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SAMPLE PROBLEM 10.1

Using the method of virtual work, determine the magnitude of the couple
M required to maintain the equilibrium of the mechanism shown.

SOLUTION

Choosing a coordinate system with origin at E, we write
xp = 3l cos U dxp = —3l sin u du

Principle of Virtual Work. Since the reactions A, E,, and E, will do no
work during the virtual displacement, the total virtual work done by M and
P must be zero. Noting that P acts in the positive x direction and M acts
in the positive U direction, we write

dU = 0: +Mdu+ Pdxp =0
+M du + P(—3lsinudu) =0

M = 3Pl sin u
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e tension in the spring which
correspond to the equilibrium position of the mechanism. The unstretched
length of the spring is h, and the constant of the spring is k. Neglect the
weight of the mechanism.

SOLUTION

With the coordinate system shown

ygp =lsinu yc =2l sinu
dyz =l cos u du dyc = 2l cos u du

The elongation of the spring is s=yc—h=2lsinu—nh
The magnitude of the force exerted at C by the spring is
F =ks = k(2l sinu — h) (1)

Principle of Virtual Work. Since the reactions A,, A,, and C do no work,
the total virtual work done by P and F must be zero.

dU = 0: P dyy — F dyc = 0
P(l cos u du) — k(2] sin u — h)(2l cos udu) = 0
I P + 2kh
4kl
Substituting this expression into (1), we obtain F=1ip
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SAMPLE PROBLEM 10.3

A hydraulic-lift table is used to raise a 1000-kg crate. It consists
of a platform and of two identical linkages on which hydraulic
cylinders exert equal forces. (Only one linkage and one cylinder
are shown.) Members EDB and CG are each of length 24, and
member AD is pinned to the midpoint of EDB. If the crate is
placed on the table, so that half of its weight is supported by the
system shown, determine the force exerted by each cylinder in

raising the crate for u = 60°, ¢ = 0.70 m, and L = 3.20 m. This
| mechanism has been previously considered in Sample Prob. 6.7.

1l
1l

SOLUTION

The machine considered consists of the platform and of the
linkage, with an input force Fpy; exerted by the cylinder and an
O) E I output force equal and opposite to 3W.

Principle of Virtual Work. We first observe that the reactions
at E and G do no work. Denoting by y the elevation of the
platform above the base, and by s the length DH of the cylinder-
and-piston assembly, we write

o/G . W dy + Fpyds =0 1)

dy of the platform is expressed in

F
e cement du of EDB as follows:

B) sin U = 2a sin U
dy = 2a cos u du

To express ds similarly in terms of du, we first note that by the
law of cosines,

s> =a® + L* — 2aL cos U
Differentiating,

2s ds = —2aL(—sin u) du

ds = al. sin u du
s

Substituting for dy and ds into (1), we write

al. sin u

(—3W)2a cos udu + Fpy du=0

FDH = W% cotu

With the given numerical data, we have
W = mg = (1000 kg)(9.81 m/s?) = 9810 N = 9.81 kN
2

S
& \ s> =a*>+ L* — 2aL cos U
< 6 / = (0.70)* + (3.20)* — 2(0.70)(3.20) cos 60° = 8.49
E H s =291 m

s 291 m
Foy = Wecotu = (9.81 kN
b = W cotu = ( )390m

cot 60°

FDU - 515 kN

567
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568

SOULVINGIEROBLEIVIY
ON RO URSOVVIN

In this lesson you learned to use the method of virtual work, which is a different
way of solving problems involving the equilibrium of rigid bodies.

The work done by a force during a displacement of its point of application or by
a couple during a rotation is found by using Eqgs. (10.1) and (10.2), respectively:

dU = Fds cos a (10.1)
dU =M du (10.2)

Principle of virtual work. In its more general and more useful form, this principle
can be stated as follows: If a system of connected rigid bodies is in equilibrium,
the total virtual work of the external forces applied to the system is zero for any
virtual displacement of the system.

As you apply the principle of virtual work, keep in mind the following:
1. Virtual displacement. A machine or mechanism in equilibrium has no ten-

dency to move. However, we can cause, or imagine, a small displacement. Since
it does not actually occur, such a displacement is called a virtual displacement.

2. Virtual work. T}
ment is called virtua

irtual displace-
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3. You need consider only the forces which do work during the virtual
displacement.

4, Forces which do no work during a virtual displacement that is consistent with
the constraints imposed on the system are:

a. Reactions at supports
b. Internal forces at connections
c. Forces exerted by inextensible cords and cables
None of these forces need be considered when you use the method of virtual work.

5. Be sure to express the various virtual displacements involved in your com-
putations in terms of a single virtual displacement. This is done in each of the
three preceding sample problems, where the virtual displacements are all expressed
in terms of du.

6. Remember that the method of virtual work is effective only in those cases
where the geometry of the system makes it relatively easy to relate the displace-
ments involved.
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PROBLEMS

10.1 and 10.2 Determine the vertical force P that must be applied 30 mm

at G to maintain the equilibrium of the linkage. ‘4— 90 mm —>|<—>|
D

80 N C —_—
10.3 and 10.4 Determine the couple M that must be applied to l 0 rnm

member DEFG to maintain the equilibrium of the linkage. N B 18 N-m i
40 1nm

GG |

300 Ib
 / B Fig. P10.1 and P10.3
A© © e\ C
E
D o) 0 G

e

©
‘100 Ib
|
I

8in. . 12in.  6in. 10in.
Fig. P10.2 and P10.4

10.5 Determine the force P r{
linkage shown. All meml
at A and B roll freely on
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8in.

75N 150 N
Fig. P10.5 P
—T— O
9in.
10.6 Solve Prob. 10.5 assuming that the vertical force P is applied at _1_

point E.

10.7 The two-bar linkage shown is supported by a pin and bracket at B
and a collar at D that slides freely on a vertical rod. Determine 100 Ib
the force P required to maintain the equilibrium of the linkage. Fig. P10.7

569
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570 Method of Virtual Work 10.8 Knowing that the maximum friction force exerted by the bottle on
the cork is 60 Ib, determine (@) the force P that must be applied
to the corkscrew to open the bottle, (b) the maximum force exerted
by the base of the corkscrew on the top of the bottle.

10.9 Rod AD is acted upon by a vertical force P at end A and by two
equal and opposite horizontal forces of magnitude Q at points B
and C. Derive an expression for the magnitude Q of the horizontal
forces required for equilibrium.

Fig. P10.8

AB is attached to a collar A and
bolecting the radius of the wheel
an expression for the magnitude
tain the equilibrium of the rod.

Fig. P10.10 Fig. P10.11

10.12 Knowing that the line of action of the force Q passes through point
C, derive an expression for the magnitude of Q required to main-
tain equilibrium.

10.13 Solve Prob. 10.12 assuming that the force P applied at point A acts
Fig. P10.12 horizontally to the left.
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10.14 The mechanism shown is acted upon by the force P; derive an Problems 571
expression for the magnitude of the force Q required to maintain
equilibrium.

10.15 and 10.16 Derive an expression for the magnitude of the cou-
ple M required to maintain the equilibrium of the linkage shown.

Fig. P10.14

Fig. P10.15 Fig. P10.16

10.17 A uniform rod AB of length [ and welght W is suspended from two
cords AC and BC of equa
magnitude of the coupld
the rod in the position §

10.18 Collar B can slide along Tod A : y @ pil o a
block that can slide in the vertical slot shown. Derive an expression
for the magnitude of the couple M required to maintain Fig. P10.17
equilibrium.

|

|

Fig. P10.18 r @ ®
¢ 14

1
10.19 For the linkage shown, determine the couple M required for equi- 2 y
librium when [ = 1.8 ft, Q9 = 40 Ib, and u = 65°. | é

10.20 For the linkage shown, determine the force Q required for equi-
librium when [ = 18 in., M = 600 Ib - in., and u = 70°. Fig. P10.19 and P10.20
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572 Method of Virtual Work 10.21 A 4-kN force P is applied as shown to the piston of the engine
system. Knowing that AB = 50 mm and BC = 200 mm, determine
the couple M required to maintain the equilibrium of the system
when (@) u = 30° (b) u = 150°.

10.22 A couple M of magnitude 100 N - m is applied as shown to
the crank of the engine system. Knowing that AB = 50 mm and
BC = 200 mm, determine the force P required to maintain the
equilibrium of the system when (¢) u = 60°, (b) u = 120°.

Fig. P10.21 and P10.22 10.23 A slender rod of length [ is attached to a collar at B and rests on

a portion of a circular cylinder of radius r. Neglecting the effect
of friction, determine the value of u corresponding to the equilib-
rium position of the mechanism when I = 200 mm, r = 60 mm,

P =40 N, and Q = 80 N.

Fig. P10.23 and P10.24

. . hed to a collar at B and rests on
AXpertSOft Trlal Version of radius r Neglecting the effect
bf u corresponding to the equilib-
rium position of the mechanism when [ = 14 in,, r = 5 in,, P =

75 Ib, and Q = 150 Ib.

10.25 Determine the value of U corresponding to the equilibrium position
of the rod of Prob. 10.10 when [ = 30 in., @ = 5 in., P = 25 Ib,
and Q = 40 Ib.

10.26 Determine the values of U corresponding to the equilibrium posi-
tion of the rod of Prob. 10.11 when [ = 600 mm, ¢ = 100 mm,
P=50N,andQ=90N.

10.27 Determine the value of u corresponding to the equilibrium position
of the mechanism of Prob. 10.12 when P = 80 N and Q = 100 N.

10.28 Determine the value of u corresponding to the equilibrium position
of the mechanism of Prob. 10.14 when P = 270 N and Q = 960 N.

10.29 A load W of magnitude 600 N is applied to the linkage at B. The
constant of the spring is k = 2.5 kN/m, and the spring is unstretched
when AB and BC are horizontal. Neglecting the weight of the
linkage and knowing that [ = 300 mm, determine the value of u
corresponding to equilibrium.

10.30 A vertical load W is applied to the linkage at B. The constant of
the spring is k, and the spring is unstretched when AB and BC are
horizontal. Neglecting the weight of the linkage, derive an equa-
tion in u, W, [, and k that must be satisfied when the linkage is in

Fig. P10.29 and P10.30 equilibrium.
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10.31 Two bars AD and DG are connected by a pin at D and by a spring AG. Problems  §73
Knowing that the spring is 12 in. long when unstretched and that the
constant of the spring is 125 Ib/in., determine the value of x corre-
sponding to equilibrium when a 900-Ib load is applied at E as shown.

10.32 Solve Prob. 10.31 assuming that the 900-Ib vertical force is applied
at C instead of E.

10.33 Two 5-kg bars AB and BC are connected by a pin at B and by a
spring DE. Knowing that the spring is 150 mm long when
unstretched and that the constant of the spring is 1 kN/m, deter-
mine the value of x corresponding to equilibrium.

Fig. P10.31

A/EOO mm
—|@
D
400 mm
X 9B
400 mm
E
©
C 200 mm

Fig. P10.33
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10.34 Rod ABC is attached to

guides shown. The constant® 0 TS R
and the spring is unstretched when the rod is vertlcal For the loadlng
shown, determine the value of u corresponding to equilibrium.

150 N

200 mm

Fig. P10.34
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574 Method of Virtual Work 10.35 A vertical force P of magnitude 150 N is applied to end E of cable
CDE, which passes over a small pulley D and is attached to the
mechanism at C. The constant of the spring is k = 4 kN/m, and
the spring is unstretched when u = 0. Neglecting the weight of
the mechanism and the radius of the pulley, determine the value
of u corresponding to equilibrium.

200

de 40 b is applied to the mecha-
spring is k = 9 Ib/in., and the
= 0. Neglecting the weight of
e value of u corresponding to

Fig. P10.36

10.37 and 10.38 Knowing that the constant of spring CD is k and
that the spring is unstretched when rod ABC is horizontal, deter-
mine the value of u corresponding to equilibrium for the data
indicated.

10.37 P =300 N, [ = 400 mm, k = 5 kN/m

Fig. P10.37 and P10.38 10.38 P =751b,l = 15in, k = 20 lb/in.



http://www.axpertsoft.com/pdf-splitter-software/

10.39 The lever AB is attached to the horizontal shaft BC that passes Problems 575
through a bearing and is welded to a fixed support at C. The
torsional spring constant of the shaft BC is K; that is, a couple
of magnitude K is required to rotate end B through 1 rad. Knowing
that the shaft is untwisted when AB is horizontal, determine

the value of u corresponding to the position of equilibrium when
P =100 N, [ = 250 mm, and K = 12.5 N - m/rad.

10.40 Solve Prob. 10.39 assuming that P = 350 N, [ = 250 mm, and
K = 12.5 N - m/rad. Obtain answers in each of the following
quadrants: 0 < u < 90°, 270° < u < 360°, 360° < u < 450°.

10.41 The position of boom ABC is controlled by the hydraulic cylinder  fig. P10.39
BD. For the loading shown, determine the force exerted by the
hydraulic cylinder on pin B when u = 65°,

A/\27in.
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10.42 The position of boom ABC is controlled by the hydraulic cylinder
BD. For the loading shown, (a) express the force exerted by the
hydraulic cylinder on pin B as a function of the length BD,
(b) determine the smallest possible value of the angle u if the maxi-
mum force that the cylinder can exert on pin B is 2.5 kips.

10.43 The position of member ABC is controlled by the hydraulic cylin-
der CD. For the loading shown, determine the force exerted by
the hydraulic cylinder on pin C when u = 55°.

Fig. P10.43 and P10.44

10.44 The position of member ABC is controlled by the hydraulic cylin-
der CD. Determine the angle u knowing that the hydraulic cylin-
der exerts a 15-kN force on pin C.
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576 Method of Virtual Work 10.45

10.46

The telescoping arm ABC is used to provide an elevated platform
for construction workers. The workers and the platform together
weigh 500 1b and their combined center of gravity is located
directly above C. For the position when u = 20°, determine the
force exerted on pin B by the single hydraulic cylinder BD.

Fig. P10.45 151t

Solve Prob. 10.45 assuming that the workers are lowered to a point
near the ground so that u = —20°.

10.47 Denoting by m; the coefficient of static friction between collar C

and the vertical rod, derive an expression for the magnitude of the
largest couple M for which equilibrium is maintained in the posi-
ns if m; = tan u.
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10.48

10.49

10.50

Fig. P10.47 and P'I.48

Knowing that the coefficient of static friction between collar C and
the vertical rod is 0.40, determine the magnitude of the largest
and smallest couple M for which equilibrium is maintained in the
position shown, when u = 35°, 1 = 600 mm, and P = 300 N.

A block of weight W is pulled up a plane forming an angle a with
the horizontal by a force P directed along the plane. If m is the
coefficient of friction between the block and the plane, derive an
expression for the mechanical efficiency of the system. Show that
the mechanical efficiency cannot exceed j if the block is to remain
in place when the force P is removed.

Derive an expression for the mechanical efficiency of the jack dis-
cussed in Sec. 8.6. Show that if the jack is to be self-locking, the
mechanical efficiency cannot exceed 3.
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10.51 Denoting by m; the coefficient of static friction between the block Problems  §77
attached to rod ACE and the horizontal surface, derive expressions
in terms of P, m, and u for the largest and smallest magnitude of
the force Q for which equilibrium is maintained.

Fig. P10.51 and P10.52

10.52 Knowing that the coefficient of static friction between the block KN 3 kN 5 kN
attached to rod ACE and the horizontal surface is 0.15, determine g5, 09m 12m
the magnitude of the largest and smallest force Q for which equi- i 4_,|
librium is maintained when u = 30° [ = 0.2 m, and P = 40 N. c Vo lE F VG H

A ped o

10.53 Using the method of virtual work, determine the reaction at E. B ‘ whe ‘

I ! ~18m "‘
1.2

10.54 Using the method of vi . . :
and couple representing AXpertSOft Trial Version 10.53 and P10.54

10.55 Referring to Prob. 10.43 and using the value Tound for the force
exerted by the hydraulic cylinder CD, determine the change in the
length of CD required to raise the 10-kN load by 15 mm.

10.56 Referring to Prob. 10.45 and using the value found for the force
exerted by the hydraulic cylinder BD, determine the change in
the length of BD required to raise the platform attached at C by
2.5 in.

10.57 Determine the vertical movement of joint D if the length of mem-
ber BF is increased by 1.5 in. (Hint: Apply a vertical load at joint
D, and, using the methods of Chap. 6, compute the force exerted
by member BF on joints B and F. Then apply the method of virtual
work for a virtual displacement resulting in the specified increase
in length of member BF. This method should be used only for
small changes in the lengths of members.)

A B C D
1

30 ft

Eg

A F G A
|<—40ft—>L40ft—L—40ft—>|<—40ft

Fig. P10.57 and P10.58

10.58 Determine the horizontal movement of joint D if the length of
member BF is increased by 1.5 in. (See the hint for Prob. 10.57.)



http://www.axpertsoft.com/pdf-splitter-software/

578 Method of Virtual Work

Fig. 10.10

*10.6 WORK OF A FORCE DURING A FINITE
DISPLACEMENT

Consider a force F acting on a particle. The work of F corresponding
to an infinitesimal displacement dr of the particle was defined in
Sec. 10.2 as

dU =F - dr (10.1)

The work of F corresponding to a finite displacement of the particle
from A, to Ay (Fig. 10.10a) is denoted by Uiy, and is obtained by
integrating (10.1) along the curve described by the particle:

Az
Uiy =J F - dr (10.11)
Ay

Using the alternative expression
dU = F ds cos a (10.1)

given in Sec. 10.2 for the elementary work dU, we can also express
the work Ujys as

Uy s =J (Feosa) ds (10.11')

S1
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(@)

(b)

where the variable of integration s measures the distance along the path
traveled by the particle. The work U,y is represented by the area
under the curve obtained by plotting F cos @ against s (Fig. 10.10b).
In the case of a force F of constant magnitude acting in the direction
of motion, formula (10.11") yields U,y,5 = F(sy — sy).

Recalling from Sec. 10.2 that the work of a couple of moment
M during an infinitesimal rotation du of a rigid body is

dU = M du (10.2)

we express as follows the work of the couple during a finite rotation

of the body:

- 10.12
Uly2 :J Mdu ( )

Uy

In the case of a constant couple, formula (10.12) yields
Uiys = M(uy — uy)
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Work of a Weight. It was stated in Sec. 10.2 that the work of 10:6 Work of a Force During a -~ 579
the weight W of a body during an infinitesimal displacement of the 2

body is equal to the product of W and the vertical displacement of
the center of gravity of the body. With the y axis pointing upward, \ X
the work of W during a finite displacement of the body (Fig. 10.11)

is obtained by writing
dU = =W dy A dy[

Integrating from A; to Ay, we have . M Y
1
Y3

Yo y
Ulys = —J Wdy = Wy, — Wy, (10.13) yTl
A |
or
Uiyo = Wiy, —y)) = —WAy (10.13')  Fig. 10.11

where Ay is the vertical displacement from A; to A,. The work of
the weight W is thus equal to the product of W and the vertical
displacement of the center of gravity of the body. The work is positive
when Ay < 0, that is, when the body moves down.

Work of the Force Exerted by a Spring. Consider a body A
attached to a fixed point B by a spring; it is assumed that the spring
is undeformed when the body is at A, (Fig. 10.12a). Experimental
evidence shows that the magnitude of the force F exerted by the }&MMM
spring on a body A is proportigas g A
measured from the position A

Spring undeformed

I
AMAMWED

A
where k is the spring constant, expressed in N :7 !
and expressed in 1b/ft or Ib/in. if U.S. customary units are used. The | F<—(1)
work of the force F exerted by the spring during a finite displacement L A
of the body from A;(x = x7) to Ay(x = x,) is obtained by writing

dU = —F dv = —kx dx B }\M&xxxxx

X2

Usys = —J ke dx = e — L2 (10.15)

X1

@)

Care should be taken to express k and x in consistent units. For example, F F =kx

if U.S. customary units are used, k should be expressed in Ib/ft and x y
expressed in feet, or k in Ib/in. and x in inches; in the first case, the work
is obtained in ft - Ib; in the second case, in in * Ib. We note that the work of
the force F exerted by the spring on the body is positive when xy < x1,
that is, when the spring is returning to its undeformed position.

Since Eq. (10.14) is the equation of a straight line of slope k
passing through the origin, the work Ujy,s of F during the displace-
ment from A; to A, can be obtained by evaluating the area of the
trapezoid shown in Fig. 10.12b. This is done by computing the values
F, and F > and multiplying the base Ax of the trapezoid by its mean
helght 3(Fy + F5). Since the work of the force F exerted by the spring
is positive for a negative value of Ax, we write X Xp X

Uiyo = —3(F) + F,) Ax (10.16) I*AXHI

Formula (10.16) is usually more convenient to use than (10.15) and (b)
affords fewer chances of confusing the units involved. Fig. 10.12

F2 7777777777
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580 Method of Virtual Work *10.7 POTENTIAL ENERGY

Considering again the body of Fig. 10.11, we note from Eq. (10.13)
that the work of the weight W during a finite displacement is obtained
by subtracting the value of the function Wy corresponding to the
second position of the body from its value corresponding to the first
position. The work of W is thus independent of the actual path fol-
lowed; it depends only upon the initial and final values of the func-
tion Wy. This function is called the potential energy of the body with
respect to the force of gravity W and is denoted by V,. We write

Uiya = (Vi = (Ve with V, = Wy (10.17)

We note that if (V,); > (V,),, that is, if the potential energy increases
during the displacement (as in the case considered here), the work
Fig. 10.11 (repeated) Uyyz is negative. If, on the other hand, the work of W is positive, the
potential energy decreases. Therefore, the potential energy V, of the
body provides a measure of the work which can be done by its weight W.
Since only the change in potential energy, and not the actual value of
V,, is involved in formula (10.17), an arbitrary constant can be added
to the expression obtained for V,. In other words, the level from which
the elevation y is measured can be chosen arbitrarily. Note that potential
energy is expressed in the same units as work, i.e., in joules (J) if SI units

are usedf and in ft - Ib or in - Ib if U.S. customary units are used.
Considering now the body of Fig. 10.12a, we note from Eq.
(10.15) that the work of the elastic force F is obtained by subtracting
yonding to the second position

/Spring undeformed AxpertSOft Trial Version élnghto the ﬁl'“SE position. fT}}llis
B }QMMM;Q the potential energy ot the

e F. We write

1A ©
| Uo = (V) = (Vs withV, =% (10.18)
B h%k \I”N%NN and observe that during the displacement considered, the work of
:*Xlal ! the force F exerted by the spring on the body is negative and the
| potential energy V, increases. We should note that the expression
| : . obtained for V, is valid only if the deflection of the spring is mea-
:7X4>| sured from its undeformed position.
The concept of potential energy can be used when forces other
B IaAaAAaAaAannUE P p gy
}N - ?\V T \ than gravity forces and elastic forces are involved. It remains valid

=

‘ X2 as long as the elementary work dU of the force considered is an exact
Fig. 10.12a (repeated) differential. Tt is then possible to find a function V, called potential

energy, such that
dU = —dV (10.19)

Integrating (10.19) over a finite displacement, we obtain the general
formula

Ulyg = Vl - VZ (1020)

which expresses that the work of the force is independent of the path
followed and is equal to minus the change in potential energy. A force
which satisfies Eq. (10.20) is said to be a conservative force.}

fSee footnote, page 559.

1A detailed discussion of conservative forces is given in Sec. 13.7 of Dynamics.
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*10.8 POTENTIAL ENERGY AND EQUILIBRIUM 10.8 Potental Energy and Equiibrim

The application of the principle of virtual work is considerably simpli-
fied when the potential energy of a system is known. In the case of a
virtual displacement, formula (10.19) becomes dU = —dV. Moreover,
if the position of the system is defined by a single independent variable
u, we can write dV = (dV/du) du. Since du must be different from zero,
the condition dU = 0 for the equilibrium of the system becomes

v _, (10.21)
du

In terms of potential energy, therefore, the principle of virtual work
states that if a system is in equilibrium, the derivative of its total
potential energy is zero. If the position of the system depends upon
several independent variables (the system is then said to possess
several degrees of freedom), the partial derivatives of V with respect
to each of the independent variables must be zero.

Consider, for example, a structure made of two members AC
and CB and carrying a load W at C. The structure is supported by a
pin at A and a roller at B, and a spring BD connects B to a fixed point
D (Fig. 10.13a). The constant of the spring is k, and it is assumed
that the natural length of the spring is equal to AD and thus that the
spring is undeformed when B coincides Wlth A Neglectlng the frlct1on
forces and the weight of the meuals - - S
which work during a displace
and the force F exerted by th
total potential energy of the sy§

581

the potential energy V, corresponding to the gravity force W and the

potential energy V, correspondmg to the elastic force F. D
Choosing a coordinate system with origin at A and noting that

the deflection of the spring, measured from its undeformed position,

is AB = xp, we write

V, =3k V,= Wy

Expressing the coordinates x5 and y¢ in terms of the angle u, we have

xp = 2l sin u ye =1lcosu
V, = 3k(2l sin u)* V, = W(l cos u)
V =V, +V, = 2kI’ sin® u + Wi cos U (10.22)

The positions of equilibrium of the system are obtained by equating
to zero the derivative of the potential energy V. We write

dv
o 4kl? sinu cosu — Wl sinu = 0
or, factoring [ sin u, Fig. 10.13
dV
o [sinu(4kl cosu — W) =0

There are therefore two posmons of equilibrium, corresponding to
the values U = 0 and u = cos™ ! (W/4kl), respectively. t

tThe second position does not exist if W > 4kl
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582 Method of Virtual Work

4

B

(a) Stable equilibriu
Fig. 10.14
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*10.9 STABILITY OF EQUILIBRIUM

Consider the three uniform rods of length 2a¢ and weight W shown
in Fig. 10.14. While each rod is in equilibrium, there is an important
difference between the three cases considered. Suppose that each
rod is slightly disturbed from its position of equilibrium and then
released: rod a will move back toward its original position, rod b will
keep moving away from its original position, and rod ¢ will remain
in its new position. In case a, the equilibrium of the rod is said to
be stable; in case b, it is said to be unstable; and, in case c, it is said
to be neutral.

al equilibrium

Recalling from Sec. 10.7 that the potential energy V, with
respect to gravity is equal to Wy, where y is the elevation of the
point of application of W measured from an arbitrary level, we
observe that the potential energy of rod @ is minimum in the posi-
tion of equilibrium considered, that the potential energy of rod b
is maximum, and that the potential energy of rod ¢ is constant.
Equilibrium is thus stable, unstable, or neutral according to
whether the potential energy is minimum, maximum, or constant
(Fig. 10.15).

That the result obtained is quite general can be seen as fol-
lows: We first observe that a force always tends to do positive work
and thus to decrease the potential energy of the system on which
it is applied. Therefore, when a system is disturbed from its posi-
tion of equilibrium, the forces acting on the system will tend to
bring it back to its original position if V is minimum (Fig. 10.15a)
and to move it farther away if V is maximum (Fig. 10.15b). If V is
constant (Fig. 10.15¢), the forces will not tend to move the system
either way.

Recalling from calculus that a function is minimum or maxi-
mum according to whether its second derivative is positive or nega-
tive, we can summarize the conditions for the equilibrium of a system
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with one degree of freedom (i.e., a system the position of which is
defined by a single independent variable u) as follows:

dv d’V
qu =0 e > 0: stable equilibrium (10.23)
A% &’V
m =0 e < 0: unstable equilibrium
\% Vv
| / | \
| |
| |
| |
| |
| |
[ 6
(a) Stable equilibrium (b) Unstable equilibrium
Fig. 10.15

AxpertSoft Trial Version

If both the first and the second derivatives of V are zero, it is neces-
sary to examine derivatives of a higher order to determine whether
the equilibrium is stable, unstable, or neutral. The equilibrium will
be neutral if all derivatives are zero, since the potential energy V is
then a constant. The equilibrium will be stable if the first derivative
found to be different from zero is of even order and positive. In all
other cases the equilibrium will be unstable.

If the system considered possesses several degrees of freedom,
the potential energy V depends upon several variables, and it is thus
necessary to apply the theory of functions of several variables to
determine whether V is minimum. It can be verified that a system
with 2 degrees of freedom will be stable, and the corresponding
potential energy V(uy, Uy) will be minimum, if the following relations
are satisfied simultaneously:

v v,
au; AUy
vV VeV
- ——5<0 (10.24)
6u1 aUZ GUT Jduy
ERY% Y%
— > 0 or T > 0
ou? ou3

10.9 Stability of Equilibrium

—

6
(c) Neutral equilibrium

583
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\ |
|

Undeformed

position E = ks

584

SAMPLE PROBLEM 10.4

A 10-kg block is attached to the rim of a 300-mm-radius disk as shown.
Knowing that spring BC is unstretched when u = 0, determine the position
or positions of equilibrium, and state in each case whether the equilibrium
is stable, unstable, or neutral.

SOLUTION

Potential Energy. Denoting by s the deflection of the spring from its unde-
formed position and placing the origin of coordinates at O, we obtain

V, = tks® V, = Wy = mgy
Measuring U in radians, we have
s =au y =Dbcosu
Substituting for s and y in the expressions for V, and V,, we write

V, = tka®u® V, = mgb cosu
V=V, +V,= ska®u® + mgb cos u

Positions of Equilibrium. Setting dV/du = 0, we write
dV

AxpertSoft Trial Version

Substituting @ = 0.08 m, b = 0.3 m, k = 4 kN/m, and m = 10 kg, we obtain

(4 kN/m)(0.08 m)?
(10 kg)(9.81 m/s*)(0.3 m)
sinu = 0.8699 u

sinu =

where U is expressed in radians. Solving by trial and error for u, we find

u=20 and u = 0.902 rad
u=20 and u=>517

Stability of Equilibrium. The second derivative of the potential energy V
with respect to u is

&’V
e ka* — mgb cos u
= (4kN/m)(0.08 m)* — (10 kg)(9.81 m/s*)(0.3 m) cos U
= 25.6 — 29.43 cos U
Y
Foru = 0: e = 25.6 — 29.43 cos 0° = —3.83 < 0
du
The equilibrium is unstable for u = 0
., AV
For u = 51.7°% F = 25.6 — 2943 cos 51.7° = +7.36 > 0
u

The equilibrium is stable for u = 51.7°
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SOULVINGIEROBLEIVIY
DN RO URSOVVIN

In this lesson we defined the work of a force during a finite displacement and
the potential energy of a rigid body or a system of rigid bodies. You learned to
use the concept of potential energy to determine the equilibrium position of a

rigid body or a system of rigid bodies.

1. The potential energy V of a system is the sum of the potential energies
associated with the various forces acting on the system that do work as the system
moves. In the problems of this lesson you will determine the following:

a. Potential energy of a weight. This is the potential energy due to gravity,
V, =Wy, where y is the elevation of the weight W measured from some arbitrary
reference level. Note that the potential energy V, may be used with any vertical
force P of constant magnitude directed downward; we write V, = Py.

b. Potential energy of a spring. This is the potential energy due to the elastic
force exerted by a spring, V, = 3kx*, where k is the constant of the spring and x
is the deformation of the spring measured from its unstretched position.

Reactions at fixed supports, internal forces at connections, forces exerted by inex-
tensible cords and cables, and other forces which do no work do not contribute
to the potential energy of the system.

variable, such as an
. This is necessary,
system requires the

2. Express all
angle u, when
since the deter - S
computation of the derivative dV/du.

AxpertSoft Trial Version

3. When a system is in equilibrium, the first derivative of its potential energy
is zero. Therefore:

a. To determine a position of equilibrium of a system, once its potential
energy V has been expressed in terms of the single variable u, compute its deriva-
tive and solve the equation dV/du = 0 for u.

b. To determine the force or couple required to maintain a system in a
given position of equilibrium, substitute the known value of U in the equation
dV/du = 0 and solve this equation for the desired force or couple.

4. Stability of equilibrium. The following rules generally apply:

a. Stable equilibrium occurs when the potential energy of the system is mini-
mum, that is, when dV/du = 0 and &®V/du®> > 0 (F igs. 10.14a and 10.15a).

b. Unstable equilibrium occurs when the potential energy of the system is maxi-
mum, that is, when dV/du = 0 and d®V/du* < 0 (Figs. 10.14b and 10.15b).

c. Neutral equilibrium occurs when the potential energy of the system is con-

stant; dV/du, d*V/du?, and all the successive derivatives of V are then equal to zero
(Figs. 10.14¢ and 10.15¢).

See page 583 for a discussion of the case when dV/du, d*V/du? but not all of the
successive derivatives of V are equal to zero.

585
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PROBLEMS

10.59 Using the method of Sec. 10.8, solve Prob. 10.29.
10.60 Using the method of Sec. 10.8, solve Prob. 10.30.
10.61 Using the method of Sec. 10.8, solve Prob. 10.31.
10.62 Using the method of Sec. 10.8, solve Prob. 10.32.
10.63 Using the method of Sec. 10.8, solve Prob. 10.33.
10.64 Using the method of Sec. 10.8, solve Prob. 10.35.

10.65 Using the method of Sec. 10.8, solve Prob. 10.37.

10.66 Using the method of Sec. 10.8, solve Prob. 10.38.
10.67 Show that equilibrium is neutral in Prob. 10.1.

al in Prob. 10.7.

m, are attached to gears of equal
ositions of equilibrium of the sys-
tem and state in each case whether the equilibrium is stable,

unstable, or neutral.

Fig. P10.69 and P10.70 10.70 Two uniform rods, AB and CD, are attached to gears of equal radii
as shown. Knowing that Wy = 8 Ib and W¢p = 4 Ib, determine
the positions of equilibrium of the system and state in each case
whether the equilibrium is stable, unstable, or neutral.

10.71 Two uniform rods, each of mass m and length [, are attached to
gears as shown. For the range 0 = u = 180°, determine the posi-
tions of equilibrium of the system and state in each case whether
the equilibrium is stable, unstable, or neutral.

Fig. P10.71

586
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10.72 Two uniform rods, each of mass m and length [, are attached to Problems 587
drums that are connected by a belt as shown. Assuming that no
slipping occurs between the belt and the drums, determine the
positions of equilibrium of the system and state in each case
whether the equilibrium is stable, unstable, or neutral.

10.73 Using the method of Sec. 10.8, solve Prob. 10.39. Determine
whether the equilibrium is stable, unstable, or neutral. (Hint: The
potential energy corresponding to the couple exerted by a torsion
spring is 3 KU*, where K is the torsional spring constant and U is
the angle of twist.)

10.74 In Prob. 10.40, determine whether each of the positions of equi-
librium is stable, unstable, or neutral. (See hint for Prob. 10.73.)

10.75 A load W of magnitude 100 Ib is applied to the mechanism at C.
Knowing that the spring is unstretched when u = 15°, determine
that value of u corresponding to equilibrium and check that the
equilibrium is stable.

14
D

Fig. P10.72

Fig. P10.75 and P10.76

10.76 A load W of magnitude 100 Ib is applied to the mechanism at C.
Knowing that the spring is unstretched when u = 30°, determine
that value of u corresponding to equilibrium and check that the
equilibrium is stable.

10.77 A slender rod AB, of weight W, is attached to two blocks A and B
that can move freely in the guides shown. Knowing that the spring
is unstretched when y = 0, determine the value of y corresponding
to equilibrium when W = 80 N, [ = 500 mm, and k = 600 N/m.

Fig. P10.77
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Fig. P10.81 and P10.82

10.78

10.79

10.80

10.81

10.82

A slender rod AB, of weight W, is attached to two blocks A and B
that can move freely in the guides shown. Knowing that both
springs are unstretched when y = 0, determine the value of y
corresponding to equilibrium when W = 80 N, [ = 500 mm, and
k = 600 N/m.

Fig. P10.78

A slender rod AB, of weight W, is attached to two blocks A and B
that can move freely in the guides shown. The constant of the
spring is k, and the spring is unstretched when AB is horizontal.
Neglecting the weight of the blocks, derive an equation in u, W, [,
and k that must be satisfied when the rod is in equilibrium.

Fig. P10.79 and P10.80

A slender rod AB, of weight W, is attached to two blocks A and B
that can move freely in the guides shown. Knowing that the spring
is unstretched when AB is horizontal, determine three values of u
corresponding to equilibrium when W = 300 Ib, [ = 16 in., and
k = 75 Ib/in. State in each case whether the equilibrium is stable,
unstable, or neutral.

A spring AB of constant k is attached to two identical gears as
shown. Knowing that the spring is undeformed when u = 0,
determine two values of the angle u corresponding to equilibrium
when P =301b,a = 4in,b = 3in, r = 6 in,, and k = 5 Ib/in.
State in each case whether the equilibrium is stable, unstable, or
neutral.

A spring AB of constant k is attached to two identical gears as
shown. Knowing that the spring is undeformed when u = 0, and
given that ¢ = 60 mm, b = 45 mm, r = 90 mm, and k = 6 kN/m,
determine (a) the range of values of P for which a position of
equilibrium exists, (b) two values of u corresponding to equilibrium
if the value of P is equal to half the upper limit of the range found
in part a.
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10.83 A slender rod AB is attached to two collars A and B that can move Problems 580
freely along the guide rods shown. Knowing that b = 30° and
P = Q = 400 N, determine the value of the angle u corresponding
to equilibrium.

10.84 A slender rod AB is attached to two collars A and B that can move
freely along the guide rods shown. Knowing that b = 30° P =
100 N, and Q = 25 N, determine the value of the angle u cor-
responding to equilibrium.

Q
10.85 and 10.86 Cart B, which weighs 75 kN, rolls along a sloping

track that forms an angle b with the horizontal. The spring con-
stant is 5 kN/m, and the spring is unstretched when x = 0. Deter- A
mine the distance x corresponding to equilibrium for the angle b
indicated.

10.85 Angle b = 30°

10.86 Angle b = 60°

Fig. P10.83 and P10.84

AxpertSoft Trial Version

Fig. P10.85 and P10.86

10.87 and 10.88 Collar A can slide freely on the semicircular rod
shown. Knowing that the constant of the spring is k and that the
unstretched length of the spring is equal to the radius r, determine

the value of u corresponding to equilibrium when W = 50 Ib, r =
9 in., and k = 15 Ib/in.

Fig. P10.87 Fig. P10.88
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Y

D - 10.90

10.91

Two bars AB and BC of negligible weight are attached to a single
spring of constant k that is unstretched when the bars are horizon-
tal. Determine the range of values of the magnitude P of two equal
and opposite forces P and —P for which the equilibrium of the
system is stable in the position shown.

Al l
|

Fig. P10.89

A vertical bar AD is attached to two springs of constant k and is
in equilibrium in the position shown. Determine the range of
values of the magnitude P of two equal and opposite vertical
forces P and —P for which the equilibrium position is stable if
(a) AB = CD, (b) AB = 2CD.

Rod AB is attached to a hinge at A and to two springs, each of
constant k. If h = 25 in., d = 12 in., and W = 80 lb, determine
the range of values of k for which the equilibrium of the rod is
h spring can act in either tension

AxpertSoft Trial Version

Fig. P10.91 and P10.92 10.93

e at A and to two springs, each of
constant k If h = 45 in., k = 6 Ib/in., and W = 60 Ib, determine
the smallest distance d for which the equilibrium of the rod is
stable in the position shown. Each spring can act in either tension
or compression.

and 10.94 Two bars are attached to a single spring of constant
k that is unstretched when the bars are vertical. Determine the
range of values of P for which the equilibrium of the system is
stable in the position shown.

«thmh-»«-wh-»
(9]
Q

©\ D

Fig. P10.93 Fig. P10.94
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10.95 The horizontal bar BEH is connected to three vertical bars. The Problems  §Q1
collar at E can slide freely on bar DF. Determine the range of
values of Q for which the equilibrium of the system is stable in P
the position shown when ¢ = 24 in., b = 20 in., and P = 150 Ib.

10.96 The horizontal bar BEH is connected to three vertical bars. The
collar at E can slide freely on bar DF. Determine the range of a
values of P for which the equilibrium of the system is stable in the
position shown when ¢ = 150 mm, b = 200 mm, and Q = 45 N. B E Hy

*10.97 Bars AB and BC, each of length [ and of negligible weight, are
attached to two springs, each of constant k. The springs are unde- b
formed and the system is in equilibrium when u; = uy = 0. Deter-
mine the range of values of P for which the equilibrium position
is stable. cl g—-

Yo Yo
Fig. P10.95 and P10.96

*10.99 Two rods of negligible weight are attached to drums of radius r
that are connected by a belt and spring of constant k. Knowing
that the spring is undeformed when the rods are vertical, deter-
mine the range of values of P for which the equilibrium position
U, = Uy = 0 is stable. Fig. P10.99

*10.100 Solve Prob. 10.99 knowing that k = 20 Ib/in., r = 3 in., [ = 6 in,,
and (@) W = 15 1b, (b) W = 60 Ib.



http://www.axpertsoft.com/pdf-splitter-software/

Work of a force

F
Non
dr
A
Fig. 10.16

The first part of this chapter was devoted to the principle of virtual
work and to its direct application to the solution of equilibrium prob-
lems. We first defined the work of a force F corresponding to the
small displacement dr [Sec. 10.2] as the quantity

dU =F - dr (10.1)

obtained by forming the scalar product of the force F and the dis-
placement dr (Fig. 10.16). Denoting respectively by F and ds the
magnitudes of the force and of the displacement, and by a the angle
formed by F and dr, we wrote

dU = F ds cos a (10.1")

The work dU is positive if a < 90°, zero if @ = 90°, and negative if
a > 90°. We also found that the work of a couple of moment M
acting on a rigid body is

dIL =\l du (10.2)

AxpertSOft Trial Version in radians through which the

Virtual displacement

Principle of virtual work

Fig. 10.17

592

Considering a particle located at A and acted upon by several forces
F,, F,, ..., F, [Sec. 10.3], we imagined that the particle moved to
a new position A" (Fig. 10.17). Since this displacement did not actu-
ally take place, it was referred to as a virtual displacement and
denoted by dr, while the corresponding work of the forces was called
virtual work and denoted by dU. We had

dU=F,-dr + F,-dr + - -+ F, - dr

The principle of virtual work states that if a particle is in equilib-
rium, the total virtual work dU of the forces acting on the particle is
zero for any virtual displacement of the particle.

The principle of virtual work can be extended to the case of
rigid bodies and systems of rigid bodies. Since it involves only forces
which do work, its application provides a useful alternative to the
use of the equilibrium equations in the solution of many engineering
problems. It is particularly effective in the case of machines and
mechanisms consisting of connected rigid bodies, since the work of
the reactions at the supports is zero and the work of the internal forces
at the pin connections cancels out [Sec. 10.4; Sample Probs. 10.1, 10.2,
and 10.3].
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In the case of real machines, however [Sec. 10.5], the work of the
friction forces should be taken into account, with the result that the
output work will be less than the input work. Defining the mechanical
efficiency of a machine as the ratio

output work

h=—7+—— (10.9)

input work
we also noted that for an ideal machine (no friction) h = 1, while
for a real machine h < 1.

In the second part of the chapter we considered the work of forces
corresponding to finite displacements of their points of application.
The work U,y of the force F corresponding to a displacement of
the particle A from A, to A, (Fig. 10.18) was obtained by integrating
the right-hand member of Eq. (10.1) or (10.1") along the curve
described by the particle [Sec. 10.6]:

As
Uiys =J F - dr (10.11)
Ay

or

Uiyo :J (F cos a) ds (10.11")
Similarly, the work of a coup
finite rotation from u; to Uy of

AxpertSoft Trial Version

The work of the weight W of a body as its center of gravity moves
from the elevation y, to y, (Fig. 10.19) can be obtained by making
F = W and a = 180° in Eq. (10.11"):

Ys

Y
The work of W is therefore positive when the elevation y decreases.

W Az

Fig. 10.19

Review and Summary 593

Mechanical efficiency

Work of a force over a finite
displacement

Work of a weight
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Work of the force exerted by a spring

Spring undeformed

-
5 i

: MAM{AE
i )
B MW/\@

I %o !A2

Fig. 10.20 _
Potential energy

Alternative expression for
principle of virtual

Stability of equilibrium

AxpertSoft Trial Version

The work of the force F exerted by a spring on a body A as the
spring is stretched from x; to xy (Fig. 10.20) can be obtained by
making F = kx, where k is the constant of the spring, and a = 180°
in Eq. (10.11"):

Uys = — J ke dy = e — Ll (10.15)

X

The work of F is therefore positive when the spring is returning to
its undeformed position.

When the work of a force F is independent of the path actually
followed between A; and A,, the force is said to be a conservative
force, and its work can be expressed as

U1y2 = Vl - V2 (10.20)

where V is the potential energy associated with F, and V; and V,
represent the values of V at A; and A,, respectively [Sec. 10.7]. The
potential energies associated, respectively, with the force of gravity
W and the elastic force F exerted by a spring were found to be

V,=Wy and V, =3k’ (10.17, 10.18)

system depends upon a single
Energy of the system is a func-
s from Eq. (10.20) that dU =
dU = 0 required by the prin-
ciple of virtual work for the equilibrium of the system can thus be
replaced by the condition

av _
du
When all the forces involved are conservative, it may be preferable

to use Eq. (10.21) rather than apply the principle of virtual work
directly [Sec. 10.8; Sample Prob. 10.4].

0 (10.21)

This approach presents another advantage, since it is possible to
determine from the sign of the second derivative of V whether the
equilibrium of the system is stable, unstable, or neutral [Sec. 10.9].
If &?V/idu® > 0, V is minimum and the equilibrium is stable; if
APV/du® < 0, V is maximum and the equilibrium is unstable; if
A*V/du® = 0, it is necessary to examine derivatives of a higher order.
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REVIEW PROBLEMS

10.101 Determine the horizontal force P that must be applied at A to
maintain the equilibrium of the linkage.

4in»|66in.a‘
40 Ib E

S _
5in.
9in.
180 Ib-in.
301b
Flo|—) —
10in.
6in.
l G H
e G (gfmi
80 Ib

Fig. P10.101 and P10.102

10.102 Determine the couple
to maintain the equilib . .
1 AxpertSoft Trial Version
10.103 A spring of constant 15 I§
age shown. Neglecting the weight of the spring and linkage, deter-
mine the force in the spring and the vertical motion of point G
when a vertical downward 120-N force is applied (@) at point C, Fig. P10.103
(b) at points C and H.

10.104 Derive an expression for the magnitude of the force Q required
to maintain the equilibrium of the mechanism shown.

10.105 Derive an expression for the magnitude of the couple M required
to maintain the equilibrium of the linkage shown.

Fig. P10.104

Fig. P10.105

595
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596§ Method of Virtual Work 10.106 Two rods AC and CE are connected by a pin at C and by a spring
AE. The constant of the spring is k, and the spring is unstretched
when u = 30° For the loading shown, derive an equation in P, u,
[, and k that must be satisfied when the system is in equilibrium.

10.107 A force P of magnitude 240 N is applied to end E of cable CDE,
which passes under pulley D and is attached to the mechanism at
C. Neglecting the weight of the mechanism and the radius of the
pulley, determine the value of u corresponding to equilibrium.
The constant of the spring is k = 4 kN/m, and the spring is
unstretched when u = 90°.

E

Fig. P10.106

Fig. P10.107

AXpertSOft Trial Version - are connected by a pin at B and

the spring is 4 in. long when
unstretched and that the constant of the spring is 8 Ib/in., deter-
mine the distance x corresponding to equilibrium when a 24-Ib
load is applied at E as shown.

f
i

H/f\/‘:@
L

t N

B 2 Fig. P10.108
| 10.109 Solve Prob. 10.108 assuming that the 24-Ib load is applied at C
o E instead of E.
y C 10.110 Two bars AB and BC are attached to a single spring of constant
o) k that is unstretched when the bars are vertical. Determine the

range of values of P for which the equilibrium of the system is
Fig. P10.110 stable in the position shown.
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10.111 A homogeneous hemisphere of radius r is placed on an incline as Review Problems ~ §Q7
shown. Assuming that friction is sufficient to prevent slipping
between the hemisphere and the incline, determine the angle u
corresponding to equilibrium when b = 10°.

AT

B
Fig. P10.111 and P10.112

10.112 A homogeneous hemisphere of radius r is placed on an incline as
shown. Assuming that friction is sufficient to prevent slipping
between the hemisphere and the incline, determine (a) the largest
angle b for which a position of equilibrium exists, (b) the angle u
corresponding to equilibrium when the angle b is equal to half
the value found in part a.

AxpertSoft Trial Version
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COMPUTER PROBLEMS

10.C1 A couple M is applied to crank AB in order to maintain the equi-
librium of the engine system shown when a force P is applied to the piston.
Knowing that b = 2.4 in. and [ = 7.5 in., write a computer program that can
be used to calculate the ratio M/P for values of u from 0 to 180° using 10°
increments. Using appropriate smaller increments, determine the value of u
for which the ratio M/P is maximum, and the corresponding value of M/P.

Fig. P10.C1

10.C2 Knowmg that a = 500 mm, b = 150 mm, L = 500 mm, and P =

2 ’ [ a at can be used to calculate the force in
150° using 10° increments. Using
the range of values of u for which
BD is less than 400 N.

Fig. P10.C2

10.C3 Solve Prob. 10.C2 assuming that the force P applied at A is directed
horizontally to the right.

10.€C4 The constant of spring AB is k, and the spring is unstretched when
u = 0. (@) Neglecting the weight of the member BCD, write a computer
program that can be used to calculate the potential energy of the system and
its derivative dV/du. (b) For W = 150 1b, @ = 10 in., and k = 75 Ib/in., cal-
culate and plot the potential energy versus u for values of u from 0 to 165°
using 15° increments. (¢) Using appropriate smaller increments, determine
the values of u for which the system is in equilibrium and state in each case
Fig. P10.C4 whether the equilibrium is stable, unstable, or neutral.

598
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10.C5 Tiwo rods, AC and DE, each of length L, are connected by a collar
that is attached to rod AC at its midpoint B. (a) Write a computer program
that can be used to calculate the potential energy V of the system and its
derivative dV/du. (b) For W = 75 N, P = 200 N, and L. = 500 mm, calculate
V and dV/du for values of u from 0 to 70° using 5° increments. (¢) Using
appropriate smaller increments, determine the values of u for which the
system is in equilibrium and state in each case whether the equilibrium is
stable, unstable, or neutral.

10.C6 A slender rod ABC is attached to blocks A and B that can move
freely in the guides shown. The constant of the spring is k, and the spring
is unstretched when the rod is vertical. (a) Neglecting the weights of the
rod and of the blocks, write a computer program that can be used to calculate
the potential energy V of the system and its derivative dV/du. (b) For P =
150 N, [ = 200 mm, and k = 3 kN/m, calculate and plot the potential energy
versus U for values of U from 0 to 75° using 5° increments. (¢) Using appro-
priate smaller increments, determine any positions of equilibrium in the
range 0 = U = 75° and state in each case whether the equilibrium is stable,
unstable, or neutral.

Fig. P10.C6

10.C7 Solve Prob. 10.C6 assuming that the force P applied at C is directed
horizontally to the right.

Fig. P10.C5

Computer Problems
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The motion of the space shuttle can
be described in terms of its position,
velocity, and acceleration. When landing,
the pilot of the shuttle needs to consider

the wind velocity and the relative motion

of the shuttle with respect to the wind
The study of motion is known  AxpertSoft Trial Version
kinematics and is the subject or

this chapter.
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11.1 INTRODUCTION TO DYNAMICS
Chapters 1 to 10 were devoted to statics, i.e., to the analysis of bodies

Chapter 11 Kinematics of
Particles

11.1  Introduction to Dynamics at rest. We now begin the study of dynamics, the part of mechanics
11.2  Position, Velocity, and that deals with the analysis of bodies in motion.

Acceleration While the study of statics goes back to the time of the Greek
11.3 Deterrpination of the Motion of philosophers, the first significant contribution to dynamics was made

a Particle by Galileo (1564-1642). Galileo’s experiments on uniformly acceler-
11.4  Uniform Rectilinear Motion ated bodies led Newton (1642-1727) to formulate his fundamental
11.5 Uniform|y Accelerated Rectilinear laws of motion.

Motion ) Dynamics includes:

Motion of Several Particles

'\GALO;{Z) }:Cgrlosbcl)eh:lfn of Rectilinear- 1. Kinematics, which is the study of the geometry of motion.

Other Graphical Methods Kiner}natics i.s used to relate displacement, velocity, aC(?eleration,
and time, without reference to the cause of the motion.

2. Kinetics, which is the study of the relation existing between the

forces acting on a body, the mass of the body, and the motion

of the body. Kinetics is used to predict the motion caused by

Position Vector, Velocity, and
Acceleration
11.10 Derivatives of Vector Functions
11.11 Rectangular Components of

Velocity and Acceleration given forces or to determine the forces required to produce a
11.12 Motion Relative to a Frame in given motion.
Translation
11.13 Tangential and Normal Chapters 11 to 14 are devoted to the dynamics of particles; in
Components Chap. 11 the kinematics of particles will be considered. The use of
11.14 Radial and Transverse the word particles does not mean that our study will be restricted to
Components — hat in these first chapters the

s cars, rockets, or airplanes—
their size. By saying that the
ean that only their motion as
an entire unit will be considered; any rotation about their own mass
center will be neglected. There are cases, however, when such a
rotation is not negligible; the bodies cannot then be considered as
particles. Such motions will be analyzed in later chapters, dealing
with the dynamics of rigid bodies.

In the first part of Chap. 11, the rectilinear motion of a particle
will be analyzed; that is, the position, velocity, and acceleration of a
particle will be determined at every instant as it moves along a
straight line. First, general methods of analysis will be used to study
the motion of a particle; then two important particular cases will be
considered, namely, the uniform motion and the uniformly acceler-
ated motion of a particle (Secs. 11.4 and 11.5). In Sec. 11.6 the
simultaneous motion of several particles will be considered, and the
concept of the relative motion of one particle with respect to another
will be introduced. The first part of this chapter concludes with a
study of graphical methods of analysis and their application to the
solution of various problems involving the rectilinear motion of par-
ticles (Secs. 11.7 and 11.8).

In the second part of this chapter, the motion of a particle as
it moves along a curved path will be analyzed. Since the position,
velocity, and acceleration of a particle will be defined as vector
quantities, the concept of the derivative of a vector function will be
introduced in Sec. 11.10 and added to our mathematical tools.
Applications in which the motion of a particle is defined by the

AxpertSoft Trial Version
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rectangular components of its velocity and acceleration will then be 11.2 Position, Velocity, and Acceleration (03
considered; at this point, the motion of a projectile will be analyzed

(Sec. 11.11). In Sec. 11.12, the motion of a particle relative to a

reference frame in translation will be considered. Finally, the cur-

vilinear motion of a particle will be analyzed in terms of components

other than rectangular. The tangential and normal components of a

particular velocity and an acceleration will be introduced in

Sec. 11.13 and the radial and transverse components of its velocity

and acceleration in Sec. 11.14.

11.2 POSITION, VELOCITY, AND ACCELERATION

A particle moving along a straight line is said to be in rectilinear

motion. At any given instant ¢, the particle will occupy a certain posi- o P

tion on the straight line. To define the position P of the particle, we x
choose a fixed origin O on the straight line and a positive direction ] —
along the line. We measure the distance x from O to P and record @ Im

it with a plus or minus sign, according to whether P is reached from

O by moving along the line in the positive or the negative direction. P o

The distance x, with the appy
position of the particle; it is
particle considered. For exa
sponding to P in Fig. 11.1a is x - _
ing to P’ in Fig. 11.1b is x" = —2 m. Fig. 11.1

When the position coordinate x of a particle is known for every
value of time ¢, we say that the motion of the particle is known. The
“timetable” of the motion can be given in the form of an equation
in x and ¢, such as x = 6¢> — ¢°, or in the form of a graph of x versus PP
t as shown in Fig. 11.6. The units most often used to measure the —
position coordinate x are the meter (m) in the SI system of unitst _0ol |—’|
and the foot (ft) in the U.S. customary system of units. Time ¢ is () (t+At)
usually measured in seconds (s). Fig. 11.2

Consider the position P occupied by the particle at time ¢
and the corresponding coordinate x (Fig. 11.2). Consider also the
position P’ occupied by the particle at a later time ¢t + A¢; the
position coordinate of P’ can be obtained by adding to the coor-
dinate x of P the small displacement Ax, which will be positive or
negative according to whether P’ is to the right or to the left of
P. The average velocity of the particle over the time interval At
is defined as the quotient of the displacement Ax and the time
interval At:

Average velocity = A

Photo 11.1 The motion of this solar car can be
described by its position, velocity, and
tCf. Sec. 1.3. acceleration.


http://www.axpertsoft.com/pdf-splitter-software/

604 Kinematics of Particles

If SI units are used, Ax is expressed in meters and At in seconds;
the average velocity will thus be expressed in meters per second
(m/s). If U.S. customary units are used, Ax is expressed in feet and
At in seconds; the average velocity will then be expressed in feet per
second (ft/s).

The instantaneous velocity v of the particle at the instant ¢ is
obtained from the average velocity by choosing shorter and shorter
time intervals A¢ and displacements Ax:

Ax

= lim —

Instantaneous velocity = v =
Ary0 At

The instantaneous velocity will also be expressed in m/s or ft/s.
Observing that the limit of the quotient is equal, by definition, to
the derivative of x with respect to ¢, we write

dx
v = 5 (11.1)

P V>0 The velocity v is represented by an algebraic number which can be
positive or negative.t A positive value of v indicates that x increases,
- i.e., that the particle moves in the positive direction (Fig. 11.3a); a
(@ negatwe value of v mdlcates that x decreases, i.e., that the particle
o b s 11.30). The magmtude of vis
<
P AXpertSOft Trial Version particle at time ¢ and also its
(b) (Fig. 11.4). The average accel-
Fig. 11.3 eration of the particle over the time interval At is defined as the
quotient of Av and At:
Av
P v P v+av Average acceleration = ——
i i At
)  (t+AD X If SI units are used, Av is expressed in m/s and At in seconds; the
Fig. 11.4 average acceleration will thus be expressed in m/s>. If U.S. customary

units are used, Av is expressed in ft/s and A¢ in seconds; the average
acceleration will then be expressed in ft/s”.
The instantaneous acceleration a of the particle at the instant
t is obtained from the average acceleration by choosing smaller and
smaller values for At and Av:
Av

Instantaneous acceleration = a = lim —
AtyO At

The instantaneous acceleration will also be expressed in m/s? or ft/s>.
The limit of the quotient, which is by definition the derivative of v

fAs you will see in Sec. 11.9, the velocity is actually a vector quantity. However, since
we are considering here the rectilinear motion of a particle, where the velocity of the
particle has a known and fixed direction, we need only specify the sense and magnitude
of the velocity; this can be conveniently done by using a scalar quantity with a plus or
minus sign. The same is true of the acceleration of a particle in rectilinear motion.
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with respect to ¢, measures the rate of change of the velocity. We
write

dv
= — 2
a i (11.2)
or, substituting for v from (11.1),
d*x
@ = ? (11.3)

The acceleration « is represented by an algebraic number which can
be positive or negative.t A positive value of a indicates that the
velocity (i.e., the algebraic number v) increases. This may mean that
the particle is moving faster in the positive direction (Fig. 11.5a) or
that it is moving more slowly in the negative direction (Fig. 11.5b);
in both cases, Av is positive. A negative value of @ indicates that the
velocity decreases; either the particle is moving more slowly in the
positive direction (Fig. 11.5¢) or it is moving faster in the negative
direction (Fig. 11.5d).

11.2 Position, Velocity, and Acceleration

a>0

(©
Fig. 11.5

The term deceleration is sometimes used to refer to a when
the speed of the particle (i.e., the magnitude of v) decreases; the par-
ticle is then moving more slowly. For example, the particle of Fig. 11.5
is decelerated in parts b and ¢; it is truly accelerated (i.e., moves faster)
in parts a and d.

Another expression for the acceleration can be obtained by
eliminating the differential dt in Eqs. (11.1) and (11.2). Solving (11.1)
for dt, we obtain dt = dx/v; substituting into (11.2), we write

a = v% (11.4)

fSee footnote, page 604.

Ll

a<0
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606 Kinematics of Particles

x(m)
32
24

16

v(m/s)

12

a(m/s?)

EXAMPLE Consider a particle moving in a straight line, and assume that
its position is defined by the equation

x = 662 —

where ¢ is expressed in seconds and x in meters. The velocity v at any time
t is obtained by differentiating x with respect to ¢:

@ _ or 32
D= — = —
——————— ; dt
|
I~ |
: The acceleration a is obtained by differentiating again with respect to t:
! I
|
A l © _ 15 g
a=—=12 —
I | dt
2 4 6t
The position coordinate, the velocity, and the acceleration have been plot-
- ted against ¢ in Fig. 11.6. The curves obtained are known as motion
| 4 curves. Keep in mind, however, that the particle does not move along any
é of these curves; the particle moves in a straight line. Since the derivative

6
i
|
|
|
|
|
|

1) of a function measures the slope of the corresponding curve, the slope
of the x—¢ curve at any glven tlme is equal to the value of v at that time

he sl f the ] 1al to the value of a. Since ¢ = 0 at

be zero at ¢t = 2 s; the velocity
sincev = 0att =0and att =
be horizontal for both of these

Fig. 11.6

t(s) A study of the three motion curves of Fig. 11.6 shows that the motion
of the particle from ¢ = 0 to ¢t = o can be divided into four phases:

1. The particle starts from the origin, x = 0, with no velocity but with a
positive acceleration. Under this acceleration, the particle gains a posi-
tive velocity and moves in the positive direction. From ¢ = 0 to ¢t =
2's, x, v, and a are all positive.

2. Att = 2, the acceleration is zero; the velocity has reached its maxi-
mum value. From ¢ = 2 s tot = 4 s, v is positive, but a is negative;
the particle still moves in the positive direction but more and more
slowly; the particle is decelerating.

3. Att = 4 s, the velocity is zero; the position coordinate x has reached
its maximum value. From then on, both v and @ are negative; the
particle is accelerating and moves in the negative direction with
increasing speed.

4. At ¢ = 6 s, the particle passes through the origin; its coordinate x is
then zero, while the total distance traveled since the beginning of the
motion is 64 m. For values of ¢ larger than 6 s, x, v, and a will all be
negative. The particle keeps moving in the negative direction, away
from O, faster and faster. ®
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11.3 DETERMINATION OF THE MOTION
OF A PARTICLE

We saw in the preceding section that the motion of a particle is said
to be known if the position of the particle is known for every value
of the time ¢. In practice, however, a motion is seldom defined by a
relation between x and ¢. More often, the conditions of the motion
will be specified by the type of acceleration that the particle pos-
sesses. For example, a freely falling body will have a constant accel-
eration, directed downward and equal to 9.81 m/s%, or 32.2 f/s% a
mass attached to a spring which has been stretched will have an
acceleration proportional to the instantaneous elongation of the
spring measured from the equilibrium position, etc. In general, the
acceleration of the particle can be expressed as a function of one or
more of the variables x, v, and ¢. In order to determine the position
coordinate x in terms of ¢, it will thus be necessary to perform two
successive integrations.
Let us consider three common classes of motion:

1. a = f(t). The Acceleration Is a Given Function of t. Solving
(11.2) for dv and substituting f(¢) for a, we write

dv = a dt

dv = f(t) dt
Integrating both members, we obtain the equation

J

which defines v in terms
an arbitrary constant will
gration. This is due to the fact that there are many motions
which correspond to the given acceleration ¢ = f(t). In order
to uniquely define the motion of the particle, it is necessary to
specify the initial conditions of the motion, i.e., the value v, of
the velocity and the value x, of the position coordinate at ¢t = 0.
Replacing the indefinite integrals by definite integrals with
lower limits corresponding to the initial conditions ¢ = 0 and
v = vy and upper limits corresponding to ¢t = ¢ and v = v, we

write
rdu =Jf(t) dt

vy 0
t

v — vy =Jf(t)dt
0

which yields v in terms of ¢.
Equation (11.1) can now be solved for dx,

dx = v dt

and the expression just obtained substituted for v. Both mem-
bers are then integrated, the left-hand member with respect
to x from x = xy to x = x, and the right-hand member with

11.3 Determination of the Motion
of a Particle

607
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608 Kinematics of Particles

respect to t from ¢t = 0 to ¢ = ¢. The position coordinate x
is thus obtained in terms of ¢; the motion is completely
determined.

Two important particular cases will be studied in greater
detail in Secs. 11.4 and 11.5: the case when a = 0, correspond-
ing to a uniform motion, and the case when a = constant,
corresponding to a uniformly accelerated motion.

. a = flx). The Acceleration Is a Given Function of x. Rearranging

Eq. (11.4) and substituting f(x) for a, we write

vdv = adx

v dv = flx) dx

Since each member contains only one variable, we can inte-
grate the equation. Denoting again by v, and x,, respectively,
the initial values of the velocity and of the position coordinate,
we obtain

and substitute for v the expression just obtained. Both mem-
bers can then be integrated to obtain the desired relation
between x and t. However, in most cases this last integration
cannot be performed analytically and one must resort to a
numerical method of integration.

. a = flv). The Acceleration Is a Given Function of v. We can

now substitute f(v) for a in either (11.2) or (11.4) to obtain
either of the following relations:

dv dv
flo)y == flo) = v
do vdv

dt :f(v) dx _f(v)

Integration of the first equation will yield a relation between v
and ¢; integration of the second equation will yield a relation
between v and x. Either of these relations can be used in con-
junction with Eq. (11.1) to obtain the relation between x and
t which characterizes the motion of the particle.
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SAMPLE PROBLEM 11.1

The position of a particle which moves along a straight line is defined by the
relation x = > — 61> — 15t + 40, where x is expressed in feet and ¢ in seconds.
Determine (a) the time at which the velocity will be zero, (b) the position and
distance traveled by the particle at that time, (c) the acceleration of the particle
at that time, (d) the distance traveled by the particle from ¢t = 4 sto¢ = 6s.

SOLUTION
x (ft) The equations of motion are
x =1 — 6% — 15t + 40 1)
dx 7

= =32 121 2

b= =3 -1 5 2)
= di =6t — 12 (3)

T

ts)  a. Time at Which v = 0. We set v = 0 in (2):
3 - 12 -15=0 ¢t=—-1s and =455

Only the root t = +5 s corresponds to a time after the motion has begun:
fort <5, v <0, the particle moves in the negative direction; for ¢t > 5 s,
v > 0, the particle moves in the positive direction.

en v = 0. Carrying ¢t = +5 s into

|
l
s i AxpertSoft Trial Version
| —15(5) + 40 x5 = —60 ft
V The initial position at ¢ = 0 was xy = +40 ft. Since v # 0 during the interval
| t=0tot =5s, we have
0 :+5 t(s) Distance traveled = x5 — x, = —60 ft — 40 ft = —100 ft

: Distance traveled = 100 ft in the negative direction

| : c. Acceleration When v = 0. We substitute ¢ = +5 s into (3):

| i as = 6(5) — 12 as = +18 ft/s

a(ft/s?) : : d. Distance Traveled from t = 4 sto t = 6 s. The particle moves in the
| |

negative direction from ¢ = 4 s to ¢ = 5 s and in the positive direction from
L ' t = 5stot = 6s; therefore, the distance traveled during each of these
Br=—=—r=—2 : time intervals will be computed separately.
| I - — 5 . - _
0 /|+2 |45 ts) Fromt=4stot =5 s.‘ X5 60 ft
! ! xy = (4)° — 6(4)2 — 15(4) + 40 = —52 ft

Distance traveled = x5 — x, = —60 ft — (=52 ft) = =8 ft
= 8 ft in the negative direction

Fromt =5stot = 6 s: x5 = —60 ft

x5 = (6)° — 6(6)* — 15(6) + 40 = —50 ft
Distance traveled = x5 — x5 = —50 ft — (=60 ft) = +10 ft
= 10 ft in the positive direction

Total distance traveled fromt = 4stot =6sisSft + 10 ft = 18 ft

609


http://www.axpertsoft.com/pdf-splitter-software/

SAMPLE PROBLEM 11.2

A ball is tossed with a velocity of 10 m/s directed vertically upward from a
window located 20 m above the ground. Knowing that the acceleration of
the ball is constant and equal to 9.81 m/s> downward, determine (a) the
velocity v and elevation y of the ball above the ground at any time ¢,
(b) the highest elevation reached by the ball and the corresponding value
of ¢, (¢) the time when the ball will hit the ground and the corresponding
velocity. Draw the v-t and y-¢ curves.

SOLUTION

a. Velocity and Elevation. The y axis measuring the position coordinate (or
T_/ 0 m) elevation) is chosen with its origin O on the ground and its positive sense
Vo=+10m/s

upward. The value of the acceleration and the initial values of v and y are as
N indicated. Substituting for @ in @ = dv/dt and noting that at t = 0, vy = +10 m/s,

t\\a =-9.81 m/s2 we have

Yo=+20m

dy =| (10 — 9.81t) dt
1o=20 0

[y1Y = [10t — 4.905¢];,
y — 20 = 10t — 4.905¢°
y =20 + 10t — 4905 (2)

—22.2

y(m) N b. Highest Elevation. When the ball reaches its highest elevation, we have
v = 0. Substituting into (1), we obtain
10 — 981t = 0 t = 1.019s
251 o Carrying ¢ = 1.019 s into (2), we have

y =20 + 10(1.019) — 4.905(1.019)* y =251m
20 ’

Position-time L‘i c. Ball Hits the Ground. When the ball hits the ground, we have y = 0.
culrve % Substituting into (2), we obtain
! v 20 + 10t — 4.905t = 0 t = —1243 s and t = +3.28 s
0 1019 328 t(s)

Only the root ¢ = +3.28 s corresponds to a time after the motion has begun.
Carrying this value of ¢ into (1), we have

v =10 — 9.81(3.28) = —22.2 m/s v = 22.2 m/swW

610
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SAMPLE PROBLEM 11.3

Piston

The brake mechanism used to reduce recoil in certain types of guns consists
essentially of a piston attached to the barrel and moving in a fixed cylinder
filled with oil. As the barrel recoils with an initial velocity vy, the piston
moves and oil is forced through orifices in the piston, causing the piston
and the barrel to decelerate at a rate proportional to their velocity; that is,
a = —kv. Express (a) v in terms of ¢, (b) x in terms of ¢, (¢) v in terms of
Oil x. Draw the corresponding motion curves.

SOLUTION

v a. v in Terms of t. Substituting —kv for @ in the fundamental formula
Vo defining acceleration, a = dv/dt, we write

dv dv vd !

k=" T = kat J - —kJ dt
dt v v .
In— = —kt v = vee ™
Do

O t

Vo A = = dx
o 0 0 5 0 —
k dt
t
dx = DOJ e Mdt
0 0
_ _070 —ktt 1;0 —kt
. t r = =2 Hy = e - 1)
v x=-2(1-e™
Vo k
c. v in Terms of x. Substituting —kv for a in a = v dv/dx, we write
dv
—kp = o2
v de
dv = =k dx
O v v X
o ” J dv = —kJ d
Vg 0
v — vy = —kx v =10y — kx

Check. Part ¢ could have been solved by eliminating ¢ from the answers
obtained for parts ¢ and b. This alternative method can be used as a check.
From part @ we obtain e = v/vy; substituting into the answer of part b,
we obtain

% = D*O(l — g ) = U*O(l = 2) v = vy — kx (checks)
k k ()
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612

SULVINGREEROBLEIVIO
JINBIOURIOVVIN

In the problems for this lesson, you will be asked to determine the position, the
velocity, or the acceleration of a particle in rectilinear motion. As you read each
problem, it is important that you identify both the independent variable (typically
¢ or x) and what is required (for example, the need to express v as a function of
x). You may find it helpful to start each problem by writing down both the given
information and a simple statement of what is to be determined.

1. Determining v({f) and alt) for a given x(f). As explained in Sec. 11.2, the
first and the second derivatives of x with respect to ¢ are respectively equal to the
velocity and the acceleration of the particle [Eqgs. (11.1) and (11.2)]. If the velocity
and the acceleration have opposite signs, the particle can come to rest and then
move in the opposite direction [Sample Prob. 11.1]. Thus, when computing the
total distance traveled by a particle, you should first determine if the particle will
come to rest during the specified interval of time. Constructing a diagram similar
to that of Sample Prob. 11.1 that shows the position and the velocity of the particle
at each critical instant (v = v, v = 0, etc.) will help you to visualize the
motion.

AxpertSoft Trial Version

2. Determining v(t) . broblems of this
type was discussed in the first part of Sec. 11.3. We used the initial conditions,
t = 0 and v = vy, for the lower limits of the integrals in ¢ and v, but any other
known state (for example, ¢ = ¢}, v = v;) could have been used instead. Also, if
the given function a(t) contains an unknown constant (for example, the constant
k if a = kt), you will first have to determine that constant by substituting a set of
known values of ¢ and « in the equation defining a(t).

3. Determining v(x) and x(t) for a given a[x). This is the second case consid-
ered in Sec. 11.3. We again note that the lower limits of integration can be
any known state (for example, x = x;, v = v;). In addition, since v = v,,,, when
a = 0, the positions where the maximum values of the velocity occur are easily
determined by writing a(x) = 0 and solving for x.

4. Determining v(x), v(t), and x(t) for a given alv). This is the last case treated
in Sec. 11.3; the appropriate solution techniques for problems of this type are
illustrated in Sample Prob. 11.3. All of the general comments for the preceding
cases once again apply. Note that Sample Prob. 11.3 provides a summary of how
and when to use the equations v = dv/dt, a = dv/dt, and a = v dv/dx.
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PROBLEMS!

CONCEPT QUESTIONS

11.€Q1 A bus travels the 100 miles between A and B at 50 mi/h and then
another 100 miles between B and C at 70 mi/h. The average speed
of the bus for the entire 200-mile trip is:

a. More than 60 mi/h.
b. Equal to 60 mi/h.
c. Less than 60 mi/h.

Fig. P11.CQ1

11.€Q2 Two cars A and B race each other down a straight road. The
position of each car as a function of time is shown. Which of
the following statements are true (more than one answer can be
correct)?

SRR, AxpertSoft Trial Version

. At time ¢, both car.

Both cars have the same speed at some time ¢ <.

Both cars have the same acceleration at some time ¢ < ¢,.

6 2o T

Both cars have the same acceleration at some time t; <t < t,.

Position

t ty time

Fig. P11.CQ2

END-OF-SECTION PROBLEMS

11.1 The motion of a particle is defined by the relation x = =102 +
8t + 12, where x and t are expressed in inches and seconds, respec-
tively. Determine the position, the velocity, and the acceleration of
the particle when ¢ = 1 s.

11.2 The motion of a particle is defined by the relation x = 23 — 9% +
12t + 10, where x and ¢ are expressed in feet and seconds, respec-
tively. Determine the time, the position, and the acceleration of
the particle when v = 0.

fAnswers to all problems set in straight type (such as 11.1) are given at the end of the
book. Answers to problems with a number set in italic type (such as T1.7) are not given.
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614 Kinematics of Particles 11.3 The vertical motion of mass A is defined by the relation x =
10 sin 2t 4+ 15 cos 2t + 100, where x and ¢ are expressed in mil-
limeters and seconds, respectively. Determine (a) the position,
velocity, and acceleration of A when ¢ = 1 s, (b) the maximum
velocity and acceleration of A.

11.4 A loaded railroad car is rolling at a constant velocity when it cou-
ples with a spring and dashpot bumper system. After the coupling,
the motion of the car is defined by the relation x = 60e*% sin 16t,
where x and ¢ are expressed in millimeters and seconds, respec-
tively. Determine the position, the velocity, and the acceleration of

Fig. P11.3 the railroad car when (@) t = 0, (b) t = 0.3 s.

k -
= ﬂﬁ}\—éﬁ

d by the relation x = 6t — 28 —
expressed in meters and seconds,
e, the position, and the velocity

11.6 The motion of a particle is defined by the relation x = - 92 +
24t — 8, where x and t are expressed in inches and seconds,
respectively. Determine (@) when the velocity is zero, (b) the posi-
tion and the total distance traveled when the acceleration is zero.

11.7 The motion of a particle is defined by the relation x = 9> — 1582 +
24t + 4, where x is expressed in meters and ¢ in seconds. Deter-
mine () when the velocity is zero, (b) the position and the total
distance traveled when the acceleration is zero.

11.8 The motion of a particle is defined by the relation x = 5 — 612 —

“ 36t — 40, where x and ¢ are expressed in feet and seconds, respec-

— VRO tively. Determine (@) when the velocity is zero, (b) the velocity, the
&‘A T acceleration, and the total distance traveled when x = 0.

11.9 The brakes of a car are applied, causing it to slow down at a rate

300 ft ! of 10 ft/s>. Knowing that the car stops in 300 ft, determine (a) how
* fast the car was traveling immediately before the brakes were
Fig. P11.9 applied, (b) the time required for the car to stop.

11.10 The acceleration of a particle is directly proportional to the time ¢.
At t = 0, the velocity of the particle is v = 16 in./s. Knowing
that v = 15 in./s and that x = 20 in. when ¢t = 1 s, determine
the velocity, the position, and the total distance traveled when
t =Ts.
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11.11

11.12

11.13

11.14

11.15

11.16

11.17

11.18

The acceleration of a particle is directly proportional to the square of
the time ¢. When ¢ = 0, the particle is at x = 24 m. Knowing that at
t =6s,x=96mandov = 18 m/s, express x and v in terms of .

The acceleration of a particle is defined by the relation ¢ = k.
(a) Knowing that v = —8 m/s when ¢t = 0 and that v = +8 m/s
when ¢t = 2 s, determine the constant k. (b) Write the equations of
motion, knowing also that x = 0 when ¢ = 2's.

The acceleration of point A is defined by the relation ¢ = —1.8 sin
kt, where a and t are expressed in m/s” and seconds, respectively,
and k = 3 rad/s. Knowing that x = 0 and v = 0.6 m/s when ¢ = 0,
determine the velocity and position of point A when ¢ = 0.5 s.

The acceleration of point A is defined by the relation ¢ = —1.08
sin kt — 1.44 cos kt, where a and t are expressed in m/s> and
seconds, respectively, and k = 3 rad/s. Knowing that x = 0.16 m
and v = 0.36 m/s when ¢ = 0, determine the velocity and position
of point A when ¢ = 0.5 s.

A piece of electronic equipment that is surrounded by packing mate-
rial is dropped so that it hits the ground with a speed of 4 m/s. After
contact the equipment experiences an acceleration of ¢ = —kx,
where k is a constant and x is the compression of the packing mate-
rial. If the packing material experiences a maximum compression of
20 mm, determine the maximum acceleration of the equipment.

[TV DSR RS OHD)

Fig. P11.15

A projectile enters a resisting medium at x = 0 with an initial velocity
vp = 900 ft/s and travels 4 in. before coming to rest. Assuming that
the velocity of the projectile is defined by the relation v = vy — kx,
where v is expressed in ft/s and x is in feet, determine (a) the initial
acceleration of the projectile, (b) the time required for the projec-
tile to penetrate 3.9 in. into the resisting medium.

The acceleration of a particle is defined by the relation a = —k/.
It has been experimentally determined that v = 15 ft/s when
x = 0.6 ft and that v = 9 ft/s when x = 1.2 ft. Determine
(a) the velocity of the particle when x = 1.5 ft, (b) the position of
the particle at which its velocity is zero.

A brass (nonmagnetic) block A and a steel magnet B are in equi-
librium in a brass tube under the magnetic repelling force of
another steel magnet C located at a distance x = 0.004 m from B.
The force is inversely proportional to the square of the distance
between B and C. If block A is suddenly removed, the acceleration
of block B is a = —9.81 + k/i>, where a and x are expressed in
m/s?> and meters, respectively, and k = 4 X 10* m%s% Determine
the maximum velocity and acceleration of B.

Problems

X*»l

1
@]

D

Fig. P11.13 and PI11.14

Fig. P11.16

Fig. P11.18
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6" 6 Kinematics of Particles

Fig. P11.20

Fig. P11.23

Fig. P11.27

11.19 Based on experimental observations, the acceleration of a particle
is defined by the relation « = —(0.1 + sin a/b), where a and x are
expressed in m/s?> and meters, respectively. Knowing that
b = 0.8 m and that v = 1 m/s when x = 0, determine (a) the
velocity of the particle when x = —1 m, (b) the position where the
velocity is maximum, (¢) the maximum velocity.

11.20 A spring AB is attached to a support at A and to a collar. The
unstretched length of the spring is [. Knowing that the collar is
released from rest at x = x; and has an acceleration defined by the
relation @ = —100(x — lx/ 2% + x*), determine the velocity of the
collar as it passes through point C.

11.21 The acceleration of a partlcle is defined by the relation @ = —0.8v,
where a is expressed in m/s” and © in m/s. Knowing that at ¢t = 0
the velocity is 1 m/s, determine (a) the distance the particle will
travel before coming to rest, (b) the time required for the particle’s
velocity to be reduced by 50 percent of its initial value.

11.22 Starting from x = 0 with no initial velocity, a particle is given an
acceleration @ = 0.1 20> + 16, where a and v are expressed in ft/s>
and ft/s, respectively. Determine (a) the position of the particle
when v = 3 ft/s, (b) the speed and acceleration of the particle when
x = 4 ft.

11.23 A ball is dropped from a boat so that it strikes the surface of a lake

J Vhile in the water the ball experiences
, where a and v are expressed in
ng the ball takes 3 s to reach the
) the depth of the lake, (b) the
e bottom of the lake.

11.24 The acceleration of a particle is defined by the relation a = —k 1,
where k is a constant. Knowing that x = 0 and v = 81 m/s at
t = 0 and that v = 36 m/s when x = 18 m, determine (a) the
velocity of the particle when x = 20 m, (b) the time required for
the particle to come to rest.

11.25 A particle is projected to the right from the position x = 0 with
an initial velocity of 9 m/s. If the acceleration of the particle is
defined by the relation « = —0. 60>2, where a and v are expressed
in m/s® and m/s, respectlvely, determine (a) the distance the par-
ticle will have traveled when its velocity is 4 m/s, (b) the time when
v =1 m/s, (c) the time required for the particle to travel 6 m.

11.26 The acceleration of a particle is defined by the relation a = 0.4(1 —
kv), where k is a constant. Knowing that at ¢ = 0 the particle starts
from rest at x = 4 m and that when t = 15 s, v = 4 m/s, determine
(a) the constant k, (D) the position of the particle when v = 6 m/s,
(¢) the maximum velocity of the particle.

11.27 Experimental data indicate that in a region downstream of a given
louvered supply vent the velocity of the emitted air is defined by
v = 0.18vy/x, where v and x are expressed in m/s and meters, respec-
tively, and v, is the initial discharge velocity of the air. For v, =
3.6 m/s, determine (@) the acceleration of the air at x = 2 m, (b) the
time required for the air to flow fromx = 1 tox = 3 m.
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11.28 Based on observations, the speed of a jogger can be approximated Problems 417
by the relation v = 7.5(1 — 0.04x)*3, where v and x are expressed
in mi/h and miles, respectively. Knowing that x = 0 at ¢ = 0, deter-
mine (a) the distance the jogger has run when ¢ = 1 h, () the jogger’s
acceleration in ft/s>at t = 0, (c) the time required for the jogger to
run 6 mi.

11.29 The acceleration due to gravity at an altitude y above the surface
of the earth can be expressed as

—32.2 Fig. P11.28
[1+ (1/20.9 x 10°)]

where a and y are expressed in ft/s> and feet, respectively. Using
this expression, compute the height reached by a projectile fired
vertically upward from the surface of the earth if its initial velocity
is (a) 1800 ft/s, (b) 3000 ft/s, (c¢) 36,700 ft/s.

AxpertSoft Trial Version

Fig. P11.29

11.30 The acceleration due to gravity of a particle falling toward the
earth is ¢ = —ng/r2, where r is the distance from the center of
the earth to the particle, R is the radius of the earth, and g is
the acceleration due to gravity at the surface of the earth. If
R = 3960 mi, calculate the escape velocity, that is, the minimum
velocity with which a particle must be projected vertically upward
from the surface of the earth if it is not to return to the earth.
(Hint: v = 0 for r = »,) Fig. P11.30

11.31 The velocity of a particle is v = vo[1 — sin(pt/T)]. Knowing that
the particle starts from the origin with an initial velocity vy, deter-
mine (a) its position and its acceleration at t = 3T, (b) its average
velocity during the interval t = 0 to ¢ = T.

11.32 The velocity of a slider is defined by the relation v = v'sin(v,¢ + F).
Denoting the velocity and the position of the slider at ¢ = 0 by
vy and xo, respectively, and knowing that the maximum displace-
ment of the slider is 2x,, show that (a) v’ = (v} + x3V3)/2xV,,
(b) the maximum value of the velocity occurs when x = x[3 —
(vo/xV,)1/2.
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6] 8 Kinematics of Particles

11.4 UNIFORM RECTILINEAR MOTION

Uniform rectilinear motion is a type of straight-line motion which is
frequently encountered in practical applications. In this motion, the
acceleration a of the particle is zero for every value of t. The velocity
v is therefore constant, and Eq. (11.1) becomes

dx

dt
The position coordinate x is obtained by integrating this equation.
Denoting by x, the initial value of x, we write

x t
Jdvzvjdt
0

Xo

= v = constant

X —xg = Ut
x = xy + vt (11.5)

This equation can be used only if the velocity of the particle is known
to be constant.

11.5 UNIFORMLY ACCELERATED RECTILINEAR MOTION

Uniformly accelerated rectilinear motion is another common type of
on a of the particle is constant,

AxpertSoft Trial Version

E (. — constant
The velocity v of the particle is obtained by integrating this
equation:
v t
dv =a j dt
Vg 0

v — vy = at
v =1yt at (11.6)

where vy is the initial velocity. Substituting for v in (11.1), we write
dx

— =vy t at

d

Denoting by x, the initial value of x and integrating, we have

dex = J (v + at)dt

X0 0

1,9
X — xp = Ugt + jzat

x = xy + vot + 3at’ (11.7)


http://www.axpertsoft.com/pdf-splitter-software/

We can also use Eq. (11.4) and write

dv
v— = a = constant
dx
vdv = adx

Integrating both sides, we obtain
J vdv=a J dx

o Xo

1 —0d) = alx — x,)

o2 = v3 + 2alx — xp) (11.8)
The three equations we have derived provide useful relations
among position coordinate, velocity, and time in the case of a uni-
formly accelerated motion, as soon as appropriate values have been
substituted for a, vy, and x,. The origin O of the x axis should first
be defined and a positive direction chosen along the axis; this direc-
tion will be used to determine the signs of a, vy, and x,. Equation
(11.6) relates v and ¢ and should be used when the value of v cor-
responding to a given value of ¢ is desired, or inversely. Equation (11.7)
relates x and ¢; Eq. (11.8) relates v and x. An important application
of uniformly accelerated motion is the motion of a freely fallmg
body. The acceleration of a free :
is equal to 9.81 m/s> or 32.2 ] ) .
gt AxpertSoft Trial Version
used only when the accelerati
stant. If the acceleration of the particle is variable, its motion should
be determined from the fundamental equations (11.1) to (11.4)
according to the methods outlined in Sec. 11.3.

11.6 MOTION OF SEVERAL PARTICLES

When several particles move independently along the same line,
independent equations of motion can be written for each particle.
Whenever possible, time should be recorded from the same initial
instant for all particles, and displacements should be measured from
the same origin and in the same direction. In other words, a single
clock and a single measuring tape should be used.

Relative Motion of Two Particles.  Consider two particles A and

11.6 Motion of Several Particles

B moving along the same straight line (Fig. 11.7). If the position 9 L 2 -
coordinates x, and xp are measured from the same origin, the dif- kxAﬁl— Xg/A—

ference xz — x4 defines the relative position coordinate of B with

respect to A and is denoted by xz,,. We write Fig. 11.7

XA — X — Xp or X = Xp + XB/A (119)

Regardless of the positions of A and B with respect to the origin, a
positive sign for xz, means that B is to the right of A, and a negative
sign means that B is to the left of A.
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620 Kinematics of Particles

Photo 11.2 Multiple cables and pulleys ¢
used by this shipyard crane.

o@

Fig. 11.8

Fig. 11.9

The rate of change of xp, is known as the relative velocity of B

with respect to A and is denoted by vy,4. Differentiating (11.9), we write

Up/a — U — Uy or Up = Uy + UB/A (11.10)

A positive sign for vy, means that B is observed from A to move in

the positive direction; a negative sign means that it is observed to
move in the negative direction.

The rate of change of vg, is known as the relative acceleration

of B with respect to A and is denoted by ag,. Differentiating (11.10),

we obtaint

apy = ag — ay  or ag = a, + ag; (11.11)
Dependent Motions. Sometimes, the position of a particle will
depend upon the position of another particle or of several other par-
ticles. The motions are then said to be dependent. For example, the
position of block B in Fig. 11.8 depends upon the position of block A.
Since the rope ACDEFG is of constant length, and since the lengths
of the portions of rope CD and EF wrapped around the pulleys remain
constant, it follows that the sum of the lengths of the segments AC,
DE, and FG is constant. Observing that the length of the segment AC
differs from x, only by a constant and that, similarly, the lengths of

the segments DE and FG differ from xg only by a constant, we write

x4 and x5 can be chosen arbi-
in Fig. 11.8 has one degree of
between the position coordinates x, and
xp, it follows that if x4 is given an increment Ax,, that is, if block A
is lowered by an amount Ax,, the coordinate x will receive an incre-
ment Axg = —3Ax,. In other words, block B will rise by half the
same amount; this can easily be checked directly from Fig. 11.8.

In the case of the three blocks of Fig. 11.9, we can again
observe that the length of the rope which passes over the pulleys is
constant, and thus the following relation must be satisfied by the
position coordinates of the three blocks:

2x, + 2xp + x¢ = constant

Since two of the coordinates can be chosen arbitrarily, we say that
the system shown in Fig. 11.9 has two degrees of freedom.

When the relation existing between the position coordinates of
several particles is linear, a similar relation holds between the veloci-
ties and between the accelerations of the particles. In the case of the
blocks of Fig. 11.9, for instance, we differentiate twice the equation
obtained and write

dxA de dxc

254‘254'5:0 or 204 + 205 + vc =0
pdoa | pdon  dve _ 2a, + 2a5 + ac = 0
dt dt  dt or da T S T de =

tNote that the product of the subscripts A and B/A used in the right-hand member of
Eqs. (11.9), (11.10), and (11.11) is equal to the subscript B used in their left-hand member.
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SAMPLE PROBLEM 11.4

A ball is thrown vertically upward from the 12-m level in an elevator shaft
with an initial velocity of 18 m/s. At the same instant an open-platform ele-
vator passes the 5-m level, moving upward with a constant velocity of 2 m/s.
Determine (a) when and where the ball will hit the elevator, (b) the relative
velocity of the ball with respect to the elevator when the ball hits the
elevator.

SOLUTION

ot Motion of Ball. Since the ball has a constant acceleration, its motion is
Y U - uniformly accelerated. Placing the origin O of the y axis at ground level and
Vo= 18 m/s choosing its positive direction upward, we find that the initial position is
// yo = +12 m, the initial velocity is vy = +18 m/s, and the acceleration is
t=0 a = —9.81 m/s. Substituting these values in the equations for uniformly
~—1 4= _981m/s? accelerated motion, we write
YB
vg = vy T+ at vg = 18 — 9.81¢ (1)
] ys = yo + vt + 3at®  yp = 12 + 18t — 4.905¢> 2)
T~ y,=12m
() Motion of Elevator. Since the elevator has a constant velocity, its motion
: Dt the ground level and choosing the
. . = +5 m and write
AxpertSoft Trial Version & 5
3
_“ -] t=t .
Ball Hits Elevator. We first note that the same time ¢ and the same origin
O were used in writing the equations of motion of both the ball and the
elevator. We see from the figure that when the ball hits the elevator,
YE 1// VE=2m/s
t=0 Ye = YB (5)
OL/ Yo=5m Substituting for yx and yp from (2) and (4) into (5), we have
5+ 2 =12 + 18t — 4.905
t=—039s and t =365s
Only the root ¢ = 3.65 s corresponds to a time after the motion has begun.
7y 2 i Substituting this value into (4), we have
yp = 5 + 2(3.65) = 12.30 m
Elevation from ground = 12.30 m
e e The relative velocity of the ball with respect to the elevator is
o U — Up — Vg — (].8 - 981t) — 2 =16 — 9.81¢

When the ball hits the elevator at time t = 3.65 s, we have
UB/E = 16 — 9.81(3.65) UB/E = —19.81 m/s

The negative sign means that the ball is observed from the elevator to be
moving in the negative sense (downward).
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SAMPLE PROBLEM 11.5

Collar A and block B are connected by a cable passing over three pulleys
C, D, and E as shown. Pulleys C and E are fixed, while D is attached to a
collar which is pulled downward with a constant velocity of 3 in./s. Att = 0,
collar A starts moving downward from position K with a constant accelera-
tion and no initial velocity. Knowing that the velocity of collar A is 12 in./s
as it passes through point L, determine the change in elevation, the velocity,
and the acceleration of block B when collar A passes through L.

SOLUTION

Motion of Collar A.  We place the origin O at the upper horizontal sur-
face and choose the positive direction downward. We observe that when
t = 0, collar A is at the position K and (vy)y = 0. Since vy = 12 in./s
and x4 — (x4)9 = 8 in. when the collar passes through L, we write

vh = (0a) + 2aulxs — (xa)o] (12)> = 0 + 2a,4(8)

ay = 9in/s
The time at which collar A reaches point L is obtained by writing
vpa = (Vpa)g Fapt 12=0+ 9 t =1333s

sositive direction is downward,

)y + vpt = (xp)y + 3t
S we have
xp = (xply + 3(1.333) = (xp)y + 4
Thus, xp — (xp)o = 4 in.
Motion of Block B. We note that the total length of cable ACDEB differs
from the quantity (x4 + 2xp + xp) only by a constant. Since the cable length

is constant during the motion, this quantity must also remain constant. Thus,
considering the times ¢ = 0 and ¢ = 1.333 s, we write

xx + 2xp + a5 = (x4)0 + 20xplo + (x5 1)
[xa = (a)o] + 2[xp — (xplo] + [xg — (xp)o] = 0 2)

But we know that x, — (x4)o = 8 in. and xp — (xp)y = 4 in.; substituting
these values in (2), we find

8 + 2(4) + [xg — (xp)] = 0 xg — (xg)y = —16 in.
Thus: Change in elevation of B = 16 in.><

Differentiating (1) twice, we obtain equations relating the velocities and the
accelerations of A, B, and D. Substituting for the velocities and accelerations
of A and D at ¢t = 1.333 s, we have

va + 20p + v = O: 12 + 2(3) + v =0

vg = —18 in./s vg = 18 in./sXX
a, + 2ap + ag = 0: 9+20) +az=0
ag = —9 in/s> ag = 9 in./s>><
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SOULVINGIEROBLEIVIY
DN RO URSOVVIN

In this lesson we derived the equations that describe uniform rectilinear motion
(constant velocity) and uniformly accelerated rectilinear motion (constant accel-
eration). We also introduced the concept of relative motion. The equations for
relative motion [Egs. (11.9) to (11.11)] can be applied to the independent or
dependent motions of any two particles moving along the same straight line.

A. Independent motion of one or more particles. The solution of problems of
this type should be organized as follows:

1. Begin your solution by listing the given information, sketching the system, and
selecting the origin and the positive direction of the coordinate axis [Sample
Prob. 11.4]. It is always advantageous to have a visual representation of problems

of this type.

2. Write the equations that describe the motions of the various particles as

well as those that describe how these motions are related [Eq. (5) of Sample
Prob. 11.4].

AxpertSoft Trial Version

3. Define the inifia ) , L.€., specily the state ol the system corresponding
to ¢t = 0. This is especially important if the motions of the particles begin at dif-
ferent times. In such cases, either of two approaches can be used.

a. Lett = 0 be the time when the last particle begins to move. You must then
determine the initial position x, and the initial velocity v, of each of the other
particles.

b. Let t = 0 be the time when the first particle begins to move. You must
then, in each of the equations describing the motion of another particle, replace
t with ¢ — t,, where ¢, is the time at which that specific particle begins to move.
It is important to recognize that the equations obtained in this way are valid only
for t = t,.
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B. Dependent motion of two or more particles. In problems of this type the
particles of the system are connected to each other, typically by ropes or by cables.
The method of solution of these problems is similar to that of the preceding group
of problems, except that it will now be necessary to describe the physical connec-
tions between the particles. In the following problems, the connection is provided
by one or more cables. For each cable, you will have to write equations similar to
the last three equations of Sec. 11.6. We suggest that you use the following
procedure:

1. Draw a sketch of the system and select a coordinate system, indicating
clearly a positive sense for each of the coordinate axes. For example, in Sample
Prob. 11.5 lengths are measured downward from the upper horizontal support. It
thus follows that those displacements, velocities, and accelerations which have
positive values are directed downward.

2. Write the equation describing the constraint imposed by each cable on the
motion of the particles involved. Differentiating this equation twice, you will obtain
the corresponding re

AxpertSoft Trial Version

3. If several directions of motion are Involved, you must select a coordinate
axis and a positive sense for each of these directions. You should also try to locate
the origins of your coordinate axes so that the equations of constraints will be as
simple as possible. For example, in Sample Prob. 11.5 it is easier to define the
various coordinates by measuring them downward from the upper support than
by measuring them upward from the bottom support.

Finally, keep in mind that the method of analysis described in this lesson and
the corresponding equations can be used only for particles moving with uniform
or uniformly accelerated rectilinear motion.
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11.33

11.34

11.35

11.36

PROBLEMS

A stone is thrown vertically upward from a point on a bridge
located 40 m above the water. Knowing that it strikes the water
4 s after release, determine (a) the speed with which the stone
was thrown upward, (b) the speed with which the stone strikes
the water.

A motorist is traveling at 54 km/h when she observes that a traffic
light 240 m ahead of her turns red. The traffic light is timed to
stay red for 24 s. If the motorist wishes to pass the light without
stopping just as it turns green again, determine (a) the required
uniform deceleration of the car, (b) the speed of the car as it passes

the light.

54 km/h
—

4

! 240 m !

Fig. P11.34

A motorist enters a free
to 60 mi/h. From the o8
that she traveled 550 ft while accelerating. Determine (@) the
acceleration of the car, (b) the time required to reach 60 mi/h.

A group of students launches a model rocket in the vertical direc-
tion. Based on tracking data, they determine that the altitude of
the rocket was 89.6 ft at the end of the powered portion of the
flight and that the rocket landed 16 s later. Knowing that the
descent parachute failed to deploy so that the rocket fell freely
to the ground after reaching its maximum altitude and assuming
that g = 32.2 ft/s>, determine (@) the speed vy of the rocket at the
end of powered flight, (b) the maximum altitude reached by

the rocket.

89.6 ft

Fig. P11.36

v = 30 mi/h
——

Fig. P11.35
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626 Kinematics of Particles 11.37 A small package is released from rest at A and moves along the
skate wheel conveyor ABCD. The package has a uniform accelera-
tion of 4.8 m/s> as it moves down sections AB and CD, and its
velocity is constant between B and C. If the velocity of the package
at D is 7.2 m/s, determine (a) the distance d between C and D,
(b) the time required for the package to reach D.

Fig. P11.37

11.38 A sprinter in a 100-m race accelerates uniformly for the first 35 m
and then runs with constant velocity. If the sprinter’s time for the
first 35 m is 5.4 s, determine (a) his acceleration, (b) his final

Fig. P11.38 velocity, (c) his time for the race.

(vA)0 =129 m/s

@x

Y0-m-long exchange zone with a
(ve)o = AxpertSoft Trial Version i

pave the exchange zone with the
e uniform acceleration of each of

B the runners, (b) when runner B should begin to run.
. 11.40 In a boat race, boat A is leading boat B by 50 m and both boats
zz are traveling at a constant speed of 180 km/h. At ¢t = 0, the boats
| 20m ! accelerate at constant rates. Knowing that when B passes A, { = 8's

and v, = 225 km/h, determine (a) the acceleration of A, (b) the

acceleration of B.
%\
50 m / A

Fig. P11.39

Fig. P11.40
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11.41 A police officer in a patrol car parked in a 45 mi/h speed zone Problems 497
observes a passing automobile traveling at a slow, constant speed.
Believing that the driver of the automobile might be intoxicated,
the officer starts his car, accelerates uniformly to 60 mi/h in § s,
and, maintaining a constant velocity of 60 mi/h, overtakes the
motorist 42 s after the automobile passed him. Knowing that 18 s
elapsed before the officer began pursuing the motorist, determine
(a) the distance the officer traveled before overtaking the motorist,

(b) the motorist’s speed. (Va)o = 24 mifh (V)o = 36 mi/h
— —
11.42 Automobiles A and B are traveling in adjacent highway lanes and ﬁ/\ ﬁB

automobile A has a constant acceleration of 1.8 ft/s? and that B
has a constant deceleration of 1.2 ft/s>, determine (a) when and
where A will overtake B, (b) the speed of each automobile at
that time. Fig. P11.42

at ¢ = 0 have the positions and speeds shown. Knowing that |

75 ft |

——> X

11.43 Two automobiles A and B are approaching each other in adjacent
highway lanes. At t = 0, A and B are 3200 ft apart, their speeds
are vy = 65 mi/h and vy = 40 mi/h, and they are at points P and
Q, respectively. Knowing that A passes point Q 40 s after B was
there and that B passes point P 42 s after A was there, determine
(a) the uniform accelerations of A and B, (b) when the vehicles
pass each other, (c) the speed of B at that time.

vy =65 mi/h vg = 40 mi/h
~f——

AxpertSoft Trial Version

, 3200 ft ,

Fig. P11.43

11.44 An elevator is moving upward at a constant speed of 4 m/s. A man
standing 10 m above the top of the elevator throws a ball upward
with a speed of 3 m/s. Determine () when the ball will hit the
elevator, (b) where the ball will hit the elevator with respect to the
location of the man.

Fig. P11.44
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628 Kinematics of Particles 11.45 Two rockets are launched at a fireworks display. Rocket A is
launched with an initial velocity vy = 100 m/s and rocket B is
launched ¢, s later with the same initial velocity. The two rockets
are timed to explode simultaneously at a height of 300 m as A
is fallin% and B is rising. Assuming a constant acceleration g =
9.81 m/s”, determine (a) the time ¢;, (b) the velocity of B relative to
A at the time of the explosion.

11.46 Car A is parked along the northbound lane of a highway, and car B

is traveling in the southbound lane at a constant speed of 60 mi/h.

At t = 0, A starts and accelerates at a constant rate a,, while at
A B 300 m t = 5 s, B begins to slow down with a constant deceleration of
magnitude a,/6. Knowing that when the cars pass each other x =
294 ft and vy, = vy, determine (a) the acceleration a,, (b) when
the vehicles pass each other, (c) the distance d between the vehicles

i i att = 0.

Fig. P11.45

0] Lo

(Va)o=0
AT - Ty B

L0 . O e © . © B
“

(Vg) = 60 mi/h
e——

Fig. P11.46

moves downward with a constant
he velocity of the cable C, (b) the
— e 7 (¢) the relative velocity of the cable
C with respect to the elevator, (d) the relative velocity of the coun-
terweight W with respect to the elevator.

(O

/2 \

Fig. P11.47 and P11.48

11.48 The elevator shown starts {rom rest and moves upward with a con-
stant acceleration. If the counterweight W moves through 30 ft in
5 s, determine (a) the acceleration of the elevator and the cable
C, (b) the velocity of the elevator after 5 s.
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11.49 Slider block A moves to the left with a constant velocity of 6 my/s. Problems 490
Determine (a) the velocity of block B, (b) the velocity of portion
D of the cable, (c) the relative velocity of portion C of the cable
with respect to portion D.

Fig. P11.49 and P11.50

11.50 Block B starts from rest g
acceleration. Knowing {

HRRECELEIEAE  AxpertSoft Trial Version
(b) the velocity and thd

11.51 Slider block B moves to the right with a constant velocity of
300 mm/s. Determine (@) the velocity of slider block A, (b) the
velocity of portion C of the cable, (¢) the velocity of portion D
of the cable, (d) the relative velocity of portion C of the cable with Y

respect to slider block A.
—
C

D (G

Fig. P11.51 and P11.52

11.52 At the instant shown, slider block B is moving with a constant
acceleration, and its speed is 150 mm/s. Knowing that after slider
block A has moved 240 mm to the right its velocity is 60 mm/s,
determine (@) the accelerations of A and B, (b) the acceleration of
portion D of the cable, (¢) the velocity and the change in position
of slider block B after 4 s.

11.53 Collar A starts from rest and moves upward with a constant accelera-
tion. Knowing that after 8 s the relative velocity of collar B with
respect to collar A is 24 in/s, determine (a) the accelerations of A
and B, (b) the velocity and the change in position of B after 6 s. Fig. P11.53
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630 Kinematics of Particles

Fig. P11.55

11.54 The motor M reels in the cable at a constant rate of 100 mm/s.

11.56

Determine (a) the velocity of load L, (b) the velocity of pulley B
with respect to load L.

100 mm/s‘

=2z bl

Fig. P11.54

0 and moves downward with a
Knowing that block B has a con-

AT VeIoCTty O s upward, determine (a) the time when the
velocity of block A is zero, (b) the time when the velocity of block
A is equal to the velocity of block D, (¢) the change in position of
block A after 5 s.

Block A starts from rest at ¢+ = 0 and moves downward with a
constant acceleration of 6 in./s*. Knowing that block B moves up
with a constant velocity of 3 in./s, determine (a) the time when
the velocity of block C is zero, (b) the corresponding position of
block C.
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11.57 Block B starts from rest, block A moves with a constant accelera- Problems 431
tion, and slider block C moves to the right with a constant accelera-
tion of 75 mm/s%. Knowing that at ¢ = 2 s the velocities of B and
C are 480 mm/s downward and 280 mm/s to the right, respectively, ﬂ
determine (a) the accelerations of A and B, (b) the initial velocities
of A and C, (c) the change in position of slider block C after 3 s.

11.58 Block B moves downward with a constant velocity of 20 mmy/s. At
t = 0, block A is moving upward with a constant acceleration, and
its velocity is 30 mm/s. Knowing that at ¢ = 3 s slider block C has
moved 57 mm to the right, determine (@) the velocity of slider
block C at t = 0, (b) the accelerations of A and C, (c¢) the change
in position of block A after 5 s.

Fig. P11.57 and P11.58
11.59 The system shown starts from rest, and each component moves with 9

a constant acceleration. If the relative acceleration of block C with
respect to collar B is 60 mm/s? upward and the relative acceleration
of block D with respect to block A is 110 mm/s> downward, deter-
mine (@) the velocity of block C after 3 s, (b) the change in position
of block D after 5 s.

Fig. P11.59 and P11.60

*11.60 The system shown starts from rest, and the length of the upper
cord is adjusted so that A, B, and C are initially at the same level.
Each component moves with a constant acceleration, and after 2 s
the relative change in position of block C with respect to block A
is 280 mm upward. Knowing that when the relative velocity of
collar B with respect to block A is 80 mm/s downward, the dis-
placements of A and B are 160 mm downward and 320 mm down-
ward, respectively, determine (a) the accelerations of A and B if
ag > 10 mm/s%, (b) the change in position of block D when the
velocity of block C is 600 mm/s upward.
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632 Kinematics of Particles

*11.7 GRAPHICAL SOLUTION OF RECTILINEAR-
MOTION PROBLEMS

It was observed in Sec. 11.2 that the fundamental formulas
@ _dv
dt dt

have a geometrical significance. The first formula expresses that the
velocity at any instant is equal to the slope of the x—¢ curve at the
same instant (Fig. 11.10). The second formula expresses that the accel-

v and a

\ a

4

(4]
s

ty
Fig. 11.10

Fig. 11.11

eration is equal to the slope of the v—¢ curve. These two properties
' ically the v—t and a—t curves of a

| formulas from a time ¢, to a

ts ts
Xo — Xy =J vdt and vy — V) =J adt (11.12)
t t

The first formula expresses that the area measured under the v-t
curve from ¢ to t, is equal to the change in x during that time inter-
val (Fig. 11.11). Similarly, the second formula expresses that the area
measured under the a—t curve from ¢; to ¢, is equal to the change
in v during that time interval. These two properties can be used to
determine graphically the x—t curve of a motion when its v-¢ curve
or its a—t curve is known (see Sample Prob. 11.6).

Graphical solutions are particularly useful when the motion con-
sidered is defined from experimental data and when «, v, and a are
not analytical functions of t. They can also be used to advantage when
the motion consists of distinct parts and when its analysis requires
writing a different equation for each of its parts. When using a graphi-
cal solution, however, one should be careful to note that (1) the area
under the v—t curve measures the change in x, not x itself, and simi-
larly, that the area under the a—t curve measures the change in v;
(2) an area above the ¢ axis corresponds to an increase in x or v, while
an area located below the ¢ axis measures a decrease in x or v.

It will be useful to remember in drawing motion curves that if
the velocity is constant, it will be represented by a horizontal straight
line; the position coordinate x will then be a linear function of ¢ and
will be represented by an oblique straight line. If the acceleration is
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constant and different from zero, it will be represented by a hori-
zontal straight line; v will then be a linear function of ¢, represented
by an oblique straight line, and x will be expressed as a second-degree
polynomial in ¢, represented by a parabola. If the acceleration is a
linear function of ¢, the velocity and the position coordinate will be
equal, respectively, to second-degree and third-degree polynomials;
a will then be represented by an oblique straight line, v by a parab-
ola, and x by a cubic. In general, if the acceleration is a polynomial
of degree n in ¢, the velocity will be a polynomial of degree n + 1 and
the position coordinate a polynomial of degree n + 2; these polyno-
mials are represented by motion curves of a corresponding degree.

*11.8 OTHER GRAPHICAL METHODS

An alternative graphical solution can be used to determine the posi-
tion of a particle at a given instant directly from the a—t curve.
Denoting the values of x and v at t = 0 as x, and v, and their values
at t = t; as x; and v;, and observing that the area under the v—t
curve can be divided into a rectangle of area vt; and horizontal dif-
ferential elements of area (t; — ¢) dv (Fig. 11.12a), we write
Uy
x; — xo = area under v— curve = vyt; + | (£, —t) dv
Vo

Substituting dv = a dt in the integral, we obtain
X1 — Xp = Dy

Referring to Fig. 11.12b, we note tha
first moment of the area under the a— curve with respect to the line
t = t; bounding the area on the right. This method of solution is
known, therefore, as the moment-area method. If the abscissa t of
the centroid C of the area is known, the position coordinate x; can
be obtained by writing

x, = xp + vot; + (area under a—t curve)(t; — ) (11.13)

If the area under the a—t curve is a composite area, the last term
in (11.13) can be obtained by multiplying each component area by
the distance from its centroid to the line ¢t = ¢,. Areas above the ¢
axis should be considered as positive and areas below the ¢ axis as
negative.

Another type of motion curve, the v—x curve, is sometimes used.
If such a curve has been plotted (Fig. 11.13), the acceleration a can
be obtained at any time by drawing the normal AC to the curve and
measuring the subnormal BC. Indeed, observing that the angle
between AC and AB is equal to the angle u between the horizontal
and the tangent at A (the slope of which is tan u = dv/dx), we write

BC = ABtanu = v@
dx

and thus, recalling formula (11.4),
BC =a

11.8 Other Graphical Methods

AxpertSoft Trial Version

633


http://www.axpertsoft.com/pdf-splitter-software/

SAMPLE PROBLEM 11.6

B A subway car leaves station A; it gains speed at the rate of 4 ft/s> for 6 s

and then at the rate of 6 ft/s> until it has reached the speed of 48 ft/s. The

car maintains the same speed until it approaches station B; brakes are then

applied, giving the car a constant deceleration and bringing it to a stop in

6 s. The total running time from A to B is 40 s. Draw the a-t, v—t, and x-¢
curves, and determine the distance between stations A and B.

v (ft/s)

48

24

x(ft)

SOLUTION

Acceleration-Time Curve. Since the acceleration is either constant or zero,
the a-t curve is made of horizontal straight-line segments. The values of t,
and a4 are determined as follows:

0<t<®6: Change in v = area under a—¢ curve
vs — 0 = (65)4 fs?) = 24 fus

6 <t <ty Since the velocity increases from 24 to 48 ft/s,

t(s) Change in v = area under a—t curve
48 ft/s — 24 ft/s = (t, — 6)(6 ft/s®)  t, =10

t, <t < 34: Since the velocity is constant, the acceleration is zero.

AxpertSoft Trial Version

bnding area is below the ¢ axis;

Velocity-Time Curve. Since the acceleration is either constant or zero, the
v-t curve is made of straight-line segments connecting the points deter-
mined above.

Change in x = area under v—¢ curve
0<t<6: xg — 0 = 3(6)(24) = 72 fit

6 <t < 10: X9 — X = 3(4)(24 + 48) = 144 ft
10 < ¢ < 34: X3q — X9 = (24)(48) = 1152 ft

34 40

t(s) 34 <t < 40: Xy — X34 = 3(6)(48) = 144 ft
Adding the changes in x, we obtain the distance from A to B:

d=1xy—0=1512ft
d = 1512 ft

1512 ft Position-Time Curve. The points determined above should be joined by

three arcs of parabola and one straight-line segment. In constructing the
x-t curve, keep in mind that for any value of ¢ the slope of the tangent to
the x—t curve is equal to the value of v at that instant.

634

6 10

34 40

t(s)
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SVULVINGREERODBLEIVIO
WINBTOURIOVVIN

In this lesson (Secs. 11.7 and 11.8), we reviewed and developed several graphical
techniques for the solution of problems involving rectilinear motion. These tech-
niques can be used to solve problems directly or to complement analytical methods
of solution by providing a visual description, and thus a better understanding, of
the motion of a given body. We suggest that you sketch one or more motion curves
for several of the problems in this lesson, even if these problems are not part of
your homework assignment.

1. Drawing x-t, v-f, and a-t curves and applying graphical methods. The
following properties were indicated in Sec. 11.7 and should be kept in mind as
you use a graphical method of solution.

a. The slopes of the x~t and v-t curves at a time ¢, are respectively equal
to the velocity and the acceleration at time t,.

b. The areas under the a-t and v-t curves between the times ¢, and ¢, are
respectively equal to the change Av in the velocity and to the change Ax in the
position coordinate during that time interval.

c. If one of the motion curves is known, the fundamental properties we have
summarized in paragraphs @ and b will enable you to construct the other two
curves. Howeveg : : y the velocity and the
position coordi btermine the velocity

and the positio AXpertSOft Trial Version p. 11.6, knowing that
e velocity at t = 6 s:

the initial value
vg = vy + Av = 0 + 24 ft/s = 24 ft/s.

If you have previously studied the shear and bending-moment diagrams for a
beam, you should recognize the analogy that exists between the three motion
curves and the three diagrams representing respectively the distributed load, the
shear, and the bending moment in the beam. Thus, any techniques that you learned
regarding the construction of these diagrams can be applied when drawing the
motion curves.

2. Using approximate methods. When the a—t and vt curves are not repre-
sented by analytical functions or when they are based on experimental data, it is
often necessary to use approximate methods to calculate the areas under these
curves. In those cases, the given area is approximated by a series of rectangles of
width A¢. The smaller the value of At, the smaller the error introduced by the
approximation. The velocity and the position coordinate are obtained by writing

v = vyt Zage At X =Xy + Boge At
where a,,. and v, are the heights of an acceleration rectangle and a velocity

rectangle, respectively.

(continued)
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3. Applying the moment-area method. This graphical technique is used when
the a—t curve is given and the change in the position coordinate is to be determined.
We found in Sec. 11.8 that the position coordinate x; can be expressed as

X, = xo + vot; + (area under a—t curve)(t; — ) (11.13)

Keep in mind that when the area under the a—¢ curve is a composite area, the
same value of t; should be used for computing the contribution of each of the
component areas.

4. Determining the acceleration from a v-x curve. You saw in Sec. 11.8 that
it is possible to determine the acceleration from a v—x curve by direct measure-
ment. It is important to note, however, that this method is applicable only if the
same linear scale is used for the v and x axes (for example, 1 in. = 10 ft and 1 in. =
10 ft/s). When this condition is not satisfied, the acceleration can still be deter-

mined from the equation

. . to the curve at
AxpertSoft Trial Version Ay
b ratio Av/Ax.

where the slope dv/d
the point of interest.
responding incremen
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11.61

11.62

11.63

v (m/s)

60

-5
-20

PROBLEMS

A particle moves in a straight line with the acceleration shown
in the figure. Knowing that it starts from the origin with v, =
—14 ft/s, plot the v—¢ and x—t curves for 0 < ¢ < 15 s and deter-
mine (a) the maximum value of the velocity of the particle, (b) the
maximum value of its position coordinate.

For the particle and motion of Prob. 11.61, plot the v—¢ and x—t
curves for 0 < ¢ < 15 s and determine the velocity of the particle,
its position, and the total distance traveled after 10 s.

A particle moves in a straight line with the velocity shown in the
figure. Knowing that x = —540 m at ¢ = 0, (@) construct the a—t
and x—t curves for 0 < ¢ < 50 s, and determine (b) the total dis-
tance traveled by the particle when ¢ = 50 s, (c) the two times at
which x = 0.

Fig. P11.63 and P11.64

11.64

11.65

11.66

A particle moves in a straight line with the velocity shown in the
figure. Knowing that x = —540 m at ¢ = 0, (@) construct the a—t
and x—t curves for 0 < t < 50 s, and determine (b) the maximum
value of the position coordinate of the particle, (c) the values of ¢
for which the particle is at x = 100 m.

During a finishing operation the bed of an industrial planer
moves alternately 30 in. to the right and 30 in. to the left. The
velocity of the bed is limited to a maximum value of 6 in./s to the
right and 12 in./s to the left; the acceleration is successively equal
to 6 in./s” to the right, zero, 6 in./s> to the left, zero, etc. Determine
the time required for the bed to complete a full cycle, and draw
the v—t and x—t curves.

A parachutist is in free fall at a rate of 200 km/h when he opens
his parachute at an altitude of 600 m. Following a rapid and con-
stant deceleration, he then descends at a constant rate of 50 km/h
from 586 m to 30 m, where he maneuvers the parachute into the
wind to further slow his descent. Knowing that the parachutist
lands with a negligible downward velocity, determine (@) the time
required for the parachutist to land after opening his parachute,
(b) the initial deceleration.

a (ft/s?)

L e
I I
I I

3 b—i —
| | 18

() 1 1 L
2 5 i t(s)

I
S e

Fig. P11.61 and P11.62

Fig. P11.66
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638 Kinematics of Particles

60 in.

11.67 A commuter train traveling at 40 mi/h is 3 mi from a station. The
train then decelerates so that its speed is 20 mi/h when it is 0.5 mi
from the station. Knowing that the train arrives at the station
7.5 min after beginning to decelerate and assuming constant
decelerations, determine (a) the time required for the train to
travel the first 2.5 mi, () the speed of the train as it arrives at the
station, (c) the final constant deceleration of the train.

40 mi/h

| 3 mi

Fig. P11.67

11.68 A temperature sensor is attached to slider AB which moves back
| and forth through 60 in. The maximum velocities of the slider are

( ) LL

| 12 in/s to the right and 30 in./s to the left. When the slider is

n moving to the right, it accelerates and decelerates at a constant rate

26

Fig. P11.68

a(m/s?)

075 | - ___

681%\‘
0 L1 I

of 6 in./s%; when moving to the left, the slider accelerates and decel-
erates at a constant rate of 20 in./s>. Determine the time required
for the slider to complete a full cycle, and construct the v—t and
x—t curves of its motion.

11.69 In a water-tank test involving the launching of a small model boat,

the model’s initial horizontal velocity is 6 m/s and its horizontal
—12 m/sZatt = 0 to —2 m/s? at
b —2 m/s® until ¢ = 1.4 s. Know-
t;, determine (a) the value of ¢,
of the model at t = 14 s.

AxpertSoft Trial Version

Fig. P11.69

‘ 11.70 The acceleration record shown was obtained for a small airplane

\V 12 14
075 ———

Fig. P11.70

0. S

20 t(s) traveling along a straight course. Knowing that x = 0 and v =
60 m/s when ¢t = 0, determine (a) the velocity and position of
the plane at t = 20 s, (D) its average velocity during the interval
6s<t<lds.

11.71 In a 400-m race, runner A reaches her maximum velocity v, in
4 s with constant acceleration and maintains that velocity until she
reaches the halfway point with a split time of 25 s. Runner B
reaches her maximum velocity vg in 5 s with constant acceleration
and maintains that velocity until she reaches the halfway point
with a split time of 25.2 s. Both runners then run the second

: Lm—

half of the race with the same constant deceleration of 0.1 m/s>.
Determine (a) the race times for both runners, (b) the position

| 200 m | 200 m

Fig. P11.71

! of the winner relative to the loser when the winner reaches the
finish line.


http://www.axpertsoft.com/pdf-splitter-software/

11.72 A car and a truck are both traveling at the constant speed of 35 mi/h; Problems 430

the car is 40 ft behind the truck. The driver of the car wants to
pass the truck, i.e., he wishes to place his car at B, 40 ft in front
of the truck, and then resume the speed of 35 mi/h. The maximum
acceleration of the car is 5 ft/s> and the maximum deceleration
obtained by applying the brakes is 20 ft/s?. What is the shortest
time in which the driver of the car can complete the passing opera-
tion if he does not at any time exceed a speed of 50 mi/h? Draw
the v—t curve.

A B
m L1 L L 4/—..‘“
] i it
T 40 ft 40 ft —

Fig. P11.72

11.73 Solve Prob. 11.72, assuming that the driver of the car does not pay
any attention to the speed limit while passing and concentrates on
reaching position B and resuming a speed of 35 mi/h in the short-
est possible time. What is the maximum speed reached? Draw the
v—t curve.

11.74 Car A is traveling on a hig
and is 380 ft from the . .
enters the acceleration la AxpertSOft Trlal Ve rsion
Car B accelerates unifor
traveling 200 ft in 5 s. It then continues to accelerate at the same
rate until it reaches a speed of 60 mi/h, which it then maintains.
Determine the final distance between the two cars.

‘ 380 ft '

A (W —> o0
B @) —_— (Vg)o

Fig. P11.74

11.75 An elevator starts from rest and moves upward, accelerating at a
rate of 1.2 m/s? until it reaches a speed of 7.8 m/s, which it then
maintains. Two seconds after the elevator begins to move, a man
standing 12 m above the initial position of the top of the elevator
throws a ball upward with an initial velocity of 20 m/s. Determine
when the ball will hit the elevator. Fig. P11.75
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640 Kinematics of Particles 11.76 Car A is traveling at 40 mi/h when it enters a 30 mi/h speed zone.
The driver of car A decelerates at a rate of 16 ft/s> until reaching a
speed of 30 mi/h, which she then maintains. When car B, which
was initially 60 ft behind car A and traveling at a constant speed of
45 mi/h, enters the speed zone, its driver decelerates at a rate of
20 ft/s*> until reaching a speed of 28 mi/h. Knowing that the driver
of car B maintains a speed of 28 mi/h, determine (a) the closest that
car B comes to car A, (b) the time at which car A is 70 ft in front
of car B.

(Vg)o = 45 mi/h (Va)o = 40 mi/h

2

! 60 ft !
Fig. P11.76

11.77 An accelerometer record for the motion of a given part of a mecha-
nism is approximated by an arc of a parabola for 0.2 s and a straight
line for the next 0.2 s as shown in the figure. Knowing that v = 0
when ¢t = 0 and x = 0.8 ft when ¢t = 04 s, (@) construct the v—t
curve for 0 = ¢ = 04 s, (b) determine the position of the part at
t=03sandt = 02s.

AxpertSoft Trial Version

/4 — 20042

16F——===-== all¥EB2 — SOt

0 0.2 0.4 t(s)
Fig. P11.77

11.78 A car is traveling at a constant speed of 54 km/h when its driver
sees a child run into the road. The driver applies her brakes until
the child returns to the sidewalk and then accelerates to resume
her original speed of 54 km/h; the acceleration record of the car
is shown in the figure. Assuming x = 0 when ¢ = 0, determine
(a) the time ¢, at which the velocity is again 54 km/h, (b) the posi-
tion of the car at that time, (c) the average velocity of the car
during the interval 1 s = ¢ = ¢;.

a(m/s?)
2 _____________
1 2 m

0
| 45 t, t(s)
|
|
|

61—

Fig. P11.78
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11.79 An airport shuttle train travels between two terminals that are Problems ~ 441
1.6 mi apart. To maintain passenger comfort, the acceleration of
the train is limited to *4 ft/s>, and the jerk, or rate of change of
acceleration, is limited to +0.8 ft/s* per second. If the shuttle has
a maximum speed of 20 mi/h, determine (a) the shortest time for
the shuttle to travel between the two terminals, (b) the corre-
sponding average velocity of the shuttle.

11.80 During a manufacturing process, a conveyor belt starts from rest
and travels a total of 1.2 ft before temporarily coming to rest.
Knowing that the jerk, or rate of change of acceleration, is limited
to +4.8 ft/s® per second, determine (a) the shortest time required
for the belt to move 1.2 ft, (b) the maximum and average values
of the velocity of the belt during that time.

11.81 Two seconds are required to bring the piston rod of an air cylinder
to rest; the acceleration record of the piston rod during the 2 s is
as shown. Determine by approximate means (a) the initial velocity
of the piston rod, (b) the distance traveled by the piston rod as it
is brought to rest.

—-a (m/s2)

4.0

3.0

20 —D AxpertSoft Trial Version
N\
1.0 \

\

0 T~
0 025 05 075 10 125 15 175 20 t(s)
Fig. P11.81

11.82 The acceleration record shown was obtained during the speed tri-
als of a sports car. Knowing that the car starts from rest, determine
by approximate means (a) the velocity of the car att = 8 s, (b) the
distance the car has traveled at ¢t = 20 s.

a (m/s2)

7.0

6.0

5.0

40 .

3.0 \

2.0

1.0

0
0 2 4 6 8 10 12 14 16 18 20 22  t(9)
Fig. P11.82



http://www.axpertsoft.com/pdf-splitter-software/

642 Kinematics of Particles

a (m/s2)

30

11.83

11.84

AxpertSoft Trial Version

11.85

11.86

11.87

-10

<~—0.8 s—>|

Fig. P11.87

11.88

A training airplane has a velocity of 126 ft/s when it lands on an
aircraft carrier. As the arresting gear of the carrier brings the air-
plane to rest, the velocity and the acceleration of the airplane are
recorded; the results are shown (solid curve) in the figure. Deter-
mine by approximate means (a) the time required for the airplane
to come to rest, (b) the distance traveled in that time.

-a (ft/s2)

60 = =
50

40 N
30 'X"
20

10
0

0 20 40 60 80 100 120 140 v (ft/s)
Fig. P11.83
Shown in the figure is a portion of the experimentally determined
v—x curve for a shuttle cart. Determine by approximate means the

acceleration of the cart when (@) x = 10 in., (b) v = 80 in./s.

v (in./s)

60 v

of A
ol

0

0 10 20 30 40 50 x(in)
Fig. P11.84

Using the method of Sec. 11.8, derive the formula x = x5 + vt +
3at” for the position coordinate of a particle in uniformly accelerated
rectilinear motion.

Using the method of Sec. 11.8, determine the position of the particle
of Prob. 11.61 when ¢t = 8 s.

The acceleration of an object subjected to the pressure wave of a
large explosion is defined approximately by the curve shown. The
object is initially at rest and is again at rest at time ¢;. Using the
method of Sec. 11.8, determine (a) the time ¢,, (b) the distance
through which the object is moved by the pressure wave.

For the particle of Prob. 11.63, draw the a—t curve and determine,
using the method of Sec. 11.8, (a) the position of the particle when
t = 52 s, (b) the maximum value of its position coordinate.
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11.9 POSITION VECTOR, VELOCITY,
AND ACCELERATION

When a particle moves along a curve other than a straight line, we say
that the particle is in curvilinear motion. To define the position P occu-
pied by the particle at a given time ¢, we select a fixed reference system,
such as the x, y, z axes shown in Fig. 11.14a, and draw the vector r
joining the origin O and point P. Since the vector r is characterized by its
magnitude r and its direction with respect to the reference axes, it com-
pletely defines the position of the particle with respect to those axes; the
vector r is referred to as the position vector of the particle at time ¢.
Consider now the vector r’ defining the position P’ occupied by
the same particle at a later time ¢ + At. The vector Ar joining P and
P' represents the change in the position vector during the time interval
At since, as we can easily check from Fig. 11.14a, the vector r’ is
obtained by adding the vectors r and Ar according to the triangle
rule. We note that Ar represents a change in direction as well as a
change in magnitude of the position vector r. The average velocity of
the particle over the time interval At is defined as the quotient of Ar
and At. Since Ar is a vector and Af is a scalar, the quotient Ar/At is
a vector attached at P, of the same direction as Ar and of magnitude
equal to the magnitude of Ar divided by At (Fig. 11.14b).
The instantaneous veloci
by choosing shorter and sho
ingly, shorter and shorter vect
velocity is thus represented by

Ar
v = lim — (11.14)
Aty 0 At
As At and Ar become shorter, the points P and P’ get closer; the
vector v obtained in the limit must therefore be tangent to the path
of the particle (Fig. 11.14c¢).

Since the position vector r depends upon the time ¢, we can
refer to it as a vector function of the scalar variable ¢ and denote it
by r(t). Extending the concept of derivative of a scalar function intro-
duced in elementary calculus, we will refer to the limit of the quo-
tient Ar/At as the derivative of the vector function r(t). We write

_dr
dt

v (11.15)

The magnitude v of the vector v is called the speed of the particle.
It can be obtained by substituting for the vector Ar in formula (11.14)
the magnitude of this vector represented by the straight-line segment
PP’. But the length of the segment PP’ approaches the length As of
the arc PP’ as At decreases (Fig. 11.14a), and we can write

PP’ As ds
= |i = lim — = = 11.16
v=tmoy Ty YT (11.16)

AxpertSoft Trial Version

11.9 Position Vector, Velocity, and Acceleration
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y

4 (b)

The speed v can thus be obtained by differentiating with respect to ¢
the length s of the arc described by the particle.

Consider the velocity v of the particle at time ¢ and its velocity v’
at a later time ¢ + At (Fig. 11.15a). Let us draw both vectors v and v’
from the same origin O" (Fig. 11.15b). The vector Av joining Q and
of the particle during the time
obtained by adding the vectors
esents a change in the direction
as well as a change n speed. The average acceleration
of the particle over the time interval At is defined as the quotient of
Av and At. Since Av is a vector and At a scalar, the quotient Av/A¢ is

Q

. — Hodogr

x  avector of the same direction as Av.
The instantaneous acceleration of the particle at time ¢ is
obtained by choosing smaller and smaller values for At and Av. The
instantaneous acceleration is thus represented by the vector

a = lim Av (11.17)

Noting that the velocity v is a vector function v(¢) of the time ¢, we
can refer to the limit of the quotient Av/At as the derivative of v
with respect to ¢. We write

dv

= ar (11.18)

a

We observe that the acceleration a is tangent to the curve

z (d)

described by the tip Q of the vector v when the latter is drawn from
a fixed origin O (Fig. 11.15¢) and that, in general, the acceleration
is not tangent to the path of the particle (Fig. 11.15d). The curve
described by the tip of v and shown in Fig. 11.15¢ is called the
hodograph of the motion.
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11.10  DERIVATIVES OF VECTOR FUNCTIONS 11110 Dervaves of Vector Funcrons

We saw in the preceding section that the velocity v of a particle in y
curvilinear motion can be represented by the derivative of the vector
function r(t) characterizing the position of the particle. Similarly, the
acceleration a of the particle can be represented by the derivative
of the vector function v(t). In this section, we will give a formal P(u+ Au)
definition of the derivative of a vector function and establish a few
rules governing the differentiation of sums and products of vector
functions.

Let P(u) be a vector function of the scalar variable u. By that we P(u)
mean that the scalar u completely defines the magnitude and direction

scalar u is allowed to vary, the tip of P will describe a given curve in

space. Consider the vectors P corresponding, respectively, to the values

wand u + Au of the scalar variable (Fig. 11.16a). Let AP be the vector 2 @
joining the tips of the two given vectors; we write

AP = P(u + Au) — Plu)

of the vector P. If the vector P is drawn from a fixed origin O and the /O

dpP

Dividing through by Au and letting Au approach zero, we define the o

derivative of the vector function P(u):

dp AP - Plu + Au) — Plu)
du Ao Au Auy0 Au

(11.19)

As Au approaches zero, the Ij
to the curve of Fig. 11.16a. T
function P(u) is tangent to th
(Fig. 11.16b).

P(u)

ucts of scalar functions can be extended to vector functions. Consider
first the sum of two vector functions P(u) and Q(u) of the same scalar
variable u. According to the definition given in (11.19), the derivative z ®
of the vector P + Q is Fig. 11.16

Au  Au

du Auy/0 Au Auy0

The standard rules for the differentiation of the sums and prod- /O

or since the limit of a sum is equal to the sum of the limits of its terms,

AP+Q) _ AP AQ
du Aulglo Au Aulgo Au

d(P+Q) _dp  dQ

du du  du (11.20)

The product of a scalar function f(u) and a vector function P(u)
of the same scalar variable « will now be considered. The derivative
of the vector f P is

d(fP)_ o+ Af)(P+AP)—fP_ _ Aif AP
du AL@O Au B AE&O(AuP *f Au)

645
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or recalling the properties of the limits of sums and products,

ae _dr,
du du du

(11.21)

The derivatives of the scalar product and the vector product of two
vector functions P(u) and Q(u) can be obtained in a similar way. We
have

dP-Q) _de o . dQ
n = Q+P I (11.22)
d(PxQ) _dp dQ
n = XQ+PX i (11.23)%

The properties established above can be used to determine the
rectangular components of the derivative of a vector function P(u).
Resolving P into components along fixed rectangular axes x, y, z, we

write
P="Pi+ Pyj + Pk (11.24)

where P,, P, P. are the rectangular scalar components of the vector
P, and i, j, k the unit vectors corresponding, respectively, to the x, y,
and z axes (Sec 2. 12) By (11.20), the derivative of P is equal to the
in the right-hand member. Since

a scalar and a vector function,

AxpertSoft Trial Version ectors i, j, k have a constant

ections. Their derivatives are
theretore zero, and we write

dp _dp,. AP, dP.

de  de T T

k (11.25)

Noting that the coefficients of the unit vectors are, by definition, the
scalar components of the vector dP/du, we conclude that the rectan-
gular scalar components of the derivative dP/du of the vector func-
tion P(u) are obtained by differentiating the corresponding scalar
components of P.

Rate of Change of a Vector. When the vector P is a function
of the time ¢, its derivative dP/dt represents the rate of change of P
with respect to the frame Oxyz. Resolving P into rectangular com-
ponents, we have, by (11.25),

dp _ dP, +dPy de
dr dt dt dt

or, using dots to indicate differentiation with respect to ¢,

P = Pi + Pjj + Pk (11.25)

fSince the vector product is not commutative (Sec. 3.4), the order of the factors in
Eq. (11.23) must be maintained.
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As you will see in Sec. 15.10, the rate of change of a vector as
observed from a moving frame of reference is, in general, different
from its rate of change as observed from a fixed frame of reference.
However, if the moving frame O'x'y'z’ is in translation, i.e., if its
axes remain parallel to the corresponding axes of the fixed frame
Oxyz (Fig. 11.17), the same unit vectors i, j, k are used in both
frames, and at any given instant the vector P has the same compo-
nents P, P, P. in both frames. It follows from (11.25’) that the rate of
change P is the same with respect to the frames Oxyz and O'x"y'z".
We state, therefore: The rate of change of a vector is the same with
respect to a fixed frame and with respect to a frame in translation.
This property will greatly simplify our work, since we will be con-

cerned mainly with frames in translation.

11.11 RECTANGULAR COMPONENTS OF VELOCITY
AND ACCELERATION

When the position of a particle P is defined at any instant by its
rectangular coordinates x, y, and z, it is convenient to resolve the
velocity v and the acceleration a of the particle into rectangular com-
ponents (Fig. 11.18).

Resolving the position vector r of the particle into rectangular
components, we write

r = xi

where the coordinates x, y, z a

we obtain
v=%§=ﬁ+¢g+zk (11.27)
dv .. .. .
a=_- =i + gj + Zk (11.28)

where %, ¢, 2 and &, i/, Z represent, respectively, the first and second
derivatives of x, y, and z with respect to ¢. It follows from (11.27)
and (11.28) that the scalar components of the velocity and accelera-
tion are

v, = X v, =y v, =2 (11.29)
=i =% (11.30)

a, =X a,

A positive value for v, indicates that the vector component v, is
directed to the right, and a negative value indicates that it is directed
to the left. The sense of each of the other vector components can
be determined in a similar way from the sign of the corresponding
scalar component. If desired, the magnitudes and directions of the
velocity and acceleration can be obtained from their scalar compo-
nents by the methods of Secs. 2.7 and 2.12.

The use of rectangular components to describe the position,
the velocity, and the acceleration of a particle is particularly effective
when the component a, of the acceleration depends only upon ¢, x,
and/or v,, and when, similarly, a, depends only upon t, y, and/or 0y

11.11 Rectangular Components of Velocity 647

and Acceleration
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Photo 11.3 The motion of this snowboarder in
the air will be a parabola assuming we can
neglect air resistance.

(a) Motion of a projectile

(Vy)o

(Vo

!
|

(N 4

| X

(b) Equivalent rectilinear motions
Fig. 11.19

and a, upon ¢, z, and/or v,. Equations (11.30) can then be integrated
independently, and so can Eqs. (11.29). In other words, the motion
of the particle in the x direction, its motion in the y direction, and
its motion in the z direction can be considered separately.

In the case of the motion of a projectile, for example, it can be
shown (see Sec. 12.5) that the components of the acceleration are

a,=x=0 a,=y=—¢g a,=2=0

if the resistance of the air is neglected. Denoting by x,, yo, and z,
the coordinates of a gun, and by (v,)o, (v,)o, and (v.), the components
of the initial velocity v, of the projectile (a bullet), we integrate twice
in ¢ and obtain

vy =% = (U)o v, =y = (v,) — gt v, =2 = (U)o
x = xp + (v)ot y=uyo+t (vy)ot — %gt2 2=z + (0 )t

If the projectile is fired in the xy plane from the origin O, we have
X0 = Yo = zo = 0 and (v.)y = 0, and the equations of motion
reduce to

Uy = (Ux)O Uy = (Dy)O - gt U, = 0

x = (v.)ot y = (vy)ot — %gt2 z2=0

These equations show that the projectile remains in the xy plane,
that its motion in the horizontal direction is uniform, and that its
motion in the vertical direction is uniformly accelerated. The motion
ad by two independent rectilinear
we assume that the projectile
(v,)o from a platform moving
o (Fig. 11.19). The coordinate
x of the projectile is equal at any 1nstant to the distance traveled by
the platform, and its coordinate y can be computed as if the projec-
tile were moving along a vertical line.

It can be observed that the equations defining the coordinates
x and y of a projectile at any instant are the parametric equations
of a parabola. Thus, the trajectory of a projectile is parabolic. This
result, however, ceases to be valid when the resistance of the air
or the variation with altitude of the acceleration of gravity is taken
into account.

11.12 MOTION RELATIVE TO A FRAME
IN TRANSLATION

In the preceding section, a single frame of reference was used to
describe the motion of a particle. In most cases this frame was
attached to the earth and was considered as fixed. Situations in
which it is convenient to use several frames of reference simultane-
ously will now be analyzed. If one of the frames is attached to the
earth, it will be called a fixed frame of reference, and the other
frames will be referred to as moving frames of reference. It should
be understood, however, that the selection of a fixed frame of refer-
ence is purely arbitrary. Any frame can be designated as “fixed”; all
other frames not rigidly attached to this frame will then be described
as “moving.”
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Consider two particles A and B moving in space (Fig. 11.20); 11.12 Motion Relative '? a Flm;_me 649
the vectors r, and ry define their positions at any given instant with i fransiation
respect to the fixed frame of reference Oxyz. Consider now a sys- y'
tem of axes x', y', z’ centered at A and parallel to the x, y, z axes.
While the origin of these axes moves, their orientation remains the
same; the frame of reference Ax'y'z’ is in translation with respect
to Oxyz. The vector rg, joining A and B defines the position of B
relative to the moving frame Ax'y'z" (or, for short, the position of
B relative to A).

We note from Fig. 11.20 that the position vector ry of particle B
is the sum of the position vector r, of particle A and of the position

vector 1y, of B relative to A; we write

Fig. 11.20

g = Iy aF p/A (11.31)

Differentiating (11.31) with respect to ¢ within the fixed frame of
reference, and using dots to indicate time derivatives, we have

I.'B = I.'A + I.'B/A (1132)

The derivatives r, and rp represent, respectively, the velocities v,
and vy of the particles A and B. Since Ax'y'z’ is in translation, the
derivative rp,, represents the rate of change of rg,, with respect to
the frame Ax'y'z" as well as with respect to the fixed frame (Sec.
11.10). This derivative, therefore, defines the velocity vy,. of B rela-
tive to the frame Ax'y'z" (o, fy

to A). We write AxpertSoft Trial Version

Vg = V4 + VB/A (11.33)

Photo 11.4 The pilot of a helicopter must take

into account the relative motion of the ship when
Differentiating Eq. (11.33) with respect to ¢, and using the derivative  anding.

o1

Vs to define the acceleration ag,, of B relative to the frame Ax'y'z
(or, for short, the acceleration ag, of B relative to A), we write

ag — Ay + ap/A (11.34)

The motion of B with respect to the fixed frame Oxyz is
referred to as the absolute motion of B. The equations derived in
this section show that the absolute motion of B can be obtained by
combining the motion of A and the relative motion of B with respect
to the moving frame attached to A. Equation (11.33), for example,
expresses that the absolute velocity v of particle B can be obtained
by adding vectorially the velocity of A and the velocity of B relative
to the frame Ax'y'z". Equation (11.34) expresses a similar property
in terms of the accelerations.t We should keep in mind, however,
that the frame Ax'y'z" is in translation; that is, while it moves with A,
it maintains the same orientation. As you will see later (Sec. 15.14),
different relations must be used in the case of a rotating frame of
reference.

fNote that the product of the subscripts A and B/A used in the right-hand member of
Eqs. (11.31) through (11.34) is equal to the subscript B used in their left-hand member.
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SAMPLE PROBLEM 11.7

A projectile is fired from the edge of a 150-m cliff with an initial velocity
of 180 m/s at an angle of 30° with the horizontal. Neglecting air resistance,
find (a) the horizontal distance from the gun to the point where the pro-
jectile strikes the ground, (b) the greatest elevation above the ground

reached by the projectile.

SOLUTION

The vertical and the horizontal motion will be considered separately.

Vertical Motion. Uniformly Accelerated Motion. Choosing the positive
sense of the y axis upward and placing the origin O at the gun, we have

(vy)o = (180 m/s) sin 30° = +90 m/s

a = —9.81 m/s®
Substituting into the equations of uniformly accelerated motion, we have
Ty = (Uy)o + at v, = 90 — 9.81¢ (1)
y = (vt + 3at>  y = 90t — 4.90£° @)

8100 — 19.62y (3)
AxpertSoft Trial Version

bosing the positive sense of the

(v.)o = (180 m/s) cos 30° = +155.9 m/s
Substituting into the equation of uniform motion, we obtain

x = (v,)gt x = 155.9¢t 4)

a. Horizontal Distance. When the projectile strikes the ground, we have
y = —150 m
Carrying this value into Eq. (2) for the vertical motion, we write
—150 = 90t — 4.90¢* £ — 18.37t — 30.6 = 0 t=1991s
Carrying ¢ = 19.91 s into Eq. (4) for the horizontal motion, we obtain
x = 155.9(19.91) x = 3100 m

b. Greatest Elevation. When the projectile reaches its greatest elevation,
we have v, = 0; carrying this value into Eq. (3) for the vertical motion,
we write
0=8100 — 1962y y =413 m
Greatest elevation above ground = 150 m + 413 m = 563 m
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800 ft/s B SAMPLE PROBLEM 11.8

A projectile is fired with an initial velocity of 800 ft/s at a target B located

2000 ft above the gun A and at a horizontal distance of 12,000 ft. Neglecting
|—12’000 ft air resistance, determine the value of the firing angle a.
SOLUTION
Vo =800 ft/s B The horizontal and the vertical motion will be considered separately.
SR _/_)r o ——

- I
I (vy)o = 800 cos . .
QC//E‘Z:'( o >’ 4 Horizontal Motion. Placing the origin of the coordinate axes at the gun,

X
we have
12,000 ft

Substituting into the equation of uniform horizontal motion, we obtain

()9 = 800 cos a

x = (v,)ot x = (800 cos a)t

The time required for the projectile to move through a horizontal distance
of 12,000 ft is obtained by setting x equal to 12,000 ft.

12,000 = (800 cos a)t

() = 800sina  a = —32.2 ft/s’

Substituting into the equation of uniformly accelerated vertical motion,
we obtain

(Vy)o =800 sin ¢

y = (vy)ot + éat2 y = (800 sin a)t — 16.1¢°

Projectile Hits Target. When x = 12,000 ft, we must have y = 2000 ft.
Substituting for y and setting ¢ equal to the value found above, we write

) 15 15 \?
2000 = 800 sina—— — 16.1
cos a cos a

Since 1/cos®> a = sec a = 1 + tan” a, we have
2000 = 800(15) tan @ — 16.1(15%)(1 + tan®a)
3622 tan® a — 12,000 tan a + 5622 = 0
Solving this quadratic equation for tan a, we have

tan a = 0.565 and tan a = 2.75
a = 29.5° and a = 70.0°

L w

A/ Y2950

The target will be hit if either of these two firing angles is used (see figure).

651
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SAMPLE PROBLEM 11.9

Automobile A is traveling east at the constant speed of 36 km/h. As automobile
A crosses the intersection shown, automobile B starts from rest 35 m north of
the intersection and moves south with a constant acceleration of 1.2 m/s>.
Determine the position, velocity, and acceleration of B relative to A 5 s after
A crosses the intersection.

SOLUTION

We choose x and y axes with origin at the intersection of the two streets
and with positive senses directed respectively east and north.

Motion of Automobile A. First the speed is expressed in m/s:

km)/1000m/ 1h
A= (36T>< 1 km ><3600 s) = 10m/s

Noting that the motion of A is uniform, we write, for any time ¢,

CZA=O

) + 10¢

AxpertSoft Trial Version

v ay — 0
vy = +10 m/s vy = 10 m/s Y
+(10 m/s)(5 s) = +50 m ry, =50my

XA
Motion of Automobile B. We note that the motion of B is uniformly ac-
celerated and write

ag = —12 m/s’
vg = (vg)y +at =0 — 12¢
ys = (yplo + (vp)et + 3agt* = 35 + 0 — 3(1.2)#

For ¢t = 5 s, we have

ag = —1.2 m/s> ap = 1.2 m/s°w
vpg = —(12 m/s)(5's) = —6 m/s vy = 6 m/sw
yp = 35 — %(1.2 m/s?)(5 s)?> = +20 m rz = 20 mXx

Motion of B Relative to A. We draw the triangle corresponding to the vec-
tor equation rz = ry + rp, and obtain the magnitude and direction of the
position vector of B relative to A.

A = 53.9 m a = 218° rpa = 539 m b 21.8°

Proceeding in a similar fashion, we find the velocity and acceleration of B
relative to A.
vV = Vi T Vi
vpa = 11.66 m/s b = 31.0°

ag = a, T agy

v = 11.66 m/s d 31.0°
ap/iA — 1.2 1]]/S2W


http://www.axpertsoft.com/pdf-splitter-software/

SVULVINGREERODBLEIVIO
WINBTOURIOVVIN

In the problems for this lesson, you will analyze the two- and three-dimensional
motion of a particle. While the physical interpretations of the velocity and accel-
eration are the same as in the first lessons of the chapter, you should remember
that these quantities are vectors. In addition, you should understand from your
experience with vectors in statics that it will often be advantageous to express
position vectors, velocities, and accelerations in terms of their rectangular scalar
components [Eqs. (11.27) and (11.28)]. Furthermore, given two vectors A and B,
recall that A -+ B = 0 if A and B are perpendicular to each other, while A X B = 0
if A and B are parallel.

A. Analyzing the motion of a projectile. Many of the following problems deal
with the two-dimensional motion of a projectile, where the resistance of the air
can be neglected. In Sec. 11.11, we developed the equations which describe this
type of motion, and we observed that the horizontal component of the velocity
remained constant (uniform motion) while the vertical component of the accelera-
tion was constant (uniformly accelerated motion). We were able to consider sepa-
rately the horizontal and the vertical motions of the particle. Assuming that the
projectile is fired from the origin, we can write the two equations

AxpertSoft Trial Version

1. If the initial velocity and firing angle are known, the value of y correspond-
ing to any given value of x (or the value of x for any value of y) can be obtained
by solving one of the above equations for ¢ and substituting for ¢ into the other,
equation [Sample Prob. 11.7].

2. If the initial velocity and the coordinates of a point of the trajectory are
known, and you wish to determine the firing angle a, begin your solution by
expressing the components (v,), and (v, ), of the initial velocity as functions of the
angle a. These expressions and the known values of x and y are then substituted
into the above equations. Finally, solve the first equation for ¢ and substitute that
value of ¢ into the second equation to obtain a trigonometric equation in @, which

you can solve for that unknown [Sample Prob. 11.8].

(continued)
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B. Solving translational two-dimensional relative-motion problems. You saw
in Sec. 11.12 that the absolute motion of a particle B can be obtained by combin-
ing the motion of a particle A and the relative motion of B with respect to a frame
attached to A which is in translation. The velocity and acceleration of B can then
be expressed as shown in Eqgs. (11.33) and (11.34), respectively.

1. To visualize the relative motion of B with respect to A, imagine that you
are attached to particle A as you observe the motion of particle B. For example,
to a passenger in automobile A of Sample Prob. 11.9, automobile B appears to be
heading in a southwesterly direction (south should be obvious; and west is due
to the fact that automobile A is moving to the east—automobile B then appears
to travel to the west). Note that this conclusion is consistent with the direction
of vg.

2. To solve a relative-motion problem, first write the vector equations (11.31),
(11.33), and (11.34), which relate the motions of particles A and B. You may then
use either of the following methods:

a. Construct the . _ b them for the
desired position vect AxpertSOft Trial Version 1.9].

b. Express all v ents and solve
the two independent sets of scalar equations obtained in that way. If you choose
this approach, be sure to select the same positive direction for the displacement,
velocity, and acceleration of each particle.
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PROBLEMS

CONCEPT QUESTIONS

11.€Q3 Two model rockets are fired simultaneously from a ledge and fol-
low the trajectories shown. Neglecting air resistance, which of the
rockets will hit the ground first?

a. A
b. B.
c. They hit at the same time.
d. The answer depends on h. Fig. P11.CQ3

11.€Q4 Ball A is thrown straight up. Which of the following statements
about the ball are true at the highest point in its path?

a. The velocity and acceleration are both zero.
b. The velocity is zero, but the acceleration is not zero. h
c. The velocity is not zero, but the acceleration is zero.

d. Neither the velocity nor the acceleration is zero. T y
vof LA

11.€CQ5 Ball A is thrown straight up with an initial speed vy and reaches a
maximum elevation h before falling back down. When A reaches its Fig. P11.CQ4
maximum elevation, a second ball is thrown straight upward with
the same initial speed v,. At what height. y. will the balls cross paths?

a.y=h . _
b. y > h/2 AxpertSoft Trial Version
c. y=h?2
d. y < h2
e.y=20
11.€Q6 Two cars are approaching an intersection at constant speeds as

shown. What velocity will car B appear to have to an observer in
car AP

a.— b.N e N d / eV

VA
—

Fig. P11.CQ6 a
11.€Q7 Blocks A and B are released from rest in the positions shown. Ne- 0
glecting friction between all surfaces, which figure best indicates
the direction a of the acceleration of block B? A
A ey b l(IB c. \ :Md: 7 d NJoke e \ [ a® o
ap ~ ~N > N_dp
N BN O AN Fig. P11.cQ7
~N AN ~N
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656 Kinematics of Particles END-OF-SECTION PROBLEMS

11.89 A ball is thrown so that the motion is defined by the equations
x=>5tandy =2 + 6t — 4.9, where x and y are expressed in meters
and ¢ is expressed in seconds. Determine (a) the velocity at ¢t = 1's,

(b) the horizontal distance the ball travels before hitting the ground.

y
3 -
9
0 I S A N W I I |
2 4 6 8 0 Fig. P11.89
Bl - 11.90 The motion of a vibrating particle is defined by the position
2 L vector r = 10(1 — ¢ i + (4 % sin 15t)j, where r and ¢ are
expressed in millimeters and seconds, respectively. Determine
Fig. P11.90 the velocity and acceleration when (a) ¢ = 0, (b) t = 0.5 s.
11.91 The motion of a vibrating particle is defined by the position vector
Y r = (4 sin pt)i — (cos 2pt)j, where r is expressed in inches and
t in seconds. (¢) Determine the velocity and acceleration when
' 4in. 4in. t = 1 s. (b) Show that the path of the particle is parabolic.
| p p p

N o
N—

Fig. P11.91

{ned by the equations x = 10t —
ere x and y are expressed in feet
etch the path of the particle for
d determine (@) the magnitudes of
the smallest and largest velocities reached by the particle, (b) the
corresponding times, positions, and directions of the velocities.

AxpertSoft Trial Version

11.93 The damped motion of a vibrating particle is defined by the posi-
tion vector r = x[1 — 1/t + 1)]i + (yle_p”2 cos 2pt)j, where ¢ is
expressed in seconds. For x; = 30 mm and y; = 20 mm, determine
the position, the velocity, and the acceleration of the particle when

(@t=0,b)t=15s.

yly,

1.0

y 0.5

0 LN\ | .

0.2 0.4 %55

-1.0
Ol _a_P % Fig. P11.93

11.94 The motion of a particle is defined by the position vector r =
Afcos t + t sin t)i + A(sin ¢t — ¢ cos t)j, where ¢ is expressed in
seconds. Determine the values of ¢ for which the position vector

Fig. P11.94 and the acceleration are (a) perpendicular, (b) parallel.
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11.95 The three-dimensional motion of a particle is defined by the posi- Problems ~ 457
tion vector r = (Rt cos V,t)i + ctj + (Rt sin V,t)k. Determine
the magnitudes of the velocity and acceleration of the particle.
(The space curve described by the particle is a conic helix.)

*11.96 The three-dimensional motion of a particle is defined by the
position vector r = (At cos )i + (A 2 + Dj + (Bt sin t)k,
where r and ¢ are expressed in feet and seconds, respectively.
Show that the curve described bzy the particle lies on the hyper—
boloid (y/A) — (x/A)? — (z/B? = 1. For A = 3 and B =
determine (@) the magnitudes of the velocity and acceleration
when t = 0, (b) the smallest nonzero value of t for which the
position vector and the velocity are perpendicular to each other.

X2 72 _
a2 B2

11.97 An airplane used to drop water on brushfires is flying horizontally ‘ X

in a straight line at 180 mi/h at an altitude of 300 ft. Determine Fig. P11.96
the distance d at which the pilot should release the water so that
it will hit the fire at B.

] \¥* _ Vo
_>
A

AxpertSoft Trial Version

e

Fig. P11.97

11.98 A helicopter is flying with a constant horizontal velocity of 180 km/h
and is directly above point A when a loose part begins to fall. The
part lands 6.5 s later at point B on an inclined surface. Determine
(a) the distance d between points A and B. (b) the initial height h.

80 km/h

k@

Fig. P11.98
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658 Kinematics of Particles 11.99 A baseball pitching machine “throws” baseballs with a horizontal
velocity vy. Knowing that height h varies between 788 mm and
1068 mm, determine (a) the range of values of vy, (b) the values
of a corresponding to h = 788 mm and & = 1068 mm.

122m |

[

i &
A

Fig. P11.99

11.100 While delivering newspapers, a girl throws a newspaper with a
horizontal velocity v,. Determine the range of values of v if the
newspaper is to land between points B and C.

14 in.

| 36 in. —

AxpertSoft Trial Version

4t 8in.
J 8 in._
s 8in. B

7 |

Fig. P11.100

11.101T Water flows from a drain spout with an initial velocity of 2.5 ft/s at
an angle of 15° with the horizontal. Determine the range of values
of the distance d for which the water will enter the trough BC.

A

\ 10ft

B \C

[ et
T

Fig. P11.101
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11.102 Milk is poured into a glass of height 140 mm and inside diameter
66 mm. If the initial velocity of the milk is 1.2 m/s at an angle of
40° with the horizontal, determine the range of values of the
height h for which the milk will enter the glass.

11.103 A volleyball player serves the ball with an initial velocity v, of
magnitude 13.40 m/s at an angle of 20° with the horizontal. Deter-
mine (a) if the ball will clear the top of the net, (b) how far from
the net the ball will land.

Fig. P11.103

11.104 A golfer hits a golf ball with an initial velocity of 160 ft/s at an
angle of 25° with the horizontal. Knowmg that the falrway slopes
downward at an average a

Fig. P11.104

11.105 A homeowner uses a snowblower to clear his driveway. Knowing
that the snow is discharged at an average angle of 40° with the
horizontal, determine the initial velocity v, of the snow.

& T —

l—wn

14 ft

Fig. P11.105

Problems 659

Fig. P11.102

80 mm
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660 Kinematics of Particles

11.106 At halftime of a football game souvenir balls are thrown to the
spectators with a velocity v,. Determine the range of values of v,
if the balls are to land between points B and C.

Fig. P11.106

11.107 A basketball player shoots when she is 16 ft from the backboard.
Knowing that the ball has an initial velocity v, at an angle of 30°
with the horizontal, determine the value of vy, when d is equal to
(@) 9 in., (b) 17 in.

| 16 ft |

30°

10 ft i

Fig. P11.107

11.108 A tennis player serves the ball at a height 4 = 2.5 m with an initial
velocity of vg at an angle of 5° with the horizontal. Determine the
range of v, for which the ball will land in the service area that
extends to 6.4 m beyond the net.

oy,

-~ =~ —

0.914 m_t_ ”

! 12.2m ! 6.4 m |

Fig. P11.108
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11.109 The nozzle at A discharges cooling water with an initial velocity Problems 441
vy at an angle of 6° with the horizontal onto a grinding wheel
350 mm in diameter. Determine the range of values of the initial
velocity for which the water will land on the grinding wheel
between points B and C.

20 mm l—

205 mm

200 mm

Fig. P11.109

11.1710 While holding one of it
the lowest limb of a trg
velocity v, at an angle g
range of values of v, fo
lowest limb. Fig. P11.110

11.111 The pitcher in a softball game throws a ball with an initial velocity
vp of 72 km/h at an angle a with the horizontal. If the height of
the ball at point B is 0.68 m, determine (a) the angle a, (b) the
angle u that the velocity of the ball at point B forms with the
horizontal.

Fig. P11.111

11.7112 A model rocket is launched from point A with an initial velocity
vo of 75 m/s. If the rocket’s descent parachute does not deploy and
the rocket lands a distance d = 100 m from A, determine (a) the
angle a that v, forms with the vertical, (b) the maximum height
above point A reached by the rocket, (c) the duration of the flight.  Fig. P11.112
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662 Kinematics of Particles

11.113 The initial velocity vy of a hockey puck is 105 mi/h. Determine
(@) the largest value (less than 45°) of the angle a for which the
puck will enter the net, (b) the corresponding time required for
the puck to reach the net.

! 16 ft |

Fig. P11.113

11.114 A worker uses high-pressure water to clean the inside of a long
drainpipe. If the water is discharged with an initial velocity v, of
11.5 m/s, determine (a) the distance d to the farthest point B on
the top of the pipe that the worker can wash from his position at
A, (b) the corresponding angle a.

Fig. P11.114

T1.115 An oscillating garden sprinkler which discharges water with an
initial velocity vy of 8 m/s is used to water a vegetable garden.
Determine the distance d to the farthest point B that will be
watered and the corresponding angle a when (a) the vegetables are
just beginning to grow, (b) the height h of the corn is 1.8 m.

Fig. P11.116

Ly «‘ . e A ‘
’ilsm_.l ‘
d

Fig. P11.115

*11.116 A mountain climber plans to jump from A to B over a crevasse.
Determine the smallest value of the climber’s initial velocity v, and
the corresponding value of angle a so that he lands at B.
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11.117 The velocities of skiers A and B are as shown. Determine the Problems 443
velocity of A with respect to B.

45 ft/s

Fig. P11.117

11.118 The three blocks shown move with constant velocities. Find the
velocity of each block, knowing that the relative velocity of A with
respect to C is 300 mm/s upward and that the relative velocity of
B with respect to A is 200 mm/s downward. Fig. P11.118

11.119 Three seconds after automobile B passes through the intersec-
tion shown, automobile A passes through the same intersection.
Knowingthatthe Speed each automobile i onstant, deter-

4

mine (a) the relative v, “0°
change in position of B B
(c) the distance betwed S . /
passed through the interse / E
A o
11.120 Shore-based radar indicates that a ferry leaves its slip with a veloc- 45 mi/h t\ ~30 mi/h

ity v.= 18 km/h d 70°, while instruments aboard the ferry indicate
a speed of 18.4 km/h and a heading of 30° west of south relative
to the river. Determine the velocity of the river.

Fig. P11.119

[clelelelelelelelelelelelelelelele]

Fig. P11.120
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664 Kinematics of Particles 11.121 Airplanes A and B are flying at the same altitude and are tracking
the eye of hurricane C. The relative velocity of C with respect to
A'is vgiu = 350 km/h A 75° and the relative velocity of C with
respect to B is vz = 400 km/h © 40°. Determine (a) the relative
velocity of B with respect to A, (b) the velocity of A if ground-based
radar indicates that the hurricane is moving at a speed of 30 km/h
due north, (¢) the change in position of C with respect to B during
a 15-min interval.

@ 1 ) 11.122 Pin P moves at a constant speed of 150 mm/s in a counterclock-
wise sense along a circular slot which has been milled in the
slider block A shown. Knowing that the block moves downward
at a constant speed of 100 mm/s, determine the velocity of pin
P when (@) u = 30° (b) u = 120°.

X

Fig. P11.121

&

Lal

AxpertSoft Trial Version

11.123 Knowing that at the instant shown assembly A has a velocity of 9 in./s
and an acceleration of 15 in./s> both directed downward, determine
(@) the velocity of block B, (b) the acceleration of block B.

11.124 Knowing that at the instant shown block A has a velocity of 8 in./s
and an acceleration of 6 in./s> both directed down the incline, deter-
mine (a) the velocity of block B, (b) the acceleration of block B.

Fig. P11.123

Fig. P11.124
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11.125 A boat is moving to the right with a constant deceleration of Problems 445

0.3 m/s*> when a boy standing on the deck D throws a ball with an
initial velocity relative to the deck which is vertical. The ball rises
to a maximum height of 8 m above the release point and the boy
must step forward a distance d to catch it at the same height as
the release point. Determine (a) the distance d, (b) the relative
velocity of the ball with respect to the deck when the ball is
caught.

AxpertSoft Trial Version

Fig. P11.125

11.126 The assembly of rod A and wedge B starts from rest and moves
to the right with a constant acceleration of 2 mm/s>. Determine
(@) the acceleration of wedge C, (b) the velocity of wedge C when

t =10 s.
va=5ft/s

Fig. P11.126 f
9 ~& /[ (CmOmOm A

BI® |
©
11.127 Determine the required velocity of the belt B if the relative veloc- 150 © ©) ©

ity with which the sand hits belt B is to be (a) vertical, (b) as small
as possible. Fig. P11.127
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11.128 Conveyor belt A, which forms a 20° angle with the horizontal,
moves at a constant speed of 4 ft/s and is used to load an airplane.
Knowing that a worker tosses duffel bag B with an initial velocity
of 2.5 ft/s at an angle of 30° with the horizontal, determine the
velocity of the bag relative to the belt as it lands on the belt.

Fig. P11.128

11.129 During a rainstorm the paths of the raindrops appear to form an
angle of 30° with the vertical and to be directed to the left when
observed from a side window of a train moving at a speed of
15 km/h. A short time later, after the speed of the train has

- between the vertical and the paths

f the train were stopped, at what

Id the drops be observed to fall?

AxpertSoft Trial Version

11.130 As observed from a ship moving due east at 9 km/h, the wind
appears to blow from the south. After the ship has changed course
and speed, and as it is moving north at 6 km/h, the wind appears
to blow from the southwest. Assuming that the wind velocity is
constant during the period of observation, determine the magni-
tude and direction of the true wind velocity.

11.131 When a small boat travels north at 5 km/h, a flag mounted on its
stern forms an angle u = 50° with the centerline of the boat as shown.
A short time later, when the boat travels east at 20 km/h, angle u is
again 50°. Determine the speed and the direction of the wind.

Fig. P11.131
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11.132 As part of a department store display, a model train D runs on a 11.13 Tangential and Normal Components ~ 447

slight incline between the store’s up and down escalators. When
the train and shoppers pass point A, the train appears to a shopper
on the up escalator B to move downward at an angle of 22° with
the horizontal, and to a shopper on the down escalator C to move
upward at an angle of 23° with the horizontal and to travel to the
left. Knowing that the speed of the escalators is 3 ft/s, determine
the speed and the direction of the train.

Fig. P11.132 AxpertSoft Trial Version

11.13 TANGENTIAL AND NORMAL COMPONENTS

We saw in Sec. 11.9 that the velocity of a particle is a vector tangent
to the path of the particle but that, in general, the acceleration is
not tangent to the path. It is sometimes convenient to resolve the e}
acceleration into components directed, respectively, along the tan-
gent and the normal to the path of the particle. .
n
Plane Motion of a Particle. First, let us consider a particle which
moves along a curve contained in the plane of the figure. Let P be
the position of the particle at a given instant. We attach at P a unit
vector e, tangent to the path of the particle and pointing in the direc-
tion of motion (Fig. 11.21a). Let e} be the unit vector corresponding
to the position P’ of the particle at a later instant. Drawing both vec-
tors from the same origin O', we define the vector Ae, = e} — e,
(Fig. 11.21D). Since e, and e; are of unit length, their tips lie on a
circle of radius 1. Denoting by Au the angle formed by e, and e;, we
find that the magnitude of Ae, is 2 sin (Au/2). Considering now the
vector Ae,/Au, we note that as Au approaches zero, this vector
becomes tangent to the unit circle of Fig. 11.21b, i.e., perpendicular
to e, and that its magnitude approaches

~ 2sin(Au/2) ~ sin(Au/2) (b)

m ———= lim ———=1
Auy0 Au Auy0  Au/2 Fig. 11.21
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668 Kinematics of Particles Thus, the vector obtained in the limit is a unit vector along the
normal to the path of the particle, in the direction toward which e,
turns. Denoting this vector by e,, we write

i 2
©n Adgo Au
de,

== 11.35
&= 1 (11.35)
y Since the velocity v of the particle is tangent to the path, it can be
expressed as the product of the scalar v and the unit vector e,. We have
v = ve, (11.36)

To obtain the acceleration of the particle, (11.36) will be differenti-

ated with respect to t. Applying the rule for the differentiation of

the product of a scalar and a vector function (Sec. 11.10), we write
dv _dv de,

a= E = Eet + UE (11.37)

But

Fig. 11.22 de, _ de,duds

from (11.35) that de,/du = e,,
ds is equal to 1/r, where r is
P (Fig. 11.22), we have

(%

E = Fen (1138)
Substituting into (11.37), we obtain
dv v
as=—e I e (11.39)

Photo 11.5 The passengers in a train traveling
around a curve will experience a normal
acceleration toward the center of curvature

Thus, the scalar components of the acceleration are
of the path.

dv v
= a = ¢ (11.40)
The relations obtained express that the tangential component
of the acceleration is equal to the rate of change of the speed of the
particle, while the normal component is equal to the square of the
speed divided by the radius of curvature of the path at P. If the speed
of the particle increases, g, is positive and the vector component a,
points in the direction of motion. If the speed of the particle
decreases, a, is negative and a, points against the direction of motion.
The vector component a,, on the other hand, is always directed
toward the center of curvature C of the path (Fig. 11.23).
We conclude from the above that the tangential component of
Fig. 11.23 the acceleration reflects a change in the speed of the particle, while

a;

O° X
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its normal component reflects a change in the direction of motion
of the particle. The acceleration of a particle will be zero only if both
its components are zero. Thus, the acceleration of a particle moving
with constant speed along a curve will not be zero unless the particle
happens to pass through a point of inflection of the curve (where the
radius of curvature is infinite) or unless the curve is a straight line.
The fact that the normal component of the acceleration depends
upon the radius of curvature of the path followed by the particle is
taken into account in the design of structures or mechanisms as
widely different as airplane wings, railroad tracks, and cams. In order
to avoid sudden changes in the acceleration of the air particles flowing
past a wing, wing profiles are designed without any sudden change
in curvature. Similar care is taken in designing railroad curves, to
avoid sudden changes in the acceleration of the cars (which would be
hard on the equipment and unpleasant for the passengers). A straight
section of track, for instance, is never directly followed by a circular
section. Special transition sections are used to help pass smoothly
from the infinite radius of curvature of the straight section to the
finite radius of the circular track. Likewise, in the design of high-
speed cams, abrupt changes in acceleration are avoided by using tran-
sition curves which produce a continuous change in acceleration.

Motion of a Particle in Space. The relations (11.39) and (11.40)
still hold in the case of a particle moving along a L space curve. How-
ever, since there are an infinitg :
perpendicular to the tangent af
necessary to define more preci

Let us consider again the
path of the particle at two neighboring points P and P’ (Flg 11.24a)
and the vector Ae, representing the difference between e, and e;
(Fig. 11.24b). Let us now imagine a plane through P (Fig. 11.24a)
parallel to the plane defined by the vectors e,, e;, and Ae, (Fig. 11.24D).
This plane contains the tangent to the curve at P and is parallel to
the tangent at P'. If we let P" approach P, we obtain in the limit the
plane which fits the curve most closely in the neighborhood of P.
This plane is called the osculating plane at P.1 It follows from this

AxpertSoft Trial Version

/o ;

z
(a)

Fig. 11.24

tFrom the Latin osculari, to kiss.

11.13 Tangential and Normal Components  44Q

€ Osculating

\ / plane

€n
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\9

@

Fig. 11.25

Photo 11.6 The footpads on an elliptical
trainer undergo curvilinear motion.

definition that the osculating plane contains the unit vector e, since
this vector represents the limit of the vector Ae,/Au. The normal
defined by e, is thus contained in the osculating plane; it is called
the principal normal at P. The unit vector e, = e, X e, which com-
pletes the right-handed triad e;, e,, e, (Fig. 11.24c) defines the
binormal at P. The binormal is thus perpendicular to the osculating
plane. We conclude that the acceleration of the particle at P can be
resolved into two components, one along the tangent, the other along
the principal normal at P, as indicated in Eq. (11.39). Note that the
acceleration has no component along the binormal.

11.14 RADIAL AND TRANSVERSE COMPONENTS

In certain problems of plane motion, the position of the particle P is
defined by its polar coordinates r and u (Fig. 11.25a). It is then con-
venient to resolve the velocity and acceleration of the particle into
components parallel and perpendicular, respectively, to the line OP.
These components are called radial and transverse components.

€

er

er ‘:Aer
er

AxpertSoft Trial Version A6

o
(b) ©

We attach at P two unit vectors, e, and e, (Fig. 11.25b). The
vector e, is directed along OP and the vector e, is obtained by rotat-
ing e, through 90° counterclockwise. The unit vector e, defines the
radial direction, i.e., the direction in which P would move if r were
increased and u were kept constant; the unit vector e, defines the
transverse direction, i.e., the direction in which P would move if u
were increased and r were kept constant. A derivation similar to the
one we used in Sec. 11.13 to determine the derivative of the unit
vector e, leads to the relations

de, de,

au

where —e, denotes a unit vector of sense opposite to that of e,
(Fig. 11.25¢). Using the chain rule of differentiation, we express the
time derivatives of the unit vectors e, and e, as follows:
de, de,du du de, de,du du
= —=e == —€
dt  dudt 'dt dt  du dt "dt

or, using dots to indicate differentiation with respect to ¢,

= —e, (11.41)

é =ule, & = —Ue, (11.42)
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To obtain the velocity v of the particle P, we express the posi-
tion vector r of P as the product of the scalar r and the unit vector
e, and differentiate with respect to ¢:

d

v =—(re,) = re, + re,

dt
or, recalling the first of the relations (11.42),

v = fe, + rue, (11.43)

Differentiating again with respect to ¢ to obtain the acceleration,
we write
dv

a=—=rfe, +ré + rue, + rue, + rué,

dt

or, substituting for €, and e, from (11.42) and factoring e, and e,,
a=(+—ride, + (ru + 2i)e, (11.44)

The scalar components of the velocity and the acceleration in the
radial and transverse directions are, therefore,

v, =T v, = 1 (11.45)

It is important to note that a, i
and that a, is not equal to the

In the case of a partlcle moving O,
have r = constant and r = + = 0, and the formulas (11.43) and
(11.44) reduce, respectlvely, to

v = rle, a = —rU’, + rle, (11.47)

Extension to the Motion of a Particle in Space: Cylindrical
Coordinates. The position of a particle P in space is sometimes
defined by its cylindrical coordinates R, u, and z (Fig. 11.26a). It is
then convenient to use the unit vectors eg, e,, and k shown in Fig.
11.26b. Resolving the position vector r of the particle P into compo-
nents along the unit vectors, we write

r = Rey + zk (11.48)

Observing that ey and e, define, respectively, the radial and trans-
verse directions in the horizontal xy plane, and that the vector k,
which defines the axial direction, is constant in direction as well as
in magnitude, we easily verify that

dr . . .

Ve s Rey + Rue, + zk (11.49)
dv . - W .

a=_ "= (R~ Rue; + (RU+ 2R)e, + ik (11.50)

11.14 Radial and Transverse Components

p
z
O
y
6 R
X
@)
z
k
P %o
r er
zk

° y
/QLRER

X
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Fig. 11.26

671


http://www.axpertsoft.com/pdf-splitter-software/

SAMPLE PROBLEM 11.10

A motorist is traveling on a curved section of highway of radius 2500 ft at
the speed of 60 mi/h. The motorist suddenly applies the brakes, causing the
automobile to slow down at a constant rate. Knowing that after 8 s the speed

Va = 60 :V&
A
has been reduced to 45 mi/h, determine the acceleration of the automobile

2500 ft — immediately after the brakes have been applied.

SOLUTION

Tangential Component of Acceleration. First the speeds are expressed

in ft/s.
mi\/5280 ft\/ 1h
el il = || Gi—= — ) =88+
mi/ < h>( 1o )(3600 s> vs

45 mi/h = 66 ft/s
Since the automobile slows down at a constant rate, we have
Ao 66 ft/s — 88 f/s
At 8s
Normal Component of Acceleration. Immediately after the brakes have
been applied, the speed is still 88 ft/s, and we have
a;=2.75 ft/s? or (88 ft/s)? ,
A‘/"‘\\\ Q= = —310fts
\ : AXpertSOft Tr|a| VerS|0n The magnitude and direction

a, are

= —2.75 ft/s?

a, = average a;, =

Motioy

an=3.10ft/s2 tan & a, 3.10 ft/s® Q= 48.4°
ana =—=——_—> = d
a 275 fys®
a, _ 3.10ft/s° a = 4.14 fs®

sina  sin 48.4°

SAMPLE PROBLEM 11.11

Determine the minimum radius of curvature of the trajectory described by
the projectile considered in Sample Prob. 11.7.

SOLUTION

V= Vy Since a, = v*/r, we have r = v%a,. The radius will be small when v is small
or when g, is large. The speed v is minimum at the top of the trajectory since
v, = 0 at that point; @, is maximum at that same point, since the direction of
the vertical coincides with the direction of the normal. Therefore, the minimum

radius of curvature occurs at the top of the trajectory. At this point, we have
v = v, = 155.9 m/s a, = a = 9.81 m/s>
o> (155.9 m/s)?

r=—=-—"-_—" r = 2480 m
ay 9.81 m/s
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SAMPLE PROBLEM 11.12

The rotation of the 0.9-m arm OA about O is defined by the relation
u = 0.15£2, where U is expressed in radians and ¢ in seconds. Collar B slides
along the arm in such a way that its distance from O is r = 0.9 — 0.12¢2,
where r is expressed in meters and ¢ in seconds. After the arm OA has
rotated through 30°, determine (a) the total velocity of the collar, (b) the
total acceleration of the collar, (¢) the relative acceleration of the collar with
respect to the arm.

G SOLUTION

Time t at which U = 30°. Substituting u = 30° = 0.524 rad into the
expression for U, we obtain

u= 0152 0524 = 0.15¢> ¢ = 1.869s

Equations of Motion. Substituting ¢ = 1.869 s in the expressions for r, u,
and their first and second derivatives, we have

r=09 — 0122 =048l m u= 0.15 = 0.524 rad

= —0.24t = —0.449 m/s u = 0.30t = 0.561 rad/s
U= 0.30 = 0.300 rad /s>

), we obtain the values of v, and v,
when ¢ = 1.869 s.

v, =1 = —0.449 m/s
v, = ru = 0.481(0.561) = 0.270 m/s

Solving the right triangle shown, we obtain the magnitude and direction of
the velocity,

v = 0.524 m/s b = 31.0°

b. Acceleration of B. Using Egs. (11.46), we obtain
a, =1 — ru?
= —0.240 — 0.481(0.561)*> = —0.391 m/s>
ru+ 2
0.481(0.300) + 2(—0.449)(0.561) = —0.359 m/s>
A a =053 m/s> g=426°

ay

agjoa = (-0.240 m/s?)e, . .
c. Acceleration of B with Respect to Arm OA. We note that the motion

of the collar with respect to the arm is rectilinear and defined by the coor-
dinate r. We write

agox = = —0.240 m/s>
agon = 0.240 m/s* toward O.
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674

SOULVINGEEROBLEIVIY
IINBIOUKSOVVIN

You will be asked in the following problems to express the velocity and the
acceleration of particles in terms of either their tangential and normal compo-
nents or their radial and transverse components. Although those components may
not be as familiar to you as the rectangular components, you will find that they
can simplify the solution of many problems and that certain types of motion are
more easily described when they are used.

1. Using tangential and normal components. These components are most often
used when the particle of interest travels along a circular path or when the radius
of curvature of the path is to be determined. Remember that the unit vector e, is
tangent to the path of the particle (and thus aligned with the velocity) while the
unit vector e, is directed along the normal to the path and always points toward
its center of curvature. It follows that, as the particle moves, the directions of the
two unit vectors are constantly changing.

2. Expressing the acceleration in terms of its tangential and normal compo-

nents. We derived in Sec. 11.13 the following equation, applicable to both the
two-dimensional and the three-dimensional motion of a particle:

(11.39)

AxpertSoft Trial Version

The following obse of this lesson.

a. The tangential component of the acceleration measures the rate of change
of the speed: a, = dv/dt. It follows that when a, is constant, the equations for
uniformly accelerated motion can be used with the acceleration equal to a,. Fur-
thermore, when a particle moves at a constant speed, we have ¢, = 0 and the
acceleration of the particle reduces to its normal component.

b. The normal component of the acceleration is always directed toward the
center of curvature of the path of the particle, and its magnitude is a, = T,
Thus, the normal component can be easily determined if the speed of the particle
and the radius of curvature r of the path are known. Conversely, when the speed
and normal acceleration of the particle are known, the radius of curvature of the
path can be obtained by solving this equation for r [Sample Prob. 11.11].

c. In three-dimensional motion, a third unit vector is used, e, = e, X e,,
which defines the direction of the binormal. Since this vector is perpendicular to
both the velocity and the acceleration, it can be obtained by writing

vXa

e, =———
b v X a|
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3. Using radial and transverse components. These components are used to
analyze the plane motion of a particle P, when the position of P is defined by its
polar coordinates r and u. As shown in Fig. 11.25, the unit vector e,, which defines
the radial direction, is attached to P and points away from the fixed point O, while
the unit vector e,, which defines the transverse direction, is obtained by rotating
e, counterclockwise through 90°. The velocity and the acceleration of a particle
were expressed in terms of their radial and transverse components in Eqs. (11.43)
and (11.44), respectively. You will note that the expressions obtained contain the
first and second derivatives with respect to ¢ of both coordinates r and u.

In the problems of this lesson, you will encounter the following types of problems
involving radial and transverse components:

a. Both r and U are known functions of f. In this case, you will compute
the first and second derivatives of  and u and substitute the expressions obtained
into Eqs. (11.43) and (11.44).

b. A certain relationship exists between r and U. First, you should deter-
mine this relationship from the geometry of the given system and use it to express
r as a function of U. Once the function r = f(u) is known, you can apply the chain
rule to determingmiasis bl LR e s

AxpertSoft Trial Version

The expressions obtained can then be substituted into Eqs. (11.43) and (11.44).

c. The three-dimensional motion of a particle, as indicated at the end of
Sec. 11.14, can often be effectively described in terms of the cylindrical coordi-
nates R, U, and z (Fig. 11.26). The unit vectors then should consist of ey, e, and k.
The corresponding components of the velocity and the acceleration are given
in Egs. (11.49) and (11.50). Please note that the radial distance R is always measured
in a plane parallel to the xy plane, and be careful not to confuse the position vec-
tor r with its radial component Rej.
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PROBLEMS

CONCEPT QUESTIONS
11.€Q8 The Ferris wheel is rotating with a constant angular velocity .
What is the direction of the acceleration of point A?
a. > b.T c. | d. <« e. The acceleration is zero.
11.€Q9 A race car travels around the track shown at a constant speed. At
which point will the race car have the largest acceleration?

a. A b. B. c. C. d. D. e. The acceleration will be zero
at all the points.

Fig. P11.CQ8

Fig. P11.CQ9

round A with a constant speed u
und undergoes fixed-axis rotation
t angular velocity w counterclock-
center of A, as shown, what is the
direction of his acceleration when viewed from above?

a. > b. <« ¢ T d. | e. The acceleration is zero.

AxpertSoft Trial Version

END-OF-SECTION PROBLEMS

11.133 Determine the smallest radius that should be used for a highway
if the normal component of the acceleration of a car traveling at
72 km/h is not to exceed 0.8 m/s>.

Fig. P11.CQ10

A
/ ke B Fig. P11.133

11.134 Determine the maximum speed that the cars of the roller-coaster
can reach along the circular portion AB of the track if p = 25 m
Fig. P11.134 and the normal component of their acceleration cannot exceed 3g.
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11.135 A bull-roarer is a piece of wood that produces a roaring sound when Problems ~ {77
attached to the end of a string and whirled around in a circle. Deter-
mine the magnitude of the normal acceleration of a bull-roarer when
it is spun in a circle of radius 0.9 m at a speed of 20 m/s.

Fig. P11.135

11.136 To test its performance, an automobile is driven around a circular test
track of diameter d. Determine (@) the value of d if when the speed v
of the automobile is 45 mi/h, the normal component of the accelera-
tion is 11 ft/s>, (b) the speed of the automobile if d = 600 ft and the
normal component of the acceleration is measured to be 0.6g.

11.137 An outdoor track is 420 ft in diameter. A runner increases her
speed at a constant rate from 14 to 24 ft/s over a distance of 95 ft.
Determine the magnitude of the total acceleration of the runner
2 s after she begins to increase her speed. Fig. P11.137

11.138 A robot arm moves so that P travels in a circle about point B, which
is not moving. Knowing -
increases at a constant r{
tude of the acceleration
tude of the acceleration

AxpertSoft Trial Version

Fig. P11.138

11.139 A monorail train starts from rest on a curve of radius 400 m and
accelerates at the constant rate a@,. If the maximum total accelera-
tion of the train must not exceed 1.5 m/s%, determine () the short-
est distance in which the train can reach a speed of 72 km/h, (b) the
corresponding constant rate of acceleration a,.

11.140 A motorist starts from rest at point A on a circular entrance ramp
when ¢ = 0, increases the speed of her automobile at a constant rate
and enters the highway at point B. Knowing that her speed continues
to increase at the same rate until it reaches 100 km/h at point C,
determine (a) the speed at point B, (b) the magnitude of the total
acceleration when t = 20 s. Fig. P11.140
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678 Kinematics of Particles 11.141

240 km/h __A

of

300 m
200 kn/h :

50° 11.142

Fig. P11.141

Race car A is traveling on a straight portion of the track while race
car B is traveling on a circular portion of the track. At the instant
shown, the speed of A is increasing at the rate of 10 m/s%, and the
speed of B is decreasing at the rate of 6 m/s>. For the position
shown, determine (a) the velocity of B relative to A, (b) the accelera-
tion of B relative to A.

At a given instant in an airplane race, airplane A is flying horizon-
tally in a straight line, and its speed is being increased at the rate of
8 m/s>. Airplane B is flying at the same altitude as airplane A and,
as it rounds a pylon, is following a circular path of 300-m radius.
Knowing that at the given instant the speed of B is being decreased
at the rate of 3 m/s®, determine, for the positions shown, (a) the
velocity of B relative to A, (b) the acceleration of B relative to A.

400 m

|
|
A
5}%}; —————— ] -
| 450 km/h / ~ B
300 m %
z
/ \
N\

/
// 540 km/h

/
/
/
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11.143

Fig. P11.144 11.144

<
—

\VA///
%50\ 11.145

Fig. P11.145

From a photograph of a homeowner using a snowblower, it is deter-
mined that the radius of curvature of the trajectory of the snow
was 30 ft as the snow left the discharge chute at A. Determine
(@) the discharge velocity v, of the snow, (b) the radius of curvature
of the trajectory at its maximum height.

Fig. P11.143

A basketball is bounced on the ground at point A and rebounds
with a velocity v, of magnitude 7.5 ft/s as shown. Determine the
radius of curvature of the trajectory described by the ball (a) at
point A, (b) at the highest point of the trajectory.

A golfer hits a golf ball from point A with an initial velocity of
50 m/s at an angle of 25° with the horizontal. Determine the radius
of curvature of the trajectory described by the ball (@) at point A,
(b) at the highest point of the trajectory.
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11.146 Three children are throwing snowballs at each other. Child A Problems 470
throws a snowball with a horizontal velocity v,. If the snowball just
passes over the head of child B and hits child C, determine the
radius of curvature of the trajectory described by the snowball
(a) at point B, (b) at point C.

Fig. P11.146

11.147 Coal is discharged from the tailgate A of a dump truck with an
initial velocity v, = 2 m/s d 50°. Determine the radius of curvature
of the trajectory described by the coal (a) at point A, (b) at the point
of the trajectory 1 m below point A.

11.148 From measurements of a photograph, it has been found that as the
stream of water shown left the nozzle at A, it had a radius of cur-
vature of 25 m. Determine (a) the initial velocity v, of the stream,
(b) the radius of curvature of the stream as it reaches its maximum
height at B.

11.147

Fig. P11.148

11.149 A child throws a ball from point A with an initial velocity v, of
20 m/s at an angle of 25° with the horizontal. Determine the
velocity of the ball at the points of the trajectory described by the
ball where the radius of curvature is equal to three-quarters of
its value at A.

Va

Fig. P11.149
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680 Kinematics of Particles

11.150 A projectile is fired from point A with an initial velocity v.

(@) Show that the radius of curvature of the trajectory of the pro-
jectile reaches its minimum value at the highest point B of the
trajectory. (b) Denoting by U the angle formed by the trajectory
and the horizontal at a given point C, show that the radius of
curvature of the trajectory at C is r = roim/cosu.

Pmin C '/6?

Fig. P11.150

*11.151

Determine the radius of curvature of the path described by the
. 3 D Q

AXpertSOft Trial VerSion re of the path described by the

0,A=3,and B = 1.

11.153 and 11.154 A satellite will travel indefinitely in a circular orbit

11.155

around a planet if the normal component of the acceleration of the
satellite is equal to g(R/r)z, where g is the acceleration of gravity
at the surface of the planet, R is the radius of the planet, and r is
the distance from the center of the planet to the satellite. Knowing
that the diameter of the sun is 1.39 Gm and that the acceleration
of gravity at its surface is 274 m/s?, determine the radius of the
orbit of the indicated planet around the sun assuming that the orbit
is circular.

11.153  Earth: (wean)omie = 107 Mm/h.

11.154  Saturn: (Vyean)orbic = 34.7 Mm/h.

through 11.157 Determine the speed of a satellite relative to
the indicated planet if the satellite is to travel indefinitely in a
circular orbit 100 mi above the surface of the planet. (See informa-
tion given in Probs. 11.153-11.154.)

11.155 Venus: g = 29.20 ft/s>, R = 3761 mi.

11.156 Mars: g = 12.17 ft/s>, R = 2102 mi.

11.157 Jupiter: ¢ = 75.35 ft/s”, R = 44,432 mi.

11.158 A satellite is traveling in a circular orbit around Mars at an altitude

of 300 km. After the altitude of the satellite is adjusted, it is found
that the time of one orbit has increased by 10 percent. Knowing
that the radius of Mars is 3382 km, determine the new altitude of
the satellite. (See information given in Probs. 11.153-11.154).
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11.159

11.160

11.161

11.162

Knowing that the radius of the earth is 6370 km, determine the
time of one orbit of the Hubble Space Telescope knowing that the
telescope travels in a circular orbit 590 km above the surface of
the earth. (See information given in Probs. 11.153-11.154.)

Satellites A and B are traveling in the same plane in circular orbits
around the earth at altitudes of 120 and 200 mi, respectively. If at
t = 0 the satellites are aligned as shown and knowing that the
radius of the earth is R = 3960 mi, determine when the satellites
will next be radially aligned. (See information given in Probs.
11.153-11.154.)

The oscillation of rod OA about O is defined by the relation u =
(3/p)(sin pt), where U and ¢ are expressed in radians and seconds,
respectively. Collar B slides along the rod so that its distance from
Oisr = 6(1 — ¢ ) where r and t are expressed in inches and
seconds, respectively. When ¢ = 1 s, determine (a) the velocity of
the collar, (b) the acceleration of the collar, (c) the acceleration of
the collar relative to the rod.

Problems

681

Fig. P11.160

Fig. P11.161 and P11.162

The rotation of rod OA about O is defined by the relation u =
3 — 4¢, where U and ¢ are expressed in radians and seconds,
respectively. Collar B slides along the rod so that its distance from
O is r = 2.5t — 52, where r and t are expressed in inches and
seconds, respectively. When ¢ = 1 s, determine (a) the velocity of
the collar, (b) the acceleration of the collar, (¢) the radius of cur-
vature of the path of the collar.

11.163 The path of particle P is the ellipse defined by the relations

r = 2/(2 — cos pt) and U = pt, where r is expressed in meters,
t is in seconds, and U is in radians. Determine the velocity and the
acceleration of the particle when (@) t = 0, (b) t = 0.5 s.

11.164 The two-dimensional motion of a particle is defined by the rela-

tions r = 2a cos U and U = bt*/2, where a and b are constants.
Determine () the magnitudes of the velocity and acceleration at
any instant, (b) the radius of curvature of the path. What conclu-
sion can you draw regarding the path of the particle?

Fig. P11.163
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682 Kinematics of Particles 11.165 As rod OA rotates, pin P moves along the parabola BCD. Knowing
that the equation of this parabola is » = 2b/(1 + cos u) and that
u = kt, determine the velocity and acceleration of P when (a) u = 0,
(b) u = 90°.

11.166 The pin at B is free to slide along the circular slot DE and along
the rotating rod OC. Assuming that the rod OC rotates at a constant
rate U, (@) show that the acceleration of pin B is of constant mag-
nitude, (b) determine the direction of the acceleration of pin B.

Fig. P11.165
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race car, a high-speed camera is
positioned at point A. e camera is mounted on a mechanism
which permits it to record the motion of the car as the car travels
on straightaway BC. Determine (a) the speed of the car in terms
of b, u, and u, (b) the magnitude of the acceleration in terms of
b, u, u,and u.

11.168 After taking off, a helicopter climbs in a straight line at a constant
angle b. Tts flight is tracked by radar from point A. Determine the
Fig. P11.167 speed of the helicopter in terms of d, b, u, and u.

Fig. P11.168
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11.169 At the bottom of a loop in the vertical plane an airplane has a
horizontal velocity of 315 mi/h and is speeding up at a rate of
10 ft/s>. The radius of curvature of the loop is 1 mi. The plane is
being tracked by radar at O. What are the recorded values of r, ¥,
u, and u for this instant?

1 mi

315 mi/hr

r 1800 ft

2400 ft

Fig. P11.169

11.170 Pin C is attached to ro
OA which rotates at t
b = 60°, determine (@)
in terms of d and V.

e

Fig. P11.170

11.171 For the race car of Prob. 11.167, it was found that it took 0.5 s for
the car to travel from the position u = 60° to the position u = 35°.
Knowing that b = 25 m, determine the average speed of the car
during the 0.5-s interval.

11.172 For the helicopter of Prob. 11.168, it was found that when the
helicopter was at B, the distance and the angle of elevation of the
helicopter were r = 3000 ft and u = 20°, respectively. Four sec-
onds later, the radar station sighted the helicopter at r = 3320 ft
and u = 23.1°. Determine the average speed and the angle of climb
b of the helicopter during the 4-s interval.

Problems 683
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684 Kinematics of Particles 11.173 and 11.174 A particle moves along the spiral shown; deter-
mine the magnitude of the velocity of the particle in terms of b, u,
and u.

= | N

Hyperbolic spiral ré =b Logarithmic spiral r = eb?

Fig. P11.173 and P11.175 Fig. P11.174 and P11.176

@ 0

11.175 and 11.176 A particle moves along the spiral shown. Know-
ing that u is constant and denoting this constant by v, determine
the magnitude of the acceleration of the particle in terms of b, u,
and V.

11.177 The motion of a particle on the surface of a right circular cylinder
is defined by the relations R = A, u = 2pt, and z = B sin 2pnt,
where A and B are constants and n is an integer. Determine the
il b o], aaiand acceleration of the particle at any

Fig. P11.177

11.178 Show that + = hF sin u knowing that at the instant shown, step
AB of the step exerciser is rotating counterclockwise at a constant
rate F.

11.179 The three-dimensional motion of a particle is defined by the
relations R = A(1 — ¢ '), u = 2pt, and z = B(1 — ¢ '). Determine
the magnitudes of the velocity and acceleration when (a) t = 0,

(b) t = o=

*11.180 For the conic helix of Prob. 11.95, determine the angle that the
osculating plane forms with the y axis.

*11.181 Determine the direction of the binormal of the path described by
Fig. P11.178 the particle of Prob. 11.96 when (@) t = 0, (b) t = p/2 s.



http://www.axpertsoft.com/pdf-splitter-software/

In the first half of the chapter, we analyzed the rectilinear motion of ~ Position coordinate of a particle
a particle, i.e., the motion of a particle along a straight line. To define in rectilinear motion
the position P of the particle on that line, we chose a fixed origin O

and a positive direction (Fig. 11.27). The distance x from O to P, o P

with the appropriate sign, completely defines the position of the AR X
particle on the line and is called the position coordinate of the par-

ticle [Sec. 11.2]. Fig. 11.27

The velocity v of the particle was shown to be equal to the time Velocity and acceleration

derivative of the position coordinate x, in rectilinear motion
dx
v = 11.1
s (11.1)
and the acceleration a was obtained by differentiating v with respect
tot,

AxpertSoft Trial Version

or
d’x
a= i (11.3)
We also noted that @ could be expressed as
d
a=vo (11.4)

We observed that the velocity v and the acceleration a were
represented by algebraic numbers which can be positive or negative.
A positive value for v indicates that the particle moves in the positive
direction, and a negative value that it moves in the negative direc-
tion. A positive value for a, however, may mean that the particle is
truly accelerated (i.e., moves faster) in the positive direction, or that
it is decelerated (i.e., moves more slowly) in the negative direction.
A negative value for a is subject to a similar interpretation [Sample
Prob. 11.1].

In most problems, the conditions of motion of a particle are defined Determination of the velocity
by the type of acceleration that the particle possesses and by the and acceleration by integration
initial conditions [Sec. 11.3]. The velocity and position of the particle

can then be obtained by integrating two of the equations (11.1) to

(11.4). Which of these equations should be selected depends upon

the type of acceleration involved [Sample Probs. 11.2 and 11.3].

685
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686 Kinematics of Particles

Uniform rectilinear motion

Uniformly accelerated rectilinear
motion

Relative motion of two particles

Two types of motion are frequently encountered: the uniform recti-
linear motion [Sec. 11.4], in which the velocity v of the particle is
constant and

x =xy + vt (11.5)

and the uniformly accelerated rectilinear motion [Sec. 11.5], in which
the acceleration a of the particle is constant and we have

v =uv,+ at (11.6)
x =xy + vt + sat* (11.7)
o = v3 + 2alx — xq) (11.8)

When two particles A and B move along the same straight line,
we may wish to consider the relative motion of B with respect to A

(o) A B

_3 1
}7 XA *’Iﬁ Xg/a—
I X

Fig. 11.28

[Sec. 11.6]. Denoting by xp, the relative position coordinate of B
with respect to A (Fig. 11.28), we had

Xp = Xp + XB/A (119)
Differentiating Eq. (11.9) twice with respect to ¢, we obtained

AxpertSoft Trial Version (11.10)

Blocks connected by inextensible
cords

Graphical solutions

Position vector and velocity
in curvilinear motion

(11.11)

where v,y and ap), represent, respectively, the relative velocity and
the relative acceleration of B with respect to A.

When several blocks are connected by inextensible cords, it is possi-
ble to write a linear relation between their position coordinates.
Similar relations can then be written between their velocities and
between their accelerations and can be used to analyze their motion
[Sample Prob. 11.5].

It is sometimes convenient to use a graphical solution for problems
involving the rectilinear motion of a particle [Secs. 11.7 and 11.8].
The graphical solution most commonly used involves the x-t, v-t,
and a-t curves [Sec. 11.7; Sample Prob. 11.6]. It was shown that, at
any given time f,

v = slope of x—t curve
a = slope of v—t curve
while, over any given time interval from ¢; to ¢y,

vy — v} = area under a—t curve
xy — x; = area under v—t curve

In the second half of the chapter, we analyzed the curvilinear motion
of a particle, i.e., the motion of a particle along a curved path. The
position P of the particle at a given time [Sec. 11.9] was defined by
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the position vector r joining the O of the coordinates and point P Review and Summary 487
(Fig. 11.29). The velocity v of the particle was defined by the
relation

dr
=— 11.15
V= (11.15)
and was found to be a vector tangent to the path of the particle and
of magnitude v (called the speed of the particle) equal to the time

derivative of the length s of the arc described by the particle:

ds
v =— (11.16)
dt Fig. 11.29
The acceleration a of the particle was defined by the relation Acceleration in curvilinear motion
dv
= — 11.18
I (11.18)

and we noted that, in general, the acceleration is not tangent to the

path of the particle.

Before proceeding to the consideration of the components of velocity ~Derivative of a vector function
and acceleration, we reviewed the formal definition of the derivative
of a vector function and established a few rules governing the differ-
entiation of sums and products of vector functions. We then showed
that the rate of change of a vector is the same with respect to a fixed
frame and with respect to a frame in translation [Sec. 11.10].

ningular components of velocity
acceleration

Denoting by x, y, and z the r : .
we found that the rectangular AXpertSOft Trial Version

eration of P equal, respectively, < o
respect to ¢ of the corresponding coordmates

(11.29)
(11.30)

Uy =X v, =y v, =

z
ak:x al/:y a::z

When the component a, of the acceleration depends only upon ¢, x, Component motions
and/or v,, and when similarly @, depends only upon ¢, y, and/or v,,

and a, upon ¢, z, and/or v,, Eq. (11.30) can be integrated indepen-

dently. The analysis of the given curvilinear motion can thus be

reduced to the analysis of three independent rectilinear component

motions [Sec. 11.11]. This approach is particularly effective in the

study of the motion of projectiles [Sample Probs. 11.7 and 11.8].

For two particles A and B moving in space (Fig. 11.30), we consid- Relative motion of two particles
ered the relative motion of B with respect to A, or more precisely,
with respect to a moving frame attached to A and in translation
with A [Sec. 11.12]. Denoting by rg, the relative position vector of
B with respect to A (Fig. 11.30), we had

Irp = Ty + rB/A (11.31)

Denoting by v, and ag,, respectively, the relative velocity and the
relative acceleration of B with respect to A, we also showed that

VB = Vyu + VB/A (11.33)
and z
ag = Ay + aAp/A (1134) Fig. 11.30
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Tangential and normal components

0° <
Fig. 11.31

Motion along a space curve

It is sometimes convenient to resolve the velocity and acceleration of
a particle P into components other than the rectangular x, y, and z
components. For a particle P moving along a path contained in a
plane, we attached to P unit vectors e, tangent to the path and e,
normal to the path and directed toward the center of curvature of
the path [Sec. 11.13]. We then expressed the velocity and acceleration
of the particle in terms of tangential and normal components. We
wrote

v = ve, (11.36)
and
= di) + LZ (11.39)
a=-_ e+t e, .

where v is the speed of the particle and r the radius of curvature of
its path [Sample Probs. 11.10 and 11.11]. We observed that while
the velocity v is directed along the tangent to the path, the accelera-
tion a consists of a component a, directed along the tangent to the
path and a component a, directed toward the center of curvature of
the path (Fig. 11.31).

For a particle P moving along a space curve, we defined the plane
which most closely fits the curve in the neighborhood of P as the
osculating plane. This plane contains the unit vectors e, and e, which
principal normal to the curve.

AxpertSOft Trial Version icular to the osculating plane

Radial and transverse components

Fig. 11.32

When the position of a particle P moving in a plane is defined by its
polar coordinates r and u, it is convenient to use radial and transverse
components directed, respectively, along the position vector r of the
particle and in the direction obtained by rotating r through 90° counter-
clockwise [Sec. 11.14]. We attached to P unmit vectors e, and e,
directed, respectively, in the radial and transverse directions (Fig. 11.32).
We then expressed the velocity and acceleration of the particle in
terms of radial and transverse components

v = e, + rue, (11.43)
a=(F—rude, + (ri + 2iu)e, (11.44)
where dots are used to indicate differentiation with respect to time.

The scalar components of the velocity and acceleration in the radial
and transverse directions are therefore

v, = v, = ru (11.45)
a, =7 —ru*>  a,=ru + 2u (11.46)
It is important to note that a, is not equal to the time derivative

of v,, and that q, is not equal to the time derivative of v, [Sample
Prob. 11.12].

The chapter ended with a discussion of the use of cylindrical
coordinates to define the position and motion of a particle in space.
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REVIEW PROBLEMS

11.182 The motion of a particle is defined by the relation x = 283 — 15¢ +
24t + 4, where x and ¢ are expressed in meters and seconds, respec-
tively. Determine (¢) when the velocity is zero, (b) the position and
the total distance traveled when the acceleration is zero.

11.183 A particle starting from rest at x = 1 m is accelerated so that its
velocity doubles in magnitude between x = 2 m and x = 8 m.
Knowing that the acceleration of the particle is defined by the
relation ¢ = k[x — (A/x)], determine the values of the constants A
and k if the particle has a velocity of 29 m/s when x = 16 m.

11.184 A particle moves in a straight line with the acceleration shown in
the figure. Knowing that the particle starts from the origin with
vy = —2 m/s, (a) construct the v—t and x—t curves for 0 <t < 18 s,
(b) determine the position and the velocity of the particle and the
total distance traveled when t = 18 s.

a(m/s2)

) AxpertSoft Trial Version

-0.75

Fig. P11.184

11.185 The velocities of commuter trains A and B are as shown. Knowing
that the speed of each train is constant and that B reaches the
crossing 10 min after A passed through the same crossing, deter-
mine (a) the relative velocity of B with respect to A, (b) the dis-
tance between the fronts of the engines 3 min after A passed
through the crossing.

66 km/h ﬂ@,
e
[ ——— ---ﬂ
0000 0 O O U

= ,lrl’r' -------

Fig. P11.185
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Fig. P11.186

Fig. P11.189

11.186 Slider block B starts from rest and moves to the right with a con-
stant acceleration of 1 ft/s>. Determine (a) the relative acceleration
of portion C of the cable with respect to slider block A, (b) the
velocity of portion C of the cable after 2 s.

11.187 Collar A starts from rest at ¢+ = 0 and moves downward with
a constant acceleration of 7 in./s2. Collar B moves upward with a
constant acceleration, and its initial velocity is 8 in./s. Knowing that
collar B moves through 20 in. between ¢t = 0 and t = 2 s, determine
(a) the accelerations of collar B and block C, (b) the time at which
the velocity of block C is zero, (¢) the distance through which block
C will have moved at that time.

11.188 A golfer hits a ball with an initial velocity of magnitude v, at an
angle a with the horizontal. Knowing that the ball must clear the
tops of two trees and land as close as possible to the flag, deter-
mine v, and the distance d when the golfer uses (a) a six-iron with
a = 31° (b) a five-iron with a = 27°.

Vo =
o ¥

|‘7 30m — 70m I ! d |

Fig. P11.188

-k up with a constant acceleration
its boom starts to retract with a
relative to the truck. Determine
. (D) the velocity of section B when

11.190 A motorist traveling along a straight portion of a highway is decreas-
ing the speed of his automobile at a constant rate before exiting
from the highway onto a circular exit ramp with a radius of 560 ft.
He continues to decelerate at the same constant rate so that 10 s
after entering the ramp, his speed has decreased to 20 mi/h, a speed
which he then maintains. Knowing that at this constant speed the
total acceleration of the automobile is equal to one-quarter of its
value prior to entering the ramp, determine the maximum value
of the total acceleration of the automobile.

Fig. P11.190
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11.191 Sand is discharged at A from a conveyor belt and falls onto the top Review Problems 401
of a stockpile at B. Knowing that the conveyor belt forms an angle
= 25° with the horizontal, determine (a) the speed v, of the
belt, (b) the radius of curvature of the trajectory described by the
sand at point B.

11.192 The end point B of a boom is originally 5 m from fixed point A
when the driver starts to retract the boom with a constant radial
acceleration of # = —1.0 m/s” and lower it with a constant angular
acceleration U = —0.5 rad/s>. Att = 2 s, determine (a) the velocity
of point B, (b) the acceleration of point B, (¢) the radius of curva-
ture of the path.

Fig. P11.191

Fig. P11.192

11.193 A telemetry system is used to quantlfy kinematic values of a ski
jumper immediately before : :
the system r = 500 ft
u = 0.07rad/s, u = 0.06
skier immediately beford
of the skier at this instant,
lift and air resistance.

Fig. P11.193
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COMPUTER PROBLEMS

11.C1 The mechanism shown is known as a Whitworth quick-return
mechanism. The input rod AP rotates at a constant rate ¥, and the pin P
is free to slide in the slot of the output rod BD. Plot u versus ¥ and u
versus F for one revolution of rod AP. Assume ¥ = 1rad/s, [ = 4 in., and
(a) b =25in.,, (b) b = 3in., (¢) b = 3.5 in.

11.€2 A ball is dropped with a velocity v, at an angle a with the vertical
onto the top step of a flight of stairs consisting of 8 steps. The ball rebounds
and bounces down the steps as shown. Each time the ball bounces, at points
A, B, C, ..., the horizontal component of its velocity remains constant and
the magnitude of the vertical component of its velocity is reduced by
k percent. Use computational software to determine (a) if the ball bounces
down the steps without skipping any step, (b) if the ball bounces down the
steps without bouncing twice on the same step, (c) the first step on which
the ball bounces twice. Use values of v, from 1.8 m/s to 3.0 m/s in 0.6-m/s
increments, values of a from 18° to 26° in 4° increments, and values of k
equal to 40 and 50.

Fig. P11.C1

|
<—0.3m—=—0.3m—= ‘<—0.3 m—>|
Fig. P11.C2

11.C3 In an amusement park ride, “airplane” A is attached to the 10-m-long
rigid member OB. To operate the ride, the airplane and OB are rotated so
that 70° = u, = 130° and then are allowed to swing freely about O. The
airplane is subjected to the acceleration of gravity and to a deceleration due
to air resistance, —kv>, which acts in a direction opposite to that of its veloc-
ity v. Neglecting the mass and the aerodynamic drag of OB and the friction
in the bearing at O, use computational software or write a computer pro-
gram to determine the speed of the airplane for given values of u, and u
and the value of u at which the airplane first comes to rest after being
released. Use values of Uy from 70° to 130° in 30° increments, and deter-
mine the maximum speed of the airplane and the first two values of u at
which v = 0. For each value of uy, let (@) k = 0, (b) k = 2 X 10* m ™},
)k =4 x 1072 m™ L. (Hint: Express the tangential acceleration of the
Fig. P11.C3 airplane in terms of g, k, and u. Recall that v, = ru.)

692



http://www.axpertsoft.com/pdf-splitter-software/

11.€C4 A motorist traveling on a highway at a speed of 60 mi/h exits onto Computer Problems  4OQ3
an ice-covered exit ramp. Wishing to stop, he applies his brakes until his

automobile comes to rest. Knowing that the magnitude of the total accelera-

tion of the automobile cannot exceed 10 ft/s%, use computational software

to determine the minimum time required for the automobile to come to

rest and the distance it travels on the exit ramp during that time if the exit

ramp (a) is straight, (b) has a constant radius of curvature of 800 ft. Solve

each part assuming that the driver applies his brakes so that dv/dt, during

each time interval, (1) remains constant, (2) varies linearly.

11.C5 An oscillating garden sprinkler discharges water with an initial
velocity vo of 10 m/s. (a) Knowing that the sides but not the top of arbor
BCDE are open, use computational software to calculate the distance d to
the point F that will be watered for values of a from 20° to 80°. (b) Deter-
mine the maximum value of d and the corresponding value of a.

c D
Vo 1.8m
A%‘” B E F
22m | 3.2m !

Fig. P11.C5 AxpertSoft Trial Version



http://www.axpertsoft.com/pdf-splitter-software/

The forces experienced by the
passengers on a roller coaster will
depend on whether the roller-coaster car
is traveling up a hill or down a hill, in

a straight line, or along a horizontal or

vertical curved path. The relatior avictina

among force, mass, and accele  AxpertSoft Trial Version
be studied in this chapter.
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Newton’s Second Law
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12.1 INTRODUCTION

Newton’s first and third laws of motion were used extensively in statics
to study bodies at rest and the forces acting upon them. These two
laws are also used in dynamics; in fact, they are sufficient for the study
of the motion of bodies which have no acceleration. However, when
bodies are accelerated, i.e., when the magnitude or the direction of
their velocity changes, it is necessary to use Newton’s second law of
motion to relate the motion of the body with the forces acting on it.

In this chapter we will discuss Newton’s second law and apply
it to the analysis of the motion of particles. As we state in Sec. 12.2,
if the resultant of the forces acting on a particle is not zero, the
particle will have an acceleration proportional to the magnitude of
the resultant and in the direction of this resultant force. Moreover,
the ratio of the magnitudes of the resultant force and of the accelera-
tion can be used to define the mass of the particle.

In Sec. 12.3, the linear momentum of a particle is defined as
the product L = mv of the mass m and velocity v of the particle,
and it is demonstrated that Newton’s second law can be expressed
in an alternative form relating the rate of change of the linear
momentum with the resultant of the forces acting on that particle.

Section 12.4 stresses the need for consistent units in the solu-
tion of dynamics problems and provides a review of the International
System of Units (SI units) and the system of U.S. customary units.

e ] J he Sample Problems which fol-
o the solution of engineering
omponents or tangential and
d accelerations involved. We
recall that an actual body—including bodies as large as a car, rocket,
or airplane—can be considered as a particle for the purpose of ana-
lyzing its motion as long as the effect of a rotation of the body about
its mass center can be ignored.

The second part of the chapter is devoted to the solution of
problems in terms of radial and transverse components, with particu-
lar emphasis on the motion of a particle under a central force. In
Sec. 12.7, the angular momentum Hy, of a particle about a point O
is defined as the moment about O of the linear momentum of the
particle: Ho = r X mv. It then follows from Newton’s second law
that the rate of change of the angular momentum Hy, of a particle
is equal to the sum of the moments about O of the forces acting on
that particle.

Section 12.9 deals with the motion of a particle under a central
force, i.e., under a force directed toward or away from a fixed point O.
Since such a force has zero moment about O, it follows that
the angular momentum of the particle about O is conserved. This
property greatly simplifies the analysis of the motion of a particle
under a central force; in Sec. 12.10 it is applied to the solution of
problems involving the orbital motion of bodies under gravitational
attraction.

Sections 12.11 through 12.13 are optional. They present a more
extensive discussion of orbital motion and contain a number of prob-
lems related to space mechanics.
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a
Newton’s second law can be stated as follows: —
If the resultant force acting on a particle is not zero, the particle o ___,
will have an acceleration proportional to the magnitude of the resul- Fy

tant and in the direction of this resultant force.

Newton’s second law of motion is best understood by imagining
the following experiment: A particle is subjected to a force Fy of .,
constant direction and constant magnitude F;. Under the action of 7 /
that force, the particle is observed to move in a straight line and in F,
the direction of the force (Fig. 12.1a). By determining the position

of the particle at various instants, we find that its acceleration has a (b)
constant magnitude ;. If the experiment is repeated with forces Fy,
F;, . . ., of different magnitude or direction (Fig. 12.1b and ¢), we
find each time that the particle moves in the direction of the force 7
acting on it and that the magnitudes ay, as, as, . . ., of the accelera- F
tions are proportional to the magnitudes Fy, Fs, F5, . . ., of the cor-
responding forces:
F, F, F, ©
— =-—=— ="' = constant Fig. 12.1

ay [45] as

The constant value obtained for the ratio of the magnitudes of /
the forces and accelerations is a characteristic of the particle under

consideration; it is called the mass of the particle and is denoted by m.
When a particle of mass m is a : !
the acceleration a of the partic

AxpertSoft Trial Version

This relation provides a complete formulation of Newton’s second law;
it expresses not only that the magnitudes of F and a are proportional
but also (since m is a positive scalar) that the vectors F and a have
the same direction (Fig. 12.2). We should note that Eq. (12.1) still
holds when F is not constant but varies with time in magnitude or
direction. The magnitudes of F and a remain proportional, and the
two vectors have the same direction at any given instant. However,
they will not, in general, be tangent to the path of the particle.
When a particle is subjected simultaneously to several forces,

Eq. (12.1) should be replaced by
2F = ma (12.2)

where 2F represents the sum, or resultant, of all the forces acting
on the particle.

It should be noted that the system of axes with respect to which
the acceleration a is determined is not arbitrary. These axes must
have a constant orientation with respect to the stars, and their origin
must either be attached to the sunt or move with a constant velocity

Photo 12.1 When the racecar accelerates
forward the rear tires have a friction force acting on
tMore accurately, to the mass center of the solar system. them in the direction the car is moving.
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698 Kinetics of Particles: Newton's Second Law with respect to the sun. Such a system of axes is called a newtonian
frame of reference.t A system of axes attached to the earth does not
constitute a newtonian frame of reference, since the earth rotates
with respect to the stars and is accelerated with respect to the sun.
However, in most engineering applications, the acceleration a can be
determined with respect to axes attached to the earth and Eqs. (12.1)
and (12.2) used without any appreciable error. On the other hand,
these equations do not hold if a represents a relative acceleration
measured with respect to moving axes, such as axes attached to an
accelerated car or to a rotating piece of machinery.

We observe that if the resultant ZF of the forces acting on the
particle is zero, it follows from Eq. (12.2) that the acceleration a of
the particle is also zero. If the particle is initially at rest (vo = 0)
with respect to the newtonian frame of reference used, it will thus
remain at rest (v = 0). If originally moving with a velocity v, the
particle will maintain a constant velocity v = wvy; that is, it will move
with the constant speed vy in a straight line. This, we recall, is the
statement of Newton’s first law (Sec. 2.10). Thus, Newton’s first law
is a particular case of Newton’s second law and can be omitted from
the fundamental principles of mechanics.

12.3 LINEAR MOMENTUM OF A PARTICLE. RATE
OF CHANGE OF LINEAR MOMENTUM

derivative dv/dt in Eq. (12.2),

AxpertSoft Trial Version

dt
or, since the mass m of the particle is constant,
sF = L) (12.3)
= —(mv .
dt

The vector mv is called the linear momentum, or simply the
momentum, of the particle. It has the same direction as the velocity
of the particle, and its magnitude is equal to the product of the mass

mv - m and the speed v of the particle (Fig. 12.3). Equation (12.3)

m expresses that the resultant of the forces acting on the particle is
/ equal to the rate of change of the linear momentum of the particle.
! It is in this form that the second law of motion was originally stated
Fig. 12.3 by Newton. Denoting by L the linear momentum of the particle,
L = mv (12.4)

and by L its derivative with respect to ¢, we can write Eq. (12.3) in
the alternative form

SF = L (12.5)

fSince stars are not actually fixed, a more rigorous definition of a newtonian frame of
reference (also called an inertial system) is one with respect to which Eq. (12.2) holds.
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It should be noted that the mass m of the particle is assumed
to be constant in Eqgs. (12.3) to (12.5). Equation (12.3) or (12.5)
should therefore not be used to solve problems involving the motion
of bodies, such as rockets, which gain or lose mass. Problems of that
type will be considered in Sec. 14.12.1

It follows from Eq. (12.3) that the rate of change of the linear
momentum mv is zero when 2F = 0. Thus, if the resultant force act-
ing on a particle is zero, the linear momentum of the particle remains
constant, in both magnitude and direction. This is the principle of
conservation of linear momentum for a particle, which can be recog-
nized as an alternative statement of Newton’s first law (Sec. 2.10).

12.4 SYSTEMS OF UNITS

In using the fundamental equation F = ma, the units of force, mass,
length, and time cannot be chosen arbitrarily. If they are, the mag-
nitude of the force F required to give an acceleration a to the mass
m will not be numerically equal to the product ma; it will be only
proportional to this product. Thus, we can choose three of the four
units arbitrarily but must choose the fourth unit so that the equation
F = ma is satisfied. The units are then said to form a system of
consistent kinetic units.

Two systems of consistent kinetic units are currently used by
American engineers, the Internatlonal System of Units (SI units})
and the system of U.S. customaa ;
in detail in Sec. 1.3 and are d

AxpertSoft Trial Version

International System of U
base units are the units of length, mass, and time, and are called,
respectively, the meter (m), the kilogram (kg), and the second (s). All
three are arbitrarily defined (Sec. 1.3). The unit of force is a derived
unit. It is called the newton (N) and is defined as the force which
gives an acceleration of 1 m/s” to a mass of 1 kg (Fig. 12.4). From
Eq. (12.1) we write

IN = (1kg)(1 m/s®>) = 1kg - m/s®

The SI units are said to form an absolute system of units. This means
that the three base units chosen are independent of the location
where measurements are made. The meter, the kilogram, and the
second may be used anywhere on the earth; they may even be used
on another planet. They will always have the same significance.

The weight W of a body, or force of gravity exerted on that
body, should, like any other force, be expressed in newtons. Since a
body subjected to its own weight acquires an acceleration equal to
the acceleration of gravity g, it follows from Newton’s second law
that the magnitude W of the weight of a body of mass m is

W = mg (12.6)

tOn the other hand, Egs. (12.3) and (12.5) do hold in relativistic mechanics, where the
mass m of the particle is assumed to vary with the speed of the particle.

1SI stands for Systéme International d’Unités (French).

a=1m/s?
—_—

Fig. 12.4

12.4 Systems of Units
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a=9.81m/s2
W=981N
Fig. 12.5
fm=11b
_ 2
a=32.2ft/s 1F—1Ib
Fig. 12.6

a=1ft/s?
V= 1slug
(=1 Ib-s?/ft)

Fig. 12.7

F=11Ib

Recalling that ¢ = 9.81 m/s>, we find that the weight of a body of
mass 1 kg (Fig. 12.5) is

W = (1 kg)(9.81 m/s*) = 9.81 N

Multiples and submultiples of the units of length, mass, and
force are frequently used in engineering practice. They are, respec-
tively, the kilometer (km) and the millimeter (mm); the megagramt
(Mg) and the gram (g); and the kilonewton (kN). By definition,

1 km = 1000 m 1 mm = 0.001 m
1 Mg = 1000 kg 1 g = 0001 kg
1 kN = 1000 N

The conversion of these units to meters, kilograms, and newtons,
respectively, can be effected simply by moving the decimal point
three places to the right or to the left.

Units other than the units of mass, length, and time can all be
expressed in terms of these three base units. For example, the unit
of linear momentum can be obtained by recalling the definition of
linear momentum and writing

mv = (kg)(m/s) = kg - m/s

U.S. Customary Units. Most practicing American engineers still
commonly use a system in whlch the base units are the units of

o s are, respectively, the foot (ft), the
cond is the same as the corre-
as 0.3048 m. The pound is
standard, called the standard
pound, which is kept at the National Institute of Standards and Tech-
nology outside Washington and the mass of which is 0.453 592 43 kg.
Since the weight of a body depends upon the gravitational attraction
of the earth, which varies with location, it is specified that the stan-
dard pound should be placed at sea level and at a latitude of 45° to
properly define a force of 1 Ib. Clearly, the U.S. customary units do
not form an absolute system of units. Because of their dependence
upon the gravitational attraction of the earth, they are said to form
a gravitational system of units.

While the standard pound also serves as the unit of mass in
commercial transactions in the United States, it cannot be so used
in engineering computations since such a unit would not be consis-
tent with the base units defined in the preceding paragraph. Indeed,
when acted upon by a force of 1 Ib, that is, when subjected to its
own weight, the standard pound receives the acceleration of gravity,
g = 32.2 ft/s* (Fi ig. 12.6), and not the unit acceleration required by
Eq. (12.1). The unit of mass consistent with the foot, the pound and
the second is the mass which receives an acceleration of 1 ft/s> when
a force of 1 1b is applied to it (Fig. 12.7). This unit, sometimes called
a slug, can be derived from the equation F = ma after substituting
11b and 1 ft/s* for F and a, respectively. We write

11b = (1 slug)(1 ft/s?)

F = ma

fAlso known as a metric ton.


http://www.axpertsoft.com/pdf-splitter-software/

and obtain

11b
1 ft/s2

1slug = =11b - s¥/ft
Comparing Figs. 12.6 and 12.7, we conclude that the slug is a mass
32.2 times larger than the mass of the standard pound.

The fact that bodies are characterized in the U.S. customary
system of units by their weight in pounds rather than by their mass
in slugs was a convenience in the study of statics, where we were
dealing for the most part with weights and other forces and only
seldom with masses. However, in the study of kinetics, which involves
forces, masses, and accelerations, it will be repeatedly necessary to
express in slugs the mass m of a body, the weight W of which has
been given in pounds. Recalling Eq. (12.6), we will write

m=— 12.7
P (12.7)
where g is the acceleration of gravity (g = 32.2 ft/s?).

Units other than the units of force, length, and time can all be
expressed in terms of these three base units. For example, the unit
of linear momentum can be obtained by using the definition of linear
momentum to write

mov = (Ib - s¥f)(ft/s) = 1b - s

Conversion from One Systs
version from U.S. customary
discussed in Sec. 1.4. You w
obtained for the units of length, force, and mass are, respectively,

Length: 1ft = 0.3048 m
Force: 11b = 4448 N
Mass: Islug = 11b - s¥ft = 14.59 kg

Although it cannot be used as a consistent unit of mass, the mass of
the standard pound is, by definition,

1 pound-mass = 0.4536 kg

This constant can be used to determine the mass in SI units (kilo-
grams) of a body which has been characterized by its weight in U.S.
customary units (pounds).

12.5 EQUATIONS OF MOTION

Consider a particle of mass m acted upon by several forces. We
recall from Sec. 12.2 that Newton’s second law can be expressed by
the equation

>F = ma (12.2)

which relates the forces acting on the particle and the vector ma
(Fig. 12.8). In order to solve problems involving the motion of a
particle, however, it will be found more convenient to replace
Eq. (12.2) by equivalent equations involving scalar quantities.

AxpertSoft Trial Version
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12.5 Equations of Motion
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702 Kinetics of Particles: Newlon's Second Law Rectangular Components. Resolving each force F and the

Photo 12.2 The pilot of a fighter aircraft will
experience very large normal forces when taking
a sharp turn.

acceleration a into rectangular components, we write
2(Fi + Fj + Fk) = mad + a,j + ak)
from which it follows that
2F, = ma, 2F, y 2F. = ma. (12.8)

Recalling from Sec. 11.11 that the components of the acceleration
are equal to the second derivatives of the coordinates of the particle,
we have

= ma

SF, =mi  ZF,=mij  ZF, =mz (12.8")

Consider, as an example, the motion of a projectile. If the resis-
tance of the air is neglected, the only force acting on the projectile
after it has been fired is its weight W = —Wj. The equations defin-
ing the motion of the projectile are therefore

mx = 0 my=—-W  mz=0
and the components of the acceleration of the projectile are

x=0 y=—,,=78 z2=0
where g is 9.81 m/s> or 32.2 ft/s>. The equations obtained can be
integrated independently, as shown in Sec. 11.11, to obtain the veloc-
ity and displacement of the projectile at any instant.
When _a problem _involves two or more bodies, equations of
of the bodies (see Sample
AxpertSOft Trial Version m Sec. 12.2 that all accelerations
newtonian frame of reference.
n most engineering applications, accelerations can be determined with
respect to axes attached to the earth, but relative accelerations mea-
sured with respect to moving axes, such as axes attached to an acceler-
ated body, cannot be substituted for a in the equations of motion.

Tangential and Normal Components.  Resolving the forces and the
acceleration of the particle into components along the tangent to the
path (in the direction of motion) and the normal (toward the inside of

n\ ZF, n\ man
A -

mag
2F;

Fig. 12.9

the path) (Fig. 12.9), and substituting into Eq. (12.2), we obtain the
two scalar equations

>F, = ma, >F, = ma, (12.9)

Substituting for ¢, and a, from Egs. (11.40), we have
dv v* ,
EFt = ma EF,, = m? (129 )

The equations obtained may be solved for two unknowns.
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12.6 DYNAMIC EQUILIBRIUM

Returning to Eq. (12.2) and transposing the right-hand member, we
write Newton’s second law in the alternative form

2F —ma =0 (12.10)

which expresses that if we add the vector —ma to the forces acting
on the particle, we obtain a system of vectors equivalent to zero
(Fig. 12.10). The vector —ma, of magnitude ma and of direction
opposite to that of the acceleration, is called an inertia vector. The
particle may thus be considered to be in equilibrium under the given
forces and the inertia vector. The particle is said to be in dynamic
equilibrium, and the problem under consideration can be solved by
the methods developed earlier in statics.

In the case of coplanar forces, all the vectors shown in Fig. 12.10,
including the inertia vector, can be drawn tip-to-tail to form a closed-
vector polygon. Or the sums of the components of all the vectors in
Fig. 12.10, again including the inertia vector, can be equated to zero.
Using rectangular components, we therefore write

SF,. =0 2F, =0 including inertia vector (12.11)

When tangential and normal components are used, it is more conve-
nient to represent the inertia vector by its two Components —ma, and

—ma, in the sketch itself (Fig,
the inertia vector provides a i
offers to a change in speed, w
centrifugal force) represents th8
curved path. We should note that either of these two components may
be zero under special conditions: (1) If the particle starts from rest, its
initial velocity is zero and the normal component of the inertia vector
is zero at ¢t = 0; (2) if the particle moves at constant speed along its
path, the tangential component of the inertia vector is zero and only
its normal component needs to be considered.

Because they measure the resistance that particles offer when
we try to set them in motion or when we try to change the conditions
of their motion, inertia vectors are often called inertia forces. The
inertia forces, however, are not forces like the forces found in statics,
which are either contact forces or gravitational forces (weights).
Many people, therefore, object to the use of the word “force” when
referring to the vector —ma or even avoid altogether the concept of
dynamic equilibrium. Others point out that inertia forces and actual
forces, such as gravitational forces, affect our senses in the same way
and cannot be distinguished by physical measurements. A man riding
in an elevator which is accelerated upward will have the feeling that
his weight has suddenly increased; and no measurement made
within the elevator could establish whether the elevator is truly accel-
erated or whether the force of attraction exerted by the earth has
suddenly increased.

Sample problems have been solved in this text by the direct
application of Newton’s second law, as illustrated in Figs. 12.8 and
12.9, rather than by the method of dynamic equilibrium.

AxpertSoft Trial Version
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-ma
Fig. 12.10
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Fig. 12.11
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Photo 12.3 The angle each rider is with respect
to the horizontal will depend on the weight of the
rider and the speed of rotation.
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W =200 Ib

==

m =6.21 lb-s2/ft

SAMPLE PROBLEM 12.1

A 200-1b block rests on a horizontal plane. Find the magnitude of the force P
required to give the block an acceleration of 10 ft/s> to the right. The coeffi-
cient of kinetic friction between the block and the plane is m; = 0.25.

SOLUTION

The mass of the block is

W 2001b :
m=—=———>=6211b-sYft
g 322fts

We note that F = mN = 0.25N and that ¢« = 10 ft/s>. Expressing that the
forces acting on the block are equivalent to the vector ma, we write

VSF, = ma: P cos 30° — 0.25N = (6.21 Ib - s¥ft)(10 ft/s%)
P cos 30° — 0.25N = 62.1 b 1)

+X2F,j = 0: N — Psin 30° — 200 1b = 0 2)
Solving (2) for N and substituting the result into (1), we obtain

N = P sin 30° + 200 Ib
P cos 30° — 0.25(P sin 30° + 200 1b) = 62.1 Ib P =1511b

AxpertSoft Trial Version

P W =785N
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SAMPLE PROBLEM 12.2

An 80-kg block rests on a horizontal plane. Find the magnitude of the force P
required to give the block an acceleration of 2.5 m/s” to the right. The coeffi-
cient of kinetic friction between the block and the plane is m; = 0.25.

SOLUTION

The weight of the block is
W = mg = (80 kg)(9.81 m/s”) = 785 N

We note that F = mN = 0.25N and that ¢ = 2.5 m/s>. Expressing that the
forces acting on the block are equivalent to the vector ma, we write

V3F, = ma: P cos 30° — 0.25N = (80 kg)(2.5 m/s?)
P cos 30° — 0.25N = 200 N 0y

BDEF, = 0: N — Psin 30° — 785 N = 0 )
Solving (2) for N and substituting the result into (1), we obtain

N = P sin 30° + 785 N
P cos 30° — 0.25(P sin 30° + 785 N) = 200 N P =535 N
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Wp = 2940 N

mg = 300 kg

Mpgag

SAMPLE PROBLEM 12.3

The two blocks shown start from rest. The horizontal plane and the pulley
are frictionless, and the pulley is assumed to be of negligible mass. Deter-
mine the acceleration of each block and the tension in each cord.

SOLUTION

Kinematics. We note that if block A moves through x, to the right, block
B moves down through

[\;é)—-

Xp = %A
Differentiating twice with respect to ¢, we have
ap = 34 )

Kinetics. We apply Newton’s second law successively to block A, block B,
and pulley C.

nsion in cord ACD, we write
2)
of block B is
Wy = myg = (300 kg)(9.81 m/s?) = 2940 N
and denoting by T, the tension in cord BC, we write
PWEF, = mpya: 2940 — T, = 300a
or, substituting for az from (1),

2940 — T, = 300(3a,)
T, = 2940 — 150a, 3)

Pulley C. Since mg is assumed to be zero, we have

'|‘\N2F1 = Mcldc = 0: T2 - 2T1 =0 (4)

y
Substituting for T} and T from (2) and (3), respectively, into (4) we write

2940 — 150a, — 2(100a,) = 0
2940 — 350a, = 0 a, = 8.40 m/s’

Substituting the value obtained for a, into (1) and (2), we have

ap = 3a, = 3(8.40 m/s*) ap = 4.20 m/s>
T, = 100a, = (100 kg)(8.40 m/s>) T, = 840 N

Recalling (4), we write
T, = 2T, T,=2840N) T, = 1680 N
We note that the value obtained for Tj is not equal to the weight of block B.
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SAMPLE PROBLEM 12.4

The 12-Ib block B starts from rest and slides on the 30-Ib wedge A, which
is supported by a horizontal surface. Neglecting friction, determine (a) the
acceleration of the wedge, (b) the acceleration of the block relative to the

wedge.

SOLUTION

Kinematics. We first examine the acceleration of the wedge and the accel-
eration of the block.

Wedge A. Since the wedge is constrained to move on the horizontal sur-
face, its acceleration a, is horizontal. We will assume that it is directed to

the right.

Block B. The acceleration ag of block B can be expressed as the sum of
the acceleration of A and the acceleration of B relative to A. We have

ag = ay + ag;
where ag, is directed along the inclined surface of the wedge.

Kinetics. We draw the free-body diagrams of the wedge and of the block

0.5N,

Il
=
=
Q

S

@)

Block B. Using the coordinate axes shown and resolving ag into its com-
ponents a, and ag,, we write

+/2F, = mga,: —Wj sin 30° = mgay cos 30° — mpag,
—Wrp sin 30° = (Wg/g)(aa cos 30° — ags)
ag = a, cos 30° + g sin 30° (2)
+'\2Fy = mpa,: N, — Wy cos 30° = —mpay sin 30°
N; — Wg cos 30° = —(Wy/g)a, sin 30° (3)

a. Acceleration of Wedge A. Substituting for N, from Eq. (1) into Eq. (3),
we have

2(Wy/g)ay — Wpg cos 30° = —(Wy/g)a, sin 30°
Solving for a4 and substituting the numerical data, we write

Wp cos 30° (12 1b) cos 30°

=] = 2
oW, + Wy sin 30°°  2(301b) + (121b) sin 30° (822 /5")

ay = +5.07 ft/s> ay = 5.07 fs>y

aa

b. Acceleration of Block B Relative to A. Substituting the value obtained
for a, into Eq. (2), we have

agn = (5.07 ft/s?) cos 30° + (32.2 ft/s?) sin 30°
agu = +20.5 ft/s> ag, = 20.5 ft/s*> A30°
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SAMPLE PROBLEM 12.5

The bob of a 2-m pendulum describes an arc of circle in a vertical plane. If
the tension in the cord is 2.5 times the weight of the bob for the position
shown, find the velocity and the acceleration of the bob in that position.

SOLUTION

The weight of the bob is W = mg; the tension in the cord is thus 2.5 mg.
Recalling that a, is directed toward O and assuming a, as shown, we apply
Newton’s second law and obtain

+ v 2F, = may: mg sin 30° = ma,
a, = gsin 30° = +4.90 m/s>  a, = 4.90 m/s’Y
+ N2F, = may: 2.5 mg — mg cos 30° = ma,

a, = 1634 g = +16.03 m/s>  a, = 16.03 m/s"\
Since a, = v¥/r, we have v* = ra, = (2 m)(16.03 m/s?)

v = *£5.66 m/s v = 5.66 m/s dup or down)

hy curve of radius r = 400 ft banked
speed of a banked highway curve is
ravel if no lateral friction force is to be
exerted on its wheels.

SOLUTION

The car travels in a horizontal circular path of radius r. The normal com-
ponent a, of the acceleration is directed toward the center of the path; its
magnitude is a, = o¥/r, where v is the speed of the car in ft/s. The mass m
of the car is W/g, where W is the weight of the car. Since no lateral friction
force is to be exerted on the car, the reaction R of the road is shown per-
pendicular to the roadway. Applying Newton’s second law, we write

w
+T2F,j=0: Rcosu—W=0 R = 1)
cosu
. w
Z 3F, = ma,: Rsinu = gan 2)
Substituting for R from (1) into (2), and recalling that a, = oy,
. 02 2
smu=-—— vT =grtanu
cos u g r

Substituting r = 400 ft and u = 18° into this equation, we obtain

o = (32.2 ft/s3)(400 ft) tan 18°
v = 64.7 ft/s v = 44.1 mi/h
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SOULVINGIEROBLEIVIY
WINBNOURSOVVIN

n the problems for this lesson, you will apply Newton’s second law of motion,
2F = ma, to relate the forces acting on a particle to the motion of the
particle.

1. Writing the equations of motion. When applying Newton’s second law to the
types of motion discussed in this lesson, you will find it most convenient to express
the vectors F and a in terms of either their rectangular components or their tan-
gential and normal components.

a. When using rectangular components, and recalling from Sec. 11.11 the
expressions found for a,, a,, and a., you will write

SF, = mi  SF

y = my SF. = mZ

b. When using tangential and normal components, and recalling from
Sec. 11.13 the expressions found for ¢, and a,, you will write

SF,

:ma

2. Drawing a free- an equivalent
diagram showing the] AxpertSOf‘[ Trial Version with a pictorial
representation of Ne bh 12.6]. These
diagrams will be of great help to you when writing the equations of motion. Note
that when a problem involves two or more bodies, it is usually best to consider

each body separately.

3. Applying Newton’s second law. As we observed in Sec. 12.2, the acceleration
used in the equation ZF = ma should always be the absolute acceleration of the
particle (that is, it should be measured with respect to a newtonian frame of refer-
ence). Also, if the sense of the acceleration a is unknown or is not easily deduced,
assume an arbitrary sense for a (usually the positive direction of a coordinate axis)
and then let the solution provide the correct sense. Finally, note how the solutions
of Sample Probs. 12.3 and 12.4 were divided into a kinematics portion and a kinet-
ics portion, and how in Sample Prob. 12.4 we used two systems of coordinate axes
to simplify the equations of motion.

4. When a problem involves dry friction, be sure to review the relevant sections
of Statics [Secs. 8.1 to 8.3] before attempting to solve that problem. In particular,
you should know when each of the equations F = mN and F = m;N may be used.
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You should also recognize that if the motion of a system is not specified, it is
necessary first to assume a possible motion and then to check the validity of that
assumption.

5. Solving problems involving relative motion. When a body B moves with
respect to a body A, as in Sample Prob. 12.4, it is often convenient to express the
acceleration of B as

ap = ay + agy

where ag, is the acceleration of B relative to A, that is, the acceleration of B as
observed from a frame of reference attached to A and in translation. If B is
observed to move in a straight line, ag,, will be directed along that line. On the
other hand, if B is observed to move along a circular path, the relative acceleration
ag,, should be resolved into components tangential and normal to that path.

6. Finally, always consider the implications of any assumption you make.
Thus, in a problem involving two cords, if you assume that the tension in one of
the cords is equal to its maximum allowable value, check whether any require-
ments set for t ynce, will the tension

T in that cord AxpertSOft Trial Version the cord remain taut

and will its ten p?

709


http://www.axpertsoft.com/pdf-splitter-software/

PROBLEMS

) CONCEPT QUESTIONS
4% 12.€Q1 A 1000-Ib boulder B is resting on a 200-1b platform A when

truck C accelerates to the left with a constant acceleration.
Which of the following statements are true (more than one may
be true)?

a. The tension in the cord connected to the truck is 200 Ib.
b. The tension in the cord connected to the truck is 1200 Ib.
c. The tension in the cord connected to the truck is greater than

Fig. P12.cQl 1200 1b.

710

d. The normal force between A and B is 1000 Ib.
e. The normal force between A and B is 1200 1b.
f. None of the above are true.

12.€Q2 Marble A is placed in a hollow tube, and the tube is swung in a
horizontal plane causing the marble to be thrown out. As viewed
from the top, which of the following choices best describes the
path of the marble after leaving the tube?

/3 a.l b.2 ¢ 3 d. 4 e 5

from rest. On the left, two 40-1b

\extensible cord, and on the right,

the cord. Neglecting all frictional
orces, which of the Tollowing statements is true?

1 a. Blocks A and C will have the same acceleration.

Fig. P12.CQ2 Block C will have a larger acceleration than block A.

Block A will have a larger acceleration than block C.

Block A will not move.

o e T

None of the above are true.

C b

L—M]l)

Fig. P12.CQ3

12.€Q4 Blocks A and B are released from rest in the position shown.
" Neglecting friction, the normal force between block A and the
ground is:

a. Less than the weight of A plus the weight of B.
b. Equal to the weight of A plus the weight of B.

Fig. P12.CQ4 c. Greater than the weight of A plus the weight of B.
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12.€Q5 People sit on a Ferris wheel at points A, B, C, and D. The Ferris Problems 771
wheel travels at a constant angular velocity. At the instant shown,
which person experiences the largest force from his or her chair
(back and seat)? Assume you can neglect the size of the chairs—
that is, the people are located the same distance from the axis of
rotation.

a. A
b. B
c. C
d. D
e

. The force is the same for all the passengers.

FREE BODY PRACTICE PROBLEMS

12.F1 Crate A is gently placed with zero initial velocity onto a moving
conveyor belt. The coefficient of kinetic friction between the crate

and the belt is m;. Draw the FBD and KD for A immediately after
it contacts the belt. Fig. P12.CQ5

Fig. P12.F1

12.F2 Two blocks weighing
initially at rest. The bel&
so that slipping occurs between the belt and the boxes. Assuming
the coefficient of friction between the boxes and the belt is my,
draw the FBDs and KDs for blocks A and B. How would you
determine if A and B remain in contact? Fig. P12.F2

12.F3 Objects A, B, and C have masses m,, my, and mc, respectively.
The coefficient of kinetic friction between A and B is m;, and the
friction between A and the ground is negligible and the pulleys are
massless and frictionless. Assuming B slides on A, draw the FBD
and KD for each of the three masses A, B, and C.

ﬁ
‘ _of ™~
Fig. P12.F3
A
12.F4 Blocks A and B have masses m, and mg, respectively. Neglect-

ing friction between all surfaces, draw the FBD and KD for
each mass. Fig. P12.F4
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712 Kinetics of Particles: Newton's Second Law 12.F5 Blocks A and B have masses m, and mg, respectively. Neglecting
friction between all surfaces, draw the FBD and KD for the two
systems shown.

System 2

Fig. P12.F5

12.F6 A pilot of mass m flies a jet in a half-vertical loop of radius R so that
the speed of the jet, v, remains constant. Draw a FBD and KD of
the pilot at points A, B, and C.

Fig. P12.F6

12.F7 Wires AC and BC are attached to a sphere which revolves at a con-
stant speed v in the horizontal circle of radius r as shown. Draw a
FBD and KD of C.

12.F8 A collar of mass m is attached to a spring and slides without fric-
tion along a circular rod in a vertical plane. The spring has an un-
deformed length of 5 in. and a constant k. Knowing that the collar
has a speed v at point B, draw the FBD and KD of the collar at
this point.

Fig. P12.F7

Fig. P12.F8
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END-OF-SECTION PROBLEMS Problems 713

12.1 Astronauts who landed on the moon during the Apollo 15, 16, and
17 missions brought back a large collection of rocks to the earth.
Knowing the rocks weighed 139 Ib when they were on the moon,
determine (a) the weight of the rocks on the earth, (b) the mass
of the rocks in slugs. The acceleration due to gravity on the moon
is 5.30 ft/s”.

12.2 The value of g at any latitude ¥ may be obtained from the formula
g = 32.09(1 + 0.0053 sin® F)ft/s*

which takes into account the effect of the rotation of the earth,
as well as the fact that the earth is not truly spherical. Determine
to four significant figures (a) the weight in pounds, (b) the mass
in pounds, (¢) the mass in Ib - s2/ft, at the latitudes of 0°, 45°, 60°,
of a silver bar, the mass of which has been officially designated

as 5 1b.

12.3 A 400-kg satellite has been placed in a circular orbit 1500 km above
the surface of the earth. The acceleration of gravity at this elevation
is 6.43 m/s>. Determine the linear momentum of the satellite,
knowing that its orbital speed is 25.6 X 10° km/h. A

12.4 A spring scale A and a lever scale B having equal lever arms are
fastened to the roof of an elevator, and identical packages are
attached to the scales as
moves downward with . .
SR AxpertSoft Trial Version
(b) the load indicated b
balance the lever scale when the elevator moves upward with an
acceleration of 1 m/s?, Fig. P12.4

12.5 In anticipation of a long 7° upgrade, a bus driver accelerates at a
constant rate of 3 ft/s*> while still on a level section of the highway.
Knowing that the speed of the bus is 60 mi/h as it begins to climb
the grade and that the driver does not change the setting of his
throttle or shift gears, determine the distance traveled by the bus
up the grade when its speed has decreased to 50 mi/h.

12.6 A hockey player hits a puck so that it comes to rest in 10 s after
sliding 100 ft on the ice. Determine (a) the initial velocity of
the puck, (b) the coefficient of friction between the puck and
the ice.

30°

12.7 The acceleration of a package sliding at point A is 3 m/s. Assuming 1\5

that the coefficient of kinetic friction is the same for each section,
determine the acceleration of the package at point B. Fig. P12.7

12.8 Determine the maximum theoretical speed that may be achieved
over a distance of 60 m by a car starting from rest, knowing that
the coefficient of static friction is 0.80 between the tires and the
pavement and that 60 percent of the weight of the car is distrib-
uted over its front wheels and 40 percent over its rear wheels.
Assume (a) four-wheel drive, (b) front-wheel drive, (¢) rear-wheel
drive.
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714 Kinetics of Particles: Newton’s Second law 12.9 If an automobile’s braking distance from 90 km/h is 45 m on level
pavement, determine the automobile’s braking distance from 90 km/h
when it is (@) going up a 5° incline, (b) going down a 3-percent
incline. Assume the braking force is independent of grade.

12.10 A mother and her child are skiing together, and the mother is
holding the end of a rope tied to the child’s waist. They are moving
at a speed of 7.2 km/h on a gently sloping portion of the ski slope
when the mother observes that they are approaching a steep
descent. She pulls on the rope with an average force of 7 N. Know-
ing the coefficient of friction between the child and the ground is
0.1 and the angle of the rope does not change, determine (a) the
time required for the child’s speed to be cut in half, (b) the dis-
tance traveled in this time.

50

AxpertSoft Trial Version

shown are m; = 0.40 and m; = 0.30. Knowing that the speed of
the rig is 72 km/h, determine the shortest distance in which the

"4 m __‘ 12.11 The coefficients of friction between the load and the flatbed trailer
rig can be brought to a stop if the load is not to shift.

12.12 A light train made up of two cars is traveling at 90 km/h when the
Fig. P12.11 brakes are applied to both cars. Knowing that car A has a mass of
25 Mg and car B a mass of 20 Mg, and that the braking force is
30 kN on each car, determine (a) the distance traveled by the train
before it comes to a stop, (b) the force in the coupling between
the cars while the train is slowing down.

90 km/h
e

Fig. P12.12

The two blocks shown are originally at rest. Neglecting the masses
of the pulleys and the effect of friction in the pulleys and between
block A and the incline, determine (¢) the acceleration of each
Fig. P12.13 block, (b) the tension in the cable.
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12.14

12.15

12.16

12.17

Solve Prob. 12.13, assuming that the coefficients of friction between Problems 715
block A and the incline are m; = 0.25 and m;, = 0.20.

Each of the systems shown is initially at rest. Neglecting axle fric-
tion and the masses of the pulleys, determine for each system
(a) the acceleration of block A, (b) the velocity of block A after it
has moved through 10 ft, (c) the time required for block A to reach
a velocity of 20 ft/s.

2100 Ib

2200 Ib
@ (2 3
Fig. P12.15

Boxes A and B are at rest on a conveyor belt that is initially at
rest. The belt is suddenly started in an upward direction so that
slipping occurs between the belt and the boxes. Knowing that the
coefficients of kinetic friction between the belt and the boxes are
(M4 = 0.30 and (M) = 0.32, determine the initial acceleration
of each box.

A 5000-1b truck is being AxpertSoft Trial Version
a 200-Ib pallet A. Knowiltg o

determine (@) the horizontal force between the tires and the ground:
(b) the force between the boulder and the pallet.

a

e

Fig. P12.17

12.18

12.19

Block A has a mass of 40 kg, and block B has a mass of 8 kg. The
coefficients of friction between all surfaces of contact are m; =
0.20 and m; = 0.15. If P = 0, determine () the acceleration of
block B, (b) the tension in the cord.

Block A has a mass of 40 kg, and block B has a mass of 8 kg. The
coefficients of friction between all surfaces of contact are m; =
0.20 and m; = 0.15. If P = 40 N Yy, determine (a) the acceleration
of block B, (b) the tension in the cord. Fig. P12.18 and P12.19
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716 Kinetics of Particles: Newton's Second Law 12.20 A package is at rest on a conveyor belt which is initially at rest.

The belt is started and moves to the right for 1.3 s with a constant
acceleration of 2 m/s>. The belt then moves with a constant decel-
eration a; and comes to a stop after a total displacement of 2.2 m.
Knowing that the coefficients of friction between the package and
the belt are m; = 0.35 and m; = 0.25, determine (a) the decelera-

tion ay of the belt, (b) the displacement of the package relative to
the belt as the belt comes to a stop.

12.21 A baggage conveyor is used to unload luggage from an airplane.
The 10-kg duffel bag A is sitting on top of the 20-kg suitcase B.
The conveyor is moving the bags down at a constant speed of
0.5 m/s when the belt suddenly stops. Knowing that the coefficient
of friction between the belt and B is 0.3 and that bag A does not
slip on suitcase B, determine the smallest allowable coefficient of
static friction between the bags.

12.22 To unload a bound stack of plywood from a truck, the driver first
tilts the bed of the truck and then accelerates from rest. Knowing
that the coefficients of friction between the bottom sheet of ply-
wood and the bed are m; = 0.40 and m; = 0.30, determine (a) the
smallest acceleration of the truck which will cause the stack of
plywood to slide, (b) the acceleration of the truck which causes
corner A of the stack to reach the end of the bed in 0.9 s.

Fig. P12.22

12.23 To transport a series of bundles of shingles A to a roof, a contractor
s matardiiven Ll cangictino of a horizontal platform BC which
bs of a ladder. The lift starts from
stant acceleration a; as shown. The
ate ay and comes to rest at D, near
Knowing that the coefficient of static friction
between a bundle of shingles and the horizontal platform is 0.30,
determine the largest allowable acceleration a, and the largest allow-
able deceleration ay if the bundle is not to slide on the platform.

Fig. P12.23
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12.24

12.25

12.26

12.27

12.28

An airplane has a mass of 25 Mg and its engines develop a total
thrust of 40 kN during take-off. If the drag D exerted on the plane
has a magnitude D = 2.25 ©%, where v is expressed in meters per
second and D in newtons, and if the plane becomes airborne at a
speed of 240 km/h, determine the length of runway required for
the plane to take off.

The propellers of a ship of weight W can produce a propulsive
force Fy; they produce a force of the same magnitude but of oppo-
site direction when the engines are reversed. Knowing that the
ship was proceeding forward at its maximum speed v, when the
engines were put into reverse, determine the distance the ship
travels before coming to a stop. Assume that the frictional resis-
tance of the water varies directly with the square of the velocity.

A constant force P is applied to a piston and rod of total mass m
to make them move in a cylinder filled with oil. As the piston
moves, the oil is forced through orifices in the piston and exerts
on the piston a force of magnitude kv in a direction opposite to
the motion of the piston. Knowing that the piston starts from rest
att = 0 and x = 0, show that the equation relating x, v, and ¢,
where x is the distance traveled by the piston and v is the speed
of the piston, is linear in each of these variables.

A spring AB of constan
a collar of mass m. The unstretched length of the spring is [.
Knowing that the collar is released from rest at x = x, and neglect-
ing friction between the collar and the horizontal rod, determine
the magnitude of the velocity of the collar as it passes through
point C.

Block A has a mass of 10 kg, and blocks B and C have masses of
5 kg each. Knowing that the blocks are initially at rest and that B
moves through 3 m in 2 s, determine (¢) the magnitude of the
force P, (b) the tension in the cord AD. Neglect the masses of the
pulleys and axle friction.

=
\ 4

Fig. P12.28

Problems
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Fig. P12.27
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718 Kinetics of Particles: Newton’s Second Law 12.29 A 40-Ib sliding panel is supported by rollers at B and C. A 25-lb
counterweight A is attached to a cable as shown and, in cases a
and ¢, is initially in contact with a vertical edge of the panel.
Neglecting friction, determine in each case shown the acceleration
of the panel and the tension in the cord immediately after the
system is released from rest.

(@ (b) (©)
Fig. P12.29

12.30 The coefficients of friction between blocks A and C and the hori-
zontal surfaces are m; = 0.24 and m; = 0.20. Knowing that m, =
5 kg, mp = 10 kg, and mc = 10 kg, determine (a) the tension in
the cord, (b) the acceleration of each block.

Fig. P12.30

12.31 A 10-lb block B rests as shown on a 20-lb bracket A. The coeffi-
cients of friction are m; = 0.30 and m; = 0.25 between block B
and bracket A, and there is no friction in the pulley or between
the bracket and the horizontal surface. (@) Determine the maximum
weight of block C if block B is not to slide on bracket A. (b) If
the weight of block C is 10 percent larger than the answer found
in a, determine the accelerations of A, B, and C.

Fig. P12.31
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12.32 The masses of blocks A, B, C, and D are 9 kg, 9 kg, 6 kg, and Problems 770
7 kg, respectively. Knowing that a downward force of magnitude
120 N is applied to block D, determine (a) the acceleration of each
block, (b) the tension in cord ABC. Neglect the weights of the
pulleys and the effect of friction.

12.33 The masses of blocks A, B, C, and D are 9 kg, 9 kg, 6 kg, and
7 kg, respectively. Knowing that a downward force of magnitude
50 N is applied to block B and that the system starts from rest,
determine at ¢ = 3 s the velocity (@) of D relative to A, (b) of C
relative to D. Neglect the weights of the pulleys and the effect
of friction.

12.34 The 15-kg block B is supported by the 25-kg block A and is
attached to a cord to which a 225-N horizontal force is applied
as shown. Neglecting friction, determine (a) the acceleration of
block A, (b) the acceleration of block B relative to A.

Fig. P12.32 and P12.33

225N

Fig. P12.34 AxpertSoft Trial Version

12.35 Block B of mass 10 kg rests as shown on the upper surface of a
22-kg wedge A. Knowing that the system is released from rest and 380
neglecting friction, determine (a) the acceleration of B, (b) the b
velocity of B relative to A at ¢t = 0.5 s.

12.36 A 450-g tetherball A is moving along a horizontal circular path at  Fig. P12.35
a constant speed of 4 m/s. Determine (@) the angle u that the cord
forms with pole BC, (b) the tension in the cord.

Fig. P12.36



http://www.axpertsoft.com/pdf-splitter-software/

720 Kinetics of Particles: Newton’s Second Law

<—1.6 m

Fig. P12.38, P12.39, and P12.40

12.37 During a hammer thrower’s practice swings, the 7.1-kg head A of
the hammer revolves at a constant speed v in a horizontal circle
as shown. If r = 0.93 m and u = 60°, determine (a) the tension
in wire BC, (b) the speed of the hammer’s head.

Fig. P12.37

12.38 A single wire ACB passes through a ring at C attached to a sphere
Wthh revolves at a constant speed v in the horizontal circle shown.
he same in both portions of the wire,

t C to a sphere which revolves at
: ontal circle shown. Determine the
range of values of v for which both wires remain taut.

*12.40 Two wires AC and BC are tied at C to a sphere which revolves at
a constant speed v in the horizontal circle shown. Determine the
range of the allowable values of v if both wires are to remain taut
and if the tension in either of the wires is not to exceed 60 N.

12.41 A 100-g sphere D is at rest relative to drum ABC which rotates
at a constant rate. Neglecting friction, determine the range of the
allowable values of the velocity v of the sphere if neither of
the normal forces exerted by the sphere on the inclined surfaces
of the drum is to exceed 1.1 N.

|<—0.2 m——

A | C
! 7 /J\ 70°
| \

\30°

B

Fig. P12.41
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*12.42 As part of an outdoor display, a 12-Ib model C of the earth is Problems 791
attached to wires AC and BC and revolves at a constant speed v
in the horizontal circle shown. Determine the range of the allow-
able values of v if both wires are to remain taut and if the tension
in either of the wires is not to exceed 26 Ib.

A\/

121b

121b

Fig. P12.42

*12.43 The 1.2-b flyballs of a g
speed v in the horizonts
the weights of links AB,
links support only tensile ~
able values of v so that the magnitudes of the forces in the links
do not exceed 17 Ib. Fig. P12.43

12.44 A 130-Ib wrecking ball B is attached to a 45-ft-long steel cable AB
and swings in the vertical arc shown. Determine the tension in the
cable (a) at the top C of the swing, (b) at the bottom D of the
swing, where the speed of B is 13.2 ft/s.

] f

Fig. P12.44

12.45 During a high-speed chase, a 2400-Ib sports car traveling at a
speed of 100 mi/h just loses contact with the road as it reaches the
crest A of a hill. (¢) Determine the radius of curvature r of the
vertical profile of the road at A. (b) Using the value of r found in
part a, determine the force exerted on a 160-Ib driver by the seat of
his 3100-Ib car as the car, traveling at a constant speed of 50 mi/h,
passes through A. Fig. P12.45
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722 Kinetics of Particles: Newton's Second Law 12.46

12.47

Fig. P12.46

12.48
A

12.49

Fig. P12.48

A child having a mass of 22 kg sits on a swing and is held in the
position shown by a second child. Neglecting the mass of the
swing, determine the tension in rope AB (a) while the second child
holds the swing with his arms outstretched horizontally, (b) imme-
diately after the swing is released.

The roller-coaster track shown is contained in a vertical plane. The
portion of track between A and B is straight and horizontal, while
the portions to the left of A and to the right of B have radii of
curvature as indicated. A car is traveling at a speed of 72 km/h
when the brakes are suddenly applied, causing the wheels of the
car to slide on the track (m; = 0.20). Determine the initial decel-
eration of the car if the brakes are applied as the car (@) has almost
reached A, (b) is traveling between A and B, (c) has just passed B.

/

p=30m

Y

p=45m

Fig. P12.47

A 250-g block fits inside a small cavity cut in arm OA, which
rotates in the vertical plane at a constant rate such that v = 3 m/s.
Knowing that the spring exerts on block B a force of magnitude
P = 1.5 N and neglecting the effect of friction, determine the range
of values of U for which block B is in contact with the face of the
cavity closest to the axis of rotation O.

A series of small packages, each with a mass of 0.5 kg, are dis-
charged from a conveyor belt as shown. Knowing that the coeffi-
cient of static friction between each package and the conveyor belt
is 0.4, determine (a) the force exerted by the belt on the package
just after it has passed point A, (b) the angle u defining the point
B where the packages first slip relative to the belt.

1m/s ’\

Fig. P12.49
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12.50 A 54-kg pilot flies a jet trainer in a half-vertical loop of 1200-m Problems 793
radius so that the speed of the trainer decreases at a constant rate.
Knowing that the pilot’s apparent weights at points A and C are
1680 N and 350 N, respectively, determine the force exerted on
her by the seat of the trainer when the trainer is at point B.

1200 m

___-@;_ér;_*—_A—/’/

Fig. P12.50

12.51 A carnival ride is designed to allow the general public to experi-
ence high-acceleration ngs : ——
a horizontal circle such . .
reclines on a platform A AXpertSOft Trial Version
is negligible. A mechani
down the incline. Determine (a) the speed v at which the platform
A begins to roll upward, (b) the normal force experienced by an
80-kg rider at this speed.

Fig. P12.51

12.52 A curve in a speed track has a radius of 1000 ft and a rated speed
of 120 mi/h. (See Sample Prob. 12.6 for the definition of rated
speed.) Knowing that a racing car starts skidding on the curve
when traveling at a speed of 180 mi/h, determine (a) the banking
angle U, (b) the coefficient of static friction between the tires and
the track under the prevailing conditions, (¢) the minimum speed
at which the same car could negotiate the curve. Fig. P12.52
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724 Kinetics of Particles: Newton’s Second Law

Fig. P12.53 and P12.54

12.53

12.54

12.56

Tilting trains, such as the American Flyer which will run from
Washington to New York and Boston, are designed to travel
safely at high speeds on curved sections of track which were
built for slower, conventional trains. As it enters a curve, each
car is tilted by hydraulic actuators mounted on its trucks. The
tilting feature of the cars also increases passenger comfort by
eliminating or greatly reducing the side force F, (parallel to the
floor of the car) to which passengers feel subjected. For a train
traveling at 100 mi/h on a curved section of track banked through
an angle U = 6° and with a rated speed of 60 mi/h, determine
(@) the magnitude of the side force felt by a passenger of weight W
in a standard car with no tilt (F = 0), () the required angle
of tilt T if the passenger is to feel no side force. (See Sample
Prob. 12.6 for the definition of rated speed.)

Tests carried out with the tilting trains described in Prob. 12.53
revealed that passengers feel queasy when they see through the
car windows that the train is rounding a curve at high speed, yet
do not feel any side force. Designers, therefore, prefer to reduce,
but not eliminate that force. For the train of Prob. 12.53, deter-
mine the required angle of tilt T if passengers are to feel side
forces equal to 10 percent of their weights.

A 3-kg block is at rest relative to a parabolic dish which rotates at
a constant rate about a vertical axis. Knowing that the coefficient
of static friction is 0.5 and that r = 2 m, determine the maximum

Fig. P12.55

Three seconds after a polisher is started from rest, small tufts of
fleece from along the circumference of the 225-mm-diameter pol-
ishing pad are observed to fly free of the pad. If the polisher is
started so that the fleece along the circumference undergoes a con-
stant tangential acceleration of 4 m/s>, determine (a) the speed v of a
tuft as it leaves the pad, (b) the magnitude of the force required to
free a tuft if the average mass of a tuft is 1.6 mg.

Fig. P12.56
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12.57 A turntable A is built into a stage for use in a theatrical production.

12.58

12.59

12.60

It is observed during a rehearsal that a trunk B starts to slide on
the turntable 10 s after the turntable begins to rotate. Knowing that
the trunk undergoes a constant tangential acceleration of 0.24 m/s>,
determine the coefficient of static friction between the trunk and
the turntable.

S =

Fig. P12.57

A small, 300-g collar D can slide on portion AB of a rod which is
bent as shown. Knowing that a = 40° and that the rod rotates
about the vertical AC at a constant rate of 5 rad/s, determine the
value of r for which the collar will not slide on the rod if the effect
of friction between the rod and the collar is neglected.

Fig. P12.58 and P12.59

A small, 200-g collar D can slide on portion AB of a rod which is
bent as shown. Knowing that the rod rotates about the vertical AC
at a constant rate and that a = 30° and r = 600 mm, determine
the range of values of the speed v for which the collar will not
slide on the rod if the coefficient of static friction between the rod
and the collar is 0.30.

A semicircular slot of 10-in. radius is cut in a flat plate which rotates
about the vertical AD at a constant rate of 14 rad/s. A small, 0.8-lb
block E is designed to slide in the slot as the plate rotates. Knowing
that the coefficients of friction are m; = 0.35 and m; = 0.25, deter-
mine whether the block will slide in the slot if it is released in the
position corresponding to (@) u = 80°, (b) u = 40°. Also determine
the magnitude and the direction of the friction force exerted on the
block immediately after it is released.

26 in.

1

Fig. P12.60

Problems

725
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726 Kinetics of Particles: Newton's Second Law 12.61 A small block B fits inside a slot cut in arm OA which rotates in a
vertical plane at a constant rate. The block remains in contact with
the end of the slot closest to A and its speed is 1.4 m/s for 0 = u =
150°. Knowing that the block begins to slide when u = 150°, deter-
mine the coefficient of static friction between the block and the slot.

12.62 The parallel-link mechanism ABCD is used to transport a compo-
nent I between manufacturing processes at stations E, F, and G by
picking it up at a station when U = 0 and depositing it at the next
station when u = 180°. Knowing that member BC remains hori-
zontal throughout its motion and that links AB and CD rotate at
a constant rate in a vertical plane in such a way that vy = 2.2 ft/s,
determine (¢) the minimum value of the coefficient of static fric-
tion between the component and BC if the component is not to

Fig. P12.61 slide on BC while being transferred, (b) the values of u for which

sliding is impending,

| [F " " ] ‘ | |
| [ ] " T |

Vg

s/

Fig. P12.62

12.63 Knowing that the coefficients of friction between the component
I and member BC of the mechanism of Prob. 12.62 are mg = 0.35
and m; = 0.25, determine (¢) the maximum allowable constant
speed vy if the component is not to slide on BC while being trans-
ferred, (b) the values of u for which sliding is impending.

Anode s 12.64 In the cathode-ray tube shown, electrons emitted by the cathode
V creen

and attracted by the anode pass through a small hole in the anode

Cathode \ Y and then travel in a straight line with a speed v, until they strike

B the screen at A. However, if a difference of potential V is established

15 between the two parallel plates, the electrons will be subjected to

L * a force F perpendicular to the plates while they travel between the

L plates and will strike the screen at point B, which is at a distance

d d from A. The magnitude of the force F is F = eV/d, where —e is

the charge of an electron and d is the distance between the plates.

Derive an expression for the deflection d in terms of V, v, the

Fig. P12.64 charge —e and the mass m of an electron, and the dimensions d,
[, and L.

1
|

12.65 In Prob. 12.64, determine the smallest allowable value of the ratio
d/lin terms of e, m, vy, and V if at x = [ the minimum permissible
distance between the path of the electrons and the positive plate
is 0.05d.
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12.7 ANGULAR MOMENTUM OF A PARTICLE. RATE
OF CHANGE OF ANGULAR MOMENTUM

Consider a particle P of mass m moving with respect to a newtonian
frame of reference Oxyz. As we saw in Sec. 12.3, the linear momen-
tum of the particle at a given instant is defined as the vector mv
obtained by multiplying the velocity v of the particle by its mass m.
The moment about O of the vector mv is called the moment of
momentum, or the angular momentum, of the particle about O at
that instant and is denoted by Hy. Recalling the definition of the
moment of a vector (Sec. 3.6) and denoting by r the position vector
of P, we write

Hy) =1 X mv (12.12)

and note that Hy is a vector perpendicular to the plane containing
r and mv and of magnitude

Hy = rmw sin F (12.13)

where T is the angle between r and mv (Fig. 12.12). The sense of Hy,
can be determined from the sense of mv by applying the right-hand
rule. The unit of angular momentum is obtained by multlplymg the
units of length and of linear mga
we have

With U.S. customary units, we write
(f)b-s)=ft-1b-s

Resolving the vectors r and mv into components and applying
formula (3.10), we write

ik
Hy,= | x y z (12.14)
mo,  mv, mu,
The components of Hy, which also represent the moments of the

linear momentum mv about the coordinate axes, can be obtained by
expanding the determinant in (12.14). We have

H, = m(yv. — zv,)
H, = m(zv, — xv,) (12.15)
H. = m(xv, — yov,)

In the case of a particle moving in the xy plane, we have z =
v, = 0 and the components H, and H, reduce to zero. The angular
momentum is thus perpendicular to the xy plane; it is then com-

pletely defined by the scalar
Hy = H, = m(xv, — yv,) (12.16)

12.7 Angular Momentum of a Particle. Rate of 727

Change of Angular Momentum

mv
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728 Kinetics of Particles: Newton's Second Law which will be positive or negative according to the sense in which
the particle is observed to move from O. If polar coordinates are
used, we resolve the linear momentum of the particle into radial and
transverse components (Fig. 12.13) and write

Hy = rmo sin ¥ = rmuy, (12.17)

or, recalling from (11.45) that v, = ,

Ho = mru (12.18)

Let us now compute the derivative with respect to ¢ of the
angular momentum Hy, of a particle P moving in space. Differentiat-
ing both members of Eq. (12.12), and recalling the rule for the dif-
ferentiation of a vector product (Sec. 11.10), we write

Ho=1r Xmv+rXmv=vXmv+rXma

Since the vectors v and mv are collinear, the first term of the
expression obtained is zero; and, by Newton’s second law, ma is
equal to the sum XF of the forces acting on P. Noting that r X XF
represents the sum =M of the moments about O of these forces,
we write

AxpertSoft Trial Version (12.19)

Equation (12.19), which results directly from Newton’s second
law, states that the sum of the moments about O of the forces acting
on the particle is equal to the rate of change of the moment of momen-
tum, or angular momentum, of the particle about O.

12.8 EQUATIONS OF MOTION IN TERMS OF RADIAL
AND TRANSVERSE COMPONENTS

Consider a particle P, of polar coordinates r and u, which moves in
a plane under the action of several forces. Resolving the forces and
the acceleration of the particle into radial and transverse components
(Fig. 12.14) and substituting into Eq. (12.2), we obtain the two scalar
equations

>F, = ma, 2F, = may (12.20)

Substituting for @, and a, from Eqs. (11.46), we have

SE = m(i — ri?) (12.21)

Photo 12.4 The forces on the specimens used SF, = m(TU + 21*[:!) (12.22)
in a high speed centrifuge can be described in
terms of radial and transverse components. The equations obtained can be solved for two unknowns.


http://www.axpertsoft.com/pdf-splitter-software/

Equation (12.22) could have been derived from Eq. (12.19).
Recalling (12.18) and noting that ZM, = r2F,, Eq. (12.19) yields

_d,
r2F, = 7 (mreu)

= m(ru + 2riru)
and, after dividing both members by r,

SF, = m(ru + 2iu) (12.22)

12.9 MOTION UNDER
CONSERVATION @

When the only force acting on a particle P is a force F directed
toward or away from a fixed point O, the particle is said to be moving
under a central force, and the point O is referred to as the center of
force (Fig. 12.15). Since the line of action of F passes through O,
we must have XMy = 0 at any given instant. Substituting into
Eq. (12.19), we therefore obtain

H, =0
for all values of ¢ and, integrating in ¢,
H, = constant (12.23)
We thus conclude that the angular momentum of a particle moving
under a central force is constant, in both magnitude and direction.

Recalling the definition of the angular momentum of a particle
(Sec. 12.7), we write

r X mv = Hy = constant (12.24)

from which it follows that the position vector r of the particle P must
be perpendicular to the constant vector Hp. Thus, a particle under

AxpertSoft Trial Version

12.9 Motion Under a Central Force.
Conservation of Angular Momentum

Fig. 12.15

729
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730 Kinetics of Particles: Newton's Second Law a central force moves in a fixed plane perpendicular to Hp. The vector
H, and the fixed plane are defined by the initial position vector r,
mv  and the initial velocity v, of the particle. For convenience, let us
assume that the plane of the figure coincides with the fixed plane of
motion (Fig. 12.16).
p Since the magnitude Hy, of the angular momentum of the par-
ticle P is constant, the right-hand member in Eq. (12.13) must be

' mvo constant. We therefore write
N\ o rmo sin ¥ = rgmo, sin (12.25)
o ) Po . . . . .
This relation applies to the motion of any particle under a central
force. Since the gravitational force exerted by the sun on a planet is

a central force directed toward the center of the sun, Eq. (12.25) is
fundamental to the study of planetary motion. For a similar reason,
it is also fundamental to the study of the motion of space vehicles in
orbit about the earth.

Alternatively, recalling Eq. (12.18), we can express the fact that
the magnitude Hy, of the angular momentum of the particle P is
constant by writing

Fig. 12.16

mru = Hp = constant (12.26)

or, dividing by m and denoting by h the angular momentum per unit
mass Hp/m,

(12.27)

AxpertSoft Trial Version

eresting geometric interpreta-
tion. Observing from F1g 12 17 that the radius vector OP sweeps
an infinitesimal area dA = 71” 2 du as it rotates through an angle du,
and defining the areal velocity of the particle as the quotient
dA/dt, we note that the left-hand member of Eq. (12.27) repre-
sents twice the areal velocity of the particle. We thus conclude that
when a particle moves under a central force, its areal velocity is
Fig. 12.17 constant.

12.10 NEWTON'S LAW OF GRAVITATION

As you saw in the preceding section, the gravitational force exerted
by the sun on a planet or by the earth on an orbiting satellite is an
important example of a central force. In this section, you will learn
how to determine the magnitude of a gravitational force.
In his law of universal gravitation, Newton states that two par-
ticles of masses M and m at a distance r from each other attract each
/\ m  other with equal and opposite forces F and —F directed along the
line joining the particles (Fig. 12.18). The common magnitude F of
F

the two forces is
F
// Mm
! F=G—p (12.28)

Fig. 12.18
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where G is a universal constant, called the constant of gmvitation.
Experiments show that the value of G is (66. 73 + 0. ()8)
10712 3/kg s* in ST units or approximately 34.4 X 10~ S ftb - s*in
U.S. customary units. Gravitational forces exist between any pair of
bodies, but their effect is appreciable only when one of the bodies
has a very large mass. The effect of gravitational forces is apparent in
the cases of the motion of a planet about the sun, of satellites orbiting
about the earth, or of bodies falling on the surface of the earth.

Since the force exerted by the earth on a body of mass m
located on or near its surface is defined as the weight W of the body,
we can substitute the magnitude W = mg of the weight for F, and
the radius R of the earth for r, in Eq. (12.28). We obtain

GM
;m or  g=—5
R’ R

W =mg = (12.29)
where M is the mass of the earth. Since the earth is not truly spheri-
cal, the distance R from the center of the earth depends upon the
point selected on its surface, and the values of W and g will thus
vary with the altitude and latitude of the point considered. Another
reason for the variation of W and g with latitude is that a system of
axes attached to the earth does not constitute a newtonian frame of
reference (see Sec. 12.2). A more accurate definition of the weight
of a body should therefore include a component representing the
centrifugal force due to the rotation of the earth. Values of g at sea
level vary from 9.781 m/s>, or
or 32.26 ft/s, at the poles f

The force exerted by the
space at a distance r from its c8 -
The computations will be somewhat snnphﬁed 1f we note that accord
ing to Eq. (12.29), the product of the constant of gravitation G and
the mass M of the earth can be expressed as

GM = gR® (12.30)

where g and the radius R of the earth will be given their average
values g = 9.81 m/s* and R = 6.37 X 10° m in SI unitst and g =
32.2 ft/s*> and R = (3960 mi)(5280 ft/mi) in U.S. customary units.

The discovery of the law of universal gravitation has often been
attributed to the belief that, after observing an apple falling from a
tree, Newton had reflected that the earth must attract an apple and
the moon in much the same way. While it is doubtful that this inci-
dent actually took place, it may be said that Newton would not have
formulated his law if he had not first perceived that the acceleration
of a falling body must have the same cause as the acceleration which
keeps the moon in its orbit. This basic concept of the continuity of
gravitational attraction is more easily understood today, when the gap
between the apple and the moon is being filled with artificial earth
satellites.

tA formula expressing g in terms of the latitude ¥ was given in Prob. 12.2.

{The value of R is easily found if one recalls that the circumference of the earth is
2nR = 40 X 10° m.

AxpertSoft Trial Version

12.10 Newton's Law of Gravitation
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SAMPLE PROBLEM 12.7

A block B of mass m can slide freely on a frictionless arm OA which rotates
in a horizontal plane at a constant rate u,. Knowing that B is released at a
distance r( from O, express as a function of r, (a) the component v, of the
velocity of B along OA, (b) the magnitude of the horizontal force F exerted
on B by the arm OA.

SOLUTION

Since all other forces are perpendicular to the plane of the figure, the only
force shown acting on B is the force F perpendicular to OA.

Equations of Motion. Using radial and transverse components,

+/ 2F, = ma,: 0 =m(i — rljz)' (1)
+N 2F, = may: F = m(ru + 2ru) (2)
a. Component v, of Velocity. Since v, = 7, we have

_dv. _dv.dr _ do,

r =0,

T at drdt Udr
Substituting for # in (1), recalling thatu = Uo, and separating the variables,

v, dv, = Wr dr

v, = ljo(rz — 12
0, 7 = v, in Eq. (2), and sub-
art a,
F = 2muy(r® — rg)"u, F = 2mud(?® — r2)"2

SAMPLE PROBLEM 12.8

A satellite is launched in a direction parallel to the surface of the earth with
a velocity of 18,820 mi/h from an altitude of 240 mi. Determine the velocity
of the satellite as it reaches its maximum altitude of 2340 mi. It is recalled
that the radius of the earth is 3960 mi.

SOLUTION

Since the satellite is moving under a central force directed toward the center O
of the earth, its angular momentum Hy, is constant. From Eq. (12.13) we have

rmv sin ¥ = Hy = constant

which shows that v is minimum at B, where both r and sin F are maximum.
Expressing conservation of angular momentum between A and B,
ramv, = rgmvpg

oA (15520 iy 2960 i 240 mi
UB T A O TV 3060 mi + 2340 mi
vy = 12,550 mi/h
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n this lesson we continued our study of Newton’s second law by expressing the
force and the acceleration in terms of their radial and transverse components,
where the corresponding equations of motion are

2F, = ma,: SF. = m@r — ru?)
2F, = may: 2F, = m(ru + 2ru)

We introduced the moment of the momentum, or the angular momentum, Hy, of
a particle about O:

Hy =r X mv (12.12)

and found that Hy, is constant when the particle moves under a central force with
its center located at O.

1. Using radial and transverse components. Radial and transverse components
were introduced in the last lesson of Chap. 11 [Sec. 11.14]; you should review that
material before attempting to solve the following problems. Also, our comments
in the preceding lesson regarding the application of Newton’s second law (drawing
a free-body diagram and a ma dlagram etc.) still apply [Sample Prob. 12.7]. Finally,
note that the soluti e application of tech-
niques develop techniques to solve

2. Solving problems involving the motion ot a particle under a central force.
In problems of this type, the angular momentum Hy, of the particle about the
center of force O is conserved. You will find it convenient to introduce the constant
h = Hgo/m representing the angular momentum per unit mass. Conservation of
the angular momentum of the particle P about O can then be expressed by either
of the following equations

rosin F =h or ru=nh

where r and U are the polar coordinates of P, and F is the angle that the velocity
v of the particle forms with the line OP (Fig. 12.16). The constant i can be deter-
mined from the initial conditions and either of the above equations can be solved
for one unknown.

(continued)

733


http://www.axpertsoft.com/pdf-splitter-software/

734

3. In space-mechanics problems involving the orbital motion of a planet about
the sun, or a satellite about the earth, the moon, or some other planet, the central
force F is the force of gravitational attraction; it is directed toward the center of
force O and has the magnitude

M
F=G— (12.28)
s

Note that in the particular case of the gravitational force exerted by the earth,
the product GM can be replaced by gRZ, where R is the radius of the earth
[Eq. 12.30].

The following two cases of orbital motion are frequently encountered:

a. For a satellite in a circular orbit, the force F is normal to the orbit and
you can write F = ma,; substituting for F from Eq. (12.28) and observing that
a, = vr = v/, you will obtain

or v =

he velocity v of
1 B which are,
ple Prob. 12.8].
hese two points

the satellite are pe
respectively, farthest
Thus, conservation of 8
can be expressed as

ramv, = rgmvp
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PROBLEMS

FREE-BODY PRACTICE PROBLEMS

12.F9

12.F10

12.F11

12.F12

Four pins slide in four separate slots cut in a horizontal circular
plate as shown. When the plate is at rest, each pin has a velocity
directed as shown and of the same constant magnitude u. Each
pin has a mass m and maintains the same velocity relative to the
plate when the plate rotates about O with a constant counterclock-
wise angular velocity w. Draw the FBDs and KDs to determine
the forces on pins P; and P,.

At the instant shown, the length of the boom AB is being de-
creased at the constant rate of 0.2 m/s, and the boom is being
lowered at the constant rate of 0.08 rad/s. If the mass of the men
and lift connected to the boom at point B is m, draw the FBD and
KD that could be used to determine the horizontal and vertical
forces at B.

Disk A rotates in a horizontal plane about a vertical axis at the
constant rate Uy. Slider B has a mass m and moves in a frictionless
slot cut in the disk. The slider is attached to a spnng of constant
k, which is undeformed

released with no radial
and KD at an arbitra

Fig. P12.F11

Pin B has a mass m and slides along the slot in the rotating arm OC
and along the slot DE which is cut in a fixed horizontal plate. Ne-
glecting friction and knowing that rod OC rotates at the constant
rate Uy, draw a FBD and KD that can be used to determine the
forces P and Q exerted on pin B by rod OC and the wall of slot
DE, respectively.

Fig. P12.F9

Fig. P12.F10

<

0.2m !

I
Fig. P12.F12
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736 Kinefics of Particles: Newton’s Second Law END-OF-SECTION PROBLEMS

12.66

12.67

12.68

12.69

Fig. P12.68

Fig. P12.70

/\ 1271

Fig. P12.71 and P12.72

Rod OA rotates about O in a horizontal plane. The motion of the
0.5-1b collar B is defined by the relations r = 10 + 6 cos pt and u =
p@t® — 8t), where r is expressed in inches, ¢ in seconds, and U in
radians. Determine the radial and transverse components of the
force exerted on the collar when (@) ¢t = 0, (b) t = 0.5 s.

Rod OA oscillates about O in a horizontal plane The motion of
the 2-Ib collar B is defined by the relations r = 6(1 — e 20 and
u = (3/p)(sin pt), where r is expressed in inches, ¢ in seconds, and
u in radians. Determine the radial and transverse components of
the force exerted on the collar when (@) t = 1s, (b) t = 1.5 s.

The 3-kg collar B slides on the frictionless arm AA". The arm is
attached to drum D and rotates about O in a horizontal plane at the
rate U = 0.75¢, where U and ¢ are expressed in rad/s and seconds,
respectively. As the arm-drum assembly rotates, a mechanism within
the drum releases cord so that the collar moves outward from O with
a constant speed of 0.5 m/s. Knowing that att = 0, r = 0, determine
the time at which the tension in the cord is equal to the magnitude
of the horizontal force exerted on B by arm AA”.

The horizontal rod OA rotates about a vertical shaft according to
the relation u = 10¢, where U and ¢ are expressed in rad/s and
seconds, respectively. A 250-g collar B is held by a cord with a
breaking strength of 18 N. Neglecting friction, determine, imme-
dlately after the cord breaks (a) the relative acceleration of the
) the magnitude of the horizontal
e rod.

—

@il
‘ti
—
@>

Fig. P12.69

12.70 Pin B weighs 4 oz and is free to slide in a horizontal plane along

the rotating arm OC and along the circular slot DE of radius
b = 20 in. Neglectmg friction and assuming that u = 15 rad/s and
u = 250 rad/s’ for the position U = 20°, determine for that position
(@) the radial and transverse components of the resultant force
exerted on pin B, (b) the forces P and Q exerted on pin B, respec-
tively, by rod OC and the wall of slot DE.

The two blocks are released from rest when » = 0.8 m and u =
30°. Neglecting the mass of the pulley and the effect of friction in
the pulley and between block A and the horizontal surface, deter-
mine (@) the initial tension in the cable, (b) the initial acceleration
of block A, (c) the initial acceleration of block B.

The velocity of block A is 2 m/s to the right at the instant when
r = 0.8 m and u = 30°. Neglecting the mass of the pulley and the
effect of friction in the pulley and between block A and the hori-
zontal surface, determine, at this instant, (@) the tension in the cable,
(b) the acceleration of block A, (¢) the acceleration of block B.
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*12.73

12.74

12.75

12.76

12.77

12.78

12.79

Slider C has a weight of 0.5 Ib and may move in a slot cut in arm
AB, which rotates at the constant rate U, = 10 rad/s in a horizontal
plane. The slider is attached to a spring of constant k = 2.5 Ib/ft,
which is unstretched when r = 0. Knowing that the slider is released
from rest with no radial velocity in the position » = 18 in. and
neglecting friction, determine for the position » = 12 in. (@) the
radial and transverse components of the velocity of the slider, (b) the
radial and transverse components of its acceleration, (c) the horizon-
tal force exerted on the slider by arm AB.

A particle of mass m is projected from point A with an initial
velocity v, perpendicular to line OA and moves under a central
force F directed away from the center of force O. Knowing that the
particle follows a path defined by the equation r = ry/dcos 2u
and using Eq. (12.27), express the radial and transverse components
of the velocity v of the particle as functions of u.

For the particle of Prob. 12.74, show (a) that the velocity of the
particle and the central force F are proportional to the distance r
from the particle to the center of force O, (b) that the radius of
curvature of the path is proportional to .

A particle of mass m is projected from point A with an initial
velocity v, perpendicular to line OA and moves under a central
force F along a semicircular path of diameter OA. Observing that
r = ry cos U and using Eq. (12.27), show that the speed of the
particle is v = vy/cos” U.

Problems 737

fe— I ——

C

AMM@B

E@) @ =10 rad/s

\
%
m

Fig. P12.73

I’/\
el %
OI‘—ro—'|A

Fig. P12.74
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/ \
F \
9 \
|A
1

F o
Fig. P12.76

For the particle of Prob. 12.76, determine the tangential compo-
nent F, of the central force F along the tangent to the path of the
particle for (@) u = 0, (b) u = 45°.

Determine the mass of the earth knowing that the mean radius of
the moon’s orbit about the earth is 238,910 mi and that the moon
requires 27.32 days to complete one full revolution about the earth.

Show that the radius r of the moon’s orbit can be determined from
the radius R of the earth, the acceleration of gravity g at the
surface of the earth, and the time t required for the moon to
complete one full revolution about the earth. Compute r knowing
that t = 27.3 days, giving the answer in both SI and U.S. custom-
ary units.
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738 Kinetics of Particles: Newton's Second Law 12.80 Communication satellites are placed in a geosynchronous orbit, i.e.,
in a circular orbit such that they complete one full revolution about
the earth in one sidereal day (23.934 h), and thus appear stationary
with respect to the ground. Determine (a) the altitude of these
satellites above the surface of the earth, () the velocity with which
they describe their orbit. Give the answers in both SI and U.S.
customary units.

12.81 Show that the radius r of the orbit of a moon of a given planet can
be determined from the radius R of the planet, the acceleration of
gravity at the surface of the planet, and the time t required by
the moon to complete one full revolution about the planet. Deter-
mine the acceleration of gravity at the surface of the planet Jupiter
knowing that R = 71 492 km and that t = 3.551 days and r =
670.9 X 10° km for its moon Europa.

12.82 The orbit of the planet Venus is nearly circular with an orbital
velocity of 126.5 X 10° km/h. Knowing that the mean distance
from the center of the sun to the center of Venus is 108 X 10° km
and that the radius of the sun is 695.5 X 10° km, determine
(@) the mass of the sun, (b) the acceleration of gravity at the surface
of the sun.

12.83 A satellite is placed into a circular orbit about the planet Saturn
at an altitude of 2100 mi. The satellite describes its orbit with a
velocity of 54.7 X 10% mi/h. Knowing that the radius of the orbit

§ e of Atlas, one of Saturn’s moons,
wys, respectively, determine (a) the
Saturn. (The periodic time of a
complete one full revolution about

AxpertSoft Trial Version

the planet.)

12.84 The periodic times (see Prob. 12.83) of the planet Uranus’s moons
Juliet and Titania have been observed to be 0.4931 days and
8.706 days, respectively. Knowing that the radius of Juliet’s orbit
is 40,000 mi, determine (a) the mass of Uranus, (b) the radius of
Titania’s orbit.

12.85 A 500-kg spacecraft first is placed into a circular orbit about the
earth at an altitude of 4500 km and then is transferred to a cir-
cular orbit about the moon. Knowing that the mass of the moon
is 0.01230 times the mass of the earth and that the radius of the
moon is 1737 km, determine (e) the gravitational force exerted on
the spacecraft as it was orbiting the earth, (b) the required radius
of the orbit of the spacecraft about the moon if the periodic times
(see Prob. 12.83) of the two orbits are to be equal, (c) the accel-
eration of gravity at the surface of the moon.

12.86 A space vehicle is in a circular orbit of 2200-km radius around the
moon. To transfer it to a smaller circular orbit of 2080-km radius,
the vehicle is first placed on an elliptic path AB by reducing its
speed by 26.3 m/s as it passes through A. Knowing that the mass
of the moon is 73.49 X 10* kg, determine (a) the speed of the
vehicle as it approaches B on the elliptic path, (b) the amount by
which its speed should be reduced as it approaches B to insert it

Fig. P12.86 into the smaller circular orbit.
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12.87 Plans for an unmanned landing mission on the planet Mars called Problems 730
for the earth-return vehicle to first describe a circular orbit at an
altitude d, = 2200 km above the surface of the planet with a Second transfer orbit
velocity of 2771 m/s. As it passed through point A, the vehicle
was to be inserted into an elliptic transfer orbit by firing its
engine and increasing its speed by Avy, = 1046 m/s. As it passed
through point B, at an altitude dz = 100 000 km, the vehicle was
to be inserted into a second transfer orbit located in a slightly
different plane, by changing the direction of its velocity and
reducing its speed by Avy = —22.0 m/s. Finally, as the vehicle
passed through point C, at an altitude d¢ = 1000 km, its speed
was to be increased by Ave = 660 m/s to insert it into its return
trajectory. Knowing that the radius of the planet Mars is R =
3400 km, determine the velocity of the vehicle after completion
of the last maneuver.

First transfer orbit
Return trajectory

Fig. P12.87
12.88 To place a communications satellite into a geosynchronous orbit
(see Prob. 12.80) at an altitude of 22,240 mi above the surface of
the earth, the satellite first is released from a space shuttle, which
is in a circular orbit at an altitude of 185 mi, and then is propelled
by an upper-stage booster to its final altitude. As the satellite
passes through A, the booster’s motor is fired to insert the satellite
into an elliptic transfer orbit. The booster is again fired at B to
insert the satellite into a geosynchronous orbit. Knowing that the
second firing increases the speed of the satellite by 4810 ft/s, deter-
mine (a) the speed of the satellite as it approaches B on the elliptic
transfer orbit, (b) the in e in_coood soculting Lo tho fi

firing at A. . .
AxpertSoft Trial Version

22,240 mi
185 mi
Ve

Fig. P12.88

12.89 A space shuttle S and a satellite A are in the circular orbits
shown. In order for the shuttle to recover the satellite, the shuttle
is first placed in an elliptic path BC by increasing its speed by
Avg = 280 ft/s as it passes through B. As the shuttle approaches C,
its speed is increased by Ave = 260 ft/s to insert it into a second
elliptic transfer orbit CD. Knowing that the distance from O to
C is 4289 mi, determine the amount by which the speed of the
shuttle should be increased as it approaches D to insert it into
the circular orbit of the satellite. Fig. P12.89
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740 Kinetics of Particles: Newton's Second Law 12.90 A 1-kg collar can slide on a horizontal rod which is free to rotate
about a vertical shaft. The collar is initially held at A by a cord
450 mm | attached to the shaft. A spring of constant 30 N/m is attached to
the collar and to the shaft and is undeformed when the collar is
‘ at A. As the rod rotates at the rate U = 16 rad/s, the cord is cut
— and the collar moves out along the rod. Neglecting friction and
W"“ B the mass of the rod, determine (@) the radial and transverse com-
ponents of the acceleration of the collar at A, (b) the acceleration
of the collar relative to the rod at A, (¢) the transverse component

/ of the velocity of the collar at B.

<150 mm >

12.91 A 1-1b ball A and a 2-Ib ball B are mounted on a horizontal rod

Fig. P12.90 which rotates freely about a vertical shaft. The balls are held in the
positions shown by pins. The pin holding B is suddenly removed and
i | the ball moves to position C as the rod rotates. Neglecting friction
10in— -l sin. c and the mass of the rod and knowing that the initial speed of A is

@ —10in N n— @ vy = 8 ft/s, determine (a) the radial and transverse components of

Y
the acceleration of ball B immediately after the pin is removed,
A

16 in. 16 in.

/ B (b) the acceleration of ball B relative to the rod at that instant,
( (c) the speed of ball A after ball B has reached the stop at C.

Va

12.92 Two 2.6-Ib collars A and B can slide without friction on a frame,

/ consisting of the horizontal rod OE and the vertical rod CD, which

L is free to rotate about CD. The two collars are connected by a cord

Fig. P12.91 running over a pulley that is attached to the frame at O and a stop

prevents collar B from moving. The frame is rotating at the rate u =

aclde and o = () bon the stop is removed allowing collar A

. . beting friction and the mass of the

VAT ASTo I BT EVRVACTESI (O] g R + = 1.2 ft, (@) the transverse com-

(b) the tension in the cord and the
ation of collar A relative to the rod OE.

F
C

Sl »

Fig. P12.92

12.93 A small ball swings in a horizontal circle at the end of a cord of
length [;, which forms an angle u; with the vertical. The cord is then
slowly drawn through the support at O until the length of the free
end is l5. (@) Derive a relation among [, l5, Uy, and Us. (b) If the ball
is set in motion so that initially /; = 0.8 m and u; = 35°, determine

Fig. P12.93 the angle u, when [, = 0.6 m.
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*12.11 TRAJECTORY OF A PARTICLE
UNDER A CENTRAL FORCE

Consider a particle P moving under a central force F. We propose
to obtain the differential equation which defines its trajectory.
Assuming that the force F is directed toward the center of force
O, we note that 2F, and XF, reduce, respectively, to —F and zero
in Egs. (12.21) and (12.22). We therefore write
m(i — ri?) = —F (12.31)
m(ru + 2iu) = 0 (12.32)
These equations define the motion of P. We will, however, replace
Eq. (12.32) by Eq. (12.27), which is equivalent to Eq. (12.32), as can
easily be checked by differentiating it with respect to ¢, but which is
more convenient to use. We write

Pu=nh or r—=nh (12.33)

Equation (12.33) can be used to eliminate the independent vari-
able ¢ from Eq. (12.31). Solving Eq. (12.33) for u or du/dt, we have

jodu_ (12.34)
dt '
from which it follows that
_dr _drd
S dt dud
. dr  dirdS

"Tdt dudt Pdu

or, substituting for 7 from (12.35),

grgro

TR du\r

. W d* (1

r = _rzduz<1”> (1236)
Substituting for u and # from (12.34) and (12.36), respectively, in

Eq. (12.31) and introducing the function u = 1/r, we obtain after
reductions

r

(12.37)

In deriving Eq. (12.37), the force F was assumed directed toward O.
The magnitude F should therefore be positive if F is actually directed
toward O (attractive force) and negative if F is directed away from
O (repulsive force). If F is a known function of r and thus of u,
Eq. (12.37) is a differential equation in « and u. This differential
equation defines the trajectory followed by the particle under the
central force F. The equation of the trajectory can be obtained by
solving the differential equation (12.37) for u as a function of u and
determining the constants of integration from the initial conditions.

12.11 Trajectory of a Particle
Under a Central Force

741
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742 Kinetics of Particles: Newton’s Second Law

Photo 12.5 The Hubble telescope was ¢
info orbit by the space shuttle in 1990 (firs
geosynchronous from NASA).

Fig. 12.19

*12.12 APPLICATION TO SPACE MECHANICS

After the last stages of their launching rockets have burned out, earth
satellites and other space vehicles are subjected to only the gravitational
pull of the earth. Their motion can therefore be determined from
Egs. (12.33) and (12.37), which govern the motion of a particle under
a central force, after F has been replaced by the expression obtained
for the force of gravitational attraction.t Setting in Eq. (12.37)

GMm 9
F=——=GMnu
r
where M = mass of earth
m = mass of space vehicle
r = distance from center of earth to vehicle
u = 1/r

we obtain the differential equation

&
du?

GM
= ? (12.38)
where the right-hand member is observed to be a constant.

The solution of the differential equation (12.38) is obtained by
adding the particular solution u = GM/h* to the general solution u =
C cos (U — Uy) of the corresponding homogeneous equation (i.e., the
-hand member equal to zero).
, we write

(12.39)

Equation (12.39) is the equation of a conic section (ellipse, parabola,
or hyperbola) in the polar coordinates r and u. The origin O of the
coordinates, which is located at the center of the earth, is a focus of
this conic section, and the polar axis is one of its axes of symmetry
(Fig. 12.19).

The ratio of the constants C and GM/h* defines the eccentricity &
of the conic section; letting

C Ch?
e = = — 12.40
GM/h*  GM ( )
we can write Eq. (12.39) in the form
1 GM ,
Pl (1 +ecosu) (12.39")

This equation represents three possible trajectories.

1. ¢ > 1, or C > GM/h* There are two values u; and —u; of
the polar angle, defined by cos u; = —GM/Ch?, for which the

It is assumed that the space vehicles considered here are attracted by the earth only
and that their mass is negligible compared with the mass of the earth. If a vehicle moves
very far from the earth, its path may be affected by the attraction of the sun, the moon,
or another planet.


http://www.axpertsoft.com/pdf-splitter-software/

right-hand member of Eq. (12.39) becomes zero. For both 12.12 Application fo Space Mechanics
these values, the radius vector r becomes infinite; the conic

section is a hyperb()la (Fig. 12.20). N
2. ¢ = 1, or C = GM/h> The radius vector becomes infinite for \
u = 180°; the conic section is a parabola. \

3. ¢ < 1, or C < GM/h* The radius vector remains finite for
every Value of u; the conic section is an ellipse. In the particular
case when ¢ = C = 0, the length of the radius vector is con-
stant; the conic section is a circle.

Let us now see how the constants C and GM/h?, which character-
ize the trajectory of a space vehicle, can be determined from the
vehicle’s position and velocity at the beginning of its free flight. We will
assume that, as is generally the case, the powered phase of its flight
has been programmed in such a way that as the last stage of the launch-
ing rocket burns out, the vehicle has a velocity parallel to the surface
of the earth (Fig. 12.21). In other words, we will assume that the space
vehicle begins its free flight at the vertex A of its trajectory.t

Denoting the radius vector and speed of the vehicle at the
beginning of its free flight by r, and vy, respectively, we observe
that the velocity reduces to its transverse component and, thus, that
vy = roUy. Recalling Eq. (12.27), we express the angular momentum
per unit mass h as

The value obtained for h ca
GM/h*. We also note that the
simplified if we use the relation obtained in Sec. 12.10. y

GM = gR* (12.30) /

where R is the radius of the earth (R = 6.37 X 10° m or 3960 mi) Fig. 12.20
and g is the acceleration of gravity at the surface of the earth.
The constant C is obtained by setting u = 0, r = r;, in (12.39): S
ree flig

Vo

C=——— (12.42)

Substituting for h from (12.41), we can then easily express C in terms
of ry and v,.

Let us now determine the initial conditions corresponding to \
each of the three fundamental trajectories indicated above. Consid-
ermg first the parabolic trajectory, we set C equal to GM/h* in

Eq. (12.42) and eliminate & between Eqs. (12.41) and (12.42). Solv-
ing for vy, we obtain

Burnout

Powered flight
Launching

Fig. 12.21

2GM
A Ty

Vg —

We can easily check that a larger value of the initial velocity corre-
sponds to a hyperbolic trajectory and a smaller value corresponds to an
elliptic orbit. Since the value of v, obtained for the parabolic trajectory

fProblems involving oblique launchings will be considered in Sec. 13.9.
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744 Kinetics of Particles: Newton's Second Law is the smallest value for which the space vehicle does not return to its

Veire < Vo < Vesc

Vo = Veirc

] !

Fig. 12.23

starting point, it is called the escape velocity. We write therefore
. 2GM 20R
Jesc or Uese =
A 1y B nr

if we make use of Eq. (12.30). We note that the trajectory will be
(1) hyperbolic if vy > veg., (2) parabolic if vy = v, and (3) elliptic
if vy < Vese

Among the various possible elliptic orbits, the one obtained
when C = 0, the circular orbit, is of special interest. The value of the
initial velocity corresponding to a circular orbit is easily found to be

(12.43)

GM ng
—  or

Ucire = A 1o Ucire = BT() (1244)

if Eq. (12.30) is taken into account. We note from Fig. 12.22 that
for values of v, larger than v, but smaller than v, point A where
A free flight begins is the point of the orbit closest to the earth; this
point is called the perigee, while point A’, which is farthest away
from the earth, is known as the apogee. For values of vy smaller than
Ueire» point A is the apogee, while point A”, on the other side of the
orbit, is the perigee. For values of vy, much smaller than v, the
trajectory of the space vehicle intersects the surface of the earth; in
such a case, the vehicle does not go into orbit.
Ballistic missiles, which were designed to hit the surface of the
wories. In fact, we should now
: : uum with an initial velocity v,
AXpertSOft Trial Version liptic path. It is only whentzhe
—__ — . . gravitational field of the earth
can be assumed uniform and that the elliptic path can be approxi-
mated by a parabolic path, as was done earlier (Sec. 11.11) in the
case of conventional projectiles.

Periodic Time. An important characteristic of the motion of an
earth satellite is the time required by the satellite to describe its
orbit. This time, known as the periodic time of the satellite, is denoted
by t. We first observe, in view of the definition of areal velocity
(Sec. 12.9), that t can be obtained by dividing the area inside the
orbit by the areal velocity. Noting that the area of an ellipse is equal
to pab, where a and b denote the semimajor and semiminor axes,
respectively, and that the areal velocity is equal to h/2, we write

_ 2pab
h

t (12.45)

While & can be readily determined from 7 and vy in the case of
a satellite launched in a direction parallel to the surface of the earth,
the semiaxes @ and b are not directly related to the initial conditions.
Since, on the other hand, the values 1y and 1, of r corresponding to
the perigee and apogee of the orbit can easily be determined from
Eq. (12.39), we will express the semiaxes @ and b in terms of 1 and ry.

Consider the elliptic orbit shown in Fig. 12.23. The earth’s cen-
ter is located at O and coincides with one of the two foci of the
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ellipse, while the points A and A" represent, respectively, the perigee
and apogee of the orbit. We easily check that

ro+r; = 2a
and thus
a=Yry+ ) (12.46)
Recalling that the sum of the distances from each of the foci to any
point of the ellipse is constant, we write
O'B+ BO =0'A+ OA = 2 or BO =a
On the other hand, we have CO = a — r,. We can therefore write

b? = (BC)* = (BO — (CO¥* =da® — (a — ry)*

= r2a — ry) = ron

59

b
and thus o
b = 1T()1"1 (12.47)

Formulas (12.46) and (12.47) indicate that the semimajor and semi-
minor axes of the orbit are equal, respectively, to the arithmetic and
geometric means of the maximum and minimum values of the radius
vector. Once ry and r; have been determined, the lengths of the
semiaxes can be easily computed and substituted for @ and b in for-

mula (12.45).

*12.13 KEPLER'S LAWS OF PLANETARY MOTION

The equations governing the

to describe the motion of the AXpertSOft Trial Version

however, the mass of the moo .
mass of the earth, and the results obtained are not entirely accurate.

The theory developed in the preceding sections can also be
applied to the study of the motion of the planets around the sun.
Although another error is introduced by neglecting the forces exerted
by the planets on one another, the approximation obtained is excel-
lent. Indeed, even before Newton had formulated his fundamental
theory, the properties expressed by Eq. (12.39), where M now rep-
resents the mass of the sun, and by Eq. (12.33) had been discovered
by the German astronomer Johann Kepler (1571-1630) from astro-
nomical observations of the motion of the planets.

Keplers three laws of planetary motion can be stated as follows:

1. Each planet describes an ellipse, with the sun located at one
of its foci.

2. The radius vector drawn from the sun to a planet sweeps equal
areas in equal times.

3. The squares of the periodic times of the planets are propor-
tional to the cubes of the semimajor axes of their orbits.

The first law states a particular case of the result established in
Sec. 12.12, and the second law expresses that the areal velocity of
each planet is constant (see Sec. 12.9). Kepler’s third law can also be
derived from the results obtained in Sec. 12.12.1

tSee Prob. 12.120.

12.13 Kepler's Laws of Planetary Motion

r

Fig. 12.23 (repeated)
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36,900 km/h

Earth

746

N 500 km

Maximum altitude @

SAMPLE PROBLEM 12.9

A satellite is launched in a direction parallel to the surface of the earth with a
velocity of 36 900 km/h from an altitude of 500 km. Determine (a) the maxi-
mum altitude reached by the satellite, (b) the periodic time of the satellite.

SOLUTION

a. Maximum Alfitude.  After the satellite is launched, it is subjected only
to the gravitational attraction of the earth; its motion is thus governed by
Eq. (12.39),
% = % + C cos U o
Since the radial component of the velocity is zero at the point of launching A,
we have h = rg,. Recalling that for the earth R = 6370 km, we compute
ro = 6370 km + 500 km = 6870 km = 6.87 X 10°m
36.9 X 10°m
3.6 X 10° s
h = ryvy = (6.87 X 10°m)(10.25 X 10°m/s) = 70.4 X 10° m%s
h* = 4.96 X 10*' m"/s*
Since GM = gR®, where R is the radius of the earth, we have
)* = 398 X 10" m%s?
AxpertSoft Trial Version

vy = 36 900 km/h = =10.25 X 10’ m/s

Substituting this value into (1), we obtain
1
—=803X 10°m™" + Ccosu 2)

Noting that at point A we have u = 0 and r = r, = 6.87 X 10° m, we
compute the constant C:

1
6.87 X 10°m
At A’, the point on the orbit farthest from the earth, we have u = 180°.
Using (2), we compute the corresponding distance ry:

1
— =803 X 10 m™ + (65.3 X 107" m™!) cos 180°
1
r = 66.7 X 10° m = 66 700 km
Maximum altitude = 66 700 km — 6370 km = 60 300 km
b. Periodic Time. Since A and A’ are the perigee and apogee, respectively,
of the elliptic orbit, we use Eqs. (12.46) and (12.47) and compute the semi-
major and semiminor axes of the orbit:
a=3%ry+r) =36.87+ 66.7)(10°) m = 36.8 X 10°m
b= Lry; = 1(6.87)(66.7) X 10°m = 21.4 X 10°m
¢ 2Pab _ 2p(368 X 10°m)(21.4 X 10°m)
h 70.4 X 10° m¥s
t =703 X 10°s = 1171 min = 19 h 31 min

=80.3 X 10 m™" + C cos 0° C=653%x10"m"!
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In this lesson, we continued our study of the motion of a particle under a central
force and applied the results to problems in space mechanics. We found that the
trajectory of a particle under a central force is defined by the differential equation
du F
—tu=—5 (12.37)
du® mh?u®
where u is the reciprocal of the distance r of the particle to the center of force
(u = 1r), F is the magnitude of the central force F, and h is a constant equal to the
angular momentum per unit mass of the particle. In space-mechanics problems, F
is the force of gravitational attraction exerted on the satellite or spacecraft by the
sun, earth or other planet about which it travels. Substituting F = GMm/r* =
GMmu® into Eq. (12.37), we obtain for that case
Fu o

TRty (12.38)

where the right-hand member is a constant.

1. Analyzing the mohon of satellltes and spacecraff The solution of the
differential equgites : micllite or spacecraft. It

AxpertSoft Trial Version |l

-—=— (12.39, 12.39")
r h
Remember when applying these equations that u = 0 always corresponds to the
perigee (the point of closest approach) of the trajectory (Fig. 12.19) and that A is
a constant for a given trajectory. Depending on the value of the eccentricity ¢, the
trajectory will be a hyperbola, a parabola, or an ellipse.

a. E > 1: The trajectory is a hyperbola, so that for this case the spacecraft
never returns to its starting point.

b. E = 1: The trajectory is a parabola. This is the limiting case between
open (hyperbolic) and closed (elliptic) trajectories. We had observed for this case
that the velocity v, at the perigee is equal to the escape velocity v,

2GM

12.43
A (12.43)

Vo = Uese —

Note that the escape velocity is the smallest velocity for which the spacecraft does
not return to its starting point.

c. E < 1: The trajectory is an elliptic orbit. For problems involving elliptic
orbits, you may find that the relation derived in Prob. 12.102,
1 1 2GM

L=

ro 1 h?

(continued)
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will be useful in the solution of subsequent problems. When you apply this equa-
tion, remember that 1, and r; are the distances from the center of force to the
perigee (U = 0) and apogee (U = 180°), respectively; that h = ryvy = rjvy; and
that, for a satellite orbiting the earth, GM ., = gBQ, where R is the radius of the
earth. Also recall that the trajectory is a circle when & = 0.

2. Determining the point of impact of a descending spacecraft. For problems
of this type, you may assume that the trajectory is elliptic and that the initial point
of the descent trajectory is the apogee of the path (Fig. 12.22). Note that at the
point of impact, the distance r in Egs. (12.39) and (12.39') is equal to the radius
R of the body on which the spacecraft lands or crashes. In addition, we have h =
Ruo; sin F;, where v; is the speed of the spacecraft at impact and F; is the angle
that its path forms with the vertical at the point of impact.

3. Calculating the time to travel between two points on a trajectory. For
central force motion, the time ¢ required for a particle to travel along a portion of
its trajectory can be determined by recalling from Sec. 12.9 that the rate at which
area is swept per unit time by the position vector r is equal to one-half of the
angular momentum per unit mass h of the particle: dA/dt = h/2. 1t follows, since h
is a constant for a gi

AxpertSoft Trial Version

where A is the total area swept in the time ¢.
a. In the case of an elliptic trajectory, the time required to complete one
orbit is called the periodic time and is expressed as
2(pab
¢ = 2(Pab) (12.45)
h
where a and b are the semimajor and semiminor axes, respectively, of the ellipse
and are related to the distances 1 and r; by

a=%rg+r) and b= drgy (1246, 12.47)

b. Kepler’s third law provides a convenient relation between the periodic
times of two satellites describing elliptic orbits about the same body [Sec. 12.13].
Denoting the semimajor axes of the two orbits by a; and as, respectively, and the
corresponding periodic times by t; and t,, we have

t_ a

tg a%
c. In the case of a parabolic trajectory, you may be able to use the expres-
sion given on the inside of the front cover of the book for a parabolic or a

semiparabolic area to calculate the time required to travel between two points of
the trajectory.
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PROBLEMS

CONCEPTS QUESTIONS

12.€CQ6 A uniform crate C with mass m is being transported to the left by
a forklift with a constant speed v;. What is the magnitude of the
angular momentum of the crate about point D, that is, the upper
left corner of the crate?
a. 0

. mva

b
c. mub
d. mv, 24 + b*

V1 I

d

<3 ft |
Fig. P12.CQ6 and P12.CQ7

12.€Q7 A uniform crate C with mass m¢ is being transported to the left
by a forklift with a constant speed v;. What is the magnitude of
the angular momentum of the crate about point A, that is, the
point of contact between the front tire of the forklift and the
ground?
a. 0
b. mu,d
c. 3mu;
d. mv, 23 + &

END-OF-SECTION PROBLEMS

12.94 A particle of mass m is projected from point A with an initial
velocity vo perpendicular to OA and moves under a central force
F along an elliptic path defined by the equation r = r¢/(2 —

cos U). Using Eq. (12.37), show that F is inversely proportional

o

to the square of the distance r from the particle to the center

of force O. Fig. P12.94
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750 Kinetics of Particles: Newton's Second Law 12.95 A particle of mass m describes the logarithmic spiral r = r, "
under a central force F directed toward the center of force O.
Using Eq. (12.37), show that F is inversely proportional to the cube
of the distance r from the particle to O.

12.96 For the particle of Prob. 12.74, and using Eq. (12.37), show that
the central force F is proportional to the distance r from the par-
ticle to the center of force O.

12.97 A particle of mass m describes the path defined by the equation
r = ry sin U under a central force F directed toward the center of
force O. Using Eq. (12.37), show that F is inversely proportional
to the fifth power of the distance r from the particle to O.

12.98 Tt was observed that during its second flyby of the earth, the Galileo
spacecraft had a velocity of 14.1 km/s as it reached its minimum
altitude of 303 km above the surface of the earth. Determine the
eccentricity of the trajectory of the spacecraft during this portion
of its flight.

12.99 Tt was observed that during the Galileo spacecraft’s first flyby of
the earth, its minimum altitude was 600 mi above the surface of
the earth. Assuming that the trajectory of the spacecraft was para-
bolic, determine the maximum velocity of Galileo during its first
flyby of the earth.

12.100 As a space probe approaching the planet Venus on a parabolic tra-
the planet, its velocity is decreased
o = Knowing that the mass and the
AXpertSOft Trlal Version b and 6052 km, respectively, deter-
Probe as it approaches A, (b) the
Fig. P12.100 decrease in velocity required to insert it into the circular orbit.

12.101 It was observed that as the Voyager I spacecraft reached the point
of its trajectory closest to the planet Saturn, it was at a distance of
185 X 10° km from the center of the planet and had a velocity of
21.0 km/s. Knowing that Tethys, one of Saturn’s moons, describes a
g circular orbit of radius 295 X 10° km at a speed of 11.35 km/s,
determine the eccentricity of the trajectory of Voyager I on its
approach to Saturn.

A N\ B 12.102 A satellite describes an elliptic orbit about a planet of mass M.
Denoting by ry and ry, respectively, the minimum and maximum
values of the distance r from the satellite to the center of the
planet, derive the relation

11 26M
o — n | ro 1 h
Fig. P12.102 where h is the angular momentum per unit mass of the satellite.

12.103 A space probe is describing a circular orbit about a planet of radius
R. The altitude of the probe above the surface of the planet is aR
and its speed is v,. To place the probe in an elliptic orbit which
will bring it closer to the planet, its speed is reduced from v, to
bug, where b < 1, by firing its engine for a short interval of time.
Determine the smallest permissible value of b if the probe is not
to crash on the surface of the planet.


http://www.axpertsoft.com/pdf-splitter-software/

12.104 At main engine cutoff of its thirteenth flight, the space shuttle Problems 751

Discovery was in an elliptic orbit of minimum altitude 60 km and
maximum altitude 500 km above the surface of the earth. Know-
ing that at point A the shuttle had a velocity v, parallel to the
surface of the earth and that the shuttle was transferred to a cir-
cular orbit as it passed through point B, determine (a) the speed
vy of the shuttle at A, (b) the increase in speed required at B to
insert the shuttle into the circular orbit.

60 km 500 km

Fig. P12.104

Approach trajectory

12.105 A space probe is to be placed in a circular orbit of 5600-mi radius
about the planet Venus in a specified plane. As the probe reaches
A, the point of its original trajectory closest to Venus, it is inserted
in a first elliptic transfey
R  AxpertSoft Trial Version
probe is inserted in a seq
plane by changing the d1
ing its speed by Avg. Finally, as the probe reaches point C, it is
inserted in the desired circular orbit by reducing its speed by Avc.
Knowing that the mass of Venus is 0.82 times the mass of the I s
earth, that r, = 9.3 X 10° mi and r; = 190 X 10° mi, and that Fig. P12.105
the probe approaches A on a parabolic trajectory, determine by
how much the velocity of the probe should be reduced (a) at A,

(b) at B, (c) at C.

" Second transfer orbit

First transfer orbit

Ip =

. 92 x 108 mi |

12.106 For the space probe of Prob. 12.105, it is known that r, = 9.3 X 10° mi .
and that the velocity of the probe is reduced to 20,000 ft/s as it 202 x 10°mi
passes through A. Determine (a) the distance from the center of
Venus to point B, (b) the amounts by which the velocity of the probe
should be reduced at B and C, respectively.

12.107 As it describes an elliptic orbit about the sun, a spacecraft reaches a
maximum distance of 202 X 10° mi from the center of the sun at
point A (called the aphelion) and a minimum distance of 92 X 10° mi
at point B (called the perihelion). To place the spacecraft in a smaller
elliptic orbit with aphelion at A" and perihelion at B, where A" and
B’ are located 164.5 X 10° mi and 85.5 X 10° mi, respectively, from
the center of the sun, the speed of the spacecraft is first reduced as
it passes through A and then is further reduced as it passes through
B'. Knowing that the mass of the sun is 332.8 X 10° times the mass
of the earth, determine (a) the speed of the spacecraft at A, (b) the ~——164.5 x 10 mi
amounts by which the speed of the spacecraft should be reduced at
A and B’ to insert it into the desired elliptic orbit. Fig. P12.107

85.5 x 108 mi
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752 Kinetics of Particles: Newton’s Second Law 12.108 Halley’s comet travels in an elongated elliptic orblt for which the
minimum distance from the sun is approxlmately 5 g, where 1 =
150 X 10° km is the mean distance from the sun to the earth. Know-
ing that the periodic time of Halley’s comet is about 76 years, deter-
mine the maximum distance from the sun reached by the comet.
Approach trajectory
Second transfer orbit 12.109 Based on observations made during the 1996 sighting of comet
Hyakutake, it was concluded that the trajectory of the comet is a
highly elongated ellipse for which the eccentricity is approximately
e = 0.999887. Knowing that for the 1996 sighting the minimum
1A distance between the comet and the sun was 0.230Rj, where Ry
is the mean distance from the sun to the earth, determine the
periodic time of the comet.

_B

First
transfer
orbit

12.110 A space probe is to be placed in a circular orbit of radius 4000 km
about the planet Mars. As the probe reaches A, the point of its
original trajectory closest to Mars, it is inserted into a first elliptic

Fig. P12.110 transfer orbit by reducing its speed. This orbit brings it to point B

with a much-reduced velocity. There the probe is inserted into a

second transfer orbit by further reducing its speed. Knowing that

the mass of Mars is 0.1074 times the mass of the earth, that r, =

9000 km and rz = 180 000 km, and that the probe approaches A

on a parabolic trajectory, determine the time needed for the space

probe to travel from A to B on its first transfer orbit.

I r I TA——

12.111 A space shuttle is in an elliptic orbit of eccentricity 0.0356 and a
o Q0 Lo obove the surface of the earth. Know-
6370 km, determine the periodic

described an elliptic orbit of minimum
altitude h, = 400 km and maximum altitude hy = 2940 km above
the surface of the moon. Knowing that the radius of the moon is
1737 km and that the mass of the moon is 0.01230 times the mass
of the earth, determine the periodic time of the spacecraft.

Fig. P12.112

12.113 Determine the time needed for the space probe of Prob. 12.100
to travel from B to C.

12.114 A space probe is describing a circular orbit of radius nR with a
velocity v, about a planet of radius R and center O. As the probe
passes through point A, its velocity is reduced from v, to buy,
where b < 1, to place the probe on a crash trajectory. Express in
terms of n and b the angle AOB, where B denotes the point of

Fig. P12.114 impact of the probe on the planet.
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12.115 A long-range ballistic trajectory between points A and B on the earth’s Problems 753
surface consists of a portion of an ellipse with the apogee at point C.
Knowing that point C is 1500 km above the surface of the earth and
the range RT of the trajectory is 6000 km, determine (¢) the velocity
of the projectile at C, (b) the eccentricity € of the trajectory.

12.116 A space shuttle is describing a circular orbit at an altitude of 563 km
above the surface of the earth. As it passes through point A, it fires
its engine for a short interval of time to reduce its speed by 152 m/s
and begin its descent toward the earth. Determine the angle AOB so
that the altitude of the shuttle at point B is 121 km. (Hint: Point A is
the apogee of the elliptic descent trajectory.) ‘

563 km

Fig. P12.115

R = 6370 km

Fig. P12.116

12.117 As a spacecraft approac
which is to enter the plal
of 280 mi above the suTtace o e L Ta[CCtoTry O
the probe is a hyperbola of eccentricity e = 1.031. Knowing that
the radius and the mass of Jupiter are 44,423 mi and 1.30 X 10°
slug, respectively, and that the velocity vz of the probe at B forms
an angle of 82.9° with the direction of OA, determine (a) the angle
AOB, (b) the speed vy of the probe at B. Fig. P12.117

12.118 A satellite describes an elliptic orbit about a planet. Denoting by
ro and ry the distances corresponding, respectively, to the perigee by
and apogee of the orbit, show that the curvature of the orbit at
each of these two points can be expressed as
1 1/1 1 ;\OO

i)
r 2 Ty (8} ‘
|

44,000 mi

B

12.119 (a) Express the eccentricity & of the elliptic orbit described by a satel-
lite about a planet in terms of the distances r, and r; corresponding,
respectively, to the perigee and apogee of the orbit. (b) Use the result
obtained in part ¢ and the data given in Prob. 12.109, where Ry =
149.6 X 10° km, to determine the approximate maximum distance
from the sun reached by comet Hyakutake. Fig. P12.118 and P12.119

Iy 1 ry

12.120 Derive Kepler’s third law of planetary motion from Egs. (12.39)
and (12.45).

12.121 Show that the angular momentum per unit mass h of a satellite
describing an elliptic orbit of semimajor axis ¢ and eccentricity e
about a planet of mass M can be expressed as

h = 2GMa(1 — €°)
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Newton'’s second law

Linear momentum

This chapter was devoted to Newton’s second law and its application
to the analysis of the motion of particles.

Denoting by m the mass of a particle, by 2F the sum, or resultant,
of the forces acting on the particle, and by a the acceleration of the
particle relative to a newtonian frame of reference [Sec. 12.2], we
wrote

2F = ma (12.2)

Introducing the linear momentum of a particle, L = mv [Sec. 12.3],
we saw that Newton’s second law can also be written in the form

SF = L (12.5)

which expresses that the resultant of the forces acting on a particle is
equal to the rate of change of the linear momentum of the particle.

Consistent systems of AxpertSoft Trial Version nt system of units is used. With

Equations of motion for a particle

Dynamic equilibrium

754

ed in newtons, the masses in
kilograms, and the accelerations in m/s% with U.S. customary units,
the forces should be expressed in pounds, the masses in 1b - s¥/ft (also
referred to as slugs), and the accelerations in ft/s [Sec. 12.4].

To solve a problem involving the motion of a particle, Eq. (12.2) should
be replaced by equations containing scalar quantities [Sec. 12.5]. Using
rectangular components of F and a, we wrote

>F, = ma, 2F, 2F, = ma, (12.8)
Using tangential and normal components, we had

dv v° ,
ma 2F, = me- (12.9")

= may

We also noted [Sec. 12.6] that the equations of motion of a particle
can be replaced by equations similar to the equilibrium equations
used in statics if a vector —ma of magnitude ma but of sense oppo-
site to that of the acceleration is added to the forces applied to the
particle; the particle is then said to be in dynamic equilibrium. For
the sake of uniformity, however, all the Sample Problems were solved
by using the equations of motion, first with rectangular components
[Sample Probs. 12.1 through 12.4], then with tangential and normal
components [Sample Probs. 12.5 and 12.6].
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In the second part of the chapter, we defined the angular momentum
H,, of a particle about a point O as the moment about O of the linear
momentum mv of that particle [Sec. 12.7]. We wrote

Hy, = r X mv (12.12)

and noted that Hy, is a vector perpendicular to the plane containing
r and mv (Fig. 12.24) and of magnitude

Hy, = rmo sin ¥ (12.13)

Resolving the vectors r and mv into rectangular components, we
expressed the angular momentum Hy, in the determinant form

i j Kk
Hy=| « y z (12.14)
mo,  mo, Mo,

In the case of a particle moving in the xy plane, we have z =
v, = 0. The angular momentum is perpendicular to the xy plane and
is completely defined by its magnitude. We wrote

Hp = H. = m(xv, — yu,) (12.16)

of the angular momentum H,

Computing the rate of change H
and applying Newton’s secon

Review and Summary 755

Angular momentum

y
Ho mv
¢
2]
T
0 X

z
Fig. 12.24

Rate of change of angular

o AxpertSoft Trial Version

which states that the sum of the moments about O of the forces acting
on a particle is equal to the rate of change of the angular momentum
of the particle about O.

In many problems involving the plane motion of a particle, it is found
convenient to use radial and transverse components [Sec. 12.8, Sam-
ple Prob. 12.7] and to write the equations

SF, = m@ — ru®) (12.21)
SF, = m(ru + 2iu) (12.22)

When the only force acting on a particle P is a force F directed
toward or away from a fixed point O, the particle is said to be moving
under a central force [Sec. 12.9]. Since XM, = 0 at any given instant,
it follows from Eq. (12.19) that Hy = 0 for all values of ¢ and, thus,
that

H, = constant (12.23)

We concluded that the angular momentum of a particle moving under
a central force is constant, both in magnitude and direction, and that
the particle moves in a plane perpendicular to the vector Hp,.

Radial and transverse components

Motion under a central force
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mv
¢
P
r mvg
Po
% Iy / Po
Fig. 12.25

Newton’s law of universal
gravitation

Orbital motion

Recalling Eq. (12.13), we wrote the relation
rmo sin ¥ = rymo, sin F, (12.25)

for the motion of any particle under a central force (Fig. 12.25).
Using polar coordinates and recalling Eq. (12.18), we also had

Pu=nh (12.27)

where h is a constant representing the angular momentum per unit
mass, Ho/m, of the particle. We observed (Fig. 12.26) that the in-
finitesimal area dA swept by the radius vector OP as it rotates
through du is equal to %eru and, thus, that the left-hand member
of Eq. (12.27) represents twice the areal velocity dA/dt of the
particle. Therefore, the areal velocity of a particle moving under a
central force is constant.

An important application of the motion under a central force is pro-
vided by the orbital motion of bodies under gravitational attraction
[Sec. 12.10]. According to Newton’s law of universal gravitation, two
particles at a distance r from each other and of masses M and m,
respectively, attract each other with equal and opposite forces F and
—F directed along the line joining the particles (Fig. 12.27). The
common magnitude F of the two forces is

M
F=G"1" (12.28)
T

where G is the constant of gravitation. In the case of a body of mass m
subjected to the gravitational attraction of the earth, the product GM,
where M is the mass of the earth, can be expressed as

GM = gR® (12.30)
where g = 9.81 m/s> = 32.2 ft/s> and R is the radius of the earth.

It was shown in Sec. 12.11 that a particle moving under a central
force describes a trajectory defined by the differential equation
d*u F

— 4 u=——: 12.37
du® " mh*u® ( )
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where F > 0 corresponds to an attractive force and u = 1/r. In the Review and Summary 757
case of a particle moving under a force of gravitational attraction
[Sec. 12.12], we substituted for F the expression given in Eq. (12.28).
Measuring U from the axis OA joining the focus O to the point A of
the trajectory closest to O (Fig. 12.28), we found that the solution
to Eq. (12.37) was

M
—=u=—5+CcosU (12.39)

This is the equation of a conic of eccentricity & = Ch*/GM. The
conic is an ellipse if € < 1, a parabola if € = 1, and a hyperbola if
e > 1. The constants C and h can be determined from the initial Fig. 12.28
conditions; if the particle is projected from point A (U = 0, r = ry)

with an initial velocity v, perpendicular to OA, we have h = rg,

[Sample Prob. 12.9].

It was also shown that the values of the initial velocity corresponding, Escape velocity
respectively, to a parabolic and a circular trajectory were
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and that the first of these values, called the escape velocity, is the
smallest value of v, for which the particle will not return to its starting
point.

The periodic time t of a planet or satellite was defined as the time Periodic fime
required by that body to describe its orbit. It was shown that

_ 2pab

R

(12.45)

where h = ry, and where a and b represent the semimajor and
semiminor axes of the orbit. It was further shown that these semiaxes
are respectively equal to the arithmetic and geometric means of the
maximum and minimum values of the radius vector r.

The last section of the chapter [Sec. 12.13] presented Kepler's laws —Kepler's laws
of planetary motion and showed that these empirical laws, obtained

from early astronomical observations, confirm Newton’s laws of

motion as well as his law of gravitation.
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REVIEW PROBLEMS

/ \ 12.122 In the braking test of a sports car its velocity is reduced from
y . 70 mi/h to zero in a distance of 170 ft with slipping impending.
L Knowing that the coefficient of kinetic friction is 80 percent of the
e coefficient of static friction, determine (a) the coefficient of static
== friction, (b) the stopping distance for the same initial velocity if the
aL ~—_l_— car skids. Ignore air resistance and rolling resistance.

12.123 A bucket is attached to a rope of length L. = 1.2 m and is made
B to revolve in a horizontal circle. Drops of water leaking from the
TN bucket fall and strike the floor along the perimeter of a circle of
S radius @. Determine the radius ¢ when u = 30°.

12.124 A 12-1b block B rests as shown on the upper surface of a 30-Ib
wedge A. Neglecting friction, determine immediately after the
system is released from rest (a) the acceleration of A, (b) the accel-
eration of B relative to A.

12.125 A 500-Ib crate B is suspended from a cable attached to a 40-Ib
trolley A which rides on an inclined I-beam as shown. Knowing
that at the instant shown the trolley has an acceleration of 1.2 ft/s> up
he acceleration of B relative to A,
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Fig. P12.124

Fig. P12.125

12.126 The roller-coaster track shown is contained in a vertical plane. The
portion of track between A and B is straight and horizontal, while
the portions to the left of A and to the right of B have radii of

p=45m curvature as indicated. A car is traveling at a speed of 72 km/h
when the brakes are suddenly applied, causing the wheels of the
car to slide on the track (m; = 0.25). Determine the initial decel-

eration of the car if the brakes are applied as the car (@) has almost
Fig. P12.126 reached A, (b) is traveling between A and B, (c) has just passed B.

758
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12.127 The 100-g pin B slides along the slot in the rotating arm OC and Review Problems 750
along the slot DE which is cut in a fixed horizontal plate. Neglect-
ing friction and knowing that rod OC rotates at the constant rate
Uy = 12 rad/s, determine for any given value of u (@) the radial and
transverse components of the resultant force F exerted on pin B,
(b) the forces P and Q exerted on pin B by rod OC and the wall
of slot DE, respectively.

gy —a

e —

‘ E

I 0.2m ! =

Fig. P12.127

12.128 A small 200-g collar C can shde on a sem1c1rcular rod which is
made to rotate about the vertica ) ) 1d
Determine the minimu
friction between the col
when (@) u = 90°, (b) u
the direction of the impela

12.129 Telemetry technology is used to quantify kinematic values of
a 200-kg roller-coaster cart as it passes overhead. Accordmg to
the system, r = 25 m, i = —10m/s, ¥ = —2 m/s?, u = 90°,
u= —0.4rad/s, U= —0.32rad/s>. At this instant, determine
(a) the normal force between the cart and the track, ) the radius ~ F9¢
of curvature of the track. Fig. P12.128

Fig. P12.129

12.130 The radius of the orbit of a moon of a given planet is equal to
twice the radius of that planet. Denoting by r the mean density
of the planet, show that the time required by the moon to com-
plete one full revolution about the planet is (24p/Gr)"?, where
G is the constant of gravitation.
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760 Kinetics of Particles: Newton's Second Law 12,131 At engine burnout on a mission, a shuttle had reached point A at an
altitude of 40 mi above the surface of the earth and had a horizontal
velocity vy. Knowing that its first orbit was elliptic and that the
shuttle was transferred to a circular orbit as it passed through point B
at an altitude of 170 mi, determine (¢) the time needed for the
shuttle to travel from A to B on its original elliptic orbit, (b) the
periodic time of the shuttle on its final circular orbit.

Vo

Fig. P12.131

12.132 It was observed that as the Galileo spacecraft reached the point
on its trajectory closest to To, a moon of the planet Jupiter, it was
at a distance of 1750 mi from the center of Io and had a velocity
of 49.4 X 10° ft/s. Knowmg that the mass of Io is 0.01496 times

5 3 ine the eccentricity of the trajectory

ane about a of vertical axis at the

0 der B has mass 1 kg and moves in
a frlctlonless slot cut in the dlsk The slider is attached to a spring
of constant k, which is undeformed when r = 0. Knowing that
the slider is released with no radial velocity in the position r =
500 mm, determine the position of the slider and the horizontal
force exerted on it by the disk at ¢ = 0.1 s for (@) K = 100 N/m,
(b) k = 200 N/m.

Fig. P12.133
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COMPUTER PROBLEMS

12.C1 Block B of mass 10 kg is initially at rest as shown on the upper
surface of a 20-kg wedge A which is supported by a horizontal surface. A
2-kg block C is connected to block B by a cord which passes over a pulley
of negligible mass. Using computational software and denoting by m the
coefficient of friction at all surfaces, use this program to determine the accel-
erations for values of m = 0. Use 0.01 increments for m until the wedge does
not move and then use 0.1 increments until no motion occurs.

12.€2 A small, 1-Ib block is at rest at the top of a cylindrical surface. The
block is given an initial velocity v, to the right of magnitude 10 ft/s, which
causes it to slide on the cylindrical surface. Using computational software
calculate and plot the values of u at which the block leaves the surface for Fig. P12.C1
values of my, the coefficient of kinetic friction between the block and the : :
surface, from 0 to 0.4.

12.€3 A block of mass m is attached to a spring of constant k. The block is
released from rest when the spring is in a horizontal and undeformed position. ’-\ o

Use computational software to determine, for various selected values of k/m \//
and ry, (a) the length of the spring and the magnitude and direction of the
velocity of the block as the block passes directly under the point of suspension
of the spring, (b) the value of k/m when ry = 1 m for which that velocity is

horizontal.
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Fig. P12.C2

Fig. P12.C3

12.C4 Use computational software to determine the ranges of values of u
for which the block E of Prob. 12.60 will not slide in the semicircular slot of
the flat plate. Assuming a coefficient of static friction of 0.35, determine the
ranges of values when the constant rate of rotation of the plate is (a) 14 rad/s,

(b) 2 rad/s.
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A golf ball will deform upon impact as
shown by this high-speed photo. The
maximum deformation will occur when
the club head velocity and the ball

velocity are the same. In this chapter

impacts will be analyzed using the
coefficient of restitution and AxpertSoft Trial Version
conservation of linear momentum.

The kinetics of particles using energy
and momentum methods is the subject

of this chapter.
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Chapter 13 Kinetics of Particles:
Energy and Momentum Methods

Introduction

Work of a Force

Kinetic Energy of a Particle.
Principle of Work and Energy
Applications of the Principle of
Work and Energy

Power and Efficiency

Potential Energy

Conservative Forces
Conservation of Energy
Motion Under a Conservative
Central Force. Application to
Space Mechanics

Principle of Impulse and
Momentum

Impulsive Motion

Impact

Direct Central Impact
Oblique Central Impact
Problems Involving Energy and
Momentum

13.1 INTRODUCTION

In the preceding chapter, most problems dealing with the motion of
particles were solved through the use of the fundamental equation
of motion F = ma. Given a particle acted upon by a force F, we
could solve this equation for the acceleration a; then, by applying
the principles of kinematics, we could determine from a the velocity
and position of the particle at any time.

Using the equation F = ma together with the principles of
kinematics allows us to obtain two additional methods of analysis, the
method of work and energy and the method of impulse and momen-
tum. The advantage of these methods lies in the fact that they make
the determination of the acceleration unnecessary. Indeed, the
method of work and energy directly relates force, mass, velocity, and
displacement, while the method of impulse and momentum relates
force, mass, velocity, and time.

The method of work and energy will be considered first. In
Secs. 13.2 through 13.4, the work of a force and the kinetic energy
of a particle are discussed and the principle of work and energy is
applied to the solution of engineering problems. The concepts of
power and efficiency of a machine are introduced in Sec. 13.5.

Sections 13.6 through 13.8 are devoted to the concept of poten-
tial energy of a conservative force and to the application of the prin-
ciple of conservation of energy to various problems of practical
i $ inc of conservation of energy and
are used jointly to solve prob-
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is devoted to the principle of
impulse and momentum and to its application to the study of the
motion of a particle. As you will see in Sec. 13.11, this principle is
particularly effective in the study of the impulsive motion of a particle,
where very large forces are applied for a very short time interval.

In Secs. 13.12 through 13.14, the central impact of two bodies
will be considered. It will be shown that a certain relation exists
between the relative velocities of the two colliding bodies before and
after impact. This relation, together with the fact that the total
momentum of the two bodies is conserved, can be used to solve a
number of problems of practical interest.

Finally, in Sec. 13.15, you will learn to select from the three
fundamental methods presented in Chaps. 12 and 13 the method
best suited for the solution of a given problem. You will also see how
the principle of conservation of energy and the method of impulse
and momentum can be combined to solve problems involving only
conservative forces, except for a short impact phase during which
impulsive forces must also be taken into consideration.

13.2 WORK OF A FORCE

We will first define the terms displacement and work as they are
used in mechanics.t Consider a particle which moves from a point
tThe definition of work was given in Sec. 10.2, and the basic properties of the work of

a force were outlined in Secs. 10.2 and 10.6. For convenience, we repeat here the
portions of this material which relate to the kinetics of particles.
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@)
Fig. 13.1

A to a neighboring point A’ (Fig. 13.1). If r denotes the position
vector corresponding to point A, the small vector joining A and A’
can be denoted by the differential dr; the vector dr is called the
displacement of the particle. Now, let us assume that a force F is
acting on the particle. The work of the force ¥ corresponding to the
displacement dr is defined as the quantity

dU =F - dr (13.1)

obtained by forming the scalal AXpertSOft Trial Version

placement dr. Denoting by F
the force and of the displacemdtte 4 :
and dr, and recalling the deﬁmtlon of the scalar product of two vec-
tors (Sec. 3.9), we write

dU = F ds cos a (13.1")

Using formula (3.30), we can also express the work dU in terms of
the rectangular components of the force and of the displacement:

dU = F,dx + F, dy + F. dz (13.1")

Being a scalar quantity, work has a magnitude and a sign but no
direction. We also note that work should be expressed in units
obtained by multiplying units of length by units of force. Thus, if
U.S. customary units are used, work should be expressed in ft - 1b
or in - Ib. If SI units are used, work should be expressed in N - m.
The unit of work N - m is called a joule (]J).t Recalling the conver-
sion factors indicated in Sec. 12.4, we write

1ft-1b = (1ft)(11b) = (0.3048 m)(4.448 N) = 1.356 ]

It follows from (13.1") that the work dU is positive if the angle a is
acute and negative if a is obtuse. Three particular cases are of special

tThe joule (]) is the ST unit of energy, whether in mechanical form (work, potential
energy, kinetic energy) or in chemical, electrical, or thermal form. We should note that
even though N - m = J, the moment of a force must be expressed in N - m and not in
joules, since the moment of a force is not a form of energy.

13.2 Work of a Force
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S2” . ds

// s

Ft

(b)
Fig. 13.2
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interest. If the force F has the same direction as dr, the work dU
reduces to F ds. If F has a direction opposite to that of dr, the work is
dU = —F ds. Finally, if F is perpendicular to dr, the work dU is zero.

The work of F during a finite displacement of the particle from
A to A, (Fig. 13.2a) is obtained by integrating Eq. (13.1) along the
path described by the particle. This work, denoted by Uy, is

Az
UlyZ = J F - dr (13.2)
Ay

Using the alternative expression (13.1') for the elementary work dU,
and observing that F cos a represents the tangential component F,
of the force, we can also express the work Uy, as

Ulye = J (Fcosa)ds = J F, ds (13.2")

s1 S

where the variable of integration s measures the distance traveled by
the particle along the path. The work Uy, is represented by the
area under the curve obtained by plotting F, = F cos a against s
(Fig, 13.2D).

When the force F is defined by its rectangular components,
the expression (13.1") can be used for the elementary work. We
then write

Jdy + F. d=) (13.2")

where the Integration s to
by the particle.

be performed along the path described

Work of a Constant Force in Rectilinear Motion. When a particle
moving in a straight line is acted upon by a force F of constant mag-
nitude and of constant direction (Fig. 13.3), formula (13.2") yields

Ujys = (F cos @) Ax (13.3)

where a = angle the force forms with direction of motion
Ax = displacement from A; to A,

Work of the Force of Gravity. The work of the weight W of a
body, i.e., of the force of gravity exerted on that body, is obtained by
substituting the components of W into (13.1") and (13.2"). With the
y axis chosen upward (Fig. 13.4), we have F, = 0, F, = —-W, and
F. = 0, and we write

dU = —Wdy
Upyo = — J%Wdy = Wy, — Wy, (13.4)
or !
Uiyo = Wy —y1) = =W Ay (13.4")

where Ay is the vertical displacement from A, to A,. The work of
the weight W is thus equal to the product of W and the vertical
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displacement of the center of gravity of the body. The work is posi-
tive when Ay < 0, that is, when the body moves down.

Work of the Force Exerted by a Spring. Consider a body A
attached to a fixed point B by a spring; it is assumed that the spring
is undeformed when the body is at A, (Fig. 13.5a). Experimental
evidence shows that the magnitude of the force F exerted by the
spring on body A is proportional to the deflection x of the spring
measured from the position A,. We have

F = kx (13.5)

where k is the spring constant, expressed in N/m or kN/m if ST units
are used and in Ib/ft or Ib/in. if U.S. customary units are used.t

The work of the force F exerted by the spring during a finite
displacement of the body from A;(x = x;) to Ay(x = x,) is obtained
by writing

dU = —F dx = —kx dx
Uyo = — J dy = Yk — Lkl (13.6)

Rol
Care should be taken to express k and x in consistent units. For
example, if U.S. customary units are used, k should be expressed in
Ib/ft and x in feet, or k in Ib/in. and x in inches; in the first case, the
work is obtained in ft - Ib, in the second case, in in - Ib. We note
that the work of the force F

AU INELER  AxpertSoft Trial Version

undeformed position.
Since Eq. (13.5) is the equa T R
passing through the origin, the work Uiy, of F durmg the displace-
ment from A; to A, can be obtained by evaluating the area of the
trapezoid shown in Fig. 13.5b. This is done by computing F; and F,
and multiplying the base Ax of the trapezoid by its mean height
L(F, + F,). Since the work of the force F exerted by the spring is
positive for a negative value of Ax, we write

Uiy = —35(F) + Fy) Ax (13.6')

Formula (13.6") is usually more convenient to use than (13.6) and
affords fewer chances of confusing the units involved.

Work of a Gravitational Force. We saw in Sec. 12.10 that two
particles of mass M and m at a distance r from each other attract
each other with equal and opposite forces F and —F, directed along
the line joining the particles and of magnitude

M
F=G>y"

r

tThe relation F = kx is correct under static conditions only. Under dynamic condi-
tions, formula (13.5) should be modified to take the inertia of the spring into account.
However, the error introduced by using the relation F = kx in the solution of kinetics
problems is small if the mass of the spring is small compared with the other masses in
motion.

13.2 Work of a Force 767
/Spring undeformed
B WWWWWWVW@
WWWWWM@
'*X1*’| A
| F —0
-
3 WYY //N/ Nwl@
X, Az
@)
F
F = kx

Fig. 13.5
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768 "a"fe}:'cds of Particles: Energy and Momentum Let us assume that the particle M occupies a fixed position O while the

enocs particle m moves along the path shown in Fig. 13.6. The work of the
force F exerted on the particle m during an infinitesimal displacement
of the particle from A to A" can be obtained by multiplying the magni-
tude F of the force by the radial component dr of the displacement.
Since F is directed toward O, the work is negative and we write

M
dU = —Fdr = —G—5"dr
r

The work of the gravitational force F during a finite displacement
from A,(r = 1)) to Ay(r = ry) is therefore
" GM GM GM
Usys = —J Ty = (13.7)

r ) L8]

where M is the mass of the earth. This formula can be used to
determine the work of the force exerted by the earth on a body of
mass m at a distance r from the center of the earth, when r is larger
than the radius R of the earth. Recalling the first of the relations
(12.29), we can replace the product GMm in Eq. (13.7) by WR?,
where R is the radius of the earth (R = 6.37 X 10° m or 3960 mi)
and W is the weight of the body at the surface of the earth.

A number of forces frequently encountered in problems of kinet-
ics do no work. They are forces applied to fixed points (ds = 0) or
acting in a direction perpendicular to the displacement (cos a = 0).
e the following: the reaction at
prted rotates about the pin, the
he body in contact moves along
: oving along its track, and the
Welght of a body when its center of gravity moves horizontally.

13.3 KINETIC ENERGY OF A PARTICLE. PRINCIPLE
OF WORK AND ENERGY

Consider a particle of mass m acted upon by a force F and moving
along a path which is either rectilinear or curved (Fig. 13.7). Express-
ing Newton’s second law in terms of the tangential components of
the force and of the acceleration (see Sec. 12.5), we write
dv
F, = Fo=m"
. = ma, or L =m m
where v is the speed of the particle. Recalling from Sec. 11.9 that
v = ds/dt, we obtain
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_ dvds _ dv
Fig. 13.7 Fe=m o =mo o
F,ds = mo dv

Integrating from A,;, where s = s; and v = vy, to Ay, where s = s
and v = vy, we write

gFtds = mJ vdv = tmo3 — Tmo? (13.8)
The left-hand member of Eq. (13.8) represents the work Uy, of the
force F exerted on the particle during the displacement from A; to
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Ay; as mdlcated in Sec. 13.2, the work U}y is a scalar quantity. The
expression 3mu” is also a scalar quantity; it is defined as the kinetic
energy of the particle and is denoted by T. We write

T = 3mv° (13.9)
Substituting into (13.8), we have
U1y2 = TZ - Tl (13.10)

which expresses that, when a particle moves from A; to A; under the
action of a force F, the work of the force F is equal to the change
in kinetic energy of the particle. This is known as the principle of
work and energy. Rearranging the terms in (13.10), we write

Tl A U1y2 = T2 (13.11)

Thus, the kinetic energy of the particle at Ay can be obtained by adding
to its kinetic energy at A, the work done during the displacement from
A, to A, by the force F exerted on the particle. Like Newton’s second
law from which it is derived, the principle of work and energy applies
only with respect to a newtonian frame of reference (Sec. 12.2). The
speed v used to determine the kinetic energy T should therefore be
measured with respect to a newtonian frame of reference.

Since both work and kings =
sum can be computed as an o
being considered as positive ¢
of F. When several forces act8
represents the total work of the forces acting on the particle; 1t is
obtained by adding algebraically the work of the various forces.

As noted above, the kinetic energy of a partlcle is a scalar quan-
tity. It further appears from the definition T = 3mv” that regardless
of the direction of motion of the particle the kinetic energy is always
positive. Considering the particular case when v; = 0 and vy = v, and
substituting T = 0 and Ty = T into (13.10), we observe that the work
done by the forces acting on the particle is equal to T. Thus, the kinetic
energy of a particle moving with a speed v represents the work which
must be done to bring the particle from rest to the speed v. Substitut-
ing T} = T and T = 0 into (13.10), we also note that when a particle
moving with a speed v is brought to rest, the work done by the forces
acting on the particle is —T. Assuming that no energy is dissipated
into heat, we conclude that the work done by the forces exerted by
the particle on the bodies which cause it to come to rest is equal to
T. Thus, the kinetic energy of a particle also represents the capacity
to do work associated with the speed of the particle.

The kinetic energy is measured in the same units as work, i.e.,
in joules if ST units are used and in ft - Ib if U.S. customary units
are used. We check that, in SI units,

T = 3mv” = kg(m/s)* = (kg - m/s>)m = N - m = |
while, in customary units,

T = jmo® = (Ib - s¥ft)(ft/s)* = ft - Ib
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13.3 Kinetic Energy of a Particle. Principle of
Work and Energy
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770  Kincis of Poricles: Energy ond Momerion 13,4 APPLICATIONS OF THE PRINCIPLE
OF WORK AND ENERGY

! The application of the principle of work and energy greatly simpli-
A v © p fies the solution of many problems involving forces, displacements,
\ and velocities. Consider, for example, the pendulum OA consisting
\ N of a bob A of weight W attached to a cord of length [ (Fig. 13.8a).
AQL. The pendulum is released with no initial velocity from a horizontal
position OA; and allowed to swing in a vertical plane. We wish to
A, determine the speed of the bob as it passes through A,, directly
@ ) under O.

We first determine the work done during the displacement
from A; to Ay by the forces acting on the bob. We draw a free-body
diagram of the bob, showing all the actual forces acting on it, i.e.,
the weight W and the force P exerted by the cord (Fig. 13.8b). (An
inertia vector is not an actual force and should not be included in
the free-body diagram.) We note that the force P does no work,
since it is normal to the path; the only force which does work is
thus the weight W. The work of W is obtained by multiplying its
magnitude W by the vertical displacement [ (Sec. 13.2); since the
displacement is downward, the work is positive. We therefore write

Ulyg = Wi
Now con51denng the kinetic energy of the bob, we find T; = 0
at A; and T2 (W/g)vq at Ag We can now apply the principle of

o o 13.11), we write

AxpertSoft Trial Version wi =1V
2g 7

Solving for vy, we find vy = 12gl We note that the speed obtained
is that of a body falling freely from a height /.

The example we have considered illustrates the following
advantages of the method of work and energy:

1. In order to find the speed at Ay, there is no need to determine
the acceleration in an intermediate position A and to integrate
the expression obtained from A; to A,.

2. All quantities involved are scalars and can be added directly,
without using x and y components.

3. Forces which do no work are eliminated from the solution of

the problem.

What is an advantage in one problem, however, may be a dis-
advantage in another. It is evident, for instance, that the method of
work and energy cannot be used to directly determine an accelera-
tion. It is also evident that in determining a force which is normal
to the path of the particle, a force which does no work, the method
of work and energy must be supplemented by the direct application
of Newton’s second law. Suppose, for example, that we wish to deter-
~_ - ~_ __—~ mine the tension in the cord of the pendulum of Fig. 13.8a as the

A, — A 1a,  bob passes through A;. We draw a free-body diagram of the bob in
that position (Fig. 13.9) and express Newton’s second law in terms
of tangential and normal components. The equations 2F, = ma, and
Fig. 13.9 2F, = ma, yield, respectively, ¢, = 0 and

map
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Wv%
P—-—W=ma,=—-—

g1
But the speed at Ay was determined earlier by the method of work
and energy. Substituting e 2¢l and solving for P, we write
W 2¢l
P=W4 2 o

g 1

When a problem involves two particles or more, the principle
of work and energy can be applied to each particle separately. Adding
the kinetic energies of the various particles, and considering the work
of all the forces acting on them, we can also write a single equation
of work and energy for all the particles involved. We have

Tl + U]yz = TQ (13.11)

3W

where T represents the arithmetic sum of the kinetic energies of the
particles involved (all terms are positive) and U}y is the work of all
the forces acting on the particles, including the forces of action and
reaction exerted by the particles on each other. In problems involving
bodies connected by inextensible cords or links, however, the work
of the forces exerted by a given cord or link on the two bodies it
connects cancels out, since the points of application of these forces
move through equal distances (see Sample Prob. 13.2).1

Since friction forces have a direction opposite of that of the
displacement of the body on
forces is always negative. This
heat and always results in a (
body involved (see Sample Pro%

13.5 POWER AND EFFICIENCY

Power is defined as the time rate at which work is done. In the
selection of a motor or engine, power is a much more important
criterion than is the actual amount of work to be performed. Either
a small motor or a large power plant can be used to do a given
amount of work; but the small motor may require a month to do the
work done by the power plant in a matter of minutes. If AU is the
work done during the time interval A¢, then the average power dur-
ing that time interval is

AU

A > -
verdge power At

Letting At approach zero, we obtain at the limit

Power = Lflg (13.12)

tThe application of the method of work and energy to a system of particles is discussed
in detail in Chap. 14.

AxpertSoft Trial Version
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772 Kinefics of Particles: Energy and Momentum Substituting the scalar product F - dr for dU, we can also write
erhods

dU F -dr
Power = — =

dt dt

and, recalling that dr/dt represents the velocity v of the point of
application of F,

Power = F - v (13.13)

Since power was defined as the time rate at which work is
done, it should be expressed in units obtained by dividing units of
work by the unit of time. Thus, if SI units are used, power should
be expressed in J/s; this unit is called a watt (W). We have

I1W=1]J/s=1N"m/s

If U.S. customary units are used, power should be expressed in
ft - Ib/s or in horsepower (hp), with the latter defined as

1 hp = 550 ft - Ib/s
Recalling from Sec. 13.2 that 1 ft - Ib = 1.356 |, we verify that

1 ft - Ib/s = 1.356 J/s = 1.356 W
: 46 W = 0.746 kW

AXpertSOft Trial Version machine was defined in Sec.

o the input work:

output work
h=——— (13.14)
input work

This definition is based on the assumption that work is done at a
constant rate. The ratio of the output to the input work is therefore
equal to the ratio of the rates at which output and input work are
done, and we have

_ power output (13.15)
~ power input ’

Because of energy losses due to friction, the output work is always
smaller than the input work, and consequently the power output is
always smaller than the power input. The mechanical efficiency of a
machine is therefore always less than 1.

When a machine is used to transform mechanical energy into
electric energy, or thermal energy into mechanical energy, its overall
efficiency can be obtained from formula (13.15). The overall effi-
ciency of a machine is always less than 1; it provides a measure of
all the various energy losses involved (losses of electric or thermal
energy as well as frictional losses). Note that it is necessary to express
the power output and the power input in the same units before using
formula (13.15).
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SAMPLE PROBLEM 13.1

An automobile weighing 4000 1b is driven down a 5° incline at a speed of
60 mi/h when the brakes are applied, causing a constant total braking force
(applied by the road on the tires) of 1500 lb. Determine the distance trav-
eled by the automobile as it comes to a stop.

Pars SOLUTION
X\J " Kinefic Energy
Position 1: v, = <60@>(5280 ftX—l h ) =88 fv/
4000 Ib S h /\ 1mi A3600s s
T, = Smo} = 5(4000/32.2)(88)* = 481,000 ft - Ib
Position 2: vy = 0 Ty, =0
Work Uys = —1500x + (4000 sin 5°)x = —1151x

Principle of Work and Energy

1500 Ib

Tl + U1y2 = TZ
481,000 — 1151x = 0 x = 418 ft

#ible cable as shown. If the system is
released from rest, determine the velocity of block A after it has moved 2 m.
Assume that the coefficient of kinetic friction between block A and the plane
is m; = 0.25 and that the pulley is weightless and frictionless.

Wa SOLUTION
v =0 Vo=V
— - Fo ===, " Work and Energy for Block A. We denote the friction force by F, and
L ____ T — the force exerted by the cable by F¢, and write
ol P my = 200ke W, = (200 kg)(9.81 m/s?) = 1962 N
| orn | F, = mN, = mW, = 0.25(1962 N) = 490 N
Ty + Uy =Ty 0+ Fg(2m) — Fy(2m) = ymu”
Ol,————: Fc(2m) — (490 N)(2 m) = 3(200 kg)v® o)
Vi =0} 1
S S Work and Energy for Block B. We write
F
© mp =300 kg Wy = (300 kg)(9.81 m/s®) = 2940 N
T)+Uys =Ty 0+ W(2m) — Fe(2m) = jmpo®
A 2 (2040 N)(2m) — Fe(2m) = 1(300 kg)v? )
Y [ Adding the left-hand and right-hand members of (1) and (2), we observe
2" 1[___j__ that the work of the forces exerted by the cable on A and B cancels out:
Mg

(2940 N)(2m) — (490 N)(2 m) = (200 kg + 300 kg)v*
4900 ] = 3(500 kg)o® v = 4.43 m/s

773


http://www.axpertsoft.com/pdf-splitter-software/

A F=uN

N
P

P
| Pmax

Pmin
|
Ax =40 mm

IW
V |
—A
F=uN
N
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SAMPLE PROBLEM 13.3

A spring is used to stop a 60-kg package which is sliding on a horizontal
surface. The spring has a constant k& = 20 kN/m and is held by cables so
that it is initially compressed 120 mm. Knowing that the package has a
velocity of 2.5 m/s in the position shown and that the maximum additional
deflection of the spring is 40 mm, determine (a) the coefficient of kinetic
friction between the package and the surface, (b) the velocity of the package
as it passes again through the position shown.

SOLUTION

a. Motion from Position 1 to Position 2
Kinetic Energy Position 1: v = 2.5 m/s
T, = fmv? = $(60 kg)(2.5 m/s)? = 1875N - m = 187.5]

Position 2: (maximum spring deflection): vy =0 Ty =0
Work
Friction Force F. We have

F=mN = mW = mung = m(60 kg)(9.81 m/s>) = (588.6 N)m,

The work of F is negative and equal to

. . + 0.040 m) = —(377 J)my
AxpertSoft Trial Version

by the spring does an amount
e force-deflection curve of the

sprin force. We have

kxo = (20 kN/m)(120 mm) = (20 000 N/m)(0.120 m) = 2400 N
Pm = P + k Ax = 2400 N + (20 kN/m)(40 mm) = 3200 N
(Uiya)e = —35(Puin + Pon) Ax = —3(2400 N + 3200 N)(0.040 m) = —112.0 |

The total work is thus

Uiys = (Unya)y + (Unya)e = —(377 P — 1120 |
Principle of Work and Energy
T) + Upyp = Ty 1875] — (377 )my — 1120 =0 m;, = 0.20

b. Motion from Position 2 to Position 3

Kinetic Energy. Position 2: vy = 0 Tg =0

Position 3: T; = mvl = 560 kg)

Work. Since the distances involved are the same, the numerical values of
the work of the friction force F and of the spring force P are the same as
above. However, while the work of F is still negative, the work of P is now
positive.

Usys = —(37T7 )y + 1120 ] = =755 ] + 1120 ] = +36.5 ]
Principle of Work and Energy

TZ ar U2y3 = T33 0 + 36. 5] = 60 kg)bg
v3 = l 103 m/s vy = 1.103 m/s=Z
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1 SAMPLE PROBLEM 13.4

) the track shown. (¢) Determine the force exerted by the track on the car
151t at point 2, where the radius of curvature of the track is 20 ft. (b) Determine
the minimum safe value of the radius of curvature at point 3.

40 ft / 3 A 2000-1b car starts from rest at point I and moves without friction down
20 ft

SOLUTION

a. Force Exerted by the Track at Point 2. The principle of work and
energy is used to determine the velocity of the car as it passes through
point 2.

Kinetic Energy. T, =0 T, = 3mvs = ——0v3

Work. The only force which does work is the weight W. Since the vertical
displacement from point 1 to point 2 is 40 ft downward, the work of the
weight is

Uiy = +W(40 ft)

Principle of Work and Energy
. 0+W(40ft)=%gué
AxpertSoft Trial Version v = 50.8 ft/s

g ——The acceleration a, of the car at point 2
has a magmtude a, = v3/r and is directed upward. Since the external forces
] = I acting on the car are W and N, we write
B<F, = ma,: —W + N = ma,

_ W

S

W 80g
g 20
N =5W N = 10,000 Ib>x<

b. Minimum Value of R at Point 3. Principle of Work and Energy.

Applying the principle of work and energy between point I and point 3, we
obtain

1w
Ty + Upys = Ts 0+ W(25ft) = Egué
03 = 50g = 50(32.2) vy = 40.1 ft/s

W
Newton’s Second Law at Point 3. The minimum safe value of r occurs
when N = 0. In this case, the acceleration a,,, of magnitude a, = v3/r, is
* — directed downward, and we write

|
1 + W2F, = ma,: W = 7?
N=0 ma 5

-2 r =50 ft

775


http://www.axpertsoft.com/pdf-splitter-software/

776

SAMPLE PROBLEM 13.5

The dumbwaiter D and its load have a combined weight of 600 b, while
the counterweight C weighs 800 lb. Determine the power delivered by the
~ ~ electric motor M when the dumbwaiter (a) is moving up at a constant speed

of 8 ft/s, (b) has an instantaneous velocity of 8 ft/s and an acceleration of
2.5 ft/s%, both directed upward.

SOLUTION

Since the force F exerted by the motor cable has the same direction as the
velocity vp of the dumbwaiter, the power is equal to Fup, where v, = 8 ft/s.
To obtain the power, we must first determine F in each of the two
given situations.

both bodies are in equilibrium.

AxpertSoft Trial Version — (ALEUNEEEIE
+ T —6001b =0
F =6001b — T = 600 1Ib — 400 Ib = 200 Ib

Fop = (200 1b)(8 ft/s) = 1600 ft - Ib/s

1hp
800 Ib 600 Ib P = (1600ft - Ib/s) —————— = 2.911
R P S50 1 - Tovs .
b. Accelerated Motion. We have
2T
ap = 2.5 ft/s™< ac = —iap = 1.25 ft/sw
The equations of motion are
C —_ C 800
— Free Body C: PWEF, = meag: 800 — 2T = 9.9 (1.25) T =38451b
F Body D H>F F + T — 600 600 (2.5)
ree O : = Mmpdp: - = —— r
800lb  Mcac 4 y o TPED 32.2
F + 384.5 — 600 = 46.6 F =262.11b
TE Fop = (262.1 1b)(8 ft/s) = 2097 ft - 1b/s
P 2007 ft - Th/s) P 3811
Mp & = . _-r .
o ower = (2097 £t - b/s) o Trys = 381 hp
D o D
600 Ib
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OULVINGEEROBLEIVIS
IINBIOURSOVVIN

In the preceding chapter, you solved problems dealing with the motion of a
particle by using the fundamental equation F = ma to determine the accelera-
tion a. By applying the principles of kinematics you were then able to determine
from a the velocity and displacement of the particle at any time. In this lesson we
combined F = ma and the principles of kinematics to obtain an additional method
of analysis called the method of work and energy. This eliminates the need to
calculate the acceleration and will enable you to relate the velocities of the particle
at two points along its path of motion. To solve a problem by the method of work
and energy you will follow these steps:

1. Computing the work of each of the forces. The work U,y of a given force
F during the finite displacement of the particle from A, to A, is defined as

Ulyo = J F - dr or Uiyo = J (Fcosa)ds (13.2, 13.2")

where a is the angle between F and the displacement dr. The work U}y, is a
scalar quantity and is expressed in ft - Ib or in - lb in the U.S. customary system
of units and in N - m or joules (]) in the SI system of units. Note that the work
done is zero for z i (a = 90°). Negative
work is done fg ction force, which is

nnegaeee  AxpertSoft Trial Version

The work Uy, can be easily evaluated in the following cases that you will
encounter:

a. Work of a constant force in rectilinear motion
Ujys = (F cos @) Ax (13.3)
where a = angle the force forms with the direction of motion
Ax = displacement from A, to A, (Fig. 13.3)
b. Work of the force of gravity
U = =W Ay (13.4')

where Ay is the vertical displacement of the center of gravity of the body of
weight W. Note that the work is positive when Ay is negative, that is, when the
body moves down (Fig. 13.4).

c. Work of the force exerted by a spring
U1y2 = ékxl - 7]{?&2 (136)

where k is the spring constant and x; and x are the elongations of the spring cor-
responding to the positions A; and A, (Fig. 13.5).

(continued)

777
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d. Work of a gravitational force
GMm  GMm (13.7)

U =
2 Ty 1

for a displacement of the body from A;(r = 1) to Ay(r = ry) (Fig. 13.6).

2. Calculate the kinetic energy at A; and A,. The kinetic energy T is
T = imv? (13.9)

where m is the mass of the particle and v is the magnitude of its velocity. The
units of kinetic energy are the same as the units of work, that is, ft - Ib or in - 1b
if U.S. customary units are used and N - m or joules (]) if SI units are used.

3. Substitute the values for the work done Uy,, and the kinetic energies T,
and T, into the equation

You will now have one equation which you can solve for one unknown. Note that
this equation does not yield the time of travel or the acceleration directly. How-
ever, if you know thg ticle at a point
where you have obtj AxpertSOft Trial Version al component
of the acceleration a nt of the force
exerted on the particl&Dy W

4. Power was introduced in this lesson as the time rate at which work is
done, P = dU/dt. Power is measured in ft - Ib/s or horsepower (hp) in U.S.
customary units and in J/s or watts (W) in the SI system of units. To calculate the
power, you can use the equivalent formula,

P=F-: v (13.13)

where F and v denote the force and the velocity, respectively, at a given time
[Sample Prob. 13.5]. In some problems [see, e.g., Prob. 13.47], you will be asked
for the average power, which can be obtained by dividing the total work by the
time interval during which the work is done.
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PROBLEMS

CONCEPT QUESTION

13.€Q1 Block A is traveling with a speed v, on a smooth surface when the
surface suddenly becomes rough with a coefficient of friction of m
causing the block to stop after a distance d. If block A were travel-
ing twice as fast, that is, at a speed 2v,, how far will it travel on the
rough surface before stopping?
a. d/2
b. d

c. 12d

d. 2d

e. 4d

END-OF-SECTION PROBLEMS

13.1 A 400-kg satellite was placed in a circular orbit 1500 km above
the surface of the earth. At this elevation the acceleration of grav-
ity is 6.43 m/s>. Determine the kinetic energy of the satellite,
knowing that its orbital speed is 25.6 X 10° km/h.

13.2 A 1-1b stone is dropped down the “bottomless pit” at Carlsbad Cav-
erns and strikes the ground with a speed of 95 ft/s. Neglecting air
resistance, (a) determine

—_ d—
B |

smooth

Fig. P13.CQ1

ki AxpertSoft Trial Version

part a assuming that the
moon. (Acceleration of griw

Hoee

13.3 A baseball player hits a 5.1-0z baseball with an initial velocity of
140 ft/s at an angle of 40° with the horizontal as shown. Determine
(@) the kinetic energy of the ball immediately after it is hit, (b) the
kinetic energy of the ball when it reaches its maximum height, (c)
the maximum height above the ground reached by the ball.

Fig. P13.2

13.4 A 500-kg communications satellite is in a circular geosynchronous
orbit and completes one revolution about the earth in 23 h and
56 min at an altitude of 35 800 km above the surface of the earth.
Knowing that the radius of the earth is 6370 km, determine the
kinetic energy of the satellite.

13.5 In an ore-mixing operation, a bucket full of ore is suspended from a
traveling crane which moves along a stationary bridge. The bucket is
to swing no more than 10 ft horizontally when the crane is brought to a
sudden stop. Determine the maximum allowable speed v of the crane.

13.6 In an ore-mixing operation, a bucket full of ore is suspended from
a traveling crane which moves along a stationary bridge. The crane
is traveling at a speed of 10 ft/s when it is brought to a sudden
stop. Determine the maximum horizontal distance through which
the bucket will swing.

rough

|

30 ft

Fig. P13.5 and P13.6

779


http://www.axpertsoft.com/pdf-splitter-software/

780 ﬁ“ﬁzicj of Particles: Energy and Momentum 13.7 Determine the maximum theoretical speed that may be achieved
ernodas

over a distance of 110 m by a car starting from rest assuming there
is no slipping. The coefficient of static friction between the tires
and pavement is 0.75, and 60 percent of the weight of the car is
distributed over its front wheels and 40 percent over its rear
wheels. Assume (a) front-wheel drive, (b) rear-wheel drive.

13.8 Skid marks on a drag racetrack indicate that the rear (drive) wheels
of a car slip for the first 20 m of the 400-m track. (¢) Knowing
that the coefficient of kinetic friction is 0.60, determine the speed
of the car at the end of the first 20-m portion of the track if it
starts from rest and the front wheels are just off the ground.
(b) What is the maximum theoretical speed of the car at the finish

Fig. P13.8 line if, after skidding for 20 m, it is driven without the wheels

slipping for the remainder of the race? Assume that while the car

is rolling without slipping, 60 percent of the weight of the car is

on the rear wheels and the coefficient of static friction is 0.75.

Ignore air resistance and rolling resistance.

10 m \ 13.9 A package is projected up a 15° incline at A with an initial velocity
q / c of 8 m/s. Knowing that the coefficient of kinetic friction between
B the package and the incline is 0.12, determine (a) the maximum

distance d that the package will move up the incline, (b) the veloc-
ity of the package as it returns to its original position.

el aslmimalannaled vertically from rest with a con-
hcket reaches an altitude of 15 m
air resistance, determine (@) the
ust ends, (b) the maximum height
reached by the rocket, (c) the speed of the rocket when it returns
to the ground.

Fig. P13.9

/r\ 1mis 13.11 Packages are thrown down an incline at A with a velocity of 1 m/s.
d / The packages slide along the surface ABC to a conveyor belt which
moves with a velocity of 2 m/s. Knowing that m; = 0.25 between
the packages and the surface ABC, determine the distance d if the
packages are to arrive at C with a velocity of 2 m/s.

13.12 Packages are thrown down an incline at A with a velocity of 1 m/s.

The packages slide along the surface ABC to a conveyor belt which
Fig. P13.11 and P13.12 moves with a velocity of 2 m/s. Knowing thatd = 7.5 mand m;, = 0.25
between the packages and all surfaces, determine (a) the speed of
the package at C, (b) the distance a package will slide on the con-
veyor belt before it comes to rest relative to the belt.

13.13 Boxes are transported by a conveyor belt with a velocity v, to a
fixed incline at A where they slide and eventually fall off at B.
Knowing that m; = 0.40, determine the velocity of the conveyor
belt if the boxes leave the incline at B with a velocity of 8 ft/s.

R/ 13.14 Boxes are transported by a conveyor belt with a velocity v, to a
@B fixed incline at A where they slide and eventually fall off at B.
Knowing that m; = 0.40, determine the velocity of the conveyor

Fig. P13.13 and P13.14 belt if the boxes are to have zero velocity at B.
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13.15 A 1200-kg trailer is hitched to a 1400-kg car. The car and trailer Problems 781
are traveling at 72 km/h when the driver applies the brakes on
both the car and the trailer. Knowing that the braking forces
exerted on the car and the trailer are 5000 N and 4000 N, respec-
tively, determine () the distance traveled by the car and trailer
before they come to a stop, (b) the horizontal component of the
force exerted by the trailer hitch on the car. Fig. P13.15

13.16 A trailer truck enters a 2 percent uphill grade traveling at 72 km/h
and reaches a speed of 108 km/h in 300 m. The cab has a mass of
1800 kg and the trailer 5400 kg. Determine (a) the average force
at the wheels of the cab, (b) the average force in the coupling
between the cab and the trailer.

108 km/h
_——k

72 km/h
2% up grade

! 300 m !

Fig. P13.16

13.17 The subway train shown is traveling at a speed of 30 mi/h when
the brakes are fully applig = =
them to slide on the trg . .
PN T AxpertSoft Trial Version
between the wheels an§
required to bring the train to a stop, (b) the force in each
coupling,

30 mi/h
<

40 tons 50 tons 40 tons
B C

Fig. P13.17 and P13.18

13.18 The subway train shown is traveling at a speed of 30 mi/h when
the brakes are fully applied on the wheels of car A, causing it to
slide on the track, but are not applied on the wheels of cars B or C.
Knowing that the coefficient of kinetic friction is 0.35 between the
wheels and the track, determine (a) the distance required to bring
the train to a stop, (b) the force in each coupling.

13.19 Blocks A and B weigh 25 Ib and 10 Ib, respectively, and they are
both at a height 6 ft above the ground when the system is released
from rest. Just before hitting the ground block A is moving at a
speed of 9 ft/s. Determine (a) the amount of energy dissipated in
friction by the pulley, (b) the tension in each portion of the cord
during the motion. Fig. P13.19
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782 "a“ﬁ:'cj of Particles: Energy and Momentum 13.20 The system shown is at rest when a constant 30-Ib force is applied
ernoas

to collar B. (a) If the force acts through the entire motion, determine
the speed of collar B as it strikes the support at C. (b) After what
distance d should the 30-1b force be removed if the collar is to
reach support C with zero velocity?

D TS

Fig. P13.20

13.21 Car B is towmg car A at a constant speed of 10 m/s on an uphill

L A are fully applied causing all four
: . r B does not change the throttle
AXpertSOft Trlal VerSIOn es of the cars A and B are 1400 kg
he coefficient of kinetic friction
1s U.5. Neglecting air resistance and rolling resistance, determine
(a) the distance traveled by the cars before they come to a stop,
(b) the tension in the cable.

5m 10 m/s

10 m/s </>\
\ :

5°

Fig. P13.21

13.22 The system shown is at rest when a constant 250-N force is applied
to block A. Neglecting the masses of the pulleys and the effect of
friction in the pulleys and between block A and the horizontal
surface, determine (@) the velocity of block B after block A has
moved 2 m, (b) the tension in the cable.

13.23 The system shown is at rest when a constant 250-N force is applied
to block A. Neglecting the masses of the pulleys and the effect of
friction in the pulleys and assuming that the coefficients of friction
between block A and the horizontal surface are m; = 0.25 and
m; = 0.20, determine (a) the velocity of block B after block A has

Fig. P13.22 and P13.23 moved 2 m, (b) the tension in the cable.
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13.24 Two blocks A and B, of mass 4 kg and 5 kg, respectively, are con- Problems 783
nected by a cord which passes over pulleys as shown. A 3-kg collar
C is placed on block A and the system is released from rest. After
the blocks have moved 0.9 m, collar C is removed and blocks A
and B continue to move. Determine the speed of block A just
before it strikes the ground.

13.25 Four packages, each weighing 6 Ib, are held in place by friction on
a conveyor which is disengaged from its drive motor. When the
system is released from rest, package 1 leaves the belt at A just as 0.6m

package 4 comes onto the inclined portion of the belt at B. Deter- ¥ D
mine (a) the speed of package 2 as it leaves the belt at A, (b) the T r
speed of package 3 as it leaves the belt at A. Neglect the mass of

the belt and rollers. Im

oib

‘//){ 5 ft Fig. P13.24

4
@@@@@@

94

Fig. P13.25

AxpertSoft Trial Version

13.26 A 3-kg block rests on top of a 2-kg block supported by but not
attached to a spring of constant 40 N/m. The upper block is suddenly
removed. Determine (a) the maximum speed reached by the 2-kg

block, (b) the maximum height reached by the 2-kg block.

13.27 Solve Prob. 13.26, assuming that the 2-kg block is attached to the
spring.

13.28 An 8-lb collar C slides on a horizontal rod between springs
A and B. If the collar is pushed to the right until spring B is com-
pressed 2 in. and released, determine the distance through which
the collar will travel assuming (a) no friction between the collar
and the rod, (b) a coefficient of friction m; = 0.35.

Fig. P13.26

| 16 in. |

A 6in. B
AT il
N -
k =18 Ib/in. k =12 Ib/in.

Fig. P13.28



http://www.axpertsoft.com/pdf-splitter-software/

784 Kinetics of Particles: Energy and Momentum 13.29
Methods

13.30

A

Fig. P13.29

~—400 mm—|

450

13.31

Fig. P13.31
13.32

A 6-Ib block is attached to a cable and to a spring as shown.
The constant of the spring is k = 8 Ib/in. and the tension in the
cable is 3 Ib. If the cable is cut, determine (@) the maximum dis-
placement of the block, (b) the maximum speed of the block.

A 10-kg block is attached to spring A and connected to spring B
by a cord and pulley. The block is held in the position shown with
both springs unstretched when the support is removed and the
block is released with no initial velocity. Knowing that the constant
of each spring is 2 kN/m, determine (a) the velocity of the block
after it has moved down 50 mm, (b) the maximum velocity achieved

by the block.

Fig. P13.30

A 5-kg collar A is at rest on top of, but not attached to, a spring
with stiffness k; = 400 N/m when a constant 150-N force is applied
to the cable. Knowing A has a speed of 1 m/s when the upper
spring is compressed 75 mm, determine the spring stiffness k.
Ignore friction and the mass of the pulley.

A piston of mass m and cross-sectional area A is in equilibrium
under the pressure p at the center of a cylinder closed at both
ends. Assuming that the piston is moved to the left a distance a/2
and released, and knowing that the pressure on each side of the
piston varies inversely with the volume, determine the velocity of
the piston as it again reaches the center of the cylinder. Neglect
friction between the piston and the cylinder and express your
answer in terms of m, a, p, and A.

! a | a |

Fig. P13.32
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13.33 An uncontrolled automobile traveling at 65 mph strikes squarely a Problems 785

highway crash cushion of the type shown in which the automobile
is brought to rest by successively crushing steel barrels. The mag-
nitude F of the force required to crush the barrels is shown as a
function of the distance x the automobile has moved into the cush-
ion. Knowing that the weight of the automobile is 2250 Ib and
neglecting the effect of friction, determine (a) the distance the
automobile will move into the cushion before it comes to rest,
(b) the maximum deceleration of the automobile.

F(Kkips)
B————————————— —
27 ———— ‘
w—_
| |
| |
| |
5 14 x(f)
Fig. P13.33
13.34 Two types of energy-absorbing fenders designed to be used on a  Fkips)
pier are statically loaded. The force-deflection curve for each type S0 //
of fender is given in the graph. Determine the maximum deflec- /

tion of each fender when a_90-ton D_movino 3 mi/h ke
the fender and is broug

60 /

13.35 Nonlinear springs are c
the curvature of their {OTCC-UCIIECTION CUTVE 15CC TP UIC). g
delicate instrument having a mass of 5 kg is placed on a spring 0= 2 4 6 8 10 12 x(n)
of length [ so that its base is just touching the undeformed spring
and then inadvertently released from that position, determine Fig. P13.34
the maximum deflection x,, of the spring and the maximum
force F,, exerted by the spring, assuming (a) a linear spring of
constant k = 3 kN/m, (b) a hard, nonlinear spring, for which
F = (3 kN/m)(x + 160x°).

Hard spring &%
/
4 — >

Linear spring

VN
=

F(Ib)

i
P _ _ — — — Softspring

E |
ZZ- _L@ i

x(in.)

Fig. P13.35

13.36 A rocket is fired vertically from the surface of the moon with a
speed vy. Derive a formula for the ratio h,/h, of heights reached
with a speed v, if Newton’s law of gravitation is used to calculate
h,, and a uniform gravitational field is used to calculate h,. Express
your answer in terms of the acceleration of gravity g,, on the surface
of the moon, the radius R,, of the moon, and the speeds v and v,,.
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786 Kinetics of Particles: Energy and Momentum 13.37 Express the acceleration of gravity g, at an altitude h above the
Methods surface of the earth in terms of the acceleration of gravity g, at

the surface of the earth, the altitude h, and the radius R of

the earth. Determine the percent error if the weight that an object

M ) has on the surface of earth is used as its weight at an altitude of
oon trajectory

T B ////——\\\ (Cl) 1 km, <b) 1000 km.
3 - e v //// - N T
[ // RN AN hEwom 13.38 A golf ball struck on earth rises to a maximum height of 60 m
Earth trajectory’\ \ e . . .
# \ Ny and hits the ground 230 m away. How high will the same golf ball

travel on the moon if the magnitude and direction of its velocity
are the same as they were on earth immediately after the ball was
hit? Assume that the ball is hit and lands at the same elevation
n ' in both cases and that the effect of the atmosphere on the earth
Fig. P13.38 is neglected, so that the trajectory in both cases is a parabola. The
acceleration of gravity on the moon is 0.165 times that on earth.

230 m !

. 13.39 The sphere at A is given a downward velocity v, of magnitude
\ 5 m/s and swings in a vertical plane at the end of a rope of length
\ [ = 2 m attached to a support at O. Determine the angle u at
\ which the rope will break, knowing that it can withstand a maxi-
mum tension equal to twice the weight of the sphere.

/ 13.40 The sphere at A is given a downward velocity vy and swings in a

/ vertical circle of radius [ and center O. Determine the smallest
/ Veloaty VO for Whlch the sphere will reach point B as it swings
e - duismaniope, (b) if AO is a slender rod of

? released from rest in the position
shown and swings freely in a vertical plane, first about O and then

92 ft | about the peg A after the cord comes in contact with the peg. Deter-
‘ mine the tension in the cord (a) just before the sphere comes in

oB contact with the peg, (b) just after it comes in contact with the peg.

Joe ,'

\ A ! 13.42 A roller coaster starts from rest at A, rolls down the track to B,
Jo, / describes a circular loop of 40-ft diameter, and moves up and
\/ ;9 // down past point E. Knowing that h = 60 ft and assuming no
, energy loss due to friction, determine (a) the force exerted by his
/ seat on a 160-lb rider at B and D, (b) the minimum value of the
, radius of curvature at E if the roller coaster is not to leave the

- track at that point.

Fig. P13.41

Fig. P13.42
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13.43 In Prob. 13.42, determine the range of values of h for which the
roller coaster will not leave the track at D or E, knowing that the
radius of curvature at E is r = 75 ft. Assume no energy loss due
to friction.

13.44 A small block slides at a speed v on a horizontal surface. Knowing
that 4 = 0.9 m, determine the required speed of the block if it is
to leave the cylindrical surface BCD when u = 30°.

13.45 A small block slides at a speed v = 8 ft/s on a horizontal surface
at a height h = 3 ft above the ground. Determine (@) the angle u
at which it will leave the cylindrical surface BCD, (b) the distance
x at which it will hit the ground. Neglect friction and air
resistance.

13.46 A chair-lift is designed to transport 1000 skiers per hour from the
base A to the summit B. The average mass of a skier is 70 kg and
the average speed of the lift is 75 m/min. Determine (a) the average
power required, (b) the required capacity of the motor if the
mechanical efficiency is 85 percent and if a 300-percent overload
is to be allowed.

13.47 Tt takes 15 s to raise a 1200-kg car and the supporting 300-kg
hydraulic car-lift platform to a height of 2.8 m. Determine
(a) the average output power delivered by the hydraulic pump to
lift the system, (b) the 3
that the overall conversi
power for the system is

13.48 The velocity of the lift of Prob. 13.47 increases uniformly from zero
to its maximum value at mid-height in 7.5 s and then decreases
uniformly to zero in 7.5 s. Knowing that the peak power output of
the hydraulic pump is 6 kW when the velocity is maximum, deter-
mine the maximum lift force provided by the pump.

13.49 (a) A 120-lb woman rides a 15-1b bicycle up a 3-percent slope at
a constant speed of 5 ft/s. How much power must be developed
by the woman? (b) A 180-Ib man on an 18-Ib bicycle starts down
the same slope and maintains a constant speed of 20 ft/s by brak-
ing. How much power is dissipated by the brakes? Ignore air resis-
tance and rolling resistance.

Fig. P13.49

Problems

Fig. P13.44 and P13.45

A

! 750 m
Fig. P13.46

AxpertSoft Trial Version

Fig. P13.47
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788 Kinetics of Particles: Energy and Momentum 13.50 A power specification formula is to be derived for electric motors
Methods which drive conveyor belts moving solid material at different
rates to different heights and distances. Denoting the efficiency
of a motor by h and neglecting the power needed to drive the
belt itself, derive a formula (@) in the SI system of units for
the power P in kW, in terms of the mass flow rate m in kg/h,
the height b and horizontal distance [ in meters and (b) in U.S.
customary units, for the power in hp, in terms of the material
flow rate w in tons/h, and the height b and horizontal distance
[ in feet.

Fig. P13.50

13.51 In an automobile drag race, the rear (drive) wheels of a 1000-kg
car skid for the first 20 m and roll with sliding impending during
wheels of the car are just off the
for the remainder of the race
e rear wheels. Knowing that the
0.90 and m; = 0.68, determine the
Fig. P13.51 power developed by the car at the drive wheels (@) at the end of
the 20-m portion of the race, (b) at the end of the race. Give your
answer in kW and in hp. Ignore the effect of air resistance and
rolling friction.

13.52 The frictional resistance of a ship is known to vary directly as the
1.75 power of the speed v of the ship. A single tugboat at full
power can tow the ship at a constant speed of 4.5 km/h by exerting
a constant force of 300 kN. Determine (a) the power developed
by the tugboat, (b) the maximum speed at which two tugboats,
capable of delivering the same power, can tow the ship.

13.53 A train of total mass equal to 500 Mg starts from rest and acceler-
ates uniformely to a speed of 90 km/h in 50 s. After reaching this
speed, the train travels with a constant velocity. The track is hori-
zontal and axle friction and rolling resistance result in a total force
of 15 kN in a direction opposite to the direction of motion. Deter-
mine the power required as a function of time.

13.54 The elevator E has a weight of 6600 Ib when fully loaded and is
connected as shown to a counterweight W of weight of 2200 Ib.
Determine the power in hp delivered by the motor (¢) when
the elevator is moving down at a constant speed of 1 ft/s,
(b) when it has an upward velocity of 1 ft/s and a deceleration

Fig. P13.54 of 0.18 ft/s*.
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13.6 POTENTIAL ENERGYt

Let us consider again a body of weight W which moves along a
curved path from a point A, of elevation ¢, to a point A, of elevation
ys (Fig. 13.4). We recall from Sec. 13.2 that the work of the force
of gravity W during this displacement is

Uiye = Wy, — Wy, (13.4)

The work of W may thus be obtained by subtracting the value of the
function Wy corresponding to the second position of the body from
its value corresponding to the first position. The work of W is inde-
pendent of the actual path followed; it depends only upon the initial
and final values of the function Wy. This function is called the poten-
tial energy of the body with respect to the force of gravity W and is
denoted by V,. We write

Urys = (Voh = (Vg)s with V, = Wy (13.16)

We note that it (V,); > (V,),, that is, if the potential energy increases
during the dlsplacement (as in the case considered here), the work
Uiy is negative. If, on the other hand, the work of W is positive,
the potential energy decreases. Therefore, the potential energy V, of
the body provides a measure of the work which can be done by its
weight W. Since only the change in potential energy, and not the
actual value of V,, is involved 4
stant can be added to the expry

the level, or datum, from whig AXpertSOft Trial Version

chosen arbitrarily. Note that 8
same units as work, i.e., in joules if SI units are used and in ft -
or in - Ib if U.S. Customary units are used.

It should be noted that the expression just obtained for the poten-
tial energy of a body with respect to gravity is valid only as long as the
weight W of the body can be assumed to remain constant, i.e., as long
as the displacements of the body are small compared with the radius
of the earth. In the case of a space vehicle, however, we should take
into consideration the variation of the force of gravity with the distance
r from the center of the earth. Using the expression obtained in
Sec. 13.2 for the work of a gravitational force, we write (Fig. 13.6)

GMm _ GMm
r

b

Ulyg = (137)

(&)

The work of the force of gravity can therefore be obtained by subtract-
ing the value of the function —GMm/r corresponding to the second
position of the body from its value corresponding to the first position.
Thus, the expression which should be used for the potential energy V,
when the variation in the force of gravity cannot be neglected is

v = Gl (13.17)

8 r

fSome of the material in this section has already been considered in Sec. 10.7.

13.6 Potential Energy 789

Fig. 13.4 (repeated)

Fig. 13.6 (repeated)
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Spring undeformed
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Fig. 13.5 (repeated)
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Taking the first of the relations (12.29) into account, we write V, in
the alternative form
WR?
V,=— (13.17")

g r

where R is the radius of the earth and W is the value of the weight
of the body at the surface of the earth. When either of the relations
(13.17) or (13.17") is used to express V,, the distance r should, of
course, be measured from the center of the earth.t Note that V, is al-
ways negative and that it approaches zero for very large values of r.

Consider now a body attached to a spring and moving from a
position A}, corresponding to a deflection x; of the spring, to a position
As, corresponding to a deflection x, of the spring (Fig. 13.5). We recall
from Sec. 13.2 that the work of the force F exerted by the spring on
the body is

Uiys = skai — ski (13.6)

The work of the elastic force is thus obtained by subtracting the
value of the function 3kx* corresponding to the second position of
the body from its value corresponding to the first position. This func-
tion is denoted by V, and is called the potential energy of the body
with respect to the elastic force F. We write

with V, = tka? (13.18)
ment considered, the work of
I the body is negative and the
potential energy V, increases. You should note that the expression
obtained for V, is valid only if the deflection of the spring is mea-
sured from its undeformed position. On the other hand, formula
(13.18) can be used even when the spring is rotated about its fixed

end (Fig. 13.10a). The work of the elastic force depends only upon
the initial and final deflections of the spring (Fig. 13.10b).

Undeformed length F =kx
(0] <—L>| 4

1 2
\ | (Ve); = 5 kxq

(@ (b)
Fig. 13.10

tThe expressions given for V, in (13.17) and (13.17") are valid only when r = R, that
is, when the body considered is above the surface of the earth.
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The concept of potential energy can be used when forces other
than gravity forces and elastic forces are involved. Indeed, it remains
valid as long as the work of the force considered is independent of
the path followed by its point of application as this point moves from
a given position A; to a given position Ay. Such forces are said to be
conservative forces; the general properties of conservative forces are
studied in the following section.

*13.7 CONSERVATIVE FORCES

As indicated in the preceding section, a force F acting on a particle
A is said to be conservative if its work Uy, is independent of the
path followed by the particle A as it moves from A, to Ay (Fig. 13.11a).
We can then write

U1y2 = Vl(x, Y1, z1) — Vi(x, Yo, Z2) (13.19)

or, for short,
Uyo = Vi = Vs (13.19")

The function V(x, y, z) is called the potential energy, or potential
function, of F.

We note that if A, is chosen to coincide with A;, that is, if the
particle describes a closed pa

the work is zero. Thus for an AxpertSOft Trial Version

F-dr=0 (13.20)

where the circle on the integral sign indicates that the path is closed.
Let us now apply (13.19) between two neighboring points

Alx, y,z) and A'(x + dx, y + dy, z + dz). The elementary work dU

corresponding to the displacement dr from A to A’ is

dU = V(x,y,z) — Vlx + dx, y + dy, z + dz)

or
dU = —dV(x, y, ) (13.21)

Thus, the elementary work of a conservative force is an exact
differential.

Substituting for dU in (13.21) the expression obtained in (13.1")
and recalling the definition of the differential of a function of several
variables, we write

Fods+ Fydy + F.ds = —( 2de + dy + Y
v ox dy 0z

13.7 Conservative Forces

Ax(Xa, Y2, 22)

Aq(Xy, Y1, 29)

@)

Aq(X1, Y1, 29)

z
Fig. 13.11

(b)
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792 ﬁnfe}:ics of Particles: Energy and Momentum from which it follows that
ethods

oV oV oV
B, = =— [, = =—— F.=—-— (1322
ox ay 0z

It is clear that the components of F must be functions of the coordi-
nates x, y, and z. Thus, a necessary condition for a conservative force
is that it depend only upon the position of its point of application.
The relations (13.22) can be expressed more concisely if we write
aV vV aVv
F=Fi+Fj+Fk= —(i + 2+ k>
’ ax ay 0z
The vector in parentheses is known as the gradient of the scalar function
V and is denoted by grad V. We thus write for any conservative force

F=—grad V (13.23)

The relations (13.19) to (13.23) were shown to be satisfied by
any conservative force. It can also be shown that if a force F satisfies
one of these relations, F must be a conservative force.

13.8 CONSERVATION OF ENERGY

. . that the work of a conservative
AxpertSOft Trial Version r the force exerted by a spring,
ential energy. When a particle
moves under the action of conservative forces, the principle of work
and energy stated in Sec. 13.3 can be expressed in a modified form.
Substituting for Uyys from (13.19') into (13.10), we write

Vl_VZZTQ_Tl

Tl + VI = TZ + V2 (13.24)

Formula (13.24) indicates that when a particle moves under the
action of conservative forces, the sum of the kinetic energy and
of the potential energy of the particle remains constant. The sum
T + Vis called the total mechanical energy of the particle and is
denoted by E.

Consider, for example, the pendulum analyzed in Sec. 13.4,
which is released with no velocity from A; and allowed to swing in
a vertical plane (Fig. 13.12). Measuring the potential energy from
the level of Ay, we have, at A},

T1=O V1=Wl T1+V1=Wl
Recalling that at A, the speed of the pendulum is v, = 12g], we have

Ty =gymvs = ——(2¢) =Wl Vy=0
Fig. 13.12 Ty +Vy, =Wl
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We thus check that the total mechanical energy E = T + V of the 13.9 FMO“O" Under a Conservative Central  7Q3
K X i orce. Application to Space Mechanics

pendulum is the same at A; and A,. Whereas the energy is entirely

potential at A;, it becomes entirely kinetic at Ay, and as the pendu-

lum keeps swinging to the right, the kinetic energy is transformed

back into potential energy. At A;, T3 = 0 and V5 = WL,

Since the total mechanical energy of the pendulum remains
constant and since its potential energy depends only upon its ele-
vation, the kinetic energy of the pendulum will have the same
value at any two points located on the same level. Thus, the speed
of the pendulum is the same at A and at A’ (Fig. 13.12). This result
can be extended to the case of a particle moving along any given
path, regardless of the shape of the path, as long as the only forces
acting on the particle are its weight and the normal reaction of the
path. The particle of Fig. 13.13, for example, which slides in a
vertical plane along a frictionless track, will have the same speed
at A, A’, and A”.

While the weight of a particle and the force exerted by a spring
are conservative forces, friction forces are nonconservative forces. In
other words, the work of a friction force cannot be expressed as a
change in potential energy. The work of a friction force depends
upon the path followed by its point of application; and while the
work Ujys defined by (13.19) is positive or negative according to the
sense of motion, the work of a friction force, as we noted in
Sec. 13.4, is always negative. It follows that when a mechanical sys-
tem involves friction, its total 4 : :
constant but decreases. The . .
lost; it is transformed into h AXpertSOft Trial Version
energy and of the thermal eneR

Other forms of energy can also be involved in a system. For
instance, a generator converts mechanical energy into electric energy;
a gasoline engine converts chemical energy into mechanical energy;
a nuclear reactor converts mass into thermal energy. If all forms of
energy are considered, the energy of any system can be considered
as constant and the principle of conservation of energy remains valid
under all conditions.

Start

Fig. 13.13

13.9 MOTION UNDER A CONSERVATIVE CENTRAL
FORCE. APPLICATION TO SPACE MECHANICS

We saw in Sec. 12.9 that when a particle P moves under a central
force F, the angular momentum Hy, of the particle about the center
of force O is constant. If the force F is also conservative, there exists
a potential energy V associated with F, and the total energy E =
T + V of the particle is constant (Sec. 13.8). Thus, when a particle
moves under a conservative central force, both the principle of con-
servation of angular momentum and the principle of conservation of
energy can be used to study its motion.

Consider, for example, a space vehicle of mass m moving under
the earth’s gravitational force. Let us assume that it begins its free
flight at point P, at a distance r, from the center of the earth, with
a velocity vy forming an angle ¥, with the radius vector OP,
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Fig. 13.14

(Fig. 13.14). Let P be a point of the trajectory described by the
vehicle; we denote by r the distance from O to P, by v the velocity
of the vehicle at P, and by F the angle formed by v and the radius
vector OP. Applying the principle of conservation of angular momen-
tum about O between P, and P (Sec. 12.9), we write

rgmu, sin ¥y = rmo sin ¥ (13.25)

Recalling the expression (13.17) obtained for the potential energy
due to a gravitational force, we apply the principle of conservation
of energy between P, and P and write

T()+V():T+V

GM GM
mo} — . L mo® — Tm (13.26)
0

where M is the mass of the earth.

Equation (13.26) can be solved for the magnitude v of the
velocity of the vehicle at P when the distance r from O to P is known;
Eq. (13.25) can then be used to determine the angle ¥ that the
velocity forms with the radius vector OP.

Equations (13.25) and (13.26) can also be used to determine
the maximum and minimum values of r in the case of a satellite
launched from P, in a direction forming an angle ¥, with the

ertical QP (Fio he desired values of r are obtained by
ating v between Eqs. (13.25)

Fig. 13.15

It should be noted that the application of the principles of
conservation of energy and of conservation of angular momentum
leads to a more fundamental formulation of the problems of space
mechanics than does the method indicated in Sec. 12.12. In all cases
involving oblique launchings, it will also result in much simpler com-
putations. And while the method of Sec. 12.12 must be used when
the actual trajectory or the periodic time of a space vehicle is to be
determined, the calculations will be simplified if the conservation
principles are first used to compute the maximum and minimum
values of the radius vector r.
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SAMPLE PROBLEM 13.6

| 8in.

|
B — WY

A 20-Ib collar slides without friction along a vertical rod as shown. The
spring attached to the collar has an undeformed length of 4 in. and a con-
stant of 3 Ib/in. If the collar is released from rest in position I, determine
its velocity after it has moved 6 in. to position 2.

SOLUTION

Position 1. Potential Energy. The elongation of the spring is
x; = 8in. — 4 in. = 4 in.

and we have
8in.

V, = tkxi = 3(31b/in.)(4in.)*> = 24in - Ib
Adiaahianns Choosing the datum as shown, we have V, = 0. Therefore,

Vi=V,+V,=24in-lb=2f"1

in position I is zero, T, = 0.

elongation of the spring is

4 in. = 6 in.

V, = %kx% = %(3 Ib/in.)(6 in.)? = 54 in - 1b
F . V, = Wy = (20 Ib)(=6 in.) = —120 in - Ib
Therefore,
b Vo=V, +V,=54—-120 = —66in - b
Fy = —55ft-Ib
. Kinetic Energy
X1 = 4in._,‘ ! a0
~—— Xp= 6in.—— Tzzémuézig)zj@%:oglm%

Conservation of Energy. Applying the principle of conservation of energy
between positions I and 2, we write
T, +V, =T, + V,
0+2ft-1b=0311v3—55ft-1b
vy = *4.91 ft/s
vo = 491 ft/sw
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b SAMPLE PROBLEM 13.7

The 0.5-1b pellet is pushed against the spring at A and released from rest.

' K3 1byi Neglecting friction, determine the smallest deflection of the spring for

© E =3 lbfin. - Ly oh the pellet will travel around the loop ABCDE and remain at all times
W=05Ib / in contact with the loop.

SOLUTION

Required Speed at Point D.  As the pellet passes through the highest point

D, its potential energy with respect to gravity is maximum and, thus, its

kinetic energy and speed are minimum. Since the pellet must remain in

contact with the loop, the force N exerted on the pellet by the loop must

be equal to or greater than zero. Setting N = 0, we compute the smallest
= possible speed vp.

HW2F, = ma,: W = ma,, mg = ma, a, =g

w may 4= 2. o} = ra, = rg = (2 f)(32.2 f/s?) = 64.4 fiYs>

by x the deflection of the spring

D Position 2

Choosing the datum at A, we have V, = 0; therefore
Vi=V,+V, =18

Kinetic Energy. Since the pellet is released from rest, vy = 0 and we
va=0 have T; = 0.

~ F\/ /J( Position 2.  Potential Energy. The spring is now undeformed; thus V, = 0.
Datum B A Since the pellet is 4 ft above the datum, we have

rostont V, = Wy = (05 Ib)(4 fo) = 2 ft - b
Vo=V, +V,=2ftIb

Kinetic Energy. Using the value of v}, obtained above, we write

1 051b
2 32 .2 ft/s®
Conservation of Energy. Applying the principle of conservation of energy
between positions I and 2, we write

Tl < Vl = T2 aF VQ

0+ 18> =05ft-1b+ 2ft-1Ib
x = 0.3727 ft x = 447 in.

(64.4 ft¥/s*) = 051t - 1b

2
Up =

o

T2:
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SAMPLE PROBLEM 13.8

A sphere of mass m = 0.6 kg is attached to an elastic cord of constant k =
100 N/m, which is undeformed when the sphere is located at the origin O.
Knowing that the sphere may slide without friction on the horizontal surface
and that in the position shown its velocity v, has a magnitude of 20 m/s,
determine (@) the maximum and minimum distances from the sphere to the
origin O, (b) the corresponding values of its speed.

SOLUTION

The force exerted by the cord on the sphere passes through the fixed point
O, and its work can be expressed as a change in potential energy. It is
therefore a conservative central force, and both the total energy of the
sphere and its angular momentum about O are conserved.

Conservation of Angular Momentum About O. At point B, where the
distance from O is maximum, the velocity of the sphere is perpendicular to
OB and the angular momentum is 7,,mv,,. A similar property holds at point
C, where the distance from O is minimum. Expressing conservation of angu-
lar momentum between A and B, we write

rymuoy sin 60° = r,mv,,
sin 60° = 1,,(0.6 kg)u,,
8.66

Tm

@)

Conservation of Energy

At point A: T, = ymo3 = 3(0.6 kg)(20 m/s)*> = 120 |
Wy = —krA = 2(100 N/m)(0.5m)* = 12.5 ]
At point B: Ty = smoz, = 3(0. 6kg)o,2,l 0.3v%
Vs = tkr2, = (100 N/m)r, = 5012,

Applying the principle of conservation of energy between points A and B,
we write

TA + VA = TB + VB
120 + 12.5 = 0.302, + 5012, 2)

a. Maximum and Minimum Values of Distance. Substituting for v, from
Eq. (1) into Eq. (2) and solving for r2, we obtain

r2 = 2.468 or 0.1824 ry = 1.571 m, r;, = 0.427 m

b. Corresponding Values of Speed. Substituting the values obtained for
r,, and r,, into Eq. (1), we have

8.66

- = = 551

Up 1571 U 5.51 m/s
8.66

By = 0427 v}, = 20.3 m/s

Note. Tt can be shown that the path of the sphere is an ellipse of center O.
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o~ 36 900 km/h
Earth

Maximum altitude @

S 500 km

798

SAMPLE PROBLEM 13.9

A satellite is launched in a direction parallel to the surface of the earth with
a velocity of 36 900 km/h from an altitude of 500 km. Determine (a) the
maximum altitude reached by the satellite, (b) the maximum allowable error
in the direction of launching if the satellite is to go into orbit and come no
closer than 200 km to the surface of the earth.

SOLUTION

a. Maximum Altitude. We denote by A’ the point of the orbit farthest
from the earth and by r; the corresponding distance from the center of the
earth. Since the satellite is in free flight between A and A’, we apply the
principle of conservation of energy:
TA aF VA = TA' aF VAf
1 o GMm _ s,  GMm
= 1

2/M0o : -
To

@

U

b

o

r

Since the only force acting on the satellite is the force of gravity, which is
a central force, the angular momentum of the satellite about O is conserved.
Considering points A and A’, we write

To

@)

2GM
== 3)
0o
Recalling that the radius of the earth is R = 6370 km, we compute

ro = 6370 km + 500 km = 6870 km = 6.87 X 10° m
v = 36 900 km/h = (36.9 X 10° m)/(3.6 X 10°s) = 10.25 X 10° m/s
GM = gR*> = (9.81 m/s?)(6.37 X 10° m)* = 398 X 10'* m?/s®

Substituting these values into (3), we obtain r; = 66.8 X 10° m.

Maximum altitude = 66.8 X 10° m — 6.37 X 10° m = 604 X 10° m =
60 400 km

b. Allowable Error in Direction of Launching. The satellite is launched
from Py, in a direction forming an angle ¥, with the vertical OP,,. The value
of Fy corresponding to 7, = 6370 km + 200 km = 6570 km is obtained
by applying the principles of conservation of energy and of conservation of
angular momentum between P, and A:

. s GMm , GMm )
aMmvy — = aMUpax —
To Tmin
rgmug sin Ty = 1Mo 5)

Solving (5) for v,,,, and then substituting for v,,,, into (4), we can solve (4)
for sin F,. Using the values of vy and GM computed in part ¢ and noting
that ry/r;, = 6870/6570 = 1.0457, we find

sin F, = 0.9801 Ty =90° = 11.5° Allowable error = = 11.5°
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SOULVINGEEROBLEIVIY
DINBIOURSOVVIN

In this lesson you learned that when the work done by a force F acting on a
particle A is independent of the path followed by the particle as it moves from
a given position A; to a given position A, (Fig. 13.11a), then a function V, called
potential energy, can be defined for the force F. Such forces are said to be con-
servative forces, and you can write

Uiys = Vixy, y1, z1) — Vixg, y, 29) (13.19)
or, for short,
U1y2 = Vl - VZ (1319’)
Note that the work is negative when the change in the potential energy is positive,
i.e., when V, > V.
Substituting the above expression into the equation for work and energy, you can
write
Tl + Vl = TZ + V2 (1324)

which shows that when a particle moves under the action of a conservative force
the sum of the kinetic and potential energies of the particle remains constant.

Your solution g isist of the following

steps. AxpertSoft Trial Version

1. Determine whether all the torces involved are conservative. If some of the
forces are not conservative, for example if friction is involved, you must use the
method of work and energy from the previous lesson, since the work done by such
forces depends upon the path followed by the particle and a potential function
does not exist. If there is no friction and if all the forces are conservative, you can
proceed as follows.

2. Determine the kinetic energy T = ;mv? at each end of the path.

799
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800

3. Compute the potential energy for all the forces involved at each end of
the path. You will recall that the following expressions for the potential energy
were derived in this lesson.

a. The potential energy of a weight W close to the surface of the earth and
at a height y above a given datum,

V, = Wy (13.16)

b. The potential energy of a mass m located at a distance r from the cen-
ter of the earth, large enough so that the variation of the force of gravity must be
taken into account,

GMm

r

V, = — (13.17)

where the distance r is measured from the center of the earth and V, is equal to
zero at r = %,

c. The potential energy of a body with respect to an elastic force F = kx,
V, = kx® (13.18)

undeformed position ends only upon
the deflection x and
V, is always positive,

4. Substitute your expressions for the kinetic and potential energies into
Eq. (13.24). You will be able to solve this equation for one unknown, for example,
for a velocity [Sample Prob. 13.6]. If more than one unknown is involved, you will
have to search for another condition or equation, such as the minimum speed
[Sample Prob. 13.7] or the minimum potential energy of the particle. For prob-
lems involving a central force, a second equation can be obtained by using con-
servation of angular momentum [Sample Prob. 13.8]. This is especially useful in
applications to space mechanics [Sec. 13.9].
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PROBLEMS

CONCEPT QUESTIONS A
B
13.€Q2 Two small balls A and B with masses 2m and m, respectively, are zmo o
released from rest at a height i above the ground. Neglecting air m
resistance, which of the following statements is true when the two
balls hit the ground?

a. The kinetic energy of A is the same as the kinetic energy of B.
b. The kinetic energy of A is half the kinetic energy of B.

c. The kinetic energy of A is twice the kinetic energy of B.

d. The kinetic energy of A is four times the kinetic energy of B. Fig. P13.CQ2

13.€Q3 A small block A is released from rest and slides down the friction-
less ramp to the loop. The maximum height i of the loop is the A

same as the initial height of the block. Will A make it completely
around the loop without losing contact with the track?

a. Yes
b. No h

c. Need more information

END-OF-SECTION PROBLEMS

13.55 A force P is slowly appliedesauamalats Sttt e =
and causes a deflection

an expression for the co AXpertSOft Trial Ve I’Sion

spring equivalent to the

Fig. P13.CQ3

which will undergo the same deflection xo when subjected to the
same force P.

Fig. P13.55  (a) (b)

13.56 A loaded railroad car of mass m is rolling at a constant velocity v
when it couples with a massless bumper system. Determine the
maximum deflection of the bumper assuming the two springs are
(a) in series (as shown), (b) in parallel.

Fig. P13.56
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802 Kinetics of Particles: Energy and Momentum

Methods

EA

Dimensions in mm

Fig. P13.57

X

v =
FAT\Y\N\’;;\A& % 61in.
A
! 6 in. ! 6 in !
Fig. P13.59

100 mm
200 mm

T B
Fig. P13.60

13.57 A 600-g collar C may slide along a horizontal, semicircular rod
ABD. The spring CE has an undeformed length of 250 mm and a
spring constant of 135 N/m. Knowing that the collar is released
from rest at A and neglecting friction, determine the speed of the
collar (@) at B, (b) at D.

13.58 A 3-1b collar is attached to a spring and slides without friction

along a circular rod in a horizontal plane. The spring has an unde-

formed length of 7 in. and a constant k = 1.5 Ib/in. Knowing that
the collar is in equilibrium at A and is given a slight push to get
it moving, determine the velocity of the collar (a) as it passes

through B, (b) as it passes through C.

Fig. P13.58

13.59 A 3-Ib collar C may slide without friction along a horizontal rod. Tt
is attached to three sprmgs each of constant k = 2 Ib/in. and 6-in.

- - asklot the collar is released from rest in
e maximum speed it will reach in

A 500-g collar can slide without friction on the curved rod BC in
a horizontal plane. Knowing that the undeformed length of the
spring is 80 mm and that k = 400 kN/m, determine (a) the velocity
that the collar should be given at A to reach B with zero velocity,
(b) the velocity of the collar when it eventually reaches C.

13.61 An elastic cord is stretched between two points A and B, located
800 mm apart in the same horizontal plane. When stretched directly
between A and B, the tension is 40 N. The cord is then stretched
as shown until its midpoint C has moved through 300 mm to C'; a
force of 240 N is required to hold the cord at C'. A 0.1-kg pellet is
placed at C’, and the cord is released. Determine the speed of the
pellet as it passes through C.

mim

mim

300 mm

Fig. P13.61
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13.62

13.63

13.64

13.65

An elastic cable is to be designed for bungee jumping from a tower
130 ft high. The specifications call for the cable to be 85 ft long
when unstretched, and to stretch to a total length of 100 ft when
a 600-lb weight is attached to it and dropped from the tower.
Determine (a) the required spring constant k of the cable, (b) how
close to the ground a 186-Ib man will come if he uses this cable
to jump from the tower.

It is shown in mechanics of materials that the stiffness of an elastic
cable is k = AE/L, where A is the cross-sectional area of the cable,
E is the modulus of elasticity, and L is the length of the cable. A
winch is lowering a 4000-1b piece of machinery using a constant
speed of 3 ft/s when the winch suddenly stops. Knowing that the
steel cable has a diameter of 0.4 in., E = 29 X 10° Ib/in?, and
when the winch stops L = 30 ft, determine the maximum down-
ward displacement of the piece of machinery from the point it was
when the winch stopped.

30 ft

Problems 803

Fig. P13.62

AxpertSoft Trial Version

A 2-kg collar is attached to a spring and slides without friction in
a vertical plane along the curved rod ABC. The spring is unde-
formed when the collar is at C and its constant is 600 N/m. If the
collar is released at A with no initial velocity, determine its velocity
(a) as it passes through B, (b) as it reaches C.

’4715() mm i 250 mm |

Fig. P13.64

A 1-kg collar can slide along the rod shown. It is attached to an
elastic cord anchored at F, which has an undeformed length of
250 mm and spring constant of 75 N/m. Knowing that the collar
is released from rest at A and neglecting friction, determine the
speed of the collar (a) at B, (b) at E.

400

mm

Fig. P13.65
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804 ﬁ“ﬁzicj of Particles: Energy and Momentum 13.66 A thin circular rod is supported in a vertical plane by a bracket at
ernodas

A. Attached to the bracket and loosely wound around the rod is a
spring of constant k = 3 Ib/ft and undeformed length equal to the
arc of circle AB. An 8-oz collar C, not attached to the spring, can
slide without friction along the rod. Knowing that the collar is
released from rest at an angle u with the vertical, determine
(@) the smallest value of u for which the collar will pass through
D and reach point A, (b) the velocity of the collar as it reaches
point A.

Fig. P13.66

13.67 The system shown is in equilibrium when ¥ = 0. Knowing that
initially ¥ = 90° and that block C is given a slight nudge when the
mine the speed of the block as it
osition T = 0. Neglect the weight

Fig. P13.67

13.68 A spring is used to stop a 50-kg package which is moving down a
20° incline. The spring has a constant k = 30 kN/m and is held by
cables so that it is initially compressed 50 mm. Knowing that the
velocity of the package is 2 m/s when it is 8 m from the spring and
neglecting friction, determine the maximum additional deformation
of the spring in bringing the package to rest.

13.69 Solve Prob. 13.68 assuming the kinetic coefficient of friction
Fig. P13.68 between the package and the incline is 0.2.

A section of track for a roller coaster consists of two circular arcs
AB and CD joined by a straight portion BC. The radius of AB is
27 m and the radius of CD is 72 m. The car and its occupants, of
total mass 250 kg, reach point A with practically no velocity and
then drop freely along the track. Determine the normal force
exerted by the track on the car as the car reaches point B. Ignore
air resistance and rolling resistance.

A section of track for a roller coaster consists of two circular arcs
AB and CD joined by a straight portion BC. The radius of AB is
27 m and the radius of CD is 72 m. The car and its occupants, of
total mass 250 kg, reach point A with practically no velocity and
then drop freely along the track. Determine the maximum and
minimum values of the normal force exerted by the track on the
car as the car travels from A to D. Ignore air resistance and rolling
Fig. P13.70 and P13.71 resistance.
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13.72 A 1-1b collar is attached to a spring and slides without friction along Problems 805
a circular rod in a vertical plane. The spring has an undeformed
length of 5 in. and a constant k = 10 Ib/ft. Knowing that the collar is
released from being held at A, determine the speed of the collar
and the normal force between the collar and the rod as the collar
passes through B.

13.73 A 10-Ib collar is attached to a spring and slides without friction
along a fixed rod in a vertical plane. The spring has an undeformed
length of 14 in. and a constant k = 4 Ib/in. Knowing that the collar
is released from rest in the position shown, determine the force
exerted by the rod on the collar at (@) point A, (b) point B. Both
these points are on the curved portion of the rod.

Fig. P13.72

&
&

k = 4 Ib/in. \U\B\Wﬁ\ _
W 14in.
NN

‘1(%t/
|

3 14 in.

— 1in. AxpertSoft Trial Version

Fig. P13.73
13.74 An 8-oz package is projected upward with a velocity v, by a spring
at A; it moves around a frictionless loop and is deposited at C. For
each of the two loops shown, determine () the smallest velocity
vy for which the package will reach C, (b) the corresponding force
exerted by the package on the loop just before the package leaves
the loop at C.

r® 1.5 ft r® 1.5 ft

Fig. P13.74 and P13.75

13.75 1If the package of Prob. 13.74 is not to hit the horizontal surface at
C with a speed greater than 10 ft/s, (@) show that this requirement
can be satisfied only by the second loop, (b) determine the largest
allowable initial velocity vy when the second loop is used.
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806 Kinetics of Particles: Energy and Momentum 13.76 A small package of weight W is projected into a vertical return
Methods loop at A with a velocity vo. The package travels without friction
along a circle of radius r and is deposited on a horizontal surface
at C. For each of the two loops shown, determine () the smallest
velocity v, for which the package will reach the horizontal surface
at C, (b) the corresponding force exerted by the loop on the pack-
age as it passes point B.

Fig. P13.76

< xg—] 13.77 The 1-kg ball at A is suspended by an inextensible cord and given
an initial horizontal velocity of 5 m/s. If [ = 0.6 m and x = 0,

B E determine yy so that the ball will enter the basket.

*13.78 Packages are moved from point A on the upper floor of a ware-

house to pomt B on the lower floor, 12 ft directly below A, by
ine of which is in the shape of a helix
= 8 ft. The cross section of the
ay that each package, after being
11 slide along the centerline of the
ouching its edges. Neglecting friction,
(a) express as a function of the elevation y of a given point P of
the centerline the angle T formed by the normal to the surface of
the chute at P and the principal normal of the centerline at that
A point, (b) determine the magnitude and direction of the force
Q —+ exerted by the chute on a 20-lb package as it reaches point B. Hint:
The principal normal to the helix at any point P is horizontal and
Vo directed toward the y axis, and the radius of curvature of the helix

Fig. P13.77 is r = R[1 + (h/2pR)*].

h=12ft (6]

z
Fig. P13.78
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*13.79

13.80

*13.81

*13.82

*13.83

*13.84

13.85

13.86

Prove that a force F(x, y, z) is conservative if, and only if, the fol-
lowing relations are satisfied:

oF,  IF, aF,  oF, aF, OF

X

dy o oz ay w0z

The force F = (yzi + zxj + xyk)/xyz acts on the particle Px, y, z)
which moves in space. (@) Using the relation derived in Prob. 13.79,
show that this force is a conservative force. (b) Determine the poten-
tial function associated with F.

A force F acts on a particle P(x, y) which moves in the xy plane.
Determine whether F is a conservative force and compute the work
of F when P describes in a clockwise sense the path A, B, C, A includ-
ing the quarter circle x + y2 =d,ifl@F = kyi, b) F = k(yi + xj).

y

Fig. P13.81

The potential function associated with a force P in space is known
to be V(x, y, z) = —0? + y2 + 222, (@) Determine the x, y, and
z components of P. (b) Calculate the work done by P from O to
D by integrating along the path OABD, and show that it is equal
to the negative of the change in potential from O to D.

(@) Calculate the work done from D to O by the force P of Prob. 13.82
by integrating along the diagonal of the cube. (b) Using the result
obtained and the answer to part b of Prob. 13.82, verify that the work
done by a conservative force around the closed path OABDO is zero.

The force F = (xi + yj + k) + y2 + z%%? acts on the particle
P(x, y, z) which moves in space. (¢) Using the relations derived in
Prob. 13.79, prove that F is a conservative force. (b) Determine the
potential function V(x, y, z) associated with F.

(@) Determine the kinetic energy per unit mass which a missile must
have after being fired from the surface of the earth if it is to reach an
infinite distance from the earth. (b) What is the initial velocity of the
missile (called the escape velocity)? Give your answers in SI units
and show that the answer to part b is independent of the firing angle.

A satellite describes an elliptic orbit of minimum altitude 606 km
above the surface of the earth. The semimajor and semiminor axes
are 17 440 km and 13 950 km, respectively. Knowing that the speed
of the satellite at point C is 4.78 km/s, determine (a) the speed at
point A, the perigee, (b) the speed at point B, the apogee.

Problems 807

Fig. P13.82

<~—— 17 440 km ——
Fig. P13.86

~——17 440 km ——|
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808 Kinetics of Particles: Energy and Momentum 13.87 While describing a circular orbit 200 mi above the earth a space

Methods

13.88

13.89

R = 6370 km

13.90

13.91

1500 km
Fig. P13.90

vehicle launches a 6000-Ib communications satellite. Determine
(a) the additional energy required to place the satellite in a geo-
synchronous orbit at an altitude of 22,000 mi above the surface of
the earth, (b) the energy required to place the satellite in the same
orbit by launching it from the surface of the earth, excluding the
energy needed to overcome air resistance. (A geosynchronous
orbit is a circular orbit in which the satellite appears stationary
with respect to the ground.)

A lunar excursion module (LEM) was used in the Apollo moon-
landing missions to save fuel by making it unnecessary to launch
the entire Apollo spacecraft from the moon’s surface on its return
trip to earth. Check the effectiveness of this approach by comput-
ing the energy per pound required for a spacecraft (as weighed on
the earth) to escape the moon’s gravitational field if the spacecraft
starts from (@) the moon’s surface, (b) a circular orbit 50 mi above
the moon’s surface. Neglect the effect of the earth’s gravitational
field. (The radius of the moon is 1081 mi and its mass is 0.0123 times
the mass of the earth.)

Knowing that the velocity of an experimental space probe fired from
the earth has a magnitude v, = 32.5 Mm/h at point A, determine
the speed of the probe as it passes through point B.

hy®12700km  \

VB

Fig. P13.89

A spacecraft is describing a circular orbit at an altitude of 1500
km above the surface of the earth. As it passes through point A,
its speed is reduced by 40 percent and it enters an elliptic crash
trajectory with the apogee at point A. Neglecting air resistance,
determine the speed of the spacecraft when it reaches the earth’s
surface at point B.

Observations show that a celestial body traveling at 1.2 X 10° mi/h
appears to be describing about point B a circle of radius equal to
60 light years. Point B is suspected of being a very dense concentra-
tion of mass called a black hole. Determine the ratio Mp/Mj of the
mass at B to the mass of the sun. (The mass of the sun is 330,000
times the mass of the earth, and a light year is the distance traveled
by light in 1 year at 186,300 mi/s.)
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13.92 (a) Show that, by setting r = R + y in the right-hand member of Problems 809
Eq. (13.17") and expanding that member in a power series in y/R,
the expression in Eq. (13.16) for the potential energy V, due to
gravity is a first-order approximation for the expression given in
Eq. (13.17"). (b) Using the same expansion, derive a second-order
approximation for V,,.

13.93 Collar A has a mass of 3 kg and is attached to a spring of constant
1200 N/m and of undeformed length equal to 0.5 m. The system is
set in motion with » = 0.3 m, v, = 2 m/s, and v, = 0. Neglecting the
mass of the rod and the effect of friction, determine the radial and
transverse components of the velocity of the collar when r = 0.6 m.

13.94 Collar A has a mass of 3 kg and is attached to a spring of constant
1200 N/m and of undeformed length equal to 0.5 m. The system  Fig., P13.93 and P13.94
is set in motion with r = 0.3 m, v, = 2 m/s, and v, = 0. Neglect-
ing the mass of the rod and the effect of friction, determine
(@) the maximum distance between the origin and the collar, —z—

(b) the corresponding speed. (Hint: Solve the equation obtained b

for r by trial and error.) vy
ﬁ4 in.—/ ’
13.95 A 4-1b collar A and a 1.5-1b collar B can slide without friction on E

a frame, consisting of the horizontal rod OE and the vertical rod /OQ @ w —
CD, which is free to rotate about CD. The two collars are con-

nected by a cord running over a pulley that is attached to the
frame at O. At the instant shown, the velocity v, of collar A has a
magnitude of 6 ft/s and
e hhaaeiady  AxpertSoft Trial Version
when it is 8 in. from

collar B comes to rest. (AS5® e =
collar A does not come off rod OE, and that the mass of the frame
is negligible.) Fig. P13.95

oo O

13.96 A 1.5-1b ball that can slide on a horizontal frictionless surface is
attached to a fixed point O by means of an elastic cord of constant
k = 1 Ib/in. and undeformed length 2 ft. The ball is placed at 9 -~ V0
point A, 3 ft from O, and given an initial velocity v, perpendicular N
to OA. Determine (¢) the smallest allowable value of the initial \
speed vy if the cord is not to become slack, (b) the closest distance \
d that the ball will come to point O if it is given half the initial \
speed found in part a. |
|

13.97 A 1.5-1b ball that can slide on a horizontal frictionless surface
is attached to a fixed point O by means of an elastic cord of constant
k =1 Ib/in. and undeformed length 2 ft. The ball is placed at
point A, 3 ft from O, and given an initial velocity v, perpendicular
to OA, allowing the ball to come within a distance d = 9 in. of ¥ §_ J I
point O after the cord has become slack. Determine (a) the initial 0
speed vy of the ball, (b) its maximum speed. Fig. P13.96 and P13.97

13.98 Using the principles of conservation of energy and conservation of
angular momentum, solve part a of Sample Prob. 12.9.

13.99 Solve Sample Prob. 13.8, assuming that the elastic cord is replaced
by a central force F of magnitude (80/r*) N directed toward O.
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810 'Ianehﬁccj of Particles: Energy and Momentum 13.100
ethods

13.101

Fig. P13.101

115 103mi 183 10°

13.103

Tethys O /

Fig. P13.102

A spacecraft is describing an elliptic orbit of minimum altitude
hy = 2400 km and maximum altitude hy; = 9600 km above the
surface of the earth. Determine the speed of the spacecraft at A.

Fig. P13.100

While describing a circular orbit, 185 mi above the surface of the
earth, a space shuttle ejects at point A an inertial upper stage (IUS)
carrying a communications satellite to be placed in a geosynchro-
nous orbit (see Prob. 13.87) at an altitude of 22,230 mi above the
surface of the earth. Determine (a) the velocity of the TUS relative
to the shuttle after its engine has been fired at A, (b) the increase
in velocity required at B to place the satellite in its final orbit.

he planet Saturn reaches point A with a
10° ft/s. It is to be placed in an
at it will be able to periodically
oons. Tethys is in a circular orbit
Of Tadiis 105 X 10U i afl e center of Saturn, traveling at a
speed of 37.2 X 10° ft/s. Determine (a) the decrease in speed
required by the spacecraft at A to achieve the desired orbit, (b) the
speed of the spacecraft when it reaches the orbit of Tethys at B.

A spacecraft traveling along a parabolic path toward the planet
Jupiter is expected to reach point A with a velocity v, of magnitude
26.9 km/s. Tts engines will then be fired to slow it down, placing it
into an elliptic orbit which will bring it to within 100 X 10° km of
Jupiter. Determine the decrease in speed Av at point A which will
place the spacecraft into the required orbit. The mass of Jupiter is
319 times the mass of the earth.

350 10%km 100 10° km

Fig. P13.103
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13.104 As a first approximation to the analysis of a space flight from the Problems 871
earth to Mars, it is assumed that the orbits of the earth and Mars
are circular and coplanar. The mean distances from the sun to the Transfer
earth and to Mars are 149.6 X 10° km and 227.8 X 10° km, respec- orbit
tively. To place the spacecraft into an elliptical transfer orbit at
point A, its speed is increased over a short interval of time to v,
which is faster than the earth’s orbital speed. When the spacecraft
reaches point B on the elliptical transfer orbit, its speed vy is
increased to the orbital speed of Mars. Knowing that the mass of
the sun is 332.8 X 10° times the mass of the earth, determine the
increase in velocity required (a) at A, (b) at B.

orbit "

of earth

J

sun

13.105 The optimal way of transferring a space vehicle from an inner
circular orbit to an outer coplanar circular orbit is to fire its
engines as it passes through A to increase its speed and place it
in an elliptic transfer orbit. Another increase in speed as it
passes through B will place it in the desired circular orbit. For Fig. P13.104
a vehicle in a circular orbit about the earth at an altitude h; =
200 mi, which is to be transferred to a circular orbit at an alti-
tude hy, = 500 mi, determine (a) the required increases in speed
at A and at B, (b) the total energy per unit mass required to
execute the transfer.

Orbit
of Mars

6370 km

I‘_’ 8350 km

A
990 km
Fig. P13.106

Fig. P13.105

13.106 During a flyby of the earth, the velocity of a spacecraft is 10.4 km/s
as it reaches its minimum altitude of 990 km above the surface at
point A. At point B the spacecraft is observed to have an altitude of
8350 km. Determine () the magnitude of the velocity at point B, R = 6370 ki
(b) the angle T, 42140km

13.107 A space platform is in a circular orbit about the earth at an alti-
tude of 300 km. As the platform passes through A, a rocket car-
rying a communications satellite is launched from the platform
with a relative velocity of magnitude 3.44 km/s in a direction
tangent to the orbit of the platform. This was intended to place
the rocket in an elliptic transfer orbit bringing it to point B, where
the rocket would again be fired to place the satellite in a geosyn- trajectory
chronous orbit of radius 42 140 km. After launching, it was dis-
covered that the relative velocity imparted to the rocket was too
large. Determine the angle g at which the rocket will cross the
intended orbit at point C. Fig. P13.107

Intended

trajectory
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812 Kinetics of Particles: Energy and Momentum 13.108 A satellite is projected into space with a velocity v, at a distance

Methods

Vg

13.110

Fig. P13.109

225 mi

*13.111

R =3960 mi

Fig. P13.110

ro from the center of the earth by the last stage of its launching
rocket. The velocity v, was designed to send the satellite into a
circular orbit of radius ry. However, owing to a malfunction of
control, the satellite is not projected horizontally but at an angle
a with the horizontal and, as a result, is propelled into an elliptic
orbit. Determine the maximum and minimum values of the dis-
tance from the center of the earth to the satellite.

e command module, the Apollo
o S so that the LEM faced to the
rear. The LEM was then cast adrift with a velocity of 200 m/s
relative to the command module. Determine the magnitude and
direction (angle ¥ formed with the vertical OC) of the velocity
ve of the LEM just before it crashed at C on the moon’s
surface.

A space vehicle is in a circular orbit at an altitude of 225 mi above
the earth. To return to earth, it decreases its speed as it passes
through A by firing its engine for a short interval of time in a
direction opposite to the direction of its motion. Knowing that the
velocity of the space vehicle should form an angle ¥ = 60° with
the vertical as it reaches point B at an altitude of 40 mi, determine
(@) the required speed of the vehicle as it leaves its circular orbit
at A, (b) its speed at point B.

In Prob. 13.110, the speed of the space vehicle was decreased as it
passed through A by firing its engine in a direction opposite to the
direction of motion. An alternative strategy for taking the space
vehicle out of its circular orbit would be to turn it around so that
its engine would point away from the earth and then give it an
incremental velocity Av, toward the center O of the earth. This
would likely require a smaller expenditure of energy when firing
the engine at A, but might result in too fast a descent at B. Assum-
ing this strategy is used with only 50 percent of the energy expen-
diture used in Prob. 13.110, determine the resulting values of ¥
and vg.
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13.112 Show that the values vy and vp of the speed of an earth satellite Problems 813
at the apogee A and the perigee P of an elliptic orbit are defined
by the relations vp

2GM 1y 2GM 14

o2 = 02 =
AT P g;a
ry +rpra Tyt orp Tp A s o rp— P

where M is the mass of the earth, and r, and rp represent, respec-
tively, the maximum and minimum distances of the orbit to the

VA
center of the earth.

Fig. P13.112 and P13.113

13.113 Show that the total energy E of an earth satellite of mass m describ-
ing an elliptic orbit is E = —GMm/(ry + rp), where M is the mass of
the earth, and r,y and rp represent, respectively, the maximum and
minimum distances of the orbit to the center of the earth. (Recall
that the gravitational potential energy of a satellite was defined as
being zero at an infinite distance from the earth.)

*13.114 A space probe describes a circular orbit of radius nR with a velocity
v about a planet of radius R and center O. Show that (¢) in order
for the probe to leave its orbit and hit the planet at an angle u with
the vertical, its velocity must be reduced to av,, where

2n — 1)

a=sinu_ ————
Bn® — sinu

(b) the probe will not hit the planet if @ is larger than 1.2/(1 + n).

13.115 A missile is fired f; th . .
MUNOPRIMSNN  AxpertSoft Trial Version

altitude equal to aR, why
that the required angle F is defined by the relation

inf=(1+a) 1-—2 (b)g
st To B 1+a Vg

where v,y is the escape velocity, (b) determine the range of allow-
able values of v,,.

13.116 A spacecraft of mass m describes a circular orbit of radius r;
around the earth. (@) Show that the additional energy AE which
must be imparted to the spacecraft to transfer it to a circular orbit
of larger radius ry is

_ GMm(r, — 1)

21"17"2

AE

where M is the mass of the earth. (b) Further show that if the
transfer from one circular orbit to the other is executed by placing
the spacecraft on a transitional semielliptic path AB, the amounts
of energy AE, and AE; which must be imparted at A and B are,
respectively, proportional to ry and ry:

AEA = ik

m

AE AEy = AE .
ry +ry r +ry Fig. P13.116

*13.117 Using the answers obtained in Prob. 13.108, show that the intended
circular orbit and the resulting elliptic orbit intersect at the ends
of the minor axis of the elliptic orbit.
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814 ﬁ“ehﬁcj of Particles: Energy and Momentum *13.118 () Express in terms of 1, and vy, the angular momentum per
ethods

unit mass, h, and the total energy per unit mass, E/m, of a space
vehicle moving under the gravitational attraction of a planet of
mass M (Fig. 13.15). (b) Eliminating v,,,, between the equations
obtained, derive the formula

1 GM 2E( h \
=——|1+ _1+—{——
Tmin h_‘ B m GM

(¢) Show that the eccentricity £ of the trajectory of the vehicle can

be expressed as
el 14+ %(L)Z
B m \GM

(d) Further show that the trajectory of the vehicle is a hyperbola,
an ellipse, or a parabola, depending on whether E is positive, nega-
tive, or zero.

13.10 PRINCIPLE OF IMPULSE AND MOMENTUM

A third basic method for the solution of problems dealing with the
motion of particles will be considered now. This method is based on
the principle of impulse and momentum and can be used to solve
problems involving force, mass, velocity, and time. It is of particular
interest in the solution of problems involving impulsive motion and
§ Bl 1 and 13.12).
ted upon by a force F. As we
f can be expressed in the form

AxpertSoft Trial Version

(13.27)

where mv is the linear momentum of the particle. Multiplying both
sides of Eq. (13.27) by dt and integrating from a time ¢, to a time t,
we write

Fdt = d(mv)

Photo 13.1

tay
J F dt = mvy, — mv,
t

1

or, transposing the last term,

1
mvy + J Fdt = mv, (13.28)
1

The integral in Eq. (13.28) is a vector known as the linear impulse,
or simply the impulse, of the force F during the interval of time
considered. Resolving F into rectangular components, we write

ts
ImplyZ = J Fdt

3

123 1o 123
iJ F.dt +jJ Fydt-i-kJ F.di  (13.29)
t t t

1 1 1

Photo 13.2 This impact test between an F-4
Phantom and a rigid reinforced target was to
determine the impact force as a function of time.
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and note that the components of the impulse of the force F are, 13.10 Principle of Impulse and Momentum 81 5
respectively, equal to the areas under the curves obtained by plotting
the components F,, F,, and F. against ¢ (Fig. 13.16). In the case of a
force F of constant magnitude and direction, the impulse is repre-
sented by the vector F(ty — t;), which has the same direction as F.

If ST units are used, the magnitude of the impulse of a force is
expressed in N - s. But, recalling the definition of the newton, we have

N-s=(kg-m/32)-s=kg-m/s

which is the unit obtained in Sec. 12.4 for the linear momentum of
a particle. We thus check that Eq. (13.28) is dimensionally correct.
If U.S. customary units are used, the impulse of a force is expressed
in Ib - s, which is also the unit obtained in Sec. 12.4 for the linear
momentum of a particle.

Equation (13.28) expresses that when a particle is acted upon by
a force F during a given time interval, the final momentum mv, of the
particle can be obtained by adding vectorially its initial momentum
mvy and the impulse of the force F during the time interval considered

mv,

o t, t

(Fig. 13.17). We write Fig. 13.16

mvy + Impyy,, = mvy (13.30)

We note that while kinetic energy and work are scalar quantities,
momentum and impulse are vector quantities. To obtain an analytic
solution, it is thus necessary to replace Eq. (13.30) by the corre-
sponding component equations

ty
(mu)y + f F.dt = (mv,),
ty
2]
(mvy), + J F,dt = (mvy), (13.31)

4]

ta
(mov,); + f F.dt = (mv,),
t

1

When several forces act on a particle, the impulse of each of
the forces must be considered. We have

mv; + Z Imp;y,o = mvy (13.32)
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816 Kinetics of Particles: Energy and Momentum
Methods

Again, the equation obtained represents a relation between vector
quantities; in the actual solution of a problem, it should be replaced
by the corresponding component equations.

When a problem involves two particles or more, each particle
can be considered separately and Eq. (13.32) can be written for each
particle. We can also add vectorially the momenta of all the particles
and the impulses of all the forces involved. We write then

Emvl + 2 Implyz = Emvz (1333)

Since the forces of action and reaction exerted by the particles on
each other form pairs of equal and opposite forces, and since the time
interval from ¢, to ¢ is common to all the forces involved, the impulses
of the forces of action and reaction cancel out and only the impulses
of the external forces need be considered.t

If no external force is exerted on the particles or, more gener-
ally, if the sum of the external forces is zero, the second term in
Eq. (13.33) vanishes and Eq. (13.33) reduces to

Smv, = Zmvy (13.34)

which expresses that the total momentum of the particles is con-
served. Consider, for example, two boats, of mass m, and mg, initially
at rest, which are being pulled together (Fig. 13.18). If the resistance

MAV'A MgV

&

MmuVa =0 mgVg =0

AxpertSoft Trial Version

Fig. 13.18

of the water is neglected, the only external forces acting on the boats
are their weights and the buoyant forces exerted on them. Since
these forces are balanced, we write

Emvl = Emvz
0= mAVA + mBVf;

where v}, and vy represent the velocities of the boats after a finite
interval of time. The equation obtained indicates that the boats move
in opposite directions (toward each other) with velocities inversely
proportional to their masses.}

tWe should note the difference between this statement and the corresponding
statement made in Sec. 13.4 regarding the work of the forces of action and reaction
between several particles. While the sum of the impulses of these forces is always zero,
the sum of their work is zero only under special circumstances, e.g., when the various
bodies involved are connected by inextensible cords or links and are thus constrained to
move through equal distances.

{Blue equals signs are used in Fig. 13.18 and throughout the remainder of this chapter
to express that two systems of vectors are equipollent, i.e., that they have the same
resultant and moment resultant (cf. Sec. 3.19). Red equals signs will continue to be
used to indicate that two systems of vectors are equivalent, i.e., that they have the same
effect. This and the concept of conservation of momentum for a system of particles will
be discussed in greater detail in Chap. 14.
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13.11 IMPULSIVE MOTION

A force acting on a particle during a very short time interval that is
large enough to produce a definite change in momentum is called
an impulsive force and the resulting motion is called an impulsive
motion. For example, when a baseball is struck, the contact between

bat and ball takes place during a very short time interval At. But the mvy <

average value of the force F exerted by the bat on the ball is very
large, and the resulting impulse F At is large enough to change the
sense of motion of the ball (Fig. 13.19).

When impulsive forces act on a particle, Eq. (13.32) becomes Fig. 13.19

mv, + 2ZF At = mv, (13.35)

Any force which is not an impulsive force may be neglected, since
the corresponding impulse F At is very small. Nonimpulsive forces
include the weight of the body, the force exerted by a spring, or any
other force which is known to be small compared with an impulsive
force. Unknown reactions may or may not be impulsive; their
impulses should therefore be included in Eq. (13.35) as long as they
have not been proved negligible. The impulse of the weight of the
baseball considered above, for example, may be neglected. If the
motion of the bat is analyzed, the impulse of the weight of the bat
can also be neglected. The impulses of the reactions of the
hands on the bat, however, s
not be negligible if the ball is

We note that the method
larly effective in the analysis o a pa
since it involves only the initial and final velocities of the particle and
the impulses of the forces exerted on the particle. The direct applica-
tion of Newton’s second law, on the other hand, would require the
determination of the forces as functions of the time and the integra-
tion of the equations of motion over the time interval At.

In the case of the impulsive motion of several particles,
Eq. (13.33) can be used. It reduces to

AxpertSoft Trial Version

2mvy + ZF At = Zmvy (13.36)

where the second term involves only impulsive, external forces. If all
the external forces acting on the various particles are nonimpulsive,
the second term in Eq. (13.36) vanishes and this equation reduces
to Eq. (13.34). We write

2mv; = 2Zmvy (13.34)

which expresses that the total momentum of the particles is con-
served. This situation occurs, for example, when two particles which
are moving freely collide with one another. We should note, however,
that while the total momentum of the particles is conserved, their
total energy is generally not conserved. Problems involving the col-
lision or impact of two particles will be discussed in detail in
Secs. 13.12 through 13.14.

13.11 Impulsive Motion 817
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SAMPLE PROBLEM 13.10

An automobile weighing 4000 1b is driven down a 5° incline at a speed of
60 mi/h when the brakes are applied, causing a constant total braking force
(applied by the road on the tires) of 1500 Ib. Determine the time required
for the automobile to come to a stop.

SOLUTION

We apply the principle of impulse and momentum. Since each force is
constant in magnitude and direction, each corresponding impulse is equal
to the product of the force and of the time interval ¢.

I

5o

mv

E + - @2:0
Ft

Nt

my; + 2 Imp,y, = mv,
+\ components: mv; + (W sin 5°)t — Ft
(4000/32.2)(88 ft/s) + (4000 sin 5°)t — 1500t = 0 t =949 s

Il
=)

AxpertSoft Trial Version

7

7
//1(20 ft/s

7

A 4-o0z baseball is pitched with a velocity of 80 ft/s toward a batter. After
the ball is hit by the bat B, it has a velocity of 120 ft/s in the direction
shown. If the bat and ball are in contact 0.015 s, determine the average
impulsive force exerted on the ball during the impact.

80 ft/s

SOLUTION
We apply the principle of impulse and momentum to the ball. Since the
weight of the ball is a nonimpulsive force, it can be neglected.
mvy A E Imp1y2 = Mvy
v components: —mv; + F, At = muvy cos 40°
4 4
mv, 16 16
— ft/s) + F (0. = ——(120 fi ®
. A 3‘2.2(80 t/s) + F.(0.015s) 32.2(1 0 ft/s) cos 40
G0+ 00 = ( (i F. = +89.0 Ib
. F, At +><y components: 0 + F, At = mo, sin 40°
4
16 . o
F, At F,(0.0155) = 32.2(120 ft/s) sin 40
F,=+3991b

From its components F, and F, we determine the magnitude and direction
of the force F:
F=9751b a 242°

818
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30°
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SAMPLE PROBLEM 13.12

A 10-kg package drops from a chute into a 25-kg cart with a velocity of 3 m/s.
Knowing that the cart is initially at rest and can roll freely, determine (a) the
final velocity of the cart, (b) the impulse exerted by the cart on the package,
(¢) the fraction of the initial energy lost in the impact.

SOLUTION

We first apply the principle of impulse and momentum to the package-cart
system to determine the velocity vy of the cart and package. We then apply
the same principle to the package alone to determine the impulse F At
exerted on it.

a. Impulse-Momentum Principle: Package and Cart

MpVq
%} %} #Uﬂp ’ mC)VZ

mpvy + 2 Impy, = (mp + me)ve
R + 0 = (mp + mg)vy
L 30° = (10 ke + 25 ke)us
vy = 0.742 m/sy

Esses conservation of momentum in the

x direction.

b. Impulse-Momentum Principle: Package

MpVy
30°

F, At
FyAt
mpvy < E Implyz = MpVy

¥/ x components: (10 kg)(3 m/s) cos 30° + F, At = (10 kg)(0.742 m/s)

F, At = —1856 N - s
+><y components: —mpo; sin 30° + F, At = 0

—(10 kg)(3 m/s) sin 30° + F, At = 0
F, At = +15N - s

The impulse exerted on the package is F At = 239 N - s b 38.9°
c. Fraction of Energy Lost. The initial and final energies are

T, = ympv; = 5(10 kg)(3 m/s)* = 45 ]

T, = Ymp + me)v3 = £(10 kg + 25 kg)(0.742 m/s)? = 9.63 |
T, ~ T, 45]—963]

= 0.786
T, 45]

The fraction of energy lost is

819
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820

SOULVINGIEROBLEIVIY
WINBNOURSOVVIN

In this lesson we integrated Newton’s second law to derive the principle of
impulse and momentum for a particle. Recalling that the linear momentum of
a particle was defined as the product of its mass m and its velocity v [Sec. 12.3],
we wrote

mv; + 2 Imp1y2 = Mmvy (1332)

This equation expresses that the linear momentum mv, of a particle at time ¢, can
be obtained by adding to its linear momentum mv; at time ¢, the impulses of the
forces exerted on the particle during the time interval ¢; to ¢,. For computing
purposes, the momenta and impulses may be expressed in terms of their rectan-
gular components, and Eq. (13.32) can be replaced by the equivalent scalar equa-
tions. The units of momentum and impulse are N - s in the SI system of units
and Ib - s in U.S. customary units. To solve problems using this equation you can
follow these steps:

1. Draw a diagram showing the particle, its momentum at ¢, and at t,, and the
impulses of the forces exerted on the particle during the time interval ¢, to ¢,.

2. Calculate the impulse of each force, expressing
COmPOnentS lf more

ing cases: AxpertSoft Trial Version
a. The time inte

it in terms of its rectangular
ter the follow-

Imp,y, = F(t; — ;)

b. The time interval is finite and the force is a function of t.

ty
Imp,y, = J F(t) dt

t

c. The time interval is very small and the force is very large. The force is
called an impulsive force and its impulse over the time interval ¢, — ¢; = At is

Imp1y2 =F At

Note that this impulse is zero for a nonimpulsive force such as the weight of a
body, the force exerted by a spring, or any other force which is known to be small
by comparison with the impulsive forces. Unknown reactions, however, cannot be
assumed to be nonimpulsive and their impulses should be taken into account.

3. Substitute the values obtained for the impulses into Eq. (13.32) or into the
equivalent scalar equations. You will find that the forces and velocities in the
problems of this lesson are contained in a plane. You will, therefore, write two
scalar equations and solve these equations for two unknowns. These unknowns
may be a time [Sample Prob. 13.10], a velocity and an impulse [Sample
Prob. 13.12], or an average impulsive force [Sample Prob. 13.11].
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4. When several particles are involved, a separate diagram should be drawn for
each particle, showing the initial and final momentum of the particle, as well as
the impulses of the forces exerted on the particle.

a. It is usually convenient, however, to first consider a diagram including all
the particles. This diagram leads to the equation

Emvl + 2 Imp1y2 = Emvz (13.33)

where the impulses of only the forces external to the system need be considered.
Therefore, the two equivalent scalar equations will not contain any of the impulses
of the unknown internal forces.

b. If the sum of the impulses of the external forces is zero, Eq. (13.33)
reduces to

2mvy; = Zmvy (13.34)

which expresses that the total momentum of the particles is conserved. This occurs
either if the resultant of the external forces is zero or, when the time interval At
is very short (impulsive motion), if all the external forces are nonimpulsive. Keep
in mind, however, that the total momentum may be conserved in one direction,
but not in anothesalSass :

AxpertSoft Trial Version

821
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PROBLEMS

CONCEPT QUESTIONS

13.€Q4 A large insect impacts the front windshield of a sports car traveling

down a road. Which of the following statements is true during the

collision?

a. The car exerts a greater force on the insect than the insect
exerts on the car.

b. The insect exerts a greater force on the car than the car exerts
on the insect.

c. The car exerts a force on the insect, but the insect does not
exert a force on the car.

d. The car exerts the same force on the insect as the insect exerts

on the car.
\% v
;> 4# e. Neither exerts a force on the other; the insect gets smashed
G ) () simply because it gets in the way of the car.
Case 1 13.€CQ5 The expected damages associated with two types of perfectly plas-

tic collisions are to be compared. In the first case, two identical
cars traveling at the same speed impact each other head-on. In
NG the second case, the car impacts a massive concrete wall. In which

) case would vou expect the car to be more damaged?
o™ AxpertSoft Trial Version
Fig. P13.c4 Lase

IMPULSE-MOMENTUM PRACTICE PROBLEMS

13.F1 The initial velocity of the block in position A is 30 ft/s. The co-
efficient of kinetic friction between the block and the plane is
m; = 0.30. Draw the impulse-momentum diagram that can be
used to determine the time it takes for the block to reach B with
zero velocity, if u = 20°.

13.F2 A 4-1b collar which can slide on a frictionless vertical rod is acted
upon by a force P which varies in magnitude as shown. Knowing
that the collar is initially at rest, draw the impulse-momentum

Fig. P13.F1 diagram that can be used to determine its velocity at ¢ = 3's.
P (Ib)
P
0f————————

|

41b I

|

| |

0 1 2 3t

Fig. P13.F2
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13.F3 The 15-kg suitcase A has been propped up against one end of a 40- Problems 893

kg luggage carrier B and is prevented from sliding down by other
luggage. When the luggage is unloaded and the last heavy trunk is
removed from the carrier, the suitcase is free to slide down, caus-
ing the 40-kg carrier to move to the left with a velocity vy of mag-
nitude 0.8 m/s. Neglecting friction, draw the impulse-momentum
diagrams that can be used to determine (a) the velocity of A as it
rolls on the carrier, (b) the velocity of the carrier after the suitcase
hits the right side of the carrier without bouncing back.

Fig. P13.F3

13.F4 Car A was traveling west at a speed of 15 m/s and car B was trav-
eling north at an unknown speed when they slammed into each
other at an intersection. Upon investigation it was found that after
the crash the two cars got stuck and skidded off at an angle of 50°
north of east. Knowing the masses of A and B are m, and my, re-
spectively, draw the impulse-momentum diagram that can be used
to determine the veloci i

Fig. P13.F4

13.F5 Two identical spheres A and B, each of mass m, are attached to an
inextensible inelastic cord of length L and are resting at a distance
a from each other on a frictionless horizontal surface. Sphere B
is given a velocity vy in a direction perpendicular to line AB and AQ/\/N/O B
moves it without friction until it reaches B’ where the cord be-
comes taut. Draw the impulse-momentum diagram that can be .

used to determine the magnitude of the velocity of each sphere
immediately after the cord has become taut. Fig. P13.F5

END-OF-SECTION PROBLEMS

13.119 A 35 000-Mg ocean liner has an initial velocity of 4 km/h. Neglect-
ing the frictional resistance of the water, determine the time
required to bring the liner to rest by using a single tugboat which
exerts a constant force of 150 kN.
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824 ﬁ“ﬁfcj of Particles: Energy and Momentum 13.120 A 2500-Ib automobile is moving at a speed of 60 mi/h when the
ernoas

brakes are fully applied, causing all four wheels to skid. Determine
the time required to stop the automobile (¢) on dry pavement
(mg = 0.75), (b) on an icy road (m; = 0.10).

13.121 A sailboat weighing 980 Ib with its occupants is running down
wind at 8 mi/h when its spinnaker is raised to increase its speed.
Determine the net force provided by the spinnaker over the 10-s
interval that it takes for the boat to reach a speed of 12 mi/h.

13.122 A truck is hauling a 300-kg log out of a ditch using a winch
attached to the back of the truck. Knowing the winch applies a
constant force of 2500 N and the coefficient of kinetic friction

Fig. P13.121 between the ground and the log is 0.45, determine the time for

the log to reach a speed of 0.5 m/s.

Fig. P13.122

13.123 A truck is traveling down a road with a 3-percent grade at a speed
of 55 mi/h when the brakes are applied. Knowing the coefficients
hd the flatbed trailer shown are

Axpertsoft Tria| Version mine the shortest time in which
if the load is not to shift.

Fig. P13.123

13.124 Steep safety ramps are built beside mountain highways to enable
vehicles with defective brakes to stop. A 10-ton truck enters a 15°
ramp at a high speed v, = 108 ft/s and travels for 6 s before its speed
is reduced to 36 ft/s. Assuming constant deceleration, determine
(@) the magnitude of the braking force, (b) the additional time required
for the truck to stop. Neglect air resistance and rolling resistance.

13.125 Baggage on the floor of the baggage car of a high-speed train is not

Fig. P13.124 prevented from moving other than by friction. The train is traveling
down a 5-percent grade when it decreases its speed at a constant rate

from 120 mi/h to 60 mi/h in a time interval of 12 s. Determine the

smallest allowable value of the coefficient of static friction between

a trunk and the floor of the baggage car if the trunk is not to slide.

13.126 A 2-kg particle is acted upon by the force, expressed in newtons,
F=(8-60i+ 4— tz)j + (4 + t)k. Knowing that the velocity of
the particle is v = (150 m/s)i + (100 m/s)j — (250 m/s)k at ¢ = 0,
determine (a) the time at which the velocity of the particle is parallel
to the yz plane, (b) the corresponding velocity of the particle.
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13.127 A truck is traveling down a road with a 4-percent grade at a speed Problems 894
of 60 mi/h when its brakes are applied to slow it down to 20 mi/h.
An antiskid braking system limits the braking force to a value
at which the wheels of the truck are just about to slide. Knowing that
the coefficient of static friction between the road and the wheels is
0.60, determine the shortest time needed for the truck to slow down.

13.128 Skid marks on a drag race track indicate that the rear (drive) AL —'*'-l by l"l—'|'|',.'l ||';l-' gL
wheels of a car slip for the first 20 m of the 400-m track. (¢) Know- o 7 1 2 l B

ing that the coefficient of kinetic friction is 0.60, determine the (& =
shortest possible time for the car to travel the initial 20-m portion
of the track if it starts from rest with its front wheels just off the
ground. (b) Determine the minimum time for the car to run the
whole race if, after skidding for 20 m, the wheels roll without slid- Fig. P13.128
ing for the remainder of the race. Assume for the rolling portion

of the race that 65 percent of the weight is on the rear wheels and

that the coefficient of static friction is 0.85. Ignore air resistance

and rolling resistance.

13.129 The subway train shown is traveling at a speed of 30 mi/h when 30 mi/h
the brakes are fully applied on the wheels of cars B and C, causing B —
them to slide on the track, but are not applied on the wheels of A 40 tons 5 50 tons c 40 tons

car A. Knowing that the coefficient of kinetic friction is 0.35
between the wheels and the track, determine (a) the time required
to bring the train to a stop, (b) the force in each coupling.

13.130 Solve Prob. 13.129, assuiping Fig. P13.129

the wheels of car A.

13.131 A trailer truck with a 20 90 km/h
ing on a level road at 90 km D
8000 kg

the antiskid system of the cab provides the largest possible force
which will not cause the wheels of the cab to slide. Knowing that
the coefficient of static friction is 0.65, determine (a) the shortest
time for the rig to come to a stop, (b) the force in the coupling
during that time. Fig. P13.131

13.132 The system shown is at rest when a constant 150-N force is applied
to collar B. Neglecting the effect of friction, determine (a) the time
at which the velocity of collar B will be 2.5 m/s to the left, (b) the
corresponding tension in the cable.

Fig. P13.132
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826 Kinetics of Particles: Energy and Momentum 13.133 An 8-kg cylinder C rests on a 4-kg platform A supported by a cord

Methods which passes over the pulleys D and E and is attached to a 4-kg
block B. Knowing that the system is released from rest, determine
(a) the velocity of block B after 0.8 s, (b) the force exerted by the
cylinder on the platform.

13.134 An estimate of the expected load on over-the-shoulder seat belts
is to be made before designing prototype belts that will be evalu-
ated in automobile crash tests. Assuming that an automobile travel-
ing at 45 mi/h is brought to a stop in 110 ms, determine
(@) the average impulsive force exerted by a 200-Ib man on the
belt, (b) the maximum force F,, exerted on the belt if the force-
time diagram has the shape shown.

4 kg
Fig. P13.133

t (ms)

110

AxpertSoft Trial Version

13.135 A 60-g model rocket is fired vertically. The engine applies a thrust
P which varies in magnitude as shown. Neglecting air resistance
and the change in mass of the rocket, determine (¢) the maximum
speed of the rocket as it goes up, (b) the time for the rocket to
reach its maximum elevation.

A P(N)

)

i

p (MPa)

Fig. P13.135
Po

13.136 A simplified model consisting of a single straight line is to be
obtained for the variation of pressure inside the 10-mm-diameter
barrel of a rifle as a 20-g bullet is fired. Knowing that it takes

t (ms) 1.6 ms for the bullet to travel the length of the barrel and that
0 16 the velocity of the bullet upon exit is 700 m/s, determine the value
Fig. P13.136 of po.
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13.137 A 125-b block initially at rest is acted upon by a force P which Problems 897
varies as shown. Knowing that the coefficients of friction between
the block and the horizontal surface are m; = 0.50 and m, = 0.40,
determine (a) the time at which the block will start moving,
(b) the maximum speed reached by the block, (¢) the time at which
the block will stop moving.

P (Ib)
100 f—————-
l
|
|
|
|
l
I
0 8 16 te)
Fig. P13.137
13.138 Solve Prob. 13.137, assuming that the weight of the block is 175 Ib. ) |<_ 6in.

13.139 A baseball player catching a ball can soften the 1mpact by pulhng
his hand back. Assuming_that 2
90 mi/h and that the pla . _
at an average speed of SUEAV(eITgRSTol 1M NeFEVRVATS fo]g
ball to a stop, determin

the player’s hand.

Fig. P13.139
13.140 A 1.62-0z golf ball is hit with a golf club and leaves it with a
velocity of 100 mi/h. We assume that for 0 = ¢ = ¢,, where ¢, is
the duration of the impact, the magnitude F of the force exerted
on the ball can be expressed as F = F,, sin (pt/t;). Knowing that 10 m/s
to = 0.5 ms, determine the maximum value F,, of the force
exerted on the ball.

Take- (/ g ‘// /

13.141 The triple jump is a track-and-field event in which an athlete gets off line
a running start and tries to leap as far as he can with a hop, step,
and jump. Shown in the figure is the initial hop of the athlete.
Assuming that he approaches the takeoff line from the left with a
horizontal velocity of 10 m/s, remains in contact with the ground  Fig. P13.141
for 0.18 s, and takes off at a 50° angle with a velocity of 12 m/s,
determine the vertical component of the average impulsive force }
exerted by the ground on his foot. Give your answer in terms of -
the weight W of the athlete. /

13.142 The last segment of the triple jump track-and-field event is the
jump, in which the athlete makes a final leap, landing in a sand- /QK v
filled pit. Assuming that the velocity of a 80-kg athlete just before TR : @ S
landing is 9 m/s at an angle of 35° with the horizontal and that
the athlete comes to a complete stop in 0.22 s after landing, deter-
mine the horizontal component of the average impulsive force Landing pit
exerted on his feet during landing. Fig. P13.142
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828 Kinetics of Particles: Energy and Momentum 13.143 The design for a new cementless hip implant is to be studied using
Methods an instrumented implant and a fixed simulated femur. Assuming
the punch applies an average force of 2 kN over a time of 2 ms to
the 200-g implant, determine (a) the velocity of the implant imme-
diately after impact, (b) the average resistance of the implant to
penetration if the implant moves 1 mm before coming to rest.

bred horizontally with a velocity of

| plate along the path CD with a

that the bullet leaves a 10-mm

o that its average speed is 500 m/s
while it is in contact with the plate, determine the magnitude and

Fig. P13.144 direction of the average impulsive force exerted by the bullet on
the plate.

13.145 A 25-ton railroad car moving at 2.5 mi/h is to be coupled to a
50-ton car which is at rest with locked wheels (m, = 0.30). Deter-
mine (a) the velocity of both cars after the coupling is completed,
(b) the time it takes for both cars to come to rest.

2.5 mi/h

50 ton

25 ton

R — N

Fig. P13.145

_‘Z

\ 13.146 At an intersection car B was traveling south and car A was traveling

/;/100 30° north of east when they slammed into each other. Upon inves-

tigation it was found that after the crash the two cars got stuck

f and skidded off at an angle of 10° north of east. Each driver

Va claimed that he was going at the speed limit of 50 km/h and that

he tried to slow down but couldn’t avoid the crash because the

AOO other driver was going a lot faster. Knowing that the masses of cars

A and B were 1500 kg and 1200 kg, respectively, determine

(@) which car was going faster, (b) the speed of the faster of the
Fig. P13.146 two cars if the slower car was traveling at the speed limit.
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13.147 The 650-kg hammer of a drop-hammer pile driver falls from a
height of 1.2 m onto the top of a 140-kg pile, driving it 110 mm
into the ground. Assuming perfectly plastic impact (¢ = 0), deter-
mine the average resistance of the ground to penetration.

13.148 A small rivet connecting two pieces of sheet metal is being clinched
by hammering. Determine the impulse exerted on the rivet and
the energy absorbed by the rivet under each blow, knowing that the
head of the hammer has a weight of 1.5 Ib and that it strikes the
rivet with a velocity of 20 ft/s. Assume that the hammer does not

Problems

rebound and that the anvil is supported by springs and (¢) has an
infinite mass (rigid support), (b) has a weight of 9 Ib.

20 f't/sl {

Fig. P13.148

13.149 Bullet B weighs 0.5 oz and blocks A and C both weig
coefficient of friction bet
Initially the bullet is mo
(Fig. 1). After the bullet
block C and all three obje
(Fig. 2). Determine the initial speed of the bullet v,

@@

6in 1) 4in
] | B
) o
@

Fig. P13.149

13.150 A 180-Ib man and a 120-Ib woman stand at opposite ends of a
300-Ib boat, ready to dive, each with a 16-ft/s velocity relative to
the boat. Determine the velocity of the boat after they have both
dived, if (a) the woman dives first, (b) the man dives first.

Fig. P13.150

Fig. P13.147

829
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830 Kinetics of Particles: Energy and Momentum 13.151 A 75-g ball is projected from a height of 1.6 m with a horizontal

Methods velocity of 2 m/s and bounces from a 400-g smooth plate supported

> 2 mis by springs. Knowing that the height of the rebound is 0.6 m, deter-

mine (a) the velocity of the plate immediately after the impact,
(b) the energy lost due to the impact.

R o_\\
759 N

N 13.152 A 2-kg sphere A is connected to a fixed point O by an inextensible
cord of length 1.2 m. The sphere is resting on a frictionless hori-
16m \ zontal surface at a distance of 0.5 m from O when it is given a
' | velocity vy in a direction perpendicular to line OA. It moves freely
until it reaches position A’, when the cord becomes taut. Deter-
\ e N . . . . .
v T mine the maximum allowable velocity v, if the impulse of the force
6m exerted on the cord is not to exceed 3 N - s.

\
X [ A
400 g

1.2m

Fig. P13.151

A 1-oz bullet is traveling with a velocity of 1400 ft/s when it impacts
7/ and becomes embedded in a 5-Ib wooden block. The block can move
vertically without friction. Determine (a) the velocity of the bullet
and block immediately after the impact, (b) the horizontal and verti-
cal components of the impulse exerted by the block on the bullet.

my 13.154 In order to test the resistance of a chain to impact, the chain is
o suspended from a 240-Ib rigid beam supported by two columns. A
o rod attached to the last link is then hit by a 60-1b block dropped from
o a 5-ft height. Determine the initial impulse exerted on the chain and
o the energy absorbed by the chain, assuming that the block does not

0000

rebound from the rod and that the columns supporting the beam are

L L L
5:3 % % (@) perfectly rigid, (b) equivalent to two perfectly elastic springs.
T

Fig. P13.153 Q

Fig. P13.154
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] 3. ] 2 IMPACT 13.13 Direct Central Impact

A collision between two bodies which occurs in a very small interval
of time and during which the two bodies exert relatively large forces
on each other is called an impact. The common normal to the sur-
faces in contact during the impact is called the line of impact. If the
mass centers on the two colliding bodies are located on this line, the
impact is a central impact. Otherwise, the impact is said to be eccen-
tric. Our present study will be limited to the central impact of two
particles. The analysis of the eccentric impact of two rigid bodies will
be considered later, in Sec. 17.12.
0‘\ .

(,\,
Q'b-

(a) Direct central impact (b) Oblique central impact
Fig. 13.20

If the velocities of the two particles are directed along the line
of impact, the impact is said
either or both particles movg
impact, the impact is said to H

AxpertSoft Trial Version

13.13 DIRECT CENTRAL IMPACT

Consider two particles A and B, of mass m, and mg, which are moving
in the same straight line and to the right with known velocities v, and
v (Fig. 13.21a). If v, is larger than v, particle A will eventually strike
particle B. Under the impact, the two particles will deform and, at the =~ = —
end of the period of deformation, they will have the same velocity u

(Fig. 13.21b). A period of restitution will then take place, at the end o o

of which, depending upon the magnitude of the impact forces and

upon the materials involved, the two particles either will have regained (@) Before impact
their original shape or will stay permanently deformed. Our purpose
here is to determine the velocities v, and vy of the particles at the U
end of the period of restitution (Fig. 13.21¢).
Considering first the two particles as a single system, we note td
that there is no impulsive, external force. Thus, the total momentum
of the two particles is conserved, and we write b) At maximum deformation
muvy + mpvg = muvy + mpvp y y
A B
Since all the velocities considered are directed along the same axis, e E—
we can replace the equation obtained by the following relation involv- £ [ o
ing only scalar components:
muv, + mpvg = Mmuvh + mpop (13.37) (¢) After impact

Fig. 13.21

831
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832 ﬁ"e}:icds of Particles: Energy and Momentum A positive value for any of the scalar quantities vy, v, v}, or vj
ethods means that the corresponding vector is directed to the right; a
negative value indicates that the corresponding vector is directed to

the left.

To obtain the velocities v}, and v, it is necessary to establish a
second relation between the scalars v, and vg. For this purpose, let
us now consider the motion of particle A during the period of
deformation and apply the principle of impulse and momentum.
Since the only impulsive force acting on A during this period is
the force P exerted by B (Fig. 13.22a), we write, using again scalar
components,

My, — fP dt = muu (1338)

where the integral extends over the period of deformation. Consider-
ing now the motion of A during the period of restitution, and denot-
ing by R the force exerted by B on A during this period (Fig. 13.22b),

we write
mau — [ R dt = muv)y (13.39)

where the integral extends over the period of restitution.

MaVa fP dt mau
-+ S =
G-H;AV‘A

In general, the force R exerted on A during the period of res-
titution differs from the force P exerted during the period of defor-
mation, and the magnitude [ R dt of its impulse is smaller than the
magnitude [ P dt of the impulse of P. The ratio of the magnitudes
of the impulses corresponding, respectively, to the period of restitu-
tion and to the period of deformation is called the coefficient of res-
titution and is denoted by e. We write

_ JRdt
[ Pdt

The value of the coefficient e is always between 0 and 1. It depends
to a large extent on the two materials involved, but it also varies
considerably with the impact velocity and the shape and size of the
two colliding bodies.

Solving Egs. (13.38) and (13.39) for the two impulses and sub-
stituting into (13.40), we write

(b) Period of restitution

Fig. 13.22

e (13.40)

u— vy
e:

(13.41)

Vp — U
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A similar analysis of particle B leads to the relation 13.13 Direct Central Impact 833

vp — U

Si— (13.42)
Since the quotients in (13.41) and (13.42) are equal, they are also
equal to the quotient obtained by adding, respectively, their numera-
tors and their denominators. We have, therefore,

(u —wvj) + (vp —u)  vp —
e = =
(Vg —u) + (u—vg) Va— U

A

and

v — vy = e(vy — vg) (13.43)

Since.vg — v} represents the relative Velpcity of the two particles  pp 133 The height the tennis ball bounces
after impact and v, — vp represents their relative velocity before  gecreases after each impact because it has
impact, formula (13.43) expresses that the relative velocity of the two  coefficient of restitution less than one and energy is
particles after impact can be obtained by multiplying their relative lost with each bounce.
velocity before impact by the coefficient of restitution. This property
is used to determine experimentally the value of the coefficient of
restitution of two given materials.

The velocities of the two particles after impact can now be
obtained by solving Eqgs. (13.37) and (13.43) simultaneously for v’
and vj. It is recalled that the
was based on the assumption AxpertSOf[ Trial Version
of A, and that both particles a
ticle B is initially moving to the Telt, the scalar vy should be consid-
ered negative. The same sign convention holds for the velocities after
impact: A positive sign for v) will indicate that particle A moves to
the right after impact, and a negative sign will indicate that it moves
to the left.

Two particular cases of impact are of special interest:

1. e = 0, Perfectly Plastic Impact. When e = 0, Eq. (13.43) yields
vp = vj. There is no period of restitution, and both particles
stay together after impact. Substituting vy = vjy = v’ into
Eq. (13.37), which expresses that the total momentum of the
particles is conserved, we write

mavy + mpog = (my + mp)v' (13.44)

This equation can be solved for the common velocity v’ of the
two particles after impact.
2. ¢ = 1, Perfectly Elastic Impact. When e = 1, Eq. (13.43)
reduces to
U — Uy = Us — Up (13.45)
which expresses that the relative velocities before and after
impact are equal. The impulses received by each particle dur-
ing the period of deformation and during the period of restitu-
tion are equal. The particles move away from each other after
impact with the same velocity with which they approached each
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834 f/{“fe}:'cj of Particles: Energy and Momentum other before impact. The velocities v}, and vj can be obtained
enocs by solving Eqs. (13.37) and (13.45) simultaneously.

It is worth noting that in the case of a perfectly elastic impact, the
total energy of the two particles, as well as their total momentum, is
conserved. Equations (13.37) and (13.45) can be written as follows:

my(vy — v)) = mplop — vp) (13.37")
vy T V) = v + vp (13.45")

Multiplying (13.37’) and (13.45") member by member, we have

mu(vg — vi)(va + v4) = mplvy — vp)(vy + vp)
1nAU;2A - mA(U//QZ = mB(“ia)z - mBU%

Rearranging the terms in the equation obtained and multiplying by 3,
we write

smavs + gmpup = gma(vh)® + gmp(vp)’ (13.46)

which expresses that the kinetic energy of the particles is conserved.
It should be noted, however, that in the general case of impact, i.e.,

when e is not equal to 1, the total energy of the particles is not con-
served. This can be shown in any given case by comparing the kinetic
energies before and after impact. The lost kinetic energy is in part
transformed into heat and in part spent in generating elastic waves
within the two colliding bodies.

AxpertSoft Trial Version

e velocities of the two colliding
particles are not dlrected along the line of impact (Fig. 13.23). As
indicated in Sec. 13.12, the impact is said to be oblique. Since the

Fig. 13.23

velocities v}, and vg of the particles after impact are unknown in
direction as well as in magnitude, their determination will require
the use of four independent equations.

We choose as coordinate axes the n axis along the line of impact,
i.e., along the common normal to the surfaces in contact, and the ¢
Photo 13.4 When pool balls strike each other  aXis along their common tangent. Assuming that the particles are
there is a transfer of momentum. perfectly smooth and frictionless, we observe that the only impulses
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13.14 Oblique Central Impact 835

.
MgV'g

LNDN

MaVa

Fig. 13.24

exerted on the particles during the impact are due to internal forces
directed along the line of impact, i.e., along the n axis (Fig. 13.24).
It follows that

1. The component along the ¢ axis of the momentum of each
particle, considered separately, is conserved; hence the ¢ com-
ponent of the velocity of each particle remains unchanged.
We write

(a)r = (i) (vp) = (VB (13.47)

2. The component along the n axis of the total momentum of the
two particles is conserved. We write

mA(DA>n + mB<U : .
3. The component along tHEARCSISISSTel QN NEETRVICI S o]y

two particles after impact -
ponent of their relative velocity before impact by the coeffi-
cient of restitution. Indeed, a derivation similar to that given
in Sec. 13.13 for direct central impact yields

<DI’3)n - (Dg)n = e[<DA>n - (UB)n] (13-49)

We have thus obtained four independent equations which can
be solved for the components of the velocities of A and B after impact.
This method of solution is illustrated in Sample Prob. 13.15.

Our analysis of the oblique central impact of two particles has
been based so far on the assumption that both particles moved freely
before and after the impact. Let us now examine the case when one
or both of the colliding particles is constrained in its motion. Con-
sider, for instance, the collision between block A, which is constrained
to move on a horizontal surface, and ball B, which is free to move
in the plane of the figure (Fig. 13.25). Assuming no friction between
the block and the ball, or between the block and the horizontal i
surface, we note that the impulses exerted on the system consist of
the impulses of the internal forces F and —F directed along the line  Fig. 13.25
of impact, i.e., along the n axis, and of the impulse of the external
force F. exerted by the horizontal surface on block A and directed
along the vertical (Fig. 13.26).

The velocities of block A and ball B immediately after the impact
are represented by three unknowns: the magnitude of the velocity v
of block A, which is known to be horizontal, and the magnitude and
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MgVg

Fig. 13.26 FextAt

direction of the velocity v of ball B. We must therefore write three
equations by expressing that

1. The component along the ¢ axis of the momentum of ball B is
conserved; hence the ¢ component of the velocity of ball B
remains unchanged. We write

(vp)y = (VB (13.50)

2. The component along the horizontal x axis of the total momen-
tum of block A and ball B is conserved. We write

muos + mp(vp), = muvy + my(vp), (13.51)

3. The component along the n axis of the relative velocity of
block A and ball B after impact is obtained by multiplying
the n component of their relative velocity before impact by the

- ' ite again

AxpertSoft Trial Version  JyNE(8N (13.49)

— e the case considered here, the
validity of Eq. (13.49) cannot be established through a mere extension
of the derivation given in Sec. 13.13 for the direct central impact of
two particles moving in a straight line. Indeed, these particles were
not subjected to any external impulse, while block A in the present
analysis is subjected to the impulse exerted by the horizontal surface.
To prove that Eq. (13.49) is still valid, we will first apply the principle
of impulse and momentum to block A over the period of deformation
(Fig. 13.27). Considering only the horizontal components, we write

muyvs — ([ P dt) cos U = muu (13.52)

where the integral extends over the period of deformation and where
u represents the velocity of block A at the end of that period. Con-
sidering now the period of restitution, we write in a similar way

mau — (f R dt) cos U = myvly (13.53)

where the integral extends over the period of restitution.

~

7

[Pt
maVv
AL + ;4 — —_—  \
mpu

Fig. 13.27 S Pexdt
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Recalling from Sec. 13.13 the definition of the coefficient of
restitution, we write

_ JRdt
- [Pdt

Solving Eqgs. (13.52) and (13.53) for the integrals [ P dt and [ R dt,
and substituting into Eq. (13.40), we have, after reductions,

e (13.40)

u — vh
e:

Va — U

or, multiplying all velocities by cos u to obtain their projections on
the line of impact.

o = o= hhy (13.54)

(VA)n =

We note that Eq. (13.54) is identical to Eq. (13.41) of Sec. 13.13,
except for the subscripts n which are used here to indicate that we
are considering velocity components along the line of impact. Since
the motion of ball B is unconstrained, the proof of Eq. (13.49) can
be completed in the same manner as the derivation of Eq. (13.43)
of Sec. 13.13. Thus, we conclude that the relation (13.49) between
the components along the line of impact of the relative velocities
of two colliding particles remains valid when one of the particles is
constrained in its motion. The yaliditv_of this relation is_easi
extended to the case when b

motion. AxpertSoft Trial Version

13.15 PROBLEMS INVOLVING ENERGY
AND MOMENTUM

You now have at your disposal three different methods for the solu-
tion of kinetics problems: the direct application of Newton’s second
law, ZF = ma; the method of work and energy; and the method of
impulse and momentum. To derive maximum benefit from these
three methods, you should be able to choose the method best suited
for the solution of a given problem. You should also be prepared to
use different methods for solving the various parts of a problem
when such a procedure seems advisable.

You have already seen that the method of work and energy is
in many cases more expeditious than the direct application of
Newton’s second law. As indicated in Sec. 13.4, however, the method
of work and energy has limitations, and it must sometimes be supple-
mented by the use of ZF = ma. This is the case, for example, when
you wish to determine an acceleration or a normal force.

For the solution of problems involving no impulsive forces, it will
usually be found that the equation 2F = ma yields a solution just as
fast as the method of impulse and momentum and that the method of
work and energy, if it applies, is more rapid and more convenient.
However, in problems of impact, the method of impulse and momen-
tum is the only practicable method. A solution based on the direct
application of 2F = ma would be unwieldy, and the method of work

13.15 Problems Involving Energy and 837
Momentum
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838 Kinetics of Particles: Energy and Momentum and energy cannot be used since impact (unless perfectly elastic)

Methods

involves a loss of mechanical energy.

Many problems involve only conservative forces, except for a
short impact phase during which impulsive forces act. The solution
of such problems can be divided into several parts. The part corre-
sponding to the impact phase calls for the use of the method of
impulse and momentum and of the relation between relative veloci-
ties, and the other parts can usually be solved by the method of work
and energy. If the problem involves the determination of a normal
force, however, the use of ZF = ma is necessary.

Consider, for example, a pendulum A, of mass m, and length [,
which is released with no velocity from a position A; (Fig. 13.28a).
The pendulum swings freely in a vertical plane and hits a second
pendulum B, of mass my and same length [, which is initially at rest.
After the impact (with coefficient of restitution e), pendulum B
swings through an angle u that we wish to determine.

The solution of the problem can be divided into three parts:

1. Pendulum A Swings from A, to Ay. The principle of conserva-
tion of energy can be used to determine the velocity (v4); of
the pendulum at A, (Fig. 13.28b).

2. Pendulum A Hits Pendulum B. Using the fact that the total

momentum of the two pendulums is conserved and the rela-

tion between their relative velocities, we determine the
velocities (vi)s and (vgp)s of the two pendulums after impact

AxpertSoft Trial Version — EEENSEREE il JExe]

um B, we determine the maxi-
mum elevaton ¢, reached Dy that pendulum (Fig. 13.28d). The
angle U can then be determined by trigonometry.

Fig. 13.28

Impact:
Conservation Conservation of momentum Conservation
of energy Relative velocities of energy
” \ls s B )

@

(Va)2 (),=0 (Va)s (Ve)3
Q o—

A, B, A; B,
(b) (©) (d)

We note that if the tensions in the cords holding the pendulums
are to be determined, the method of solution just described should
be supplemented by the use of ZF = ma.
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SAMPLE PROBLEM 13.13

A 20-Mg railroad car moving at a speed of 0.5 m/s to the right collides with
a 35-Mg car which is at rest. If after the collision the 35-Mg car is observed
to move to the right at a speed of 0.3 m/s, determine the coefficient of
restitution between the two cars.

SOLUTION
We express that the total momentum of the two cars is conserved.
va=0.5m/s vg=0 Via vg=0.3m/s
— — — —
20 Mg 35 Mg 20 Mg 35 Mg
— — —
MAVA MgV MAV'A MgV

MpVy + mpgvp = mAVA 4 mBV;g
(20 Mg)(+0.5 m/s) + (35 Mg)(0) = (20 Mglu} + (35 Mg)(+0.3 m/s)
vy = —0.025 m/s vy = 0.025 m/s =Z
The coefficient of restitution is obtained by writing
_vp—vy  +03—(-0.025) 0.325

= — = 55
€ oL — s 105 -0 05 7

AxpertSoft Trial Version

. ertical wall. Immediately before the
ball strikes the wall, its velocity has a magnitude v and forms an angle of 30°
with the horizontal. Knowing that e = 0.90, determine the magnitude and
direction of the velocity of the ball as it rebounds from the wall.

SOLUTION

We resolve the initial velocity of the ball into components respectively per-
N pendicular and parallel to the wall:

N v, = v cos 30° = 0.866v v; = v sin 30° = 0.5000

h Motion Parallel to the Wall.  Since the wall is frictionless, the impulse it
Vi - exerts on the ball is perpendicular to the wall. Thus, the component parallel
v to the wall of the momentum of the ball is conserved and we have

' 300 Vi v = v, = 0.5000 %

v 0.500v Motion Perpendicular to the Wall.  Since the mass of the wall (and earth)

_____ is essentially infinite, expressing that the total momentum of the ball and
7 wall is conserved would yield no useful information. Using the relation
| (13.49) between relative velocities, we write
0~ v} = e(v, — 0)
- ol = —0.90(0.8660) = —0.779%  v. = 0.77% =
Resultant Motion. Adding vectorially the components v, and v;,

v = 0.926v b 32.7°

839
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SAMPLE PROBLEM 13.15

The magnitude and direction of the velocities of two identical frictionless
balls before they strike each other are as shown. Assuming e = 0.90, deter-
mine the magnitude and direction of the velocity of each ball after the
impact.

SOLUTION

The impulsive forces that the balls exert on each other during the impact
are directed along a line joining the centers of the balls called the line of
impact. Resolving the velocities into components directed, respectively,

vp =30 ft/s

fon along the line of impact and along the common tangent to the surfaces in
contact, we write

Vg = 40 /s (v4), = vy cos 30° = +26.0 ft/s

(), = va sin 30° = +15.0 ft/s

(vg), = —vp cos 60° = —20.0 ft/s

(vg); = vp sin 60° = +34.6 ft/s

Principle of Impulse and Momentum. In the adjoining sketches we show
in turn the initial momenta, the impulses, and the final momenta.

Ma(Va)n mMg(Ve)n idering only the ¢ components,
: - entum to each ball separately.
MA(Va) ma(Ve); AxpertSOft Trial Version [ the line of impact, the ¢ com-
component of the velocity of
At _FAt each ball, is unchanged. We have

+ QO=->Q Vi), = 15.0 ft's>x  (vp), = 34.6 f/sx
MA(VA)n Mg (V) Motion Along the Line of Impact. In the n direction, we consider the two
balls as a single system and note that by Newton’s third law, the internal
Ma(Va); me(Vi); impulses are, respectively, F At and —F At and cancel. We thus write that

the total momentum of the balls is conserved:

mA(vA)n + mB(DB)n = mA(U;‘x)n + mB(Ul’i)n
m(26.0) + m(—20.0) = m(v}), + m(vp),
(VA + (vp), = 6.0 (1)
Using the relation (13.49) between relative velocities, we write
(U;B)n - (UA)n = e[(UA)n - (UB)n]
Vg =419 ft/s (vp), — (V4), = (0.90)[26.0 — (—20.0)]
(vp)n — (VA), = 414 (2)

Solving Egs. (1) and (2) simultaneously, we obtain

(VA = —17.7 (vp), = +23.7
(Vvi), = 17.7 ft/s z (vE)a = 23.7 ft/s

Resultant Motion.  Adding vectorially the velocity components of each ball,
we obtain

vl = 232 ft/s b 40.3°  vj = 41.9 ft/s & 55.6°
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SAMPLE PROBLEM 13.16

Ball B is hanging from an inextensible cord BC. An identical ball A is
released from rest when it is just touching the cord and acquires a velocity
v before striking ball B. Assuming perfectly elastic impact (¢ = 1) and no
friction, determine the velocity of each ball immediately after impact.

SOLUTION

Since ball B is constrained to move in a circle of center C, its velocity vg
after impact must be horizontal. Thus the problem involves three unknowns:

sses conservation of the momentum

g A sin ¢9=2—rr= 0.5 the magnitude v of the velocity of B, and the magnitude and direction of
5 9=130° the velocity v of A after impact.
B
my, Impulse-Momentum Principle: Ball A
A 30° (v mvy + F At = mv),
-+ = +\it components: mu, sin 30° + 0 = m(v)),
. / ¢ m(v) (vh), = 0500 1)
FAt
n

(Va)n=0.520v, SO
Va

A 7 X
/5

(Va)e=0.5vg

b balls A and B.

Impulse-Momentum Principle: Balls A and B

mvy + T At =
¥ x components: 0=

mvy + mvy
m(vjy); cos 30° — m(v}), sin 30° — mog

We note that the equation obtained expresses conservation of the total momen-
tum in the x direction. Substituting for (v}), from Eq. (1) and rearranging
terms, we write

0.5(v}), + v = 0.4330v, (2)

Relative Velocities Along the Line of Impact.  Since e = 1, Eq. (13.49) yields

(Ul’3>n - (UIA)n = (DA)n - (DB)n
vp sin 30° — (v}), = vy cos 30° — 0
0.5v; — (v}), = 0.8660, (3)

Solving Eqs. (2) and (3) simultaneously, we obtain

(vh), = —0.5200, vp = 0.693v,

Recalling Eq. (1) we draw the adjoining sketch and obtain by trigonometry

vh=072lp, b =461° a=46.1°— 30° = 16.1°
v = 0.721p, & 16.1°

841
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SAMPLE PROBLEM 13.17

A 30-kg block is dropped from a height of 2 m onto the 10-kg pan of a spring
scale. Assuming the impact to be perfectly plastic, determine the maximum
deflection of the pan. The constant of the spring is k = 20 kN/m.

SOLUTION

The impact between the block and the pan must be treated separately;
therefore we divide the solution into three parts.

Conservation Impact: Total Conservation
of energy momentum conserved of energy
f
(VA)l -~ No deformatlon
Datum of spring
for Vg =0 i (Va)2 l— _;‘ _______
= ; (VB)l = [:. * (VB)Z - :\%I V3 hI 4 l
= — = [;l V=0
= = = =

kg)(9.81 m/s*) = 294 N

(294 N)(2 m) = 588 ]
ST — =0
T, +V, =Ty + Vy 0+588]—*0kg)(uA)+0
(’UA)2 = +6.26 m/s (VA)Z = 6.26 m/sw
Impact: Conservation of Momentum.  Since the impact is perfectly plastic,
e = 0; the block and pan move together after the impact.

AxpertSoft Trial Version

mA(UA)Q + mB(DB)Z = (my + mB)US
(30 kg)(6.26 m/s) + 0 = (30 kg + 10 kg)v3
vy = +4.70 m/s vy = 4.70 m/sw

Conservation of Energy. Initially the spring supports the weight Wj of
the pan; thus the initial deflection of the spring is
Wy (10kg)(9.81m/s®) 981N
k 20 X 10° N/m 20 X 10° N/m
Denoting by x4 the total maximum deflection of the spring, we write
Ts = Ymy + mp)v = 3(30 kg + 10 kg)(4.70 m/s)* = 442 |
Vis=V,+V, =0+ ka3 = 3(20 X 10°)(4.91 X 107°7 = 0.241 ]
T4 =0
V=V, +V, = (W, + Wy)(—h) + skxi = —(392)h + 320 X 10°1x]

=491 X 10 % m

X3 =

Noting that the displacement of the pan is h = x4 — x5, we write

Ty + Vs =T, + Vg
442 + 0.241 = 0 — 392(x, — 4.91 X 107%) + 320 X 10°n3
x=020m h=x,—x;=0230m — 491 X 10> m
h = 0.225 m h = 225 mm
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This lesson deals with the impact of two bodies, i.e., with a collision occurring
in a very small interval of time. You will solve a number of impact problems
by expressing that the total momentum of the two bodies is conserved and noting
the relationship which exists between the relative velocities of the two bodies
before and after impact.

1. As a first step in your solution you should select and draw the following
coordinate axes: the ¢ axis, which is tangent to the surfaces of contact of the two
colliding bodies, and the n axis, which is normal to the surfaces of contact and
defines the line of impact. In all the problems of this lesson the line of impact
passes through the mass centers of the colliding bodies, and the impact is referred
to as a central impact.

2. Next you will draw a diagram showing the momenta of the bodies before
impact, the impulses exerted on the bodies during impact, and the final momenta
of the bodies after impact (Fig. 13.24). You will then observe whether the impact
is a direct central impact or an oblique central impact.

3. Direct central impact. This occurs when the velocities of bodies A and B
before impact g p. 13.20a).

a. Conserv AXpertSOft Trial Version es are internal to the

system, you ca s conserved,

muv, + mpvp = M0y + mpop (13.37)
where v, and vg denote the velocities of bodies A and B before impact and v}
and vy denote their velocities after impact.
b. Coefficient of restitution. You can also write the following relation between
the relative velocities of the two bodies before and after impact,

v — vy = e(vy — vp) (13.43)
where e is the coefficient of restitution between the two bodies.

Note that Eqgs. (13.37) and (13.43) are scalar equations which can be solved for two
unknowns. Also, be careful to adopt a consistent sign convention for all velocities.

4. Oblique central impact. This occurs when one or both of the initial velocities
of the two bodies is not directed along the line of impact (Fig. 13.20b). To solve
problems of this type, you should first resolve into components along the ¢ axis and
the n axis the momenta and impulses shown in your diagram.

(continued)

843
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a. Conservation of momentum. Since the impulsive forces act along the line
of impact, i.e., along the n axis, the component along the ¢ axis of the momentum
of each body is conserved. Therefore, you can write for each body that the ¢ com-
ponents of its velocity before and after impact are equal,

(va) = (VA (vg), = (vB), (13.47)

Also, the component along the n axis of the total momentum of the system is
conserved,

mA(UA>n + mB<DB)n = mA(”A)n + /’nB<UI,3>n (13'48)

b. Coefficient of restitution. The relation between the relative velocities of
the two bodies before and after impact can be written in the n direction only,

(vp)y — (0A), = el(va), — (vp),] (13.49)

You now have four equations that you can solve for four unknowns. Note that after
finding all the velocities, you can determine the impulse exerted by body A on
body B by drawing an impulse-momentum diagram for B alone and equating
components in the n direction.

c. When the motigag ained, you must
include the impulses . . ill then observe
ey AxpertSoft Trial Version umple shown in
Fig. 13.26 the total 1} ection perpen-
dicular to the external impulse. You should also note that when a body A bounces
off a fixed surface B, the only conservation of momentum equation which can be

used is the first of Egs. (13.47) [Sample Prob. 13.14].

5. Remember that energy is lost during most impacts. The only exception is
for perfectly elastic impacts (e = 1), where energy is conserved. Thus, in the gen-
eral case of impact, where e < 1, the energy is not conserved. Therefore, be
careful not to apply the principle of conservation of energy through an impact
situation. Instead, apply this principle separately to the motions preceding and
following the impact [Sample Prob. 13.17].
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PROBLEMS

CONCEPT QUESTION

v
13.€CQ6 A 5-kg ball A strikes a 1-kg ball B that is initially at rest. Is it pos- A B A B
sible that after the impact A is not moving and B has a speed of 50? O Q O Q l}
a. Yes
b. No Before After
Explain your answer. Fig. P13.CQ6

IMPULSE-MOMENTUM PRACTICE PROBLEMS

13.F6 A sphere with a speed v, rebounds after striking a frictionless
inclined plane as shown. Draw the impulse-momentum diagram Yo
that can be used to find the velocity of the sphere after the impact.

13.F7 An 80-Mg railroad engine A coasting at 6.5 km/h strikes a 20-Mg (

flatcar C carrying a 30-Mg load B which can slide along the floor of

the car (m; = 0.25). The flatcar was at rest with its brakes released. 0
Instead of A and C coupling as expected, it is observed that A
rebounds with a speed of 2 km/h after the impact. Draw impulse-
momentum diagrams that can be used to determine (a) the coef-
ficient of restitution and the speed of the flatcar immediately after
impact, (b) the time it
the car.

Fig. P13.F6

AxpertSoft Trial Version
6.5 km/h
_>

Apmq

N, A . I .,

Fig. P13.F7

13.F8 Two frictionless balls strike each other as shown. The coefficient
of restitution between the balls is ¢. Draw the impulse-momentum
diagram that could be used to find the velocities of A and B after
the impact.

13.F9 A 10-kg ball A moving horizontally at 12 m/s strikes a 10-kg block
B. The coefficient of restitution of the impact is 0.4 and the coeffi-  Fig. P13.F8
cient of kinetic friction between the block and the inclined surface
is 0.5. Draw the impulse-momentum diagram that can be used to
determine the speeds of A and B after the impact.

Fig. P13.F9

845
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20°

Fig. P13.F10

v v

| (

—

Fig. P13.156

]

U

Fig. P13.158

3; GV

Vo

C | —

Fig. P13.159

13.F10 Block A of mass my strikes ball B of mass mg with a speed of v, as
shown. Draw the impulse-momentum diagram that can be used to
determine the speeds of A and B after the impact and the impulse
during the impact.

END-OF-SECTION PROBLEMS

13.155 The coefficient of restitution between the two collars is known to
be 0.70. Determine (a) their velocities after impact, (b) the energy
loss during impact.

1m/s 1.5 m/s
) "
.
5kg 3kg

Fig. P13.155

13.156 Collars A and B, of the same mass m, are moving toward each
other with identical speeds as shown. Knowing that the coefficient
of restitution between the collars is e, determine the energy lost
in the impact as a function of m, e, and v.

13.157 One of the requirements for tennis balls to be used in official com-
pet1t10n is that, when dropped onto a rigid surface from a height
t bounce of the ball must be in the
imine the range of the coefficients
atisfying this requirement.

- ess horizontal plane with opposite
velocmes of the same magnitude v, hit each other squarely. Disk
A is known to have a weight of 6 Ib and is observed to have zero
velocity after impact. Determine (¢) the weight of disk B, knowing
that the coefficient of restitution between the two disks is 0.5,
(b) the range of possible values of the weight of disk B if the coef-
ficient of restitution between the two disks is unknown.

13.159 To apply shock loading to an artillery shell, a 20-kg pendulum A is
released from a known height and strikes impactor B at a known
velocity vy. Impactor B then strikes the 1-kg artillery shell C. Knowing
the coefficient of restitution between all objects is e, determine the
mass of B to maximize the impulse applied to the artillery shell C.

13.160 Two identical cars A and B are at rest on a loading dock with brakes
released. Car C, of a slightly different style but of the same weight,
has been pushed by dockworkers and hits car B with a velocity of
1.5 m/s. Knowing that the coefficient of restitution is 0.8 between
B and C and 0.5 between A and B, determine the velocity of each
car after all collisions have taken place.

1.5m/s

Fig. P13.160
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13.161 Three steel spheres of equal weight are suspended from the ceiling Problems 847
by cords of equal length which are spaced at a distance slightly
greater than the diameter of the spheres. After being pulled back
and released, sphere A hits sphere B, which then hits sphere C.
Denoting by e the coefficient of restitution between the spheres
and by v, the velocity of A just before it hits B, determine (a) the
velocities of A and B immediately after the first collision, (b) the
velocities of B and C immediately after the second collision.

(¢) Assuming now that n spheres are suspended from the ceiling
and that the first sphere is pulled back and released as described A’

above, determine the velocity of the last sphere after it is hit for O O O
B C

the first time. (d) Use the result of part ¢ to obtain the velocity of
the last sphere when n = 5 and e = 0.9. Vo A
Fig. P13.161
13.162 At an amusement park there are 200-kg bumper cars A, B, and C that
have riders with masses of 40 kg, 60 kg, and 35 kg, respectively. Car
A is moving to the right with a velocity v4 = 2 m/s and car C has a
velocity vg = 1.5 m/s to the left, but car B is initially at rest. The
coefficient of restitution between each car is 0.8. Determine the final
velocity of each car, after all impacts, assuming (@) cars A and C hit
car B at the same time, (b) car A hits car B before car C does.

Fig. P13.162 and P13.163 AxpertSoft Trial Version

13.163 At an amusement park t
that have riders with masses of 40 kg, 60 kg, and g, respectively.
Car A is moving to the right with a velocity v4 = 2 m/s when it
hits stationary car B. The coefficient of restitution between each
car is 0.8. Determine the velocity of car C so that after car B col-
lides with car C the velocity of car B is zero.

13.164 Two identical billiard balls can move freely on a horizontal table.
Ball A has a velocity v, as shown and hits ball B, which is at rest,
at a point C defined by u = 45°. Knowing that the coefficient of
restitution between the two balls is ¢ = 0.8 and assuming no fric-
tion, determine the velocity of each ball after impact.

v7\
9
Fig. P13.164

13.165 The coefficient of restitution is 0.9 between the two 2.37-in.-
diameter billiard balls A and B. Ball A is moving in the direction
shown with a velocity of 3 ft/s when it strikes ball B, which is at
rest. Knowing that after impact B is moving in the x direction,
determine (a) the angle u, (b) the velocity of B after impact. Fig. P13.165

<—6|n—>
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848 Kinetics of Particles: Energy and Momentum 13.166 A 600-g ball A is moving with a velocity of magnitude 6 m/s when

50°
vg =4 m/s

Methods

it is hit as shown by a 1-kg ball B which has a velocity of magnitude
4 m/s. Knowing that the coefficient of restitution is 0.8 and assum-
ing no friction, determine the velocity of each ball after impact.

Two identical hockey pucks are moving on a hockey rink at the
same speed of 3 m/s and in perpendicular directions when they
strike each other as shown. Assuming a coefficient of restitution
e = 0.9, determine the magnitude and direction of the velocity of
each puck after impact.

Two identical pool balls of 57.15 mm diameter may move freely on
a pool table. Ball B is at rest and ball A has an initial velocity
v = vgi. (@) Knowing that b = 50 mm and e = 0.7, determine the
velocity of each ball after impact. (b) Show that if e = 1, the final
velocities of the balls form a right angle for all values of b.

B
A °
——-

AxpertSoft Trial Version

13.167
Vp =6 m/s A B
i
40°
Fig. P13.166 13.168
VB
Fig. P13.167
13.169
. - 13.170

Fig. P13.169

A boy located at point A halfway between the center O of a semi-
circular wall and the wall itself throws a ball at the wall in a direc-
tion forming an angle of 45° with OA. Knowing that after hitting
the wall the ball rebounds in a direction parallel to OA, determine
the coefficient of restitution between the ball and the wall.

The Mars Pathfinder spacecraft used large airbags to cushion its
impact with the planet’s surface when landing. Assuming the
spacecraft had an impact velocity of 18.5 m/s at an angle of 45°
with respect to the horizontal, the coefficient of restitution is 0.85
and neglecting friction, determine () the height of the first
bounce, (b) the length of the first bounce. (Acceleration of gravity
on Mars = 3.73 m/s%.)

18.5 m/s

Fig. P13.170
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13.171

A girl throws a ball at an inclined wall from a height of 3 ft, hitting Problems 840
the wall at A with a horizontal velocity v, of magnitude 25 ft/s.

Knowing that the coefficient of restitution between the ball and

the wall is 0.9 and neglecting friction, determine the distance d

from the foot of the wall to the point B where the ball will hit the

ground after bouncing off the wall.

3 ft

Fig. P13.171

13.172 A sphere rebounds as shown after striking an inclined plane with a

13.173

13.174

vertical velocity v, of magnitude vy = 5 m/s. Knowing that a = 30°
and e = 0.8 between the sphere and the plane, determine the

height h reached by the sphere.

A sphere rebounds as s
a vertical velocity v, of 1
of a that will maximizd
before reaching its maxi o o
restitution between the ball and the ground is (@) e = 1,

(b) e = 0.8.

AxpertSoft Trial Version

Two cars of the same mass run head-on into each other at C. After
the collision, the cars skid with their brakes locked and come to a
stop in the positions shown in the lower part of the figure. Know-
ing that the speed of car A just before impact was 5 mi/h and that
the coefficient of kinetic friction between the pavement and the
tires of both cars is 0.30, determine (¢) the speed of car B just
before impact, (b) the effective coefficient of restitution between
the two cars.

A T~ B _—
wOmm— )~ ———)
AT B —r

| 12 ft

Fig. P13.174 c



http://www.axpertsoft.com/pdf-splitter-software/

850 Kinetics of Particles: Energy and Momentum 13.175 A 1-kg block B is moving with a velocity v, of magnitude vy = 2 m/s

Methods

5m/s

as it hits the 0.5-kg sphere A, which is at rest and hanging from a
cord attached at O. Knowing that m; = 0.6 between the block and
the horizontal surface and ¢ = 0.8 between the block and the
sphere, determine after impact (a) the maximum height h reached
by the sphere, (b) the distance x traveled by the block.

o

Fig. P13.175

13.176 A 0.25-Ib ball thrown with a horizontal velocity vy strikes a 1.5-Ib
plate attached to a vertical wall at a height of 36 in. above the
ground. It is observed that after rebounding, the ball hits the ground

at a distance of 24 in. from the wall when the plate is rigidly attached

to the wall (Fig. 1) and at a distance of 10 in. when a foam-rubber
and the wall (Fig. 2). Determine

b between the ball and the plate,

hl.

AxpertSoft Trial Version

151b 1.51b

Fig. P13.176

13.177 After having been pushed by an airline employee, an empty 40-kg
luggage carrier A hits with a velocity of 5 m/s an identical carrier
B containing a 15-kg suitcase equipped with rollers. The impact
causes the suitcase to roll into the left wall of carrier B. Knowing
that the coefficient of restitution between the two carriers is 0.80
and that the coefficient of restitution between the suitcase and the

Y wall of carrier B is 0.30, determine (a) the velocity of carrier B

R

Fig. P13.177

after the suitcase hits its wall for the first time, (b) the total energy
lost in that impact.
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13.178 Blocks A and B each weigh 0.8 Ib and block C weighs 2.4 1b. The
coefficient of friction between the blocks and the plane is m; = 0.30.
Initially block A is moving at a speed vy = 15 ft/s and blocks B
and C are at rest (Fig. 1). After A strikes B and B strikes C, all
three blocks come to a stop in the positions shown (Fig. 2). Deter-
mine (a) the coefficients of restitution between A and B and
between B and C, (b) the displacement x of block C.

3in. 3in.
i i 12in. ' 121in. |
i | i
=) =
@
3in
121in. ‘ ‘ X i
=) (=] )
(2

Fig. P13.178

13.179 A 0.5-kg sphere A is dropped from a height of 0.6 m onto a 1.0-kg
plate B, which is supported by a nested set of springs and is initially
at rest. Knowing that the coefficient of restitution between the
sphere and the plate is ¢ =08 i i
by the sphere after rebo . .
PRSI  AxpertSoft Trial Version

is observed to be equal §

13.180 A 0.5-kg sphere A is dropped from a height of 0.6 m onto 1.0-kg
plate B, which is supported by a nested set of springs and is initially
at rest. Knowing that the set of springs is equivalent to a single
spring of constant k = 900 N/m, determine (a) the value of the
coefficient of restitution between the sphere and the plate for
which the height h reached by the sphere after rebound is maxi-
mum, (b) the corresponding value of 4, (c) the corresponding value
of the maximum deflection of the plate.

13.181 The three blocks shown are identical. Blocks B and C are at rest
when block B is hit by block A, which is moving with a velocity v,
of 3 ft/s. After the impact, which is assumed to be perfectly plastic
(e = 0), the velocity of blocks A and B decreases due to friction,
while block C picks up speed, until all three blocks are moving
with the same velocity v. Knowing that the coefficient of kinetic
friction between all surfaces is m, = 0.20, determine (@) the time
required for the three blocks to reach the same velocity, (b) the total
distance traveled by each block during that time.

\Y
3 ft/
Vp= S

m s ] A B

Fig. P13.181

Problems

Fig. P13.179 and P13.180
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852 ﬁ“micj of Particles: Energy and Momentum 13.182 Block A is released from rest and slides down the frictionless sur-
ernodas

face of B until it hits a bumper on the right end of B. Block A has
a mass of 10 kg and object B has a mass of 30 kg and B can roll
freely on the ground. Determine the velocities of A and B imme-
diately after impact when (¢) e = 0, (b) e = 0.7.

{A

T
0.2m

|

600 m/s Fig. P13.182

\200 13.183 A 20-g bullet fired into a 4-kg wooden block suspended from cords
AC and BD penetrates the block at point E, halfway between C
and D, without hitting cord BD. Determine (a) the maximum

height h to which the block and the embedded bullet will swing

Fig. P13.183 after impact, (b) the total impulse exerted on the block by the two
cords during the impact.

a spring of constant 10 Ib/in. and

by 1-1b ball B as shown. Neglect-
fficient of restitution between the
Gcities of A and B after the impact,
(b) the maximum height reached by A.

AxpertSoft Trial Version

13.185 Ball B is hanging from an inextensible cord. An identical ball A is
A released from rest when it is just touching the cord and drops
through the vertical distance hy, = 8 in. before striking ball B.
Assuming ¢ = 0.9 and no friction, determine the resulting maxi-
mum vertical displacement hp of the ball B.

2 ft/s
20°

Fig. P13.184

AN
\ .
\ p AN
hy \ / _T \ Fig. P13.185
\ / hy \
\ / \ - 13.186 A 70-g ball B dropped from a height hy = 1.5 m reaches a height
IR A \}/ c / Ihz hy = 0.25 m after bouncing twice from identical 210-g plates. Plate

A rests directly on hard ground, while plate C rests on a foam-
rubber mat. Determine (a) the coefficient of restitution between
Fig. P13.186 the ball and the plates, (b) the height ; of the ball’s first bounce.
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13.187 A 700-g sphere A moving with a velocity v, parallel to the ground Problems 8573
strikes the inclined face of a 2.1-kg wedge B which can roll freely
on the ground and is initially at rest. After impact the sphere is
observed from the ground to be moving straight up. Knowing
that the coefficient of restitution between the sphere and the
wedge is ¢ = 0.6, determine (a) the angle u that the inclined face
of the wedge makes with the horizontal, (b) the energy lost due

to the impact. Fig. P13.187

13.188 When the rope is at an angle of @ = 30° the 1-Ib sphere A has a
speed vy = 4 ft/s. The coefficient of restitution between A and the
2-1b wedge B is 0.7 and the length of rope [ = 2.6 ft. The spring
constant has a value of 2 Ib/in. and u = 20°. Determine (a) the
velocities of A and B immediately after the impact, (b) the maxi-
mum deflection of the spring assuming A does not strike B again
before this point.

Fig. P13.188 and P13.189

13.189 When the rope is at an angle of a = 30° the 1-kg sphere A has a
speed vy = 0.6 m/s. The coefficient of restitution between A and
the 2-kg wedge B is 0.8 and the length of rope [ = 0.9 m. The
spring constant has a value of 1500 N/m and u = 20°. Determine
(a) the velocities of A and B immediately after the impact, (b) the
maximum deflection of the spring assuming A does not strike B
again before this point.
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Work of a force

Work of a weight

854

This chapter was devoted to the method of work and energy and to
the method of impulse and momentum. In the first half of the
chapter we studied the method of work and energy and its applica-
tion to the analysis of the motion of particles.

We first considered a force F acting on a particle A and defined the
work of F corresponding to the small displacement dr [Sec. 13.2] as
the quantity

dU =F - dr (13.1)
or, recalling the definition of the scalar product of two vectors,
dU = F ds cos a (13.1)

where a is the angle between F and dr (Fig. 13.29). The work of F
during a finite displacement from A; to Ay, denoted by Uiy, was
obtained by integrating Eq. (13.1) along the path described by the
particle:

- dr (13.2)

eral components, we wrote

A
Uiy = J (Fydx + F,dy + F.dz) (13.2")
A

1

The work of the weight W of a body as its center of gravity moves
from the elevation ¢, to y, (Fig. 13.30) was obtained by substituting
F,=F.=0and F, = =W into Eq. (13.2") and integrating. We found

Yo
Y1

(e

Fig. 13.30
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° HWM@MW@

Fig. 13.31

The work of a force F exerted by a spring on a body A during a  Work of the force exerted by a spring
finite displacement of the body (Fig. 13.31) from A;(x = x;) to
Ay(x = xy) was obtained by writing

dU = —F dx = —kx dx
Uys = — j kx dx = 1ka? — Lkal (13.6)

The work of F is therefore positive when the spring is returning to
its undeformed position.

AxpertSoft Trial Version

The work of the gravitational force F exerted by a particle of mass M Work of the gravitational force
located at O on a particle of mass m as the latter moves from A; to

A, (Fig. 13.32) was obtained by recalling from Sec. 12.10 the expres-

sion for the magnitude of F and writing

" GM GM GM;
U1y2 = _J 2m d?" = m - m (137)

r T2 n
o

The kinetic energy of a particle of mass m moving with a velocity v Kinetic energy of a particle
[Sec. 13.3] was defined as the scalar quantity

T = imo” (13.9)
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856 Kinetics of Particles: Energy and Momentum From Newton’s second law we derived the principle of work and
efhods energy, which states that the kinetic energy of a particle at Ay can
Principle of work and energy  be obtained by adding to its kinetic energy at A, the work done dur-

ing the displacement from A, to Ay by the force F exerted on the
particle:

Ty + Uyo =T, (13.11)

Method of work and energy The method of work and energy simplifies the solution of many
problems dealing with forces, displacements, and velocities, since it
does not require the determination of accelerations [Sec. 13.4]. We
also note that it involves only scalar quantities and that forces which
do no work need not be considered [Sample Probs. 13.1 and 13.3].
However, this method should be supplemented by the direct applica-
tion of Newton’s second law to determine a force normal to the path
of the particle [Sample Prob. 13.4].

Power and mechanical efficiency The power developed by a machine and its mechanical efficiency
were discussed in Sec. 13.5. Power was defined as the time rate at

which work is done:

F-v (13.12, 13.13)
AxpertSoft Trial Version
hrticle and v the velocity of the
particle [Sample Prob. 13.5]. The mechanical efficiency, denoted by
h, was expressed as

power output

13.15
power input ( )

Conservative force. Potential energy  When the work of a force F is independent of the path followed
[Secs. 13.6 and 13.7], the force F is said to be a conservative force,
and its work is equal to minus the change in the potential energy V
associated with F:

Ulyg = Vl - VZ (1319,)

The following expressions were obtained for the potential energy
associated with each of the forces considered earlier:

Force of gravity (weight): V, =Wy (13.16)
GM
Gravitational force: V,=— rm (13.17)

Elastic force exerted by a spring: V, = jkx* (13.18)
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Substituting for Uy, from Eq. (13.19") into Eq. (13.11) and  rearranging
the terms [Sec. 13.8], we obtained

T, +V, =T, +V, (13.24)

This is the principle of conservation of energy, which states that
when a particle moves under the action of conservative forces, the
sum of its kinetic and potential energies remains constant. The appli-
cation of this principle facilitates the solution of problems involving
only conservative forces [Sample Probs. 13.6 and 13.7].

Recalling from Sec. 12.9 that, when a particle moves under a central
force F, its angular momentum about the center of force O remains
constant, we observed [Sec. 13.9] that, if the central force F is also
conservative, the principles of conservation of angular momentum
and of conservation of energy can be used jointly to analyze the
motion of the particle [Sample Prob. 13.8]. Since the gravitational
force exerted by the earth on a space vehicle is both central and
conservative, this approach was used to study the motion of such
vehicles [Sample Prob. 13.9] and was found particularly effective in
the case of an oblique launching. Considering the initial position P,
and an arbitrary position P of the vehicle (Fig. 13.33), we wrote

(Ho)y = Ho: romuvg

To+Vo=T+V:  imo}

where m was the mass of the vehicle and M the mass of the earth.

The second half of the chapter was devoted to the method of impulse
and momentum and to its application to the solution of various types
of problems involving the motion of particles.

The linear momentum of a particle was defined [Sec. 13.10] as
the product mv of the mass m of the particle and its velocity v. From
Newton’s second law, F = ma, we derived the relation

ty
mvy + J Fdt = mv, (13.28)
31
where mv, and mv;, represent the momentum of the particle at a
time ¢; and a time ¢, respectively, and where the integral defines the
linear impulse of the force F during the corresponding time interval.
We wrote therefore

mv; + Imp,y,, = mv, (13.30)

which expresses the principle of impulse and momentum for a
particle.

AxpertSoft Trial Version
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Principle of conservation of energy

Motion under a gravitational force

Fig. 13.33

Principle of impulse and momentum
for a particle
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858 Kinetics of Particles: Energy and Momentum
Methods

Impulsive motion

When the particle considered is subjected to several forces, the
sum of the impulses of these forces should be used; we had

mvy + 2 Imp1y2 = Mvy (1332)

Since Egs. (13.30) and (13.32) involve vector quantities, it is
necessary to consider their x and y components separately when apply-
ing them to the solution of a given problem [Sample Probs. 13.10
and 13.11].

The method of impulse and momentum is particularly effective in
the study of the impulsive motion of a particle, when very large
forces, called impulsive forces, are applied for a very short interval
of time At, since this method involves the impulses F At of the
forces, rather than the forces themselves [Sec. 13.11]. Neglecting the
impulse of any nonimpulsive force, we wrote

mvy + 3F At = mvy (1335)
In the case of the impulsive motion of several particles, we had

where the second term involves only impulsive, external forces [Sam-
ple Prob. 13.12].

AxpertSoft Trial Version Iy

Direct central impact

duces to Zmv, = Zmvy; that is,
the total momentum of the particles is conserved.

In Secs. 13.12 through 13.14, we considered the central impact of two
colliding bodies. In the case of a direct central impact [Sec. 13.13],
the two colliding bodies A and B were moving along the line of impact
with velocities v, and vg, respectively (Fig. 13.34). Two equations
could be used to determine their velocities v}y and vy after the impact.

e

Fig. 13.34
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The first expressed conservation of the total momentum of the
two bodies,

muvs + Mg = MuvL + Mmpop (13.37)

where a positive sign indicates that the corresponding velocity is
directed to the right, while the second related the relative velocities
of the two bodies before and after the impact,

vp — vh = elvy, — vp) (13.43)

The constant e is known as the coefficient of restitution; its value lies
between 0 and 1 and depends in a large measure on the materials
involved. When e = 0, the impact is said to be perfectly plastic; when
e = 1, it is said to be perfectly elastic [Sample Prob. 13.13].

In the case of an oblique central impact [Sec. 13.14], the velocities
of the two colliding bodies before and after the impact were resolved
into n components along the line of impact and ¢ components along
the common tangent to the surfaces in contact (Fig. 13.35). We
observed that the ¢ component of the velocity of each body remained

Review and Summary 859

Oblique central impact

Fig. 13.35

unchanged, while the n components satisfied equations similar to
Egs. (13.37) and (13.43) [Sample Probs. 13.14 and 13.15]. It was
shown that although this method was developed for bodies moving
freely before and after the impact, it could be extended to the case
when one or both of the colliding bodies is constrained in its motion

[Sample Prob. 13.16].

In Sec. 13.15, we discussed the relative advantages of the three fun-
damental methods presented in this chapter and the preceding one,
namely, Newton’s second law, work and energy, and impulse and
momentum. We noted that the method of work and energy and the
method of impulse and momentum can be combined to solve prob-
lems involving a short impact phase during which impulsive forces
must be taken into consideration [Sample Prob. 13.17].

Using the three fundamental
methods of kinetic analysis
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REVIEW PROBLEMS

13.190

A 32,000-Ib airplane lands on an aircraft carrier and is caught by an
arresting cable. The cable is inextensible and is paid out at A and B
from mechanisms located below deck and consisting of pistons mov-
ing in long oil-filled cylinders. Knowing that the piston-cylinder
system maintains a constant tension of 85 kips in the cable during
the entire landing, determine the landing speed of the airplane if it
travels a distance d = 95 ft after being caught by the cable.

AxpertSoft Trial Version

Vo

Iy { ry |

Fig. P13.192

200 mm

Fig. P13.193

860

13.192

bm a spring-loaded pistol on the
surface of the earth rises to a height of 300 ft. The same pellet
shot from the same pistol on the surface of the moon rises to a
height of 1900 ft. Determine the energy dissipated by aerodynamic
drag when the pellet is shot on the surface of the earth. (The
acceleration of gravity on the surface of the moon is 0.165 times
that on the surface of the earth.)

A satellite describes an elliptic orbit about a planet of mass M. The
minimum and maximum values of the distance r from the satellite
to the center of the planet are, respectively, ry and r;. Use the
principles of conservation of energy and conservation of angular
momentum to derive the relation
1 1 2G
PR + PR

)
ro h

where h is the angular momentum per unit mass of the satellite
and G is the constant of gravitation.

13.193 A 60-g steel sphere attached to a 200-mm cord can swing about

point O in a vertical plane. It is subjected to its own weight
and to a force F exerted by a small magnet embedded in the
ground. The magnitude of that force expressed in newtons is
F = 3000/r%, where r is the distance from the magnet to the
sphere expressed in millimeters. Knowing that the sphere is
released from rest at A, determine its speed as it passes through
point B.
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13.194 A shuttle is to rendezvous with a space station which is in a circular Review Problems 864 1
orbit at an altitude of 250 mi above the surface of the earth. The
shuttle has reached an altitude of 40 mi when its engine is turned
off at point B. Knowing that at that time the velocity v, of the
shuttle forms an angle ¥, = 55° with the vertical, determine the
required magnitude of vj if the trajectory of the shuttle is to be
tangent at A to the orbit of the space station.

13.195 A 300-g block is released from rest after a spring of constant
k = 600 N/m has been compressed 160 mm. Determine the force
exerted by the loop ABCD on the block as the block passes through
(@) point A, (b) point B, (¢) point C. Assume no friction.

R = 3960 mi
Fig. P13.194

Fig. P13.195

13.196 A small sphere B of mass m is attached to an inextensible cord of
length 24, which passes around the fixed peg A and is attached to
a fixed support at O. The sphere is held close to the support at O
and released with no initial Veloaty It drops freely to pomt C,
where the cord becomes 43 i
about A and then about : .
[heenReR g AxpertSoft Trial Version
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Fig. P13.196

13.197 A 300-g collar A is released from rest, slides down a frictionless
rod, and strikes a 900-g collar B which is at rest and supported by
a spring of constant 500 N/m. Knowing that the coefficient of res-
titution between the two collars is 0.9, determine (¢) the maximum
distance collar A moves up the rod after impact, (b) the maximum
distance collar B moves down the rod after impact.

Fig. P13.197
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862 Kinetics of Particles: Energy and Momentum
Methods

5kg
Fig. P13.198

13.198 Blocks A and B are connected by a cord which passes over pulleys
and through a collar C. The system is released from rest when
x = 1.7 m. As block A rises, it strikes collar C with perfectly plastic
impact (¢ = 0). After impact, the two blocks and the collar keep
moving until they come to a stop and reverse their motion. As A
and C move down, C hits the ledge and blocks A and B keep
moving until they come to another stop. Determine (a) the velocity
of the blocks and collar immediately after A hits C, (b) the distance
the blocks and collar move after the impact before coming to a
stop, (¢) the value of x at the end of one complete cycle.

13.199 A 2-kg ball B is traveling horizontally at 10 m/s when it strikes 2-kg
ball A. Ball A is initially at rest and is attached to a spring with
constant 100 N/m and an unstretched length of 1.2 m. Knowing
the coefficient of restitution between A and B is 0.8 and friction
between all surfaces is negligible, determine the normal force
between A and the ground when it is at the bottom of the hill.

i 1.2m
0.7m 3m/s

k

<

00
B

L/
%
\__/
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Fig. P13.199

13.200 A 2-kg block A is pushed up against a spring compressing it a
distance x = 0.1 m. The block is then released from rest and slides
down the 20° incline until it strikes a 1-kg sphere B which is sus-
pended from a 1-m inextensible rope. The spring constant k = 800
N/m, the coefficient of friction between A and the ground is 0.2,
the distance A slides from the unstretched length of the spring
d = 1.5 m, and the coefficient of restitution between A and B is
0.8. When a = 40°, determine (a) the speed of B, (b) the tension
in the rope.

Fig. P13.200
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*13.201 The 2-1b ball at A is suspended by an inextensible cord and given Review Problems 8473
an initial horizontal velocity of vo. If [ = 2 ft, x5 = 0.3 ft, and
yp = 0.4 ft, determine the initial velocity v, so that the ball will
enter the basket. (Hint: Use a computer to solve the resulting set
of equations.)

Fig. P13.201

AxpertSoft Trial Version
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COMPUTER PROBLEMS

13.C1 A 12-1b collar is attached to a spring anchored at point C and can
slide on a frictionless rod forming an angle of 30° with the vertical. The
spring is of constant k and is unstretched when the collar is at A. Knowing
that the collar is released from rest at A, use computational software to
determine the velocity of the collar at point B for values of k from 0.1 to
2.0 1b/in.

Fig. P13.C1

AxpertSoft Trial Version

dicate that the rear (drive) wheels

€ls just off the ground for the first

60 ft of the 1320 ft track. The car is driven with slipping impending, with

60 percent of its weight on the rear wheels, for the remaining 1260 ft of the

race. Knowing that the coefficients of kinetic and static friction are 0.60 and

0.85, respectlvely, and that the force due to the aerodynamic drag is F; =

0.0098¢0%, where the speed v is expressed in ft/s and the force Fy in Ib, use

computatlonal software to determine the time elapsed and the speed of the

24m | car at various points along the track, (a) taking the force F, into account,

! (b) ignoring the force F,;. If you write a computer program use increments of

Lo distance Ax = 0.1 ft in your calculations, and tabulate your results every 5 ft

| é\ for the first 60 ft and every 90 ft for the remaining 1260 ft. [Hint: The

\ time At; required for the car to move through the increment of distance

h \ Ax; can be obtained by dividing Ax; by the average velocity o + visy)

\ of the car over Ax; if the acceleration of the car is assumed to remain
L 3m  constant over Ax. ]

13.C3 A 5-kg bag is gently pushed off the top of a wall and swings in a
vertical plane at the end of a 2.4-m rope which can withstand a maximum
tension F,,. For F,, from 40 to 140 N use computational software to deter-
mine (a) the difference in elevation h between point A and point B where
the rope will break, (b) the distance d from the vertical wall to the point
Fig. P13.C3 where the bag will strike the floor.

13.C4 Use computational software to determine (a) the time required for
the system of Prob. 13.198 to complete 10 successive cycles of the motion
described in that problem, starting with x = 1.7 m, (b) the value of x at the
end of the tenth cycle.

864
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13.C5 A 700-g ball B is hanging from an inextensible cord attached to a
support at C. A 350-g ball A strikes B with a velocity v at an angle U, with
the vertical. Assuming no friction and denoting by e the coefficient of restitu-
tion, use computational software to determine the magnitudes v} and vy of
the velocities of the balls immediately after impact and the percentage of
energy lost in the collision for vy = 6 m/s and values of U, from 20° to 150°,

assuming (a) e = 1, (b) e = 0.75, (¢) e = 0.

cy

Vo

Fig. P13.C5

13.C6 In Prob. 13.110, a space vehicle was in a c1rcular orblt at an altltude
of 225 mi above the surface of the gazth

speed as it passed through A by
in a direction opposite to the dir
as it reached point B at an altitud
the vertical. An alternative strategy Tor taking P
circular orbit would be to turn it around so that its engine pointed away
from the earth and then give it an incremental velocity Av, toward the
center O of the earth. This would likely require a smaller expenditure of
energy when firing the engine at A, but might result in too fast a descent
at B. Assuming that this strategy is used, use computational software to
determine the values of ¥ and vy for an energy expenditure ranging from
5 to 100 percent of that needed in Prob. 13.110.

225 mi

R =3960 mi

Fig. P13.C6

Computer Problems

865
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