .
a. Moments and Products of Inertia with Respect to the Coordinate
Axes. Moments of Inertia. Introducing the centroidal axes x', y', 7,
with respect to which the moments of inertia are given in Fig. 9.28, we
apply the parallel-axis theorem:
I=1, + m@Q + 22) = ll*z'm(b2 + 2 + m(ib2 + ic2)
y I = %m(b2 + )
5 y'| c Similarly, I, = Im(c® + a?) I = im@@® + b
| | T Products of Inertia. Because of symmetry, the products of inertia with
! : b respect to the centroidal axes ', y', z" are zero, and these axes are principal
] o'/l_____B__._ | axes of inertia. Using the parallel-axis theorem, we have
| - H X' = ——
/7‘ ----- o 7+_x I, = L, + mxy =0+ m(3a)(3h) IS ‘mab
s = Iy = imbc L. = imca
a b OB.  We recall Eq. (9.46):
y [, 0.1, — 21,11, — 2L LI,
D I u OH a
=cosly=——=—5—">—">>
: T x x OB (02 +b2 + 02)1/2
| b b @
' 2 B S T T TR e o me hen o
oh_ :&___ _____ u PN E N @+ b2+ )2
4 2 A R x Substituting the values obtained for the moments and products of inertia
7 / and for the direction cosines into the equation for Iz, we have
- 1
a Iop = 54— Bmb® + Ad® + m(c® + )b + m(@® + b*)c?
OB az + hz + C2 [3 ( ) 3 ( ) 3 ( )
—ima®h? — Imb** — Imc*a®]
- ﬂazl)2 + b% + Fd
N
Alternative Solution. The moment of inertia Iog can be obtained directly
from the principal moments of inertia I, I, I, since the line OB passes
Y'| through the centroid O'. Since the ', ', 2" axes are principal axes of inertia,
] we use Eq. (9.50) to write
. /eyB / Tog = L2 + 102 + L2
] 7 -~ 1 ;
. , = ——— |0+ A+ (P + AP+ 2@ + D)
B __ x A+ b2+ A1 12 12
-

OB — : : :
6 &+b+ 2

535
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SAMPLE PROBLEM 9.15

If @ = 3¢ and b = 2¢ for the rectangular prism of Sample Prob. 9.14,
determine (a) the principal moments of inertia at the origin O, (b) the
principal axes of inertia at O.

SOLUTION

a. Principal Moments of Inertia at the Origin O. Substituting a = 3¢
and b = 2c into the solution to Sample Prob. 9.14, we have

5 10 13
I = §mc2 I, =3m e L = 3m &
Iy = %mc2 Ty = %’mc2 L. = %mc2

Substituting the values of the moments and products of inertia into Eq.
(9.56) and collecting terms yields

K? — BmAK? + GRm K — Bm’C = 0
We then solve for the roots of this equation; from the discussion in Sec. 9.18,
it follows that these roots are the principal moments of inertia of the body
at the origin.
K, = 0.568867mc”

Ky, = 4.20885mc¢> Kz = 4.55562mc>
| = K; = 4.56mc>

AXpertSOft Trial VerSion brmine the direction of a prin-

‘corresponding value of K into
two of the equations (9.54); the resulting equations together with Eq. (9.57)
constitute a system of three equations from which the direction cosines of
the corresponding principal axis can be determined. Thus, we have for the
first principal moment of inertia K;:
(G — 0.568867)mc*(1,); — smc*(1,); — jmc* (L), =
—3mc*(1); + (5 — 0.568867) mc*(1,); — gmc*(1.

Solving yields
(1), = 0.836600  (I,), = 0496001 (L), = 0.232557

The angles that the first principal axis of inertia forms with the coordinate
axes are then

(u)y = 332° () = 60.3°  (u), = 76.6°

Using the same set of equations successively with K and Ks, we find that
the angles associated with the second and third principal moments of inertia
at the origin are, respectively,

(U)s = 57.8°  (u) = 146.6°  (u), = 98.0°

and

(u)s = 82.8°  (u); = 76.1°  (u); = 164.3°
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w» Iyz and I, of a body

and showed you how to determine the moments of inertia of that body with
respect to an arbitrary axis passing through the origin O. You also learned how to
determine at the origin O the principal axes of inertia of a body and the corre-
sponding principal moments of inertia.

In this lesson we defined the mass products of inertia I

1. Determining the mass products of inertia of a composite body. The mass
products of inertia of a composite body with respect to the coordinate axes can be
expressed as the sums of the products of inertia of its component parts with respect

to those axes. For each component part, we can use the parallel-axis theorem and
write Eqs. (9.47)

L. =1, +myz I.= L.+ mzx

L, = Ly, + mxy

where the primes denote the centroidal axes of each component part and where
x, y, and z represent the coordinates of its center of gravity. Keep in mind that
the mass products of inertia can be positive, negative, or zero, and be sure to take
into account the signs of x, y, and z.

a. From the properhes of symmetry of a component part, you can deduce
that two or all three g al o a are zero. For instance,
you can verify f . . wire lying in a plane
parallel to the A AXpertSOft Trial Version allel to the xy plane;
and a body wit te products of inertia
I, and L. are zero.

For rectangular, circular, or semicircular plates with axes of symmetry parallel
to the coordinate axes; straight wires parallel to a coordinate axis; circular and
semicircular wires with axes of symmetry parallel to the coordinate axes; and rect-
angular prisms with axes of symmetry parallel to the coordinate axes, the products
of inertia Ly, 1., and L. are dll zero.

b. Mass products of inertia which are different from zero can be computed
from Eqs. (9.45). Although, in general, a triple integration is required to determine
a mass product of inertia, a single integration can be used if the given body can
be divided into a series of thin, parallel slabs. The computations are then similar
to those discussed in the previous lesson for moments of inertia.

y=

(continued)

537
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2. Computing the moment of inertia of a body with respect to an arbitrary
axis OL. An expression for the moment of inertia I, was derived in Sec. 9.16
and is given in Eq. (9.46). Before computing Ior, you must first determine the
mass moments and products of inertia of the body with respect to the given coor-
dinate axes as well as the direction cosines of the unit vector L along OL.

3. Calculating the principal moments of inertia of a body and determining
its principal axes of inerfia. You saw in Sec. 9.17 that it is always possible to
find an orientation of the coordinate axes for which the mass products of inertia
are zero. These axes are referred to as the principal axes of inertia and the cor-
responding moments of inertia are known as the principal moments of inertia of
the body. In many cases, the principal axes of inertia of a body can be determined
from its properties of symmetry. The procedure required to determine the prin-
cipal moments and principal axes of inertia of a body with no obvious property of
symmetry was discussed in Sec. 9.18 and was illustrated in Sample Prob. 9.15. It
consists of the following steps.

a. Expand the determinant in Eq. (9.55) and solve the resulting cubic
equation. The solution can be obtalned by trial and error or, preferably, with an
advanced scientific cg : er software. The
roots K;, Ky, and Kj ) .
body. AxpertSoft Trial Version

b. To determine ponding to Kj,
substitute this value for K in two of the equations (9.54) and solve these equations
together with Eq. (9.57) for the direction cosines of the principal axis correspond-
ing to K.

c. Repeat this procedure with K; and K; to determine the directions of the
other two principal axes. As a check of your computations, you may wish to verify
that the scalar product of any two of the unit vectors along the three axes you have
obtained is zero and, thus, that these axes are perpendicular to each other.
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9.149 Determine the mass products of inertia I,, I,

4= and I, of the steel
fixture shown. (The density of steel is 7850 kg/mS.)

Fig. P9.149

9.150 Determine the mass products of inertia I, I,-, and I, of the steel
machine element shown. (The density of steel is 7850 kg/mB.)

Dimensions in mm

Fig. P9.150

9.151 and 9.152 Determine the mass products of inertia I, I,-, and
L, of the cast aluminum machine component shown. (The specific
weight of aluminum is 0.100 1b/in®)

1.1in.

Fig. P9.151 Fig. P9.152

539
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BA4(Q Distributed Forces: Moments of Inertia 9.153 through 9.156 A section of sheet steel 2 mm thick is cut and

bent into the machine component shown. Knowing that the density
y of steel is 7850 kg/m’, determine the mass products of inertia I,
I, and I, of the component.

|
/\ /‘\
<
120 mm
z ~N
Fig. P9.153 100 mm

200 mm\J

Fig. P9.154

pal

350 mm

Fig. P9.155 Fig. P9.156

9.157 The figure shown is formed of 1.5-mm-diameter aluminum wire.
Knowing that the density of aluminum is 2800 kg/m determine

the mass products of inertia I,,, I, and L., of the wire figure.

180 mm

250 mm

z

/ 300 mim X

Fig. P9.157
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9.158

9.159

9.161

9.162

9.163

9.164

Thin aluminum wire of uniform diameter is used to form the fig-
ure shown. Denoting by m’ the mass per unit length of the wire,
determine the mass products of inertia I,, I, and I, of the wire
figure.

and 9.160 Brass wire with a weight per unit length w is used
to form the figure shown. Determine the mass products of inertia
L, I,., and I, of the wire figure.

xy> Lyzo

Complete the derivation g

axis theorem for mass p

For the homogeneous te
by direct integration the mass product of inertia I,,
and I, from the result obtained in part a.

The homogeneous circular cone shown has a mass m. Determine
the mass moment of inertia of the cone with respect to the line

joining the origin O and point A.

y

Fig.

The homogeneous circular cylinder shown has a mass m. Deter-
mine the mass moment of inertia of the cylinder with respect to
the line joining the origin O and point A that is located on the
perimeter of the top surface of the cylinder.

>

Z
Fig. P9.158

Fig. P9.162

z
Fig. P9.164

Problems

541
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542 Distributed Forces: Moments of Inertia 9.165 Shown is the machine element of Prob. 9.141. Determine its mass
moment of inertia with respect to the line joining the origin O and
point A.

Fig. P9.165

9.166 Determine the mass moment of inertia of the steel fixture of
Probs. 9.145 and 9.149 with respect to the axis through the origin
that forms equal angles with the x, y, and z axes.

9.167 The thm bent plate shown is of uniform density and weight W.
a of inertia with respect to the line

Fig. P9.167

9.168 A piece of sheet steel of thickness ¢ and specific weight g is cut
and bent into the machine component shown. Determine the mass
moment of inertia of the component with respect to the line join-
ing the origin O and point A.

/ 9.169 Determine the mass moment of inertia of the machine component
A of Probs. 9.136 and 9.155 with respect to the axis through the

origin characterized by the unit vector 1 = (—4i + 8j + k)/9.

O\ 9.170 through 9.172 For the wire figure of the problem indicated,

determine the mass moment of inertia of the figure with respect

to the axis through the origin characterized by the unit vector
I = (=3i — 6j + 2k)T.
9.170 Prob. 9.148
z 9.171 Prob. 9.147
Fig. P9.168 9.172 Prob. 9.146
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9.173 For the homogeneous circular cylinder shown, of radius a and Problems 5§43
length L, determine the value of the ratio a/L for which the ellip-
soid of inertia of the cylinder is a sphere when computed (a) at the
centroid of the cylinder, (b) at point A.

9.174 For the rectangular prism shown, determine the values of the
ratios b/a and c/a so that the ellipsoid of inertia of the prism is a
sphere when computed (a) at point A, (b) at point B.

Fig. P9.173

Fig. P9.174

9.175 For the right circular cone of Sample Prob. 9.11, determine the
value of the ratio a/h for which the ellipsoid of inertia of the cone
is a sphere when comp
center of the base of th{

9.176 Given an arbitrary body %
prove that the mass moment of inertia of the body W1th respect to
any one of the three axes cannot be larger than the sum of the
mass moments of inertia of the body with respect to the other two
axes. That is, prove that the inequality I, = I, + I. and the two
similar inequalities are satisfied. Further, prove that I, =3 L1, if the
body is a homogeneous solid of revolution, where x 1s the axis of
revolution and y is a transverse axis.

9.177 Consider a cube of mass m and side a. (@) Show that the ellipsoid
of inertia at the center of the cube is a sphere, and use this
property to determine the moment of inertia of the cube with
respect to one of its diagonals. (b) Show that the ellipsoid of
inertia at one of the corners of the cube is an ellipsoid of revolu-
tion, and determine the principal moments of inertia of the cube
at that point.

9.178 Given a homogeneous body of mass m and of arbitrary shape and
three rectangular axes x, y, and z with origin at O, prove that the
sum I, + I, + I of the mass moments of inertia of the body can-
not be smaller than the similar sum computed for a sphere of the
same mass and the same material centered at O. Further, using
the result of Prob. 9.176, prove that if the body is a solid of revolu-
tion, where x is the axis of revolution, its mass moment of inertia
I, about a transverse axis y cannot be smaller than 3ma*/10, where
a is the radius of the sphere of the same mass and the same
material.
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BA44 Distributed Forces: Moments of Inertia *9.179 The homogeneous circular cylinder shown has a mass m, and the
diameter OB of its top surface forms 45° angles with the x and
z axes. (@) Determine the principal mass moments of inertia of the
cylinder at the origin O. (b) Compute the angles that the principal
axes of inertia at O form with the coordinate axes. (¢) Sketch the
cylinder, and show the orientation of the principal axes of inertia
relative to the x, y, and z axes.

Fig. P9.179

9.180 through 9.184 For the component described in the problem
indicated, determine (a ) the principal mass moments of inertia at
smsasa bl sssadas g8 of inertia at the origin. Sketch the

the principal axes of inertia rela-

AxpertSoft Trial Version

*9,182 Prob. 9 167
*9,183 Prob. 9.168
*9,184 Probs. 9.148 and 9.170
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In the first half of this chapter, we discussed the determination of
the resultant R of forces AF distributed over a plane area A when
the magnitudes of these forces are proportional to both the areas AA
of the elements on which they act and the distances y from these
elements to a given x axis; we thus had AF = ky AA. We found
that the magnitude of the resultant R is proportional to the first
moment Q, = [y dA of the area A, while the moment of R about
the x axis is proportional to the second moment, or moment of inertia,
I, = [y*dA of A with respect to the same axis [Sec. 9.2].

The rectangular moments of inertia I, and I, of an area [Sec. 9.3]
were obtained by evaluating the integrals

I, =Jy2 dA  I,= f 2 dA 9.1)

These computations can be reduced to single integrations by choos-
ing dA to be a thin strip parallel to one of the coordinate axes. We
also recall that it is possible

elemental strip (Fig. 9.35) usi AxpertSOft Trial Version

tia of a rectangular area [Sam

y
dly= %y3 dx
. dly =x2y dx
dx X
Fig. 9.35

The polar moment of inertia of an area A with respect to the pole
O [Sec. 9.4] was defined as

Jo = J *dA (9.3)

where r is the distance from O to the element of area dA (Fig. 9.36).
Observing that * = 2* + y?, we established the relation

Jo=1, 11, (9.4)

Rectangular moments of inertia

Fig. 9.36

Polar moment of inertia

545
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Radius of gyration

Parallel-axis theorem

B B
' C
d
A J A
Fig. 9.37

Composite areas

Product of inertia

The radius of gyration of an area A with respect to the x axis
[Sec. 9.5] was defined as the distance k., where I, = KA. With
similar definitions for the radii of gyration of A with respect to the
y axis and with respect to O, we had

I
il k =
BA B

I, ]
k. = - - 19 (©9.5-97
: A ko BA ( )

The parallel-axis theorem was presented in Sec. 9.6. It states that the
moment of inertia I of an area with respect to any given axis AA’
(Fig. 9.37) is equal to the moment of inertia I of the area with
respect to the centroidal axis BB' that is parallel to AA" plus the
product of the area A and the square of the distance d between the
two axes:

I1=1+ Ad? (9.9)

This formula can also be used to determine the moment of inertia I
of an area with respect to a centroidal axis BB when its moment of
inertia I with respect to a parallel axis AA’ is known. In this case,
however, the product Ad* should be subtracted from the known
moment of inertia I.

A similar relation holds between the polar moment of inertia
Jo of an area about a point O and the polar moment of inertia J¢ of
the same area about its centroid C. Letting d be the distance between

(9.11)

The parallel-axis theorem can be used very effectively to compute
the moment of inertia of a composite area with respect to a given
axis [Sec. 9.7]. Considering each component area separately, we first
compute the moment of inertia of each area with respect to its cen-
troidal axis, using the data provided in Figs. 9.12 and 9.13 whenever
possible. The parallel-axis theorem is then applied to determine the
moment of inertia of each component area with respect to the
desired axis, and the various values obtained are added [Sample
Probs. 9.4 and 9.5].

Sections 9.8 through 9.10 were devoted to the transformation of the
moments of inertia of an area under a rotation of the coordinate axes.
First, we defined the product of inertia of an area A as

L, = ny dA (9.12)

and showed that I,,, = 0 if the area A is symmetrical with respect to
either or both of the coordinate axes. We also derived the parallel-
axis theorem for products of inertia. We had

I, = I, +xyA (9.13)

where I,/ , is the product of inertia of the area with respect to the cen-
troidal axes x" and y" which are parallel to the x and y axis and x and

y are the coordinates of the centroid of the area [Sec. 9.8].
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Fig. 9.38

In Sec. 9.9 we determined the moments and product of inertia I,
Iy, and I, of an area with respect to x" and y" axes obtained by
rotating the original x and y coordinate axes through an angle u
counterclockwise (Fig. 9.38). We expressed I, I, and I, in terms of
the moments and product of inertia I,, I,, and I,, computed with
respect to the original x and y axes. We had

L+1, IL—1I,

Review and Summary 547

Rotation of axes

I + cos 2U — I, sin 2u (9.18)
2 2
I + Iy . .
U  AxpertSoft Trial Version
I, -1,
Loy = sin 2U + I, cos 2u (9.20)

The principal axes of the area about O were defined as the two axes
perpendicular to each other, with respect to which the moments of
inertia of the area are maximum and minimum. The corresponding
values of u, denoted by u,,, were obtained from the formula

21,

L -1,

tan 2u,, = — (9.25)

The corresponding maximum and minimum values of I are called
the principal moments of inertia of the area about O; we had

i Bl (I _ I”>2 2 9.27
axmin — - + I .
max,min 9 B 2 11!/ ( )

We also noted that the corresponding value of the product of inertia
is zero.

The transformation of the moments and product of inertia of an area
under a rotation of axes can be represented graphically by drawing
Mohr's circle [Sec. 9.10]. Given the moments and product of inertia I,
I, and L, of the area with respect to the x and y coordinate axes, we

Principal axes

Principal moments of inertia

Mohr’s circle


http://www.axpertsoft.com/pdf-splitter-software/

548 Distributed Forces: Moments of Inertia

v Y lxy
b I,
I e i
X
X
26
— Imin—] I o
Y
s 26, Ly
7 ) B C A
o) X o T ] ho ly
6)m _Ixy
,|x‘y,
a l YINL
v
- |y ]
ly ——
Imax
Fig. 9.39

plot points X (I, Ixy) and Y (I,j, —Ixy) and draw the line joining
these two points (Fig. 9.39). This line is a diameter of Mohr’s circle
and thus defines this circle. As the coordinate axes are rotated
through u, the diameter rotates through twice that angle, and the
coordinates of X" and Y' yield the new values I, I/, and I, of the
ye area. Also, the angle u,, and

: : ine the principal axes ¢ and b
AXpertSOft Trial Version pf the area [Sample Prob. 9.8].

Moments of inertia of masses The second half of the chapter was devoted to the determination of
moments of inertia of masses, which are encountered in dynamics
in problems involving the rotation of a rigid body about an axis.
The mass moment of inertia of a body with respect to an axis AA’
(Fig. 9.40) was defined as

I :J *dm (9.28)

where r is the distance from AA’ to the element of mass [Sec. 9.11].

Q The radius of gyration of the body was defined as

1
/ k= __— (9.29)
/I\\ ry Bm
// \\
p. A% The moments of inertia of a body with respect to the coordinates
& axes were expressed as

= -7 Ix —

(y2 + 2% dm

L=+ yz) dm

. Amy J
/’ 3 I, J(zz + 23 dm (9.30)
: f

Fig. 9.40
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We saw that the parallel-axis theorem also applies to mass Review and Summary  5A40Q
moments of inertia [Sec. 9.12]. Thus, the moment of inertia I of a body
with respect to an arbitrary axis AA" (Fig. 9.41) can be expressed as Parallel-axis theorem

I=1+md (9.33)

where I is the moment of inertia of the body with respect to the
centroidal axis BB" which is parallel to the axis AA’, m is the mass
of the body, and d is the distance between the two axes.

A
A

/-

.
\

B A
Fig. 9.41 Fig. 9.43
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The moments of inertia Of 111 S
the moments of inertia of their areas [Sec. 9.13]. We found that for
a rectangular plate the moments of inertia with respect to the axes
shown (Fig. 9.42) are

ents of inertia of thin plates

L = sma®  Igy = mb? (9.39)
Ico = Ly + Ipp = gmla® + b?) (9.40)
while for a circular plate (Fig. 9.43) they are
Ly = Igp = jmr” (9.41)
Iee = Ly + Ipp = gmr® (9.42)

When a body possesses two planes of symmetry, it is usually possible Composite bodies
to use a single integration to determine its moment of inertia with

respect to a given axis by selecting the element of mass dm to be a

thin plate [Sample Probs. 9.10 and 9.11]. On the other hand, when

a body consists of several common geometric shapes, its moment of

inertia with respect to a given axis can be obtained by using the

formulas given in Fig. 9.28 together with the parallel-axis theorem

[Sample Probs. 9.12 and 9.13].

In the last portion of the chapter, we learned to determine the Moment of inertia with respect
moment of inertia of a body with respect to an arbitrary axis OL  to an arbitrary axis
which is drawn through the origin O [Sec. 9.16]. Denoting by I, 1

v
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550 Distributed Forces: Moments of Inertia I. the components of the unit vector L along OL (Fig. 9.44) and
introducing the products of inertia

I, = j xy dm I,. = J yz dm I, = J zx dm (9.45)

we found that the moment of inertia of the body with respect to OL
could be expressed as

— 2 2 2
Iop, = LE + L1 + LI = 20,00, — 21, L1 — 2L L1 (9.46)
y yl X
| //
| 7
K | 4
\\ (.
N7
O¥f—————
zal
// !
2 |
_—
z/ (
7'
Fig. 9.45

Ellipsoid of infAVAelsgesTe] i N(F=IRVICTESITo] M. ot a distance OQ = 1115,
surface of an ellipsoid, known
as the ellipsoid of inertia of the body at point O. The principal axes
x',y', 2" of this ellipsoid (Fig. 9.45) are the principal axes of inertia
Principal axes of inertia  of the body; that is, the products of inertia Loy, Iy, Loy of the body
Principal moments of inertia  with respect to these axes are all zero. There are many situations
when the principal axes of inertia of a body can be deduced from
properties of symmetry of the body. Choosing these axes to be the

coordinate axes, we can then express Iy, as

Iop = LG + 1,01 + LIZ (9.50)
where I, I/, I, are the principal moments of inertia of the body at O.

When the principal axes of inertia cannot be obtained by obser-
vation [Sec. 9.17], it is necessary to solve the cubic equation

K= (I, + I, + K> + (LI, + L. + LI, — I, — I;. — I2)K

2 2 2 ¢ _
— (LIL — L. — LB, — LB, — 2L,1,.1.,) = 0 (9.56)

We found [Sec. 9.18] that the roots Kj, K,, and Kj of this equation
are the principal moments of inertia of the given body. The direction
cosines (L), (1,);, and (L), of the principal axis corresponding to
the principal moment of inertia K; are then determined by substitut-
ing K; into Eqgs. (9.54) and solving two of these equations and
Eq. (9.57) simultaneously. The same procedure is then repeated
using K, and Kj to determine the direction cosines of the other two
principal axes [Sample Prob. 9.15].
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REVIEW PROBLEMS

9.185 Determine by direct integration the moments of inertia of the
shaded area with respect to the x and y axes.

y

o
Cabad

Fig. P9.185

9.186 Determine the moment of inertia and the radius of gyration of the
shaded area shown with respect to the y axis.

y =mx

Fig. P9.186 1
9.187 Determine the moment of inertia and the radius of gyration of the ! a
shaded area shown with respect to the x axis. Fig. P9.187

9.188 Dectermine the moments of inertia I, and fy of the area shown with
respect to centroidal axes respectively parallel and perpendicular

to side AB.
12mm_, 12mm
18 mm
22 mm
A B

Fig. P9.188
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& |

IelOO mm »|<—>

50 mm

Fig. P9.189

9.189 Determine the polar moment of inertia of the area shown with
respect to () point O, (b) the centroid of the area.

9.190 Two L5 X 3 X 3-in. angles are welded to a 3-in. steel plate. Deter-

mine the distance b and the centroidal moments of inertia I, and

I, of the combined section, knowing that I, = A4l.

3

50 1nm y
'
| b b |
I I
L5 x 3 x %
/
0.5in. C ‘ <
L[ | C y
T! 5in. 5in. !

y
L.~ [=o0746in.
Eln.» ~—
_l15x3x3
5in.
C
l 1.74in.

|<— 3 in.—»l 11-

> n.

Fig. P9.191 and P9.192

Fig. P9.190

9.191 Using the parallel-axis theorem, determine the product of inertia
of the L5 X 3 X g-in. angle cross section shown with respect to

the centroidal x and y axes.

9.192 For the L5 X 3 X 3-in. angle cross section shown, use Mohr’s circle
inertia and the product of inertia
kes obtained by rotating the x and
rientation of the principal axes
responding values of the moments

AxpertSoft Trial Version
of inertia.
9.193 A thin plate of mass m has the trapezoidal shape shown. Deter-

mine the mass moment of inertia of the plate with respect to
(@) the x axis, (b) the y axis.

z
Fig. P9.193 and P9.194

9.194 A thin plate of mass m has the trapezoidal shape shown. Deter-
mine the mass moment of inertia of the plate with respect to
(@) the centroidal axis CC’ that is perpendicular to the plate,
(b) the axis AA’ that is parallel to the x axis and is located at a
distance 1.5a from the plate.
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9.195 A 2-mm-thick piece of sheet steel is cut and bent into the machine Review Problems 5§53
component shown. Knowing that the density of steel is 7850 kg/mB,
determine the mass moment of inertia of the component with
respect to each of the coordinate axes.

4
120 mm

150 m/nfw

150 m/n{ﬁ
Ve

120 mm

150 mm,~ 150 mm
z
Fig. P9.195

9.196 Determine the mass moment of inertia and the radius of gyration
of the steel machine element shown with respect to the x axis. (The
density of steel is 7850 kg/m‘B.)

AxpertSoft Trial Version

I\ X

Fig. P9.196
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COMPUTER PROBLEMS

9.C1 Write a computer program that, for an area with known moments and
product of inertia I, I,, and I,,, can be used to calculate the moments
and product of inertia I, I/, and I, of the area with respect to axes x" and
y" obtained by rotating the original axes counterclockwise through an angle
u. Use this program to compute L, I,,, and I, for the section of Sample
Prob. 9.7 for values of u from 0 to 90° using 5° increments.

9.C2 Write a computer program that, for an area with known moments and
product of inertia I, I,, and I, can be used to calculate the orientation of
the principal axes of the area and the corresponding values of the principal
moments of inertia. Use this program to solve (a) Prob. 9.89, (b) Sample

Prob. 9.7.

9.C3 Many cross sections can be approximated by a series of rectangles as
shown. Write a computer program that can be used to calculate the moments
of inertia and the radii of gyration of cross sections of this type with respect
to horizontal and vertical centroidal axes. Apply this program to the cross
sections shown in () Figs. P9.31 and P9.33, (b) Figs. P9.32 and P9.34,
(c) Fig. P9.43, (d) Fig. P9.44.

AxpertSoft Trial Version o

+C1 dl

! W1 !_1_

Fig. P9.C3 and P9.C4

9.C4 Many cross sections can be approximated by a series of rectangles
as shown. Write a computer program that can be used to calculate the
products of inertia of cross sections of this type with respect to horizontal
and vertical centroidal axes. Use this program to solve (a) Prob. 9.71,

(b) Prob. 9.75, (¢) Prob. 9.77.

I 9.C5 The area shown is revolved about the x axis to form a homoge-

| neous solid of mass m. Approximate the area using a series of 400 rect-

L angles of the form bee'b’, each of width Al, and then write a computer
- |1_.| bL AI-»I b X program that can be used to determine the mass moment of inertia of the
| solid with respect to the x axis. Use this program to solve part a of
2 (a) Sample Prob. 9.11, (b) Prob. 9.121, assuming that in these problems
Fig. P9.C5 m = 2 kg, « = 100 mm, and h = 400 mm.

554
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9.C6 A homogeneous wire with a weight per unit length of 0.04 Ib/ft is used Computer Problems
to form the figure shown. Approximate the figure using 10 straight line seg-

ments, and then write a computer program that can be used to determine

the mass moment of inertia I, of the wire with respect to the x axis. Use this

program to determine I, when (¢) a = 1in., L = 11in., h = 4 in., (b) a =

2in., L =17in, h = 10in, (¢)a = 5in., L = 25in., h = 6 in.

a
y y=h(1- 3

\

‘ Lﬂf‘j -~
L
o] X

Fig. P9.C6

*9.C7 Write a computer program that, for a body with known mass moments
and products of inertia I, I, L, Ly, I, and I, can be used to calculate
the principal mass moments of inertia K;, Ky, and Kj of the body at the
origin. Use this program to solve part a of (a) Prob. 9.180, (b) Prob. 9.181,

(¢) Prob. 9.184.

*9.C8 Extend the computer prog i :
tion of the angles that the principa AxpertSOft Trlal Version

coordinate axes. Use this program ve=ss
(c) Prob. 9.184.
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The method of virtual work is particularly
effective when a simple relation can be
found among the displacements of the
points of application of the various forces

involved. This is the case for the scissor

lift platform being used by worker< tn
gain access to a highway bridg ~ AxpertSoft Trial Version

construction.
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Chapter 10 Method of
Virtual Work

Introduction

Work of a Force

Principle of Virtual Work
Applications of the Principle of
Virtual Work

Real Machines. Mechanical
Efficiency

Work of a Force During a Finite
Displacement

Potential Energy

Potential Energy and Equilibrium
Stability of Equilibrium

*10.1 INTRODUCTION

In the preceding chapters, problems involving the equilibrium of
rigid bodies were solved by expressing that the external forces acting
on the bodies were balanced. The equations of equilibrium XF, = 0,
2F, = 0, 2M, = 0 were written and solved for the desired unknowns.
A different method, which will prove more effective for solving cer-
tain types of equilibrium problems, will now be considered. This
method is based on the principle of virtual work and was first
formally used by the Swiss mathematician Jean Bernoulli in the
eighteenth century.

As you will see in Sec. 10.3, the principle of virtual work states
that if a particle or rigid body, or, more generally, a system of con-
nected rigid bodies, which is in equilibrium under various external
forces, is given an arbitrary displacement from that position of equi-
librium, the total work done by the external forces during the dis-
placement is zero. This principle is particularly effective when applied
to the solution of problems involving the equilibrium of machines or
mechanisms consisting of several connected members.

In the second part of the chapter, the method of virtual work
will be applied in an alternative form based on the concept of poten-
tial energy. Tt will be shown in Sec. 10.8 that if a particle, rigid body,
or system of rigid bodies is in equilibrium, then the derivative of its
potential energy with respect to a variable defining its position must

rn to evaluate the mechanical

AxpertSoft Trial Version | to determine whether a given

hble, or neutral (Sec. 10.9).

*10.2 WORK OF A FORCE

Let us first define the terms displacement and work as they are used
in mechanics. Consider a particle which moves from a point A to a
neighboring point A" (Fig. 10.1). If r denotes the position vector
corresponding to point A, the small vector joining A and A" may be
denoted by the differential dr; the vector dr is called the displace-
ment of the particle. Now let us assume that a force F is acting on
the particle. The work of the force F corresponding to the displace-
ment dr is defined as the quantity

dU = F - dr (10.1)

obtained by forming the scalar product of the force F and the dis-
placement dr. Denoting respectively by F and ds the magnitudes of
the force and of the displacement, and by a the angle formed by F
and dr, and recalling the definition of the scalar product of two vec-

tors (Sec. 3.9), we write
dU = F ds cos a (10.1)

Being a scalar quantity, work has a magnitude and a sign, but no
direction. We also note that work should be expressed in units obtained
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by multiplying units of length by units of force. Thus, if U.S. custom- 10.2 Work of a force 5§50
ary units are used, work should be expressed in ft - Ib or in - lb. If
SI units are used, work should be expressed in N - m. The unit of
work N - m is called a joule (]).t

It follows from (10.1') that the work dU is positive if the angle
a is acute and negative if a is obtuse. Three particular cases are of
special interest. If the force F has the same direction as dr, the work
dU reduces to F ds. If F has a direction opposite to that of dr, the
work is dU = —F ds. Finally, if F is perpendicular to dr, the work
dU is zero.

The work dU of a force F during a displacement dr can also
be considered as the product of F and the component ds cos a of
the displacement dr along F (Fig. 10.2a). This view is particularly

AxpertSoft Trial Version

b 10.1 The forces exerted by the
yaraulic cylinders to position the bucket lift
useful in the computation of the work done by the weight W of a  shown can be effectively determined using the
body (Fig, 10.2h). The work of W is equal to the product of W and ~ method of Vi”‘;\dl ;’l‘forll( since a Si’?p:]e relation ;
the vertical displacement dy of the center of gravity G of the body. :’:::l?cg;?;n%ft r:e fgf:::se;;z:g Zn trhz F::::‘:lgrs
If the displacement is downward, the work is positive; if it is upward,  of the ift.
the work is negative.
A number of forces frequently encountered in statics do no
work: forces applied to fixed points (ds = 0) or acting in a direction
perpendicular to the displacement (cos a = 0). Among these forces
are the reaction at a frictionless pin when the body supported
rotates about the pin; the reaction at a frictionless surface when
the body in contact moves along the surface; the reaction at a roller
moving along its track; the weight of a body when its center of
gravity moves horizontally; and the friction force acting on a wheel
rolling without slipping (since at any instant the point of contact
does not move). Examples of forces which do work are the weight
of a body (except in the case considered above), the friction force
acting on a body sliding on a rough surface, and most forces applied
on a moving body.

tThe joule is the SI unit of energy, whether in mechanical form (work, potential
energy, kinetic energy) or in chemical, electrical, or thermal form. We should note that
even though N - m = J, the moment of a force must be expressed in N - m, and not in
joules, since the moment of a force is not a form of energy.


http://www.axpertsoft.com/pdf-splitter-software/

560 Method of Virtual Work In certain cases, the sum of the work done by several forces is
zero. Consider, for example, two rigid bodies AC and BC connected
at C by a frictionless pin (Fig. 10.3a). Among the forces acting on
AC is the force F exerted at C by BC. In general, the work of this

(@) (b)
Fig. 10.3

force will not be zero, but it will be equal in magnitude and opposite
in sign to the work of the force —F exerted by AC on BC, since
these forces are equal and opposite and are applied to the same
particle. Thus, when the total work done by all the forces acting on
AB and BC is considered, the work of the two internal forces at C
cancels out. A similar result is obtained if we consider a system
consisting of two blocks connected by an inextensible cord AB
(Fig. 10.3b). The work of the tension force T at A is equal in magni-
tude to the work of the tension force T’ at B, since these forces have
the same magnitude and the points A and B move through the same
positive, and in the other it is
AxpertSOf‘[ Trial Version al forces again cancels out.

prk of the internal forces hold-
g together the parucles ol a ngid body is zero. Consider two par-
ticles A and B of a rigid body and the two equal and opposite forces
F and —F they exert on each other (Fig. 10.4). While, in general,

Fig. 10.4

small displacements dr and dr’ of the two particles are different, the
components of these displacements along AB must be equal; other-
wise, the particles would not remain at the same distance from each
other, and the body would not be rigid. Therefore, the work of F is
equal in magnitude and opposite in sign to the work of —F, and their
sum is zero.

In computing the work of the external forces acting on a rigid
body, it is often convenient to determine the work of a couple with-
out considering separately the work of each of the two forces forming
the couple. Consider the two forces F and —F forming a couple of
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moment M and acting on a rigid body (Fig. 10.5). Any small displace- 10.3 Principle of Virtual Work 564
ment of the rigid body bringing A and B, respectively, into A" and B”
can be divided into two parts, one in which points A and B undergo
equal displacements dry, the other in which A’ remains fixed while
B'" moves into B” through a displacement dry of magnitude ds, = r du.
In the first part of the motion, the work of F is equal in magnitude
and opposite in sign to the work of —F, and their sum is zero. In
the second part of the motion, only force F works, and its work is
dU = F ds; = Fr du. But the product Fr is equal to the magnitude
M of the moment of the couple. Thus, the work of a couple of
moment M acting on a rigid body is

dU = M du (10.2)

where du is the small angle expressed in radians through which the
body rotates. We again note that work should be expressed in units
obtained by multiplying units of force by units of length.

*10.3 PRINCIPLE OF VIRTUAL WORK

Consider a particle acted upon by several forces Fy, Fy, . . ., F,
(Fig. 10.6). We can imagine that the particle undergoes a small dis-
placement from A to A’. This displacement is possible, but it will not
necessarily take place. The forces may be balanced and the particle
at rest, or the particle may mo
in a direction different from AxpertSOft Trial Version
considered does not actually o
and is denoted by dr. The symbol Or represents a ditierential ol the
first order; it is used to distinguish the virtual displacement from the
displacement dr which would take place under actual motion. As you
will see, virtual displacements can be used to determine whether the
conditions of equilibrium of a particle are satisfied.

The work of each of the forces F|, Fs, . . ., F, during the virtual =
displacement dr is called virtual work. The virtual work of all the
forces acting on the particle of Fig. 10.6 is Fig. 10.6

dU=F,-dr + Fy-dr+- - -+ F, -dr
=F +F,+---+F,- dr

or

dU =R - dr (10.3)
where R is the resultant of the given forces. Thus, the total virtual
work of the forces Fy, Fs, . . ., F, is equal to the virtual work of

their resultant R.

The principle of virtual work for a particle states that if a parti-
cle is in equilibrium, the total virtual work of the forces acting on the
particle is zero for any virtual displacement of the particle. This con-
dition is necessary: if the particle is in equilibrium, the resultant R of
the forces is zero, and it follows from (10.3) that the total virtual work
dU is zero. The condition is also sufficient: if the total virtual work
dU is zero for any virtual displacement, the scalar product R - dr is
zero for any dr, and the resultant R must be zero.
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562 Method of Virtual Work

In the case of a rigid body, the principle of virtual work states
that if a rigid body is in equilibrium, the total virtual work of the
external forces acting on the rigid body is zero for any virtual displace-
ment of the body. The condition is necessary: if the body is in equi-
librium, all the particles forming the body are in equilibrium and the
total virtual work of the forces acting on all the particles must be zero;
but we have seen in the preceding section that the total work of the
internal forces is zero; the total work of the external forces must there-
fore also be zero. The condition can also be proved to be sufficient.

The principle of virtual work can be extended to the case of a
system of connected rigid bodies. If the system remains connected
during the virtual displacement, only the work of the forces external
to the system need be considered, since the total work of the internal
forces at the various connections is zero.

*10.4 APPLICATIONS OF THE PRINCIPLE
OF VIRTUAL WORK

The principle of virtual work is particularly effective when applied
to the solution of problems involving machines or mechanisms con-
sisting of several connected rigid bodies. Consider, for instance, the
toggle vise ACB of Fig. 10.7a, used to compress a wooden block. We

Fig. 10.7

wish to determine the force exerted by the vise on the block when
a given force P is applied at C, assuming that there is no friction.
Denoting by Q the reaction of the block on the vise, we draw the
free-body diagram of the vise and consider the virtual displacement
obtained by giving a positive increment du to the angle u (Fig. 10.7b).
Choosing a system of coordinate axes with origin at A, we note that
xp increases while y¢ decreases. This is indicated in the figure, where
a positive increment dxg and a negative increment —dyc are shown.
The reactions A,, A,, and N will do no work during the virtual dis-
placement considered, and we need only compute the work of P and
Q. Since Q and dxz have opposite senses, the virtual work of Q is
dUp = —Q dxg. Since P and the increment shown (—dyc) have the
same sense, the virtual work of P is dU, = +P(—dyc) = —P dyc.
The minus signs obtained could have been predicted by simply not-
ing that the forces Q and P are directed opposite to the positive
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and y axes, respectively. Expressing the coordinates xz and in 10.4 Applications of the Principle of
X Y ? P Y P & B Ye Virtual Work 563

terms of the angle U and differentiating, we obtain

xg = 2 sinu yc =lcosu
dxz = 2l cos u du dyc = —I sin u du (10.4)
The total virtual work of the forces Q and P is thus
dU = dUQ + dUp = _Q de - dec
= —2Ql cos u du + Pl sin u du
Making dU = 0, we obtain
20! cos u du = Pl sin u du (10.5)
Q =4Ptan u (10.6)

The superiority of the method of virtual work over the conven-
tional equilibrium equations in the problem considered here is clear:
by using the method of virtual work, we were able to eliminate all
unknown reactions, while the equation M, = 0 would have elimi-
nated only two of the unknown reactions. This property of the
method of virtual work can be used in solving many problems involv-
ing machines and mechanisms. If the virtual displacement considered A
is consistent with'the constraints imposed by t'he’supports and con- g 102 The clamping force of the foggle
nections, all reactions and internal forces are eliminated and only the  cjgmp shown can be expressed as a function
work of the loads, applied f
considered. : .

SONNERTTTaI  AxpertSoft Trial Version
involving completely constrainé S —
placements considered will never actually take place. Consider, for
example, the frame ACB shown in Fig. 10.8a. If point A is kept fixed,
while B is given a horizontal virtual displacement (Fig. 10.8b), we
need consider only the work of P and B,. We can thus determine

force applied to the handle by first
shing the geometric relations among the
ers of the clamp and then applying the
d of virtual work.

@) (b)

Fig. 10.8
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564 Method of Virtual Work

the reaction component B, in the same way as the force Q of the
preceding example (Fig. 10.7b); we have

B, = —%P tan u

Keeping B fixed and giving to A a horizontal virtual displacement,
we can similarly determine the reaction component A,. The compo-
nents A, and B, can be determined by rotating the frame ACB as a
rigid body about B and A, respectively.

The method of virtual work can also be used to determine the
configuration of a system in equilibrium under given forces. For
example, the value of the angle u for which the linkage of Fig. 10.7
is in equilibrium under two given forces P and Q can be obtained by
solving Eq. (10.6) for tan u.

It should be noted, however, that the attractiveness of the
method of virtual work depends to a large extent upon the existence
of simple geometric relations between the various virtual displace-
ments involved in the solution of a given problem. When no such
simple relations exist, it is usually advisable to revert to the conven-
tional method of Chap. 6.

*10.5 REAL MACHINES. MECHANICAL EFFICIENCY

In analyzmg the toggle vise in the preceding section, we assumed that
, the virtual work consisted only
bf the reaction Q. But the work

AXpertSOft Trial Version de and opposite in sign to the

on the block. Equation (10.5),
therefore, expresses that the output work 2Ql cos u du is equal to the
input work Pl sin u du. A machine in which input and output work
are equal is said to be an “ideal” machine. In a “real” machine, friction
forces will always do some work, and the output work will be smaller
than the input work.

Consider, for example, the toggle vise of Fig. 10.7a, and assume
now that a friction force F develops between the sliding block B and
the horizontal plane (Fig. 10.9). Using the conventional methods of
statics and summing moments about A, we find N = P/2. Denoting
by m the coefficient of friction between block B and the horizontal



http://www.axpertsoft.com/pdf-splitter-software/

plane, we have F = mN = mP/2. Recalling formulas (10.4), we find
that the total virtual work of the forces Q, P, and F during the virtual
displacement shown in Fig. 10.9 is

dU: _deB_deC_Fde
= —2Ql cos udu + Pl sin u du — mPl cos u du

Making dU = 0, we obtain
2Ql cos u du = Pl sin u du — mP/ cos u du (10.7)

which expresses that the output work is equal to the input work
minus the work of the friction force. Solving for Q, we have

Q = iP(tan u — m) (10.8)

We note that Q = 0 when tan u = m, that is, when U is equal to the

angle of friction ¥, and that Q < 0 when u < F. The toggle vise may

thus be used only for values of u larger than the angle of friction.
The mechanical efficiency of a machine is defined as the ratio

Clearly, the mechanical efficiency of an ideal machine is h = 1, since
input and output work are then equal, while the mechanical effi-
ciency of a real machine will always be less than 1.

In the case of the toggle vise we have just analyzed, we write

output work 20/ cos u du

input work "~ Plsinudu
Substituting from (10.8) for Q, we obtain

P(tanu — m)/ cos u du
h = - =1—mcotu (10.10)
Pl sinudu

We check that in the absence of friction forces, we would have m = 0
and h = 1. In the general case, when m is different from zero, the
efficiency h becomes zero for m cot u = 1, that is, for tan u = m, or
u=tan ' m = F. We note again that the toggle vise can be used
only for values of u larger than the angle of friction ¥.
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10.5 Real Machines. Mechanical Efficiency 5§45
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