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1 ÛÊê
�û¥���È��

ø �úûøÂð �þÂÑ÷ ,�û�ä�Þ¹õ �b þÂÑ÷ ¤¢ ü��õÀÖõ Óþ¤�ã� ø ��Ø�� ö� ÛÊê ßþ� ¤¢Âû ´¨� Âµú� .Ý��îüõ �ÂÎõ ,Àª À�û��¡ ù¢�Ôµ¨� ��µî ßþ� ¤¢ �î �¤ ýÂµõ ý�û�Ìê.À��î ��Àì� ÛÊê ßþ� �b ãó�Îõ �� Àª �¥� ´ìø�ä�Þ¹õ 1.1ù¢�Ôµ¨� "´¨� Y �bä�Þ¹õ Âþ¥ X' ü�ãõ �� X � Y ¢�Þ÷ ¥� Y ø X ý�û�ä�Þ¹õ ý�Â�ù¢�Ôµ¨� "X 6= Y ø ´¨� Y �bä�Þ¹õ Âþ¥ X' ü�ãõ �� X � Y ¢�Þ÷ ¥� ø Ý��îüõ�� �î X ¥� ýÂ¬��ä �bä�Þ¹õ' Çþ�Þ÷ ý�Â� X �Y ¢�Þ÷ ¥� ,Y � X ù�ð Âû .Ý��îüõ.Ý��îüõ ù¢�Ôµ¨� ; ¢�Þ÷ �� �¤ üú� �bä�Þ¹õ .Ý��îüõ ù¢�Ôµ¨� "À÷¤�À÷ ÕÜã� Yý�ú�ø¥ �bä�Þ¹õ �¤ Y øX �bä�Þ¹õ ø¢ Ý�ÖµÆõ �ÂÌÜ¬�� �þ ü�¤�î¢ �ÂÌÜ¬��ÂÚþ¢ ö��� �� .y 2 Y ø x 2 X �î Ý��îüõ ÓþÂã� ý� (x; y) °�ÂõX � Y = f(x; y) jx 2 X ; y 2 Y g:�� ��÷ �¤ �û�ä�Þ¹õ ¥� fXi j i = 1;2; � � � ; ng üû��µõ ý��þ�¢Âð ü
 �¤�î¢ �ÂÌÜ¬��:¢�Þ÷ ÓþÂã� ¢�ªüõ ���Èõ �¤�¬X1 �X2 � � � � �Xn := f(x1; � � � ; xn) jxi 2 Xi ; 1 � i � ng:9
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�û¥���È�� .1 ÛÊê �ä�Þ¹õ 1.1�Ìä Âû �î ýÂÒ��� ¥� ´¨� �¤�±ä ,�ä�Þ¹õ ø¢ ß�� f : X ! Y ´ª�Ú÷ �þ â���,A �bä�Þ¹õ Â� ü÷�Þû â��� .À�îüõ Â�Ñ÷ Y ¥� f(x) = y �µØþ ýÂÊ�ä �� �¤ X ¥� xùb¤�Ú÷ .Àª��üõ x 2 X ý�¥� �� 1A(x) = x �bÎ��® �� 1A : X ! Y â��� ¥� �¤�±ä�¤�¬ �� f : X ! Y â���Image(f) := f(X) = fy 2 Y j y = f(x)ý�x 2 X×þ ý�¥� ��gù�Ú÷� ,À�ª�� X ¥� �ä�Þ¹õ Âþ¥ ø¢ W 0 ø W Âð� �î ¢�ª ���� .Ý��îüõ ÓþÂã�f(W [W 0) = f(W ) [ f(W 0); f(W \W 0) � f(W ) \ f(W 0):¤��µ¡� ¤¢ ,fWj j i 2 Jg �f ·õ ,X ¥� ý�û�ä�Þ¹õ Âþ¥ ¥� ý��þ�¢Âð Âð� ,üÜî ´ó�� ¤¢ù�Ú÷� ,´¨� ­øÂÔõ ¤�ÁÚÆþÀ÷� �bä�Þ¹õ ×þ J �î Àª��f([j2JWj) = [j2J f(Wj); f(\j2JWj) � \j2J f(Wj):Âû .f Ý�Æþ�÷üõ �¬�¡ ¤�Î� f : X ! Y ý�¹� ,¢øÂ÷ ��ú�� Ý�� �î ü�¤�¬ ¤¢Çþ�Þ÷ f ¢�Þ÷ �� Ýû �¤ ö� �î À�îüõ ÓþÂã� f(X) �� X ¥� üã��� ,f : X ! Y â���¥� ´¨� �¤�±ä ,A �� f ÀþÀ½� ù�Ú÷� ,Àª�� X ¥� ý��ä�Þ¹õ Âþ¥ A Âð� .Ý�û¢üõ�î ¢�ª ���� .a 2 A Âû ý�¥� �� (f jA)(a) = f(a) �bÎ��® �� f jA : A ! X üã���.f jA = f Æ 1Aöø¤�ø ùb¤�Ú÷ �¤�¬ ßþ� ¤¢ ,Àª�� â��� f : X ! Y ø Y ¥� ý��ä�Þ¹õ Âþ¥ Z Âð�¥� ´¨� �¤�±ä ,f ´½� Zf�1(Z) := fx 2 X j f(x) 2 Zg:Ýþ¤�¢ ,Y ¥� Zj ý�û�ä�Þ¹õ Âþ¥ ¥� fZj j j 2 Jg �þ�¢Âð Âû ý�¥� �� �î ¢�ª ����f�1([j2J Zj) = [j2J f�1(Zj); f�1(\j2J Zj) = \j2J f�1(Zj);f�1(Y � Zj) = X � f�1(Zj):ù�Ú÷� ,x1 6= x2 �� x1; x2 2 X ù�ð Âû �î ´¨� ×�±Øþ ü�¤�¬ ¤¢ f : X ! Y â���.f(X) = Y �î ´¨� øÂ� �þ �ª�� ü�¤�¬ ¤¢ f : X ! Y â��� .f(x1) 6= f(x2)×þ ´ó�� ßþ� ¤¢ .Àª�� �ª�� ø ×�±Øþ �î ´¨� üþ�¨ø¢ ü�¤�¬ ¤¢ f : X ! Y â���:´ª�¢ Àû��¡ ¢��ø Âþ¥ �bÎ��® �� f�1 : X ! Y öø¤�ø â���x = f�1(y) , y = f(x):10
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�ä�Þ¹õ 1.1 �û¥���È�� .1 ÛÊê�� Z �� X ¥� f Æ g °îÂõ â��� ù�Ú÷� ,À�ª�� â��� g : Y ! Z ø f : X ! Y Âð�:¢¢Âðüõ ÓþÂã� Âþ¥ �¤�¬(g Æ f)(x) := g(f(x)); x 2 X:f�1 Æ ø f Æ f�1 : Y ! Y â���� ù�Ú÷� ,Àª�� üþ�¨ø¢ üã��� f : X ! Y �»÷���ø f Æ g : Y ! Y â���� Âð� ,ÅØãó�� .¢�� À�û��¡ ü÷�Þû ø¢ Âû f : X ! Xöø¤�ø ×þ Âû ø ù¢�� üþ�¨ø¢ ø¢ Âû g ø f ù�Ú÷� ,À�ª�� ü÷�Þû ø¢ Âû g Æ f : X ! Xø ×�±Øþ f �î À�îüõ ��¹þ� g Æ f : X ! X ö¢�� ü÷�Þû ¯Âª .¢�� Àû��¡ ýÂÚþ¢.´¨� �ª�� g ��÷,�f �Þãõ .Àª�� üõX�X ¥� �ý��ä�Þ¹õ Âþ¥ ,X �bä�Þ¹õ Â� �Î��¤ ×þ ¥� ¤�Ñ�õ¤¢ �î Ý���ð ý¥¤� Ýû ü�¤�¬ ¤¢ �¤ � �bÎ��¤ .x � y Ý�Æþ�÷üõ (x; y) 2� ý�¹�:À�î ëÀ¬ Âþ¥ �ÂÈ� Íþ�Âª;x � x ý� x 2 X Âû ý�¥� �� :ü���¥�� ¯Âª (1;y � x ù�Ú÷� ,x � y Âð� :ü÷¤�Ö� ¯Âª (2.x � z ù�Ú÷� ,y � z ø x � y Âð� :ýÀã� ¯Âª (3� Âð� .Àª��üõ [x℄ := fy 2 X jx � yg �bä�Þ¹õ ¥� �¤�±ä x Ûõ�ª ý¥¤�Ýû �b µ¨¢âì�ø ý¥¤�Ýû �b µ¨¢ ×þ �fÖ�ì¢ ¤¢ X ¥� �Ìä Âû ù�Ú÷� ,Àª�� X Â� ý¥¤�Ýû ý��Î��¤.´¨�.´¨� f : X � X ! X ÛØª �� üã��� ¥� �¤�±ä X �bä�Þ¹õ Â� üþ�� ø¢ ÛÞä.Ý�û¢üõ ö�È÷ xy ��ìø� ü¡Â� üµ� �þ x+ y ,xfy �¤�¬ �� �¤ f(x; y) ¤�ÀÖõ
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�û¥���È�� .1 ÛÊê ùøÂð 2.1ùøÂð 2.1:À�îüõ ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î üþ��ø¢ ÛÞä ×þ ù�ÂÞû �� ´¨� G ý��ä�Þ¹õ ùøÂð�bÞû ý�¥� �� �î ¢¤�¢ ¢��ø ý¤�Ï ,G ¤¢ ü÷�Þû ÂÊ�ä ���� ,1 2 G ýÂÊ�ä (1.g1 = 1g = g �û g 2 G�î ¢¤�¢ ¢��ø ý¤�Ï ,g öø¤�ø ���� g�1 2 G ýÂÊ�ä ,g 2 G Âû ý�¥� �� (2.g�1g = gg�1 = 1g1(g2g3) =ü�ãþ .´¨� ¤�ÂìÂ� ýÂþÁ³µîÂª ´�¬�¡ ,g1; g2; g3 2 G Âû ý�¥� �� (3.(g1g2)g3öø¤�ø ø 0 ¢�Þ÷ �� �¤ ü÷�Þû ÂÊ�ä ,¢�ªüõ ù¢�Ôµ¨� �¤À÷ �� �î ,ùøÂð üãÞ�Çþ�Þ÷ ¤¢ü�ãþ ,´¨� ü÷�Þû ÂÊ�ä ,©ÂÊ�ä �ú�� �î üûøÂð .Ý�û¢üõ Çþ�Þ÷ �g ¢�Þ÷ �� �¤ g.¢�ªüõ ùÀ�õ�÷ üúþÀ� ùøÂð ,f0g �þ f1g´½� H �î Ý���ð ùøÂð Âþ¥ ü�¤�¬ ¤¢ �¤ G ­øÂÔõ ùøÂð ¥� H �bä�Þ¹õ Âþ¥ù�Ú÷� ,g 2 H ø G ¥� üûøÂð Âþ¥ H Âð� .Àª�� ùøÂð ,H Â� G ¥� ü��Öó� üþ��ø¢ ÛÞä�b µ¨ÀÞû .´¨� gH := fgh jh 2 Hg �bä�Þ¹õ ¥� �¤�±ä g Í¨�� H ²� �b µ¨ÀÞû�þ H ùøÂð Âþ¥ ¥� g0H ø gH ²� �b µ¨ÀÞû ø¢ .¢¢Âðüõ ÓþÂã� ���Èõ �¤�¬ ��´¨�¤G Ûî ,G ¤¢ H ²� ý�û�µ¨ÀÞû ,ü�ãþ .À÷Â��Â� �¤�¬ ßþ� Â�è ¤¢ �þ ø À�µÆû ��¹õ.À��îüõ ¥�Âê� �¤ý�¥� �� �î ´¨� üã��� ¥� �¤�±ä ,H ùøÂð �� G ùøÂð ¥� f : G! H ÝÆ�ê¤�õ�Þûf : G ! H ÝÆ�ê¤�õ�Þû �î ü�¤�¬ ¤¢ .f(gg0) = f(g)f(g0) �û g; g0 2 G �bÞûG �= Ý�Æþ�÷üõ ø ´¨� ÝÆ�ê¤�õø�þ� f ø ,À�ê¤�õø�þ�H ø G Ý���ðüõ ,Àª�� üþ�¨ø¢Kernelf := ¥� ´¨� �¤�±ä f : G ! H ÝÆ�ê¤�õ�Þû �b µÆû .f : G �= H �þ H,Àª�� üúþÀ� ©��µÆû �î ´¨� ×�±Øþ üµìø �ú�� ø üµìø f .fg 2 G j f(g) = 1Hg�ú�� ü�ãþ ,¢¤�¢ �Ìä×þ ÍÖê ÝÆ�ê¤�õø�þ� Âû �b µÆû ,ßþ�Â���� .Kernelf = f1g ü�ãþ.G ¤¢ ü÷�Þû ÂÊ�äk 2 Âû ø g 2 G Âû ý�¥� �� �î ´¨� ñ�õÂ÷ ü�¤�¬ ¤¢ G ùøÂð ¥� K ùøÂð Âþ¥üûøÂð Âþ¥ ,f : G ! H ÝÆ�ê¤�õ�Þû Âû �b µÆû .gkg�1 2 K Ý�ª�� �µª�¢ ý� Ký� g 2 G Âû ý�¥� �� ù�Ú÷� ,Àª�� G ¥� ñ�õÂ÷ üûøÂð Âþ¥ K �»÷��� .´¨� G ¥� ñ�õÂ÷ý�û�µ¨ÀÞû �bÞû G=K �bä�Þ¹õ ø ´¨� üØþ Kg´¨�¤ �b µ¨ÀÞû �� gK ²� �b µ¨ÀÞû12
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ùøÂð 2.1 �û¥���È�� .1 ÛÊêÛÞä ´½� G ¤¢ K ²�(gK)(g0K) = (gg0)K.À�õ�÷üõ K Â� G üµÞÆì �¤�¡ ùøÂð �¤ G=K .Àû¢üõ ùøÂð Û�ØÈ�üþ�ª�� ÝÆ�ê¤�õ�Þû f : G ! H Âð� �î ¢¤�¢üõ ö�ä£� ÝÆ�ê¤�õø�þ� �b �Ìì ß�óø�.´¨� éÂõø�þ� G=K üµÞÆì �¤�¡ ùøÂð �� H ù�Ú÷� ,Àª�� K �b µÆû �� H �� G ¥��bä�Þ¹õ Âþ¥ ¥� �¤�±ä G ¤¢ g Í¨�� ùÀª À�ó�� ùøÂð Âþ¥ ù�Ú÷� ,g 2 G Âð�Ýþ¤�¢ ,n � 0 Âð� �î ;
g� := fgn jn 2 Zg ü�ãþ .´¨� G ¤¢ g ý�ú÷��� �bÞû,üãÞ� Çþ�Þ÷ ¤¢ . gn = g�1g�1 � � � g�1| {z }��n Ýþ¤�¢ ,n � 0 Âð� ø gn = gg � � � g| {z }��nÂð� ø ng = g + g + � � �+ g| {z }��n Ýþ¤�¢ ,n � 0 Âð� �î ;
g� := fng jn 2 Zg Ýþ¤�¢ý� g 2 G ×þ ý�¥� �� �»÷��� . ng = (�g) + (�g) + � � �+ (�g)| {z }��n Ýþ¤�¢ ,n � 0ý�ûÀó�õ �bä�Þ¹õ ,üÜî ´ó�� ¤¢ .´¨� g Àó�õ �� ý¤ø¢ ùøÂð G Ý���ðüõ ,G = 
g�¥� �Ìä Âû �î ý¤�Ï �� ´¨� G ¥� S ý��ä�Þ¹î Âþ¥ ¥� �¤�±ä ,G­øÂÔõ ùøÂð ×þüû��µõ S �»÷��� .´ª�÷ ö���üõ S ¤¢ Â¬��ä ý�ú÷��� ¥� ü�ÂÌÜ¬�� �¤�¬ �� �¤ G.´¨� ùÀª À�ó�� �f�û��µõ G ùøÂð Ý���ðüõ ,Àª��ý� g; g0 2 G Âû ý�¥� �� �î Ý���ð ÂþÁ³Ìþ�ã� �þ üÜ�� ü�¤�¬ ¤¢ �¤ G ùøÂð.´¨� üÜ�� üûøÂð (üãÞ� Çþ�Þ÷ ��) Z¼�½¬ ¢�Àä� �bä�Þ¹Þû ,�f ·õ .gg0 = g0g.´¨� �1 �þ 1 Àó�õ �� ý¤ø¢ üûøÂð ,ùø�ã�.Àª��üõ Z�Z� � � � �Z| {z }��n �� é¤�õø�þ� ùøÂð ¥� �¤�±ä �� n �b ±�Âõ ¥� ¢�¥� üÜ�� ùøÂðùøÂð G Âð� : �î ¢¤�¢üõ ö�ä£� ùÀª À�ó�� �f�û��µõ üÜ�� ý�úûøÂð ý�Â� �þ�¹� �b �Ììé¤�õø�þ�H0�H1�� � ��Hm ùøÂð �� G�¤�¬ ßþ� ¤¢ ,Àª�� ùÀª À�ó�� �f�û��µõ üÜ��ý¤ø¢ ý�ûùøÂð ,i = 1; � � � ;m �� ý�û Hi ø ´¨� ¢�¥� üÜ�� ùøÂð ×þ H0 �î ´¨��µØþ �¤�¬ �� �û Hi ¥� ×þ Âû �b ±�Âõ ��÷ ø H0 �b ±�¤ .À�µÆû ñø� ý¢Àä ö��� �b ±�Âõ ¥�.´¨� ß��ã� Û��ìùøÂð Âþ¥ .ghg�1h�1 ÛØª �� ´¨� ýÂÊ�ä ,G ùøÂð ¤¢ Âð�¹��� ¥� ¤�Ñ�õý�ú�ÂÌÜ¬�� �bÞû ù�ÂÞû �� G ¤¢ ý�ûÂð�¹��� �bÞû �bä�Þ¹õ ¥� �¤�±ä ,G ¤¢ ý�ûÂð�¹���ñ�õÂ÷ Âð�¹��� ùøÂð Âþ¥ .(Àû¢üõ Û�ØÈ� ùøÂð ×þ ¢�¡ ßþ�) Àª��üõ �ú÷� ¥� üû��µõ.Àª��üõ üÜ�� G=K ö� ý�¥� �� �î ´¨� G ¥� K üûøÂð Âþ¥ ßþÂµØ��î �f Þä ø ´¨�13
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�û¥���È�� .1 ÛÊê ùøÂð 2.1,üÖ�Ö� ¢�Àä� �bÞû �bä�Þ¹õ Çþ�Þ÷ ý�Â� °��Âµ� Q ø N ,Z ,C ,R ý�û¢�Þ÷ ¥�R °Üè� .Ý�÷�¢üÞ÷ N �Ìä �¤ ÂÔ¬ .Ý��îüõ ù¢�Ôµ¨� �þ�ð ø üã�±Ï ,¼�½¬ ,ÍÜµ¿õRn �bä�Þ¹õ .Ý��îüõ ¤�Ê� ÍÜµ¿õ �b½Ô¬ ö���ä �� �¤ C ø üÖ�Ö� Í¡ ö���ä �� �¤Âþ¥ Çþ�Þ÷ ý�Â� Âþ¥ ý�úþ¤�ÁðÀõ�÷ ¥� .R ¥� ü³î n ü�¤�î¢ �ÂÌÜ¬�� ¥� ´¨� �¤�±ä:Ý��îüõ ù¢�Ôµ¨� (�ûù¥�� ����) R ¥� «�Ê¿� ý�û�bä�Þ¹õ(a; b) := fx 2 R j a < x < bg; [a; b℄ := fx 2 R j a � x � bg:

14
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ýÂµõ ý�Ìê 3.1 �û¥���È�� .1 ÛÊêýÂµõ ý�Ìê 3.1;À÷¤�¢ ù�ÂÞû �� �¤ ü¬�Ê¿� "¤�µ¡�¨' �î Ý��îüõ �ãó�Îõ �¤ üþ�û�ä�Þ¹õ ý��ó���� ¤¢"?´¨� �µ¨��� f : X ! Y �þ�' Ç¨Â� �� ¢�ªüõ �î ´¨� ý��÷�ð �� ¤�µ¡�¨ ßþ�üþ�û¤�µ¡�¨ ß��� ù�ÂÞû �� �bä�Þ¹õ ø¢ Y ø X �¹�þ� ¤¢ �î ,À�È¿� ü�ªø¤ ü�ãõÓî ýÂµõ ø ü¨À�Üì� ý�û�Ìê �� ßµÆþÂÚ÷ �� �¤ ¤�îÁõ ¤�µ¡�¨ Ç¿� ßþ� ¤¢ .À�µÆû.Ý��îüõÝ���ðüõ ü�¤�¬ ¤¢ ,Àª�� ­øÂÔõ üã��� f : X ! Y Âð� �î Ýþ�ªüõ ¤ø�¢�þ¥� �î ¢¢Âð ´ê�þ ö��� ý� Æx > 0×þ ,"x > 0 Âû ý�¥� �� �î ´¨� �µ¨��� x ¤¢ f�b Ü¬�ê �� ÕÜÎõ ¤Àì ¢�Þ÷ Ëþ�ã� �� .jf(x) � f(y)j < "x ¢�ª �¹�µ÷ jx � yj < Æx.¢�¢ Ý�Þã� f : Rn ! Rm â��� ´ó�� �� üð¢�¨ �� �¤ ÓþÂã� ßþ� ö���üõ ,ü¨À�Üì�ù¢�Ôµ¨� �� �¤�¬ ßþ� ¤¢ ,Ý�ª�� �µª�¢ "�Ü¬�ê â���' �� üþ�û�ä�Þ¹õ Âð� ,�Ø�þ� Â�üÜî"�Ü¬�ê â���' .Ý��î ÓþÂã� �¤ ø¢ ö� ö��õ â���� üÚµ¨��� Ý�÷���üõ �Ü¬�ê â���� ßþ� ¥�ø ,Àª�� �¤�¢ �¤ (üúþÀ�) «��¡ ü¡Â� üµÆþ��üõ - ¢�ªüõ ùÀ�õ�÷ "Âµõ' °Üè� �î -.¢¢Âðüõ Âþ¥ ÓþÂã� ¶ä�� Âõ� ßþ�d : A � A ! R â��� .´¨� ­øÂÔõ ý��ä�Þ¹õ A ÝþÂ�ð .ÓþÂã� 1.3.1Íþ�Âª ¤¢ ë¢�¬.a = b Âð� �ú�� ø Âð� d(a; b) = 0 (1.d(a; b) + d(b; 
) � d(a; 
) ý� a; b; 
 2 A Âû ý�¥� �� (2ýÂµõ ý�Ìê �¤ ö� Â� «�Ê¿� Âµõ Ùþ ù�ÂÞû �� A �bä�Þ¹õ .Ý���ðüõ A Â� Âµõ �¤�¤ �ø¢ üðÄþø .Ý�û¢üõ ö�È÷ M ¢�Þ÷ �� ù¢�¨ ¤�Î� �þ (A; d) °�Âõ �ø¥ �� ø ùÀ�õ�÷.Ý�õ�÷üõ ü·Ü·õ ýø�Æõ�÷ý�¥� �� �¤�¬ ßþ� ¤¢ ,Àª�� Aý�Â� ýÂµõ d Âð� �î À�û¢ ö�È÷ .ßþÂÞ� 2.3.1.d(a; b) = d(b; a) ø 0 � d(a; b) Ýþ¤�¢ ý� a; b 2 A Âûüð¢�¨ �� ù�Ú÷� ,d(a; b) = jb � aj ø A = R Ý��î ­Âê Âð� .ñ�·õ 3.3.1.¢�¢ ö�È÷ �¤ A Â� d ö¢�� Âµõ ¢�ªüõ15
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�û¥���È�� .1 ÛÊê ýÂµõ ý�Ìê 3.1¥� ´¨� �¤�±ä ��÷ d ø A = Rn �î ¢�Þ÷ ­Âê ¢�ªüõ üÜî ´ó�� ¤¢d(x; y) = ky � xk :=vuut nXi=1(yi � xi)2;ý¤��ª¢ ¤�î d ö¢�� Âµõ ö¢�¢ ö�È÷ Ýû ¥�� .y = (y1; � � � ; yn) ø x = (x1; � � � ; xn) �î.À�õ�÷üõ Rn Â� üó�Þãõ Âµõ �þ ü¨À�Üì� Âµõ �¤ Âµõ ßþ� .´Æ�÷¥� À��¤�±ä Rn Â� ý�ûÂµõ ¥� ÂÚþ¢ �÷�Þ÷ ø¢ .ñ�·õ 4.3.1d(x; y) = nXi=1 jyi � xij; d(x; y) = max1�i�n jyi � xij:.Ýþ¤�³¨üõ ùÀ�÷��¡ �� �¤ �ú�þ� ö¢�� Âµõ ��±��ÓþÂã� �� ,Àª�� ù��¿ó¢ ý��ä�Þ¹õ A �»÷��� .ñ�·õ 5.3.1d(x; y) = �0 x = y Âð�1 x 6= y Âð�.À�õ�÷üõ A Â� �µÆÆð Âµõ �¤ Û¬�� Âµõ .¢�Þ÷ ÓþÂã� ¢�ªüõ A Â� Âµõ ×þ.ßþÂÞ� 6.3.1.´¨� Rn Â� Âµõ ×þ d ,��� ñ�·õ �¨ ¥� ¢¤�õ Âû ¤¢ �î À�û¢ ö�È÷ (1.À�îüÞ÷ ÓþÂã� Âµõ R Â� d(x; y) = (y � x)2 �î À�û¢ ö�È÷ (2.À�îüÞ÷ ÓþÂã� Âµõ Rn Â� d(x; y) = min1�i�n jyi � xij �î À�û¢ ö�È÷ (3�bÎ��® �� dr �î À�û¢ ö�È÷ .´¨� ´±·õ ø üÖ�Ö� ý¢Àä r ø Âµõ d ÝþÂ�ð (4.´¨� Âµõ ��÷ dr(x; y) := r d(x; y)d0(x; y) = d(x; y)=(1+d(x; y))ÓþÂã� �� d0 �î À�û¢ ö�È÷ .´¨� Âµõ d ÝþÂ�ð (5.0 � d0(x; y) � 1 ù¤��Þû �î ¢�ª ���� .´¨� Âµõ ��÷¼�½¬ ¢Àä ßþÂµØ��î= d(x; y) Ý��î ÓþÂã� x y 2 Rn ý�¥� �� Rn ¤¢ Âð� (6?¢�� Àû��¡ Rn Â� ýÂµõ d �þ� ù�Ú÷� ,y ø x ß�� �b Ü¬�ê �� Â��Â� �þ Âµð¤��16
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ýÂµõ ý�Ìê 3.1 �û¥���È�� .1 ÛÊêA ¥� ý��ä�Þ¹õ Âþ¥ B ø ù¢�� ýÂµõ üþ�Ìê (A; d) �»÷��� .��Ìì 7.3.1(B; d0)´ó�� ßþ� Â� .¢�Þ÷ ÓþÂã� ö���üõ B Â� d0 ýÂµõ ,B�B �� d ÀþÀ½� �� .Àª��.À�õ�÷üõ (A; d) ýÂµõ ý�Ìê Âþ¥ �¤üÚµ¨��� ö���üõ üµ��¤ �� ,Âµõ ��úÔõ ßµª�¢ ¤��µ¡� ¤¢ �� ,Ý�µÔð �f ±ì �î ý¤�Ï ö�Þû.¢�Þ÷ ÓþÂã� �¤ ÓÜµ¿õ ýÂµõ ý�û�Ìê ß��f : A! â��� .À�ª�� ýÂµõ ý�û�Ìê (B; dB) ø (A; dA) ÝþÂ�ð .ÓþÂã� 8.3.1ö��� ý� Æx > 0×þ ,"x > 0 Âû ý�¥� �� �î Ý���ð a 2 A ¤¢ �µ¨��� ü�¤�¬ Â� �¤ Bü�¤�¬ ¤¢ �¤ f â��� .dB(f(x); f(y)) < "x ¢�ª �¹�µ÷ dA(x; y)Æx ¥� �î ¢¢Âð ´ê�þ.Àª�� �µ¨��� ¯�Ö÷ �bÞû ¤¢ �î Ý���ð �µ¨���.ßþÂÞ� 9.3.1f : â��� �î À�û¢ ö�È÷ .y 2 A ÝþÂ�ð .´¨� d Âµõ �� ýÂµõ üþ�Ìê A ÝþÂ�ð (1©�üó�Þãõ Âµõ ù�ÂÞû �� R �î ;´¨� �µ¨��� f(x) = d(x; y) �bÎ��® �� A! R.Àª��üõý�ÌêM0 ÝþÂ�ð .´¨� d üó�Þãõ ü¨À�Üì� Âµõ �� (R; d) ýÂµõ ý�ÌêM ÝþÂ�ð (2f : M0 ! â���� �bÞû �î À�û¢ ö�È÷ .´¨� R Â� d0 �µÆÆð Âµõ �� (R; d0 )ýÂµõ.¢¤�À÷ ¢��øM0 ��M ¥� üØ�±Øþ �b µ¨��� â��� º�û �î À�û¢ ö�È÷ .À÷��µ¨���MA ¥� �µ¨��� â���� �bä�Þ¹õ ,B Â� Âµõ �þ ø A Â� Âµõ Ëþ�ã� �� �î À¨¤üõ ÂÑ÷ �� ß���.¢�ª ���� Âþ¥ ¢¤��õ �� ,�f ·õ .À�îüõ Â��ç� B ��.ßþÂÞ� 10.3.1Â� Âµõ dAr ÝþÂ�ð .À�ª�� dB ø dA °��Âµ� Âµõ �� ýÂµõ ý�Ìê ø¢ B ø A ÝþÂ�ð (1B �� A ¥� üã��� f ÝþÂ�ð .´¨� (4)-6.3.1 ßþÂÞ� ¤¢ À�÷�õ ùÀª �µ¡�¨ ,Af �î ´¨� �µ¨��� üµìø �ú�� ø üµìø A Â� dA Âµõ �� ´±Æ÷ f À��î ´��� .Àª��.Àª�� �µ¨��� A Â� dAr Âµõ �� ´±Æ÷.À��î Û� dAr ý�½� (5)-6.3.1 ßþÂÞ� ¥� d0 Âµõ �� üúµ�õ �¤ (�) ÝØ� ö�Þû (2!´Æ�÷ â���� üÚµ¨��� �Àä �þ ø üÚµ¨��� ü¨¤Â� ý�Â� ü±¨��õ×½õ �Ü¬�ê ,ßþ�Â����.´¨� Âµ±¨��õ ¤�î ßþ� ý�Â� "¥�� �bä�Þ¹õ' ��úÔõ �î ¢�ª üõ ´���17
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�û¥���È�� .1 ÛÊê ýÂµõ ý�Ìê 3.1¥�� ü�¤�¬ ¤¢ �¤ (A; d) ýÂµõ ý�Ìê ¥� U �bä�Þ¹õ Âþ¥ .ÓþÂã� 11.3.1ø y 2 A Âð� �î ¢¢Âð ´ê�þ ö��� "x > 0 ×þ ý� x 2 U Âû ý�¥� �� �î Ý���ð"x > 0×þ ý� x 2 U Âû ý�¥� �� Âð� ,ÂÚþ¢ ö��� �� .y 2 U ù�Ú÷� ,d(x; y) < "xý�ð Br(x) := fy 2 A j d(x; y) < rg �î ;Àª�� B"x(x) � U �î ¢¢Âð ´ê�þ ý¤�Ï.Àª��üõ r á�ãª ø x �îÂõ �� ¥��¥�� ©�üó�Þãõ Âµõ �� R ¤¢ (0;1) = fx 2 R j0 < x < 1g .ñ�·õ 12.3.1:À÷¥�� R2 ¤¢ Âþ¥ ý�û�ä�Þ¹õ .´¨�f(x; y) 2 R2 jx2 + y2 < 1g; f(x; y) 2 R2 jx2 + y2 > 1g;f(x; y) 2 R2 j0 < x < 1 ; 0 < y < 1g:.ßþÂÞ� 13.3.1´±·õ ø üÖ�Ö� ý¢Àä r ø x 2 A ,ù¢�� ýÂµõ üþ�Ìê (A; d) Âð� �î À�û¢ ö�È÷ (1.´¨� ¥�� A ¤¢ Br(x) �¤�¬ ßþ� ¤¢ ,Àª��?À÷¥�� (R2 ¤¢ üó�Þãõ ý��ó���� �� ´±Æ÷) R2 ¥� Âþ¥ ý�û�ä�Þ¹õ ��Àî (2f(x; y) jx2 + y2 < 1g [ f(1;0)g; f(x; y) jx+ y > 0g;f(x; y) jx+ y < 0g; f(x; y) j jxj < 1g;f(x; y) jx2 + y2 < 1g; f(x; y) jx+ y = 0g:¥� ­øÂÔõ Âµõ ×þ �� ´±Æ÷ ¥�� ý�û�ä�Þ¹õ �bÞû �b þ�¢Âð F Âð� �î À�û¢ ö�È÷ (3ù�Ú÷� ,Àª�� A ýÂµõ üþ�Ìê.À÷¤�¢ ¤�Âì F ¤¢ A ¢�¡ ø ; üú� �bä�Þ¹õ (1.´¨� F ¥� ý�Ìä ,F ¥� �Ìä ø¢ Âû âÎÖõ (2.´¨� F ¥� ý�Ìä ,F ¥� �Ìä ¢�Àã� Âû á�Þµ�� (3¤¢ üó�Þãõ Âµõ �� ´±Æ÷) R ¤¢ ¥�� ý�û�ä�Þ¹õ ¥� üû��µõ�÷ �b þ�¢Âð ×þ ¥� üó�·õ (4.´Æ�÷ ¥�� �ú÷� �bÞû âÎÖõ �î À����� (R.Ýþ¤�¢ �¤ Âþ¥ °ó�� ÝØ� ,¥�� �bä�Þ¹õ ��úÔõ ýÂ�ð¤�Ø� ��18
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ýÂµõ ý�Ìê 3.1 �û¥���È�� .1 ÛÊêüµìø �ú�� ø üµìø ýÂµõ ý�û�Ìê ö��õ f : M1 ! M2 â��� .��Ìì 14.3.1.Àª�� ¥��M1 ¤¢ f�1(U) �bä�Þ¹õ ,M2 ¤¢ U ¥�� �bä�Þ¹õ Âû ý�¥� �� �î ´¨� �µ¨���U ø Àª�� �µ¨��� f Ý��î­Âê .À�µÆûM2 øM1 °��Âµ� Â� Âµõ d2 ø d1 ÝþÂ�ð :��±��ý� " > 0 ,ö��î� .f(x) 2 U ,Å� .x 2 f�1(U) ÝþÂ�ð .M2 ¥� ¥�� ý��ä�Þ¹õ Âþ¥�î À�îüõ ��¹þ� f üÚµ¨��� .´¨� ¥�� U ,�Âþ¥ ;B"(f(x)) � U �î ¢¤�¢ ¢��ø ö����î ¢�ªüõ ´ê�þ ö��� ý� Æ > 0 Ý��î ÝØ�d1(x; y) < Æ ) d2(f(x); f(y)) < ":BÆ � f�1(U) ü�ãõ �� ¢�¡ ßþ� �î ,f(BÆ(x)) � B"(f(x)) � U ,ÂÚþ¢ ö��� ��ÝþÂ�ðüõ �¹�µ÷ ,´¨� ¼�½¬ �û x 2 f�1(U) �bÞû ý�¥� �� °ÜÎõ ßþ� ö�� .Àª��üõ.Àª��üõM1 ¥¢ ¥�� ý��ä�Þ¹õ Âþ¥ f�1(U) �î�bä�Þ½õ ý� " > 0 Âû ý�¥� �� �¤�¬ ßþ� ¤¢ ;x 2 M1 Ý��î ­Âê ,ÅØãó��ßþ� ,�õ� .Àª��üõ ¥�� M1 ¤¢ f�1(B"(f(x))) ßþ�Â���� ø ,´¨� ¥�� M2 ¤¢ B"(f(x))¢¤�¢ ¢��ø ö��� ý� Æ > 0 ù�Ú÷� ,x 2 f�1(B"(f(x))) ù�ð Âû �î ´¨� ü�ãõ ö�À�Âð� �î ¢¤�¢ ¢��ø ö��� ý� Æ > 0 ,ÂÚþ¢ �¤�±ä �� .BÆ(x) � f�1(B"(f(x))) �î2 .´¨� �µ¨��� f ü�ãþ .d2(f(x); f(y)) < " ù�Ú÷� ,d1(x; y) < Æ�î ´¨� �µ¨��� üµìø �ú�� ø üµìø f ,ÝØ� ßþ� §�¨� Â� .´ª�¢¢�þ 15.3.1ý�û�ä�Þ¹õ �bÞû ùb¤�Ú÷ ,¢�ª �µÔð �Ø�þ� .Àª�� ¥�� ý��ä�Þ¹õ ,¥�� �bä�Þ¹õ Âû öø¤�ø ùb¤�Ú÷.´¨� ýÂÚþ¢ ��� ,´¨� ¥�� ,¥��,­øÂÔõ ý��ä�Þ¹õ Â� Âµõ ø¢ �»÷��� :´¨� ß��� ��Ìì ßþ� ¥� ÂÚþ¢ ö��� ×þÉ¿Èõ �b µ¨��� â���� �bä�Þ¹õ �¤�¬ ßþ� ¤¢ ,À��îÉ¿Èõ �¤ ü÷�ÆØþ ¥�� ý�û�ä�Þ¹õüõ �¤�¬ ßþ� �� �¤ 10.3.1 ßþÂÞ� ,ßþ�Â���� .¢�� Àû��¡ üØþ ��÷ ø¢ ö� Í¨�� ùÀª¥�� ý�û�ä�Þ¹õ ùb¢��÷�¡ d0 ø dAr ,dA ý�ûÂµõ �î À�û¢ ö�È÷ :¢�Þ÷ ö��� �f¢À¹õ ¢�ª.À��îüõÉ¿Èõ �¤ ü÷�ÆØþ×�õ�Àî Rn Â� max jyi � xij ø P jyi � xij ý�ûÂµõ ö��õ .ßþÂÞ� 16.3.1?À��îüõ À�ó�� üó�Þãõ Âµõ ¥� ù¤¢�¬ ¥�� ý�û�ä�Þ½õ �� ü÷�ÆØþ ¥�� ý�û�ä�Þ¹õ,ýÂµõ ý�û�Ìê ß�� â���� üÚµ¨��� �b ãó�Îõ ¤¢ �î ¢�ªüõ ¯�±�µ¨� ß��� ��� ¶½� ¥��÷ ,À�µÆû Ýúõ �ûÂµõ ö� Í¨�� ùÀª É¿Èõ ¥�� ý�û�ä�Þ¹õ ¥� °îÂõ ý�ûù¢��÷�¡19
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�û¥���È�� .1 ÛÊê ýÂµõ ý�Ìê 3.1ý��ä�Þ¹õ ý�¥� �� :�î á�®�õ ßþ� ¤�úÒ� ý�Â� ´¨� ý�ù��Ú÷� °ÜÎõ ßþ� !�ûÂµõ ö� ¢�¡¤¢ ¥�� ý�û�ä�Þ¹õ' ö���ã� �¤ X ¥� ý�û�ä�Þ¹õ Âþ¥ ¥� F ý�ù¢��÷�¡ ,X ­øÂÔõù�ÂÞû �� X �ä�Þ¹õ ×þ ¥� ÛØÈµõ (X;F) Ǒüª ×þ ÛÞä ßþ� .Ý��îüõ üêÂãõ "Xf : X ! Y Âð� ,°��Â� ßþ� �� .Àû¢üõ ´¨À� X ý�û�ä�Þ¹õ Âþ¥ ¥� F ý�ù¢��÷�¡´¨� �µ¨��� f Ý���ðüõ ü�¤�¬ ¤¢ ,À�µÆû ü���� ßþ� Ǒüª ø¢ (Y;F 0) ø (X;F) �îÂû ��¿µ÷� Âð� �î ´¨� üã�±Ï .f�1(U) 2 F Ý�ª�� �µª�¢ ý� U 2 F 0 Âû ý�¥� �� �îF ùb¢��÷�¡' ßþ�Â���� !Àþ�üÞ÷ ´¨À� ü±ó�� ���®�þ¤ ,Ý�÷�À� ¥�¹õ �¤ ý�ù¢��÷�¡ �÷�ðßþÂÞ� ¤¢ �î ü��÷��ì ;Àª�� Âþ¥ �Âª �� ùb¢�¨ «��¡ ý�¤�¢ üµÆþ�� "¥�� ý�û�ä�Þ¹õüêÂãõ ýÂµõ ý�Ìê ×þ ¥� Û¬�� ¥�� ý�û�ä�Þ¹õ ùb¢��÷�¡ ¢¤�õ ¤¢ (3)-13.3.1:¥� À��¤�±ä �ú�þ� .À÷Àª.À÷¤�¢ ¤�Âì F ¤¢ A ¢�¡ ø ; üú� �bä�Þ¹õ (1.´¨� F ¥� ý�Ìä ,F ¥� �Ìä ø¢ Âû âÎÖõ (2.´¨� F ¥� ý�Ìä ,F ¥� �Ìä ¢�Àã� Âû á�Þµ�� (3�� ß¿¨ ö� ¥� Ç¿� ßþ� ý¤�Àµ�� ¤¢ �î X �bä�Þ¹õ �� �µÆ��ø ¤�µ¡�¨ ,ßþ�Â����´�¬�¡ �¨ ý�¤�¢ �î ´¨� X ¥� ý�û�ä�Þ¹õ Âþ¥ ¥� F ý�ù¢��÷�¡ ¥� �¥�±ä ,Àõ� ö��õ.´¨� ý��ó���� ý�Â� ý¥�è� �bÎÖ÷ ßþ� .´¨� ��� ¤¢ �øÂÈõ

20
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2 ÛÊê
üÚµ¨��� ø ý��ó����

ý��ó���� ý�Ìê 1.2«�Ê¿� üþ�û�ä�Þ¹õ Âþ¥ ù�ÂÞû �� �ä�Þ¹õ×þ ¥� ´¨� �¤�±ä �fÖ�ì¢ ý��ó���� ý�Ìê.À÷¤�¢ É¿Èõ ´�¬�¡ �¨ �î (¢�ªüõ �µÔð ¥�� ý�û�ä�Þ¹õ �ú÷� �� �î),Àª�� X ý�û�ä�Þ¹õ Âþ¥ ¥� ý� �þ�¢Âð U ø �ä�Þ¹õ X ÝþÂ�ð .ÓþÂã� 1.1.2:´¨� Âþ¥ �Âª �� «��¡ ý�¤�¢ �î.X 2 U ø ; 2 U (1.´¨� U ¥� ý�Ìä ,U ¥� �Ìä ø¢ Âû âÎÖõ (2.´¨� U ¥� ý�Ìä ,U ¥� �Ìä ¢�Àã� Âû á�Þµ�� (3�bä�Þ¹õ .¢�ªüõ ùÀ�õ�÷ X Â� ý�ý��ó���� ,X ¥� ý�û�ä�Þ¹õ Âþ¥ ¥� ý��þ�¢Âð ß���°Üè� �î ,Ý�û¢üõ ö�È÷ (X;U) ¢�Þ÷ �� ø ùÀ�õ�÷ ý��ó���� ý�Ìê �¤ U ù�ÂÞû �� X¥
�� ý�û�ä�Þ¹õ �¤ U 2 U Â¬��ä .Ý�Æþ�÷üõ �¬�¡ X ¢�¡ �þ T �¤�¬ �� �¤ ö�.Ý�õ�÷üõ T 
̄ �Ö÷ �¤ X ý�Ìä� .Ý���ðüõ T¢�Àã� Âû âÎÖõ �î À�îüõ ��¹þ� (2) ¯Âª �î À��î ���� .´ª�¢¢�þ 2.1.2ý�û�ä�Þ¹õ Âþ¥ �bÞû �bä�Þ¹õ ÂÚÈþ�Þ÷ P(X) Âð� .´¨� U ¥� ý�Ìä ,U Ǒ�Ìä� ¥� üû��µõ¤¢ �î U 2 P(X) ��¿µ÷� ¥� ´¨� �¤�±ä �fÖ�ì¢ ,X ý�Â� ý��ó���� ù�Ú÷� ,Àª�� X21
Copyright : Mehdi Nadjafikhah - IUST 18/9/05



üÚµ¨��� ø ý��ó���� 2 ÛÊê ý��ó���� ý�Ìê 1.2ý�úþ��ó���� ,ÓÜµ¿õ ý�û��þ�ð .À�îüõ ëÀ¬ ��� ¤¢ �øÂÈõ (3) ø (2) ,(1) Íþ�Âª.¢¢Âðüõ °��õ �¤ üÔÜµ¿õ¶½� Õ��Îõ .Ý��î �ÂÎõ �¤ ý��ó���� ý�û�Ìê ¥� üä��µõ ý�úó�·õ �� ´¨� �¥�:´¨� ß��� ñ�·õ ß�óø� ,Û±ì ÛÊê ¥� ü÷�þ�� Ç¿� ¤¢ ùÀª ��¹÷�.¢¢Âðüõ °��õ ý��ó���� ý�Ìê ¤�µ¡�¨ ×þ ,ýÂµõ ý�Ìê Âû .ñ�·õ 3.1.2´±Æ÷ X ¤¢ ¥�� ý�û�ä�Þ¹õ �bÞû �bä�Þ¹õ U ø Àª�� ýÂµõ üþ�Ìê (X; d) Âð� ,âì�ø ¤¢Ý���ðüõ ´ó�� ßþ� ¤¢ .´¨� X Â� ý��ó���� ×þ U �¤�¬ ßþ� ¤¢ ,Àª�� d Âµõ ��."´¨� ýÂµõ ý��ó���� �þ üó�Þãõ ý��ó���� ý�¤�¢ Û¬�� ý�Ìê'ý�û�Ìê ,ü�ãþ .´Æ�÷ ´¨¤¢ üÜî ´ó�� ¤¢ ��� á�®�õÅØä .´ª�¢¢�þ 4.1.2(3)-6.1.2 ßþÂÞ� �� .À÷�ªüÞ÷ Û¬�� ýÂµõ º�û ¥� �î À÷¤�¢ ¢��ø ý�ý��ó�����î À��î ���� .À�õ�÷üõ ÂþÁ�ýÂµõ ý�Ìê �¤ �Ü¬�� ý��ó���� ý�û�Ìê .À��î ����.À�õ�¹÷�üõ ý��ó���� ý�Ìê ×þ �� ,�ø�Ôµõ ýÂµõ ý�Ìê ø¢ ´¨� ßØÞõ×þ ý�û�ä�Þ¹õ Âþ¥ ¥� ßØÞõ ý�ûù¢��÷�¡ ��¿µ÷� ¥� ýÀ� ´ó�� ø¢ �b �ú� ¤¢:Ý�¨¤üõ Àã� ñ�·î �� ,À��îüõ ëÀ¬ý��ó���� ý�Ìê Íþ�Âª ¤¢ �î ,X ­øÂÔõ �bä�Þ¹õ���� ×þ U = f;; Xg ,Àª�� üú� Â�è ý��ä�Þ¹õ X �»÷��� .ñ�·õ 5.1.2X Â� §�ÞÜõ ý��ó���� �þ �µÆÆð �÷ ý��ó���� �¤ ý��ó���� ßþ� .´¨� X Â� ý��ó.´¨� X Â� ßØÞõ ý��ó���� ßþÂµØ��î ßþ� .Ý�õ�÷üõ×þ �� ��®ø �� ,ÝþÂ�Ú� X ¤¢ ßØÞõ ý�û�ä�Þ¹õ Âþ¥ P(X) �bÞû �¤ U �»÷���.Ý�õ�÷üõ X Â� �µÆÆð ý��ó���� �¤ ý��ó���� ßþ� .Ý�¨¤üõ X Â� ý��ó����.���þÂÞ� 6.1.2:üþ�Þ�û�¤) .´¨� ÂþÁ�ýÂµõ ,Àª�� �µÆÆð ý��ó���� ý�¤�¢ ,X Âð� �î üû¢ ö�È÷ (1(.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ �µÆÆð Âµõ�ø¥ Âû ý�¥� �� �î À��î ´��� .Àª�� ÂþÁ�ýÂµõ ý��ó���� ý�Ìê ×þ X ÝþÂ�ð (2¢��ø ý¤�Ï b Ûõ�ª ýÂÚþ¢ ø a Ûõ�ª üØþ Ub ø Ua ¥�� �bä�Þ¹õ ø¢ ,a; b 2 X.Ua \ Ub = ; �î À÷¤�¢22
Copyright : Mehdi Nadjafikhah - IUST 18/9/05



ý��ó���� ý�Ìê 1.2 üÚµ¨��� ø ý��ó���� 2 ÛÊêø Àª�� �µª�¢ �ÎÖ÷ ø¢ Ûì� À� X Âð� �î À�û¢ ö�È÷ (�) ´ÞÆì ¥� ù¢�Ôµ¨� �� (3.¢ÂþÁ³� Âµõ À÷���üÞ÷ X ù�Ú÷� ,Àª�� §�ÞÜõ ý��ó���� ý�¤�¢ X ��÷�bä�Þ¹õ Âû Â� üû��µõ ÝÞµõ ý��ó���� �� ��¨�õ ý�ý��ó���� .ñ�·õ 7.1.2üþ�û�ä�Þ¹õ Âþ¥ ö� ø X ,; ¥� ´¨� �¤�±ä U �¹�þ� ¤¢ .´¨� ÓþÂã� Û��ì X ù��¿ó¢ö�Þû ý��ó���� ßþ� ,Àª�� üû��µõ X ¢�¡ Âð� ,�µ±ó� .´¨� üû��µõ ö�ÈÞÞµõ �î X ¥�ö¢�� ý��ó���� ¯Âª �¨ ý¤�ÂìÂ� ´¨� �¥� ,�õ� .¢�� Àû��¡ X Â� �µÆÆð ý��ó����Õ�Ö½� ý�Â� .´¨� üúþÀ� ñø� ¯Âª .¢¢Âð Õ�Ö½� ´¨� üû��µõ�÷ X �î üµó�� ¤¢ ,U­Âê �� ��� X � U2 ø X � U1 �î À�ª�� ö��� U1; U2 2 U Ý��î ­Âê ,�ø¢ ¯ÂªÂ��Â� �ä�Þ¹õ ß�ó üóø ,´¨� üû��µõ (X�U1)[ (X �U2) ,ßþ�Â���� .À�µÆû üû��µõ,��¨ ¯Âª ´½¬ �bÑ��õ ý�Â� .U1 \ U2 2 U �¹�µ÷ ¤¢ ø ´¨� X � (U1 \ U2).X � (Tj2J Ui) = Tj2J (X � Ui) �î ¢�ª ���� ´¨� üê�îÂ� ý��ó���� ¤�ú� �ú�� ù�Ú÷� ,Àª�� ùÀª Û�ØÈ� �ÎÖ÷ ø¢ ¥� X Âð� .ñ�·õ 8.1.2:ü�ãþ .´êÂð ÂÑ÷ ¤¢ ¢�ªüõ X �bä�Þ¹õU1 = f;; Xg; U2 = f;; fag; Xg;U3 = f;; fbg; Xg; U4 = f;; fag; fbg; Xg:,À÷�õüõ U3 ø U2 ö¢�� ý��ó���� Õ�Ö½� ,Å� .´¨� üú�³� U4 ø U1 ö¢�� ý��ó����(X;U3) ø (X;U2) �î ¢�ª ���� .Ýþ¤�³¨üõ ùÀ�÷��¡ �� ßþÂÞ� ö���ä �� �¤ ö� �î.À�µÆ�÷ ÂþÁ� ýÂµõ.À��îüõ ùÀû�Èõ �¤ ý��ó���� ý�û�Ìê ¥� ÂÚþ¢ üþ�úó�·õ ,Âþ¥ ���þÂÞ� ¤¢.´¨� X Â� ý��ó���� U �î À�û¢ ö�È÷ (�) ø�� (�) ���þÂÞ� ¤¢ .ßþÂÞ� 9.1.2.U = f;;Rg [ f(�1;x) jx 2 Rg ø X = R (1.On = fn; n+ 1; � � �g �î ,U = f;;Ng [ fOn jn � 1g ø X = N (2Âû ý�¥� �� ø Àª�� R ¥� ý��ä�Þ¹õ Âþ¥ U Âð� �ú�� ø Âð� U 2 U ø X = R (3Ýþ¤�¢ �¹�þ� ¤¢ �î ,[s; t) � U �î ¢¤�¢ ¢��ø ö��� ý� t > s ×þ ,s 2 R.[s : t) = fx 2 R j s � x < tg23
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üÚµ¨��� ø ý��ó���� 2 ÛÊê ý��ó���� ý�Ìê 1.2.À��î É¿Èõ �¤ ý�Ìä �¨ ý��ä�Þ¹õ Â� ßØÞõ ý�úþ��ó���� �b �Üî (4Û�ØÈ� ,R ¥� ý�û�ä�Þ¹õ Âþ¥ ¥� Âþ¥ ý�ûù¢��÷�¡ ¥� ×þ º�û �î À�û¢ ö�È÷ (5:À�û¢üÞ÷ R Â� ý��ó����,U1 = f;;Rg [ f(�1;x℄ jx 2 Rg.U2 = f;;Rg [ f(a; b) j a; b 2 R& a < bg­øÂÔõ ý��ó���� ý�Ìê ×þ ¥� ý��ä�Þ¹õ Âþ¥ Y �»÷��� .ÓþÂã� 10.1.2�ä�Þ¹õ ßþ� .ÝþÂ�Ú� ÂÑ÷ ¤¢ Ý�÷���üõ �¤ Y ¤¢ ñ�ÞÈõ ¥�� �bä�Þ¹õ ßþÂµð¤�� ,Àª�� X.Ý���ðüõ Y öø¤¢ ö� �� ø ù¢�¢ ö�È÷ Int(Y ) �þ ÆY ¢�Þ÷ �� �¤,ÂÚþ¢ �¤�±ä ��¥�� ý�û�ä�Þ¹õ �bÞû ùb¢��÷�¡ fUj j j 2 Jg �î , ÆY= Sj2J Ui .��Ìì 11.1.2ý¤�Ï U � Y ¥�� �bä�Þ¹õ ý Âð� �ú�� ø Âð� x 2 ÆY ,��®ø �� .´¨� Y ¤¢ ñ�ÞÈõ.x 2 U �î ¢¢Âð ´ê�þ:Àª�� Rn ¥� Âþ¥ �Âª �� �bä�Þ¹õ Âþ¥ In À��î ­Âê .ñ�·õ 12.1.2In := fx = (x1; � � � ; xn) 2 Rn j0 � xi � 1 ; i = 1;2; � � � ; ng:d(x; y) =üó�Þãõ Âµõ �� ýÂµõ ý��ó���� ,ü�ãþ) Àª�� üó�Þãõ ý��ó���� ý�¤�¢ Rn Âð�¥� ´¨� ��Â±ä ÆI öø¤¢ ù�Ú÷� ,((Pni=1(yi � xi)2)1=2ÆIn:= fx = (x1; � � � ; xn) 2 Rn j0 < xi < 1 ; i = 1;2; � � � ; ng:." = minfxi;1 � xi j i = 1;2; � � � ; ng ø x 2ÆI Ý��î ­Âê Âõ� ßþ� �bÑ��õ ý�Â��îÂõ ø " á�ãª �� (B"(x) := fy 2 Rn j d(x; y) < "g ,ü�ãþ) B"(x) ¥�� ý�ð ,ö��î�×þ ý�¥� �� Âð� ,ÂÚþ¢ ý�¨ ¥� .´¨� ¥�� ÆI ¤¢ ,ßþ�Â���� ø ;¢¤�¢ ¤�Âì In ¤¢ �fõ�Þ� ,x ¤¢Ûõ�ª ,x ¤¢ �îÂõ ø r > 0 ù��¿ó¢ á�ãª �� Br(x) ý�ð Âû ù�Ú÷� ,xi 2 f0;1g ý� i.À÷¤�À÷ ¤�Âì In öø¤¢ ¤¢ üÏ�Ö÷ ö��� ,ßþ�Â���� .Àª��üõ In ¤¢ ¯�Ö÷ ¥� Â�è üÏ�Ö÷.À÷¤�¢ ü¬�Ê¿� Ý¨� ,¥�� ý�û�ä�Þ¹õ ÝÞµõ24
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ý��ó���� ý�Ìê 1.2 üÚµ¨��� ø ý��ó���� 2 ÛÊê´¨� �µÆ� ü�¤�¬ ¤¢ X ý��ó���� ý�Ìê ¥� C �bä�Þ¹õ Âþ¥ .ÓþÂã� 13.1.2.Àª�� ¥�� X � C �îá�Þµ�� ,âÎÖõ«�Ê¡ ¤¢ �û�ä�Þ¹õ �þÂÑ÷«��¡ ¥� ù¢�Ôµ¨� �� ýÀã� °ó�� ÝØ�.¢¢Âð üõ �¹�µ÷ ÝÞµõ ø.À÷��µÆ� X ø ; (1 .��Ìì 14.1.2.´¨� �µÆ� ,�µÆ� ý�û�ä�Þ¹õ ¥� üû��µõ ¢�Àã� Âû á�Þµ�� (2.´¨� �µÆ� ,�µÆ� ý�û�ä�Þ¹õ ¥� ù��¿ó¢ ¢�Àã� Âû í�Âµª� (3.¢�Þ÷ ÓþÂã� �¤ ý��ó���� ý�Ìê ¢�ªüõ ��÷ �µÆ� �bä�Þ¹õ ��úÔõ ¥� áøÂª ��.ßþÂÞ� 15.1.2¤¢ �î Àª�� X ¥� ý�û�ä�Þ¹õ Âþ¥ ¥� ý�ù¢��÷�¡ V ø �ä�Þ¹õ ×þ X ÝþÂ�ð (1:À�îüõ ëÀ¬ Âþ¥ Íþ�Âª.;; X 2 V (1.´¨� V ¥� ý�Ìä ,V ¥� �Ìä ø¢ Âû á�Þµ�� (2.´¨� V ¥� ý�Ìä ,V ý�Ìä� ¥� ù��¿ó¢ ¢�Àã� Âû í�Âµª� (3X Â� ý��ó���� ×þ U = fX � V jV 2 Vg �¤�¬ ßþ� ¤¢ �î À�û¢ ö�È÷.Àû¢üõ Û�ØÈ�.¥�� Ýû ø ´¨� �µÆ� Ýû ý��ä�Þ¹õ Âþ¥ Âû ,�µÆÆð ý�Ìê Âû ¤¢ �î À��î ´��� (2�bä�Þ¹õ Âþ¥ Âû ø Àª�� üû��µõ ý��ó���� ý�Ìê×þ ¯�Ö÷ ¢�Àã� Âð� �î À�û¢ ö�È÷ (3.´¨� �µÆÆð �Ìê ö� ý��ó���� ,Àª�� �µÆ� ö� ¥� ý�Ìä ×�-9.1.2 ßþÂÞ� ¤¢ À�÷�Þû U �î ,(R;U) ý��ó���� ý�Ìê ¤¢ �î À�û¢ ö�È÷ (4.�µÆ� Ýû ø ´¨� ¥�� Ýû [s; t) ÛØª �� �bä�Þ¹õ Âû ,´¨� (3)­øÂÔõ ý��ó���� ý�Ìê ×þ ¥� ý��ä�Þ¹õ Âþ¥ Y �»÷��� .ÓþÂã� 16.1.2�ä�Þ¹õ ßþ� .ÝþÂ�Ú� ÂÑ÷ ¤¢ Ý�÷���üõ �¤ Y Ûõ�ª �b µÆ� �bä�Þ¹õ ßþÂµØ��î ,Àª�� XÂ�è ø �Y ¤¢ âì�ø ¯�Ö÷ .Ý���ðüõ Y ¤�µÆ� ö� �� ø ù¢�¢ ö�È÷ Cl(Y ) �þ �Y ¢�Þ÷ �� �¤25
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üÚµ¨��� ø ý��ó���� 2 ÛÊê ý��ó���� ý�Ìê 1.2�¤ �Y ý�Â� ÂÚþ¢ ñ¢�ãõ Ó�¬�� ø¢ ýÀã� ÝØ� .À�õ�÷üõ Y ýÀ� ¯�Ö÷ �¤ Y ¤¢ âì�ø.¢¥�¨üõ Ýû�Âêý�û�ä�Þ¹õ �bÞû ùb¢��÷�¡ fFj j j 2 Jg �î , �Y = Tj2J Fi (1 .Ýó 17.1.2.´¨� Y Ûõ�ª �b µÆ�.U \Y 6= ; Ý�ª�� �µª�¢ ,x Ûõ�ª U ¥�� �bä�Þ¹õ Âû ý�¥� �� Âð� �ú�� ø Âð� x 2 �Y (2ý��ä�Þ¹õ ø x 2 �Y Ý��î ­Âê ,2 ÝØ� ��±�� ý�Â� .´¨� üúþÀ� 1 ÝØ� :��±��ø ´¨� �µÆ� X � U �¹�µ÷ ¤¢ .U \ Y = ; �î Àª�� ¢���õ ý¤�Ï x Ûõ�ª U ¥��Ëì��� ×þ �� ,ßþ�Â���� .x 2 U ø x 2 �Y �õ� . �Y � X � U ,Å� .Y � X � U.ÝþÀ�¨¤ø ´¨� ¥�� X � �Y �õ� .x 2 X � �Y ßþ�Â���� ø x 2 �Y Ý��î ­Âê ,ÅØãó��2 .´¨� Ëì��� �î (X � �Y ) \ Y = ; �¹�µ÷ ¤¢ ,(X � �Y ) \ �Y = ;ý�û�ä�Þ¹õ ¤�µÆ� ,ÝþÂ�Ú� ÂÑ÷ ¤¢ üó�Þãõ ý��ó���� �� �¤ R �»÷��� .ñ�·õ 18.1.2.À�µÆû [a; b℄ Â��Â� üÚÞû [a; b℄ ø (a; b℄ ,[a; b) ,(a; b).ßþÂÞ� 19.1.2ý�û�ä�Þ¹õ Âþ¥ ¥� ×þ Âû ¤�µÆ� .Àª�� üó�Þãõ ý��ó���� �� R Â��Â� X ÝþÂ�ð (1:Àþ¤ø� ´¨À� �¤ X ¥� Âþ¥.A = f1;2;3; � � �g; B = fx j´¨� �þ�ð xg; C = fx j´¨� Ý¬� xg.Àª�� (3)-9.1.2 ßþÂÞ� ¤¢ ùÀª �ÂÎõ ý��ó���� �� R ¥� �¤�±ä X ÝþÂ�ð (2.À����� �¤ X ¥� [a; b℄ ø (a; b℄ ,[a; b) ,(a; b) ý�û�ä�Þ¹õ Âþ¥ ¥� ×þ Âû ¤�µÆ�:À��î �Ñ��õ Àã� ßþÂÞ� ¤¢ �¤ �û�ä�Þ¹õ ¤�µÆ� «��¡ Âþ�¨:À��î ��±�� �¤ Âþ¥ ý�ûù¤��ð ¥� ×þ Âû .ßþÂÞ� 20.1.2�µÆ� F ø ù¢�� Y � F � X �� X ý��ó���� ý�Ìê ¥� ý��ä�Þ¹õ Âþ¥ Y Âð� (1. �Y � F ù�Ú÷� ,Àª��.Y = �Y �î ´¨� �µÆ� üµìø �ú�� ø üµìø Y (2. ��Y = �Y (326
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ý��ó���� ý�Ìê 1.2 üÚµ¨��� ø ý��ó���� 2 ÛÊê.(A \ B) = �A [ �B ø (A [ B) = �A \ �B (4.X� ÆY= (X � Y ) (5�Y := �Y \ �¤ X ý��ó���� ý�Ìê ¥� Y ­øÂÔõ �bä�Þ¹õ ¥Âõ �î ü�¤�¬ ¤¢ (6. �Y = Y [ �Y �¤�¬ ßþ� ¤¢ ,Ý��î ÓþÂã� (X � Y ).�Y � Y �î ´¨� �µÆ� üµìø �ú�� ø üµìø Y (7.Àª�� �µÆ� Ýû ø ¥�� Ýû Y �î ´¨� üú� �Y üµìø �ú�� ø üµìø (8.�(fx 2 R j a < x < bg) = �(fx 2 R j a < x < bg) = fa; bg (9öø¤¢ ¤�µÆ� Y �î ´¨� �ä�Þ¹õ ×þ ¤�µÆ� üµìø �ú�� ø üµìø Y �î À��î ´��� (10.Àª�� ©¢�¡¤�Âì ù¢�Ôµ¨� ¢¤�õ ��ãê¢ �� �fÀã� �î ´¨� üÞ�û�Ôõ �µ¨¢ ö� ¥� üÚþ�ÆÞû ��úÔõ.´êÂð Àû��¡�� N � X �bä�Þ¹õ Âþ¥ .´¨� ý��ó���� ý�Ìê X ÝþÂ�ð .ÓþÂã� 21.1.2x 2 U � �� X ¤¢ U ¥�� ý��ä�Þ¹õ �î Ý���ð x üÚþ�ÆÞû ×þ ü�¤�¬ ¤¢ �¤ x 2 N.¢�ª ´ê�þ N.Àª��üõ ÇÏ�Ö÷ ¥� ×þ Âû ¥� ý�üÚþ�ÆÞû ,¥�� �bä�Þ¹õ Âû .ñ�·õ 22.1.2.´¨� A ü÷ø¤¢ ¯�Ö÷ ¥� ×þ Âû ¥� ý�üÚþ�ÆÞû ÆA= ; �� A �bä�Þ¹õ Âû ,�Ø�þ� Â�üÜî�î À�û¢ ö�È÷ .´¨� ý��ó���� ý�Ìê X ÝþÂ�ð .ßþÂÞ� 23.1.2.´¨� ¢���õ x ¥� üÚþ�ÆÞû ×þ Ûì�� ,x 2 X �bÎÖ÷ Âû ý�¥� �� (1.´¨� x ¥� ý�üÚþ�ÆÞû ��÷M ù�Ú÷� ,N �M ø Àª�� x ¥� ý�üÚþ�ÆÞû N Âð� (2.´¨� x ¥� ý�üÚþ�ÆÞû ��÷ N\M ù�Ú÷� ,Àª�� x ¥� üþ�ûüÚþ�ÆÞû N øM Âð� (3¢��ø ý¤�Ï x ¥� U üÚþ�ÆÞû ×þ ,x ¥� N üÚþ�ÆÞû Âû ø x 2 X Âû ý�¥� �� (4.Àª��üõ ÇÏ�Ö÷ ¥� ×þ Âû ¥� ý�üÚþ�ÆÞû U ø U � N �î ¢¤�¢27
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üÚµ¨��� ø ý��ó���� 2 ÛÊê �úµª�Ú÷ üÚµ¨��� 2.2�úµª�Ú÷ üÚµ¨��� 2.2ü�¤�¬ ¤¢ �¤ Y ø X ý��ó���� ý�û�Ìê ö��õ f : X ! Y â��� .ÓþÂã� 1.2.2.Àª�� ¥�� X ¤¢ f�1(U) öø¤�ø ùb¤�Ú÷ ,Y ¥� U ¥�� �bä�Þ¹õ Âû ý�¥� �� �î Ý���ð �µ¨���ý�û�Ìê ß�� X ! Y ´��� â���� øX : X ! X ü÷�Þû â��� .ñ�·õ 2.2.2.À�µÆû �µ¨��� â���� ¥� �úó�·õ ßþÂ� ù¢�¨ ,ý��ó�����Âê �� â��� Âû ù�Ú÷� ,Àª�� �µÆÆð ý��ó���� �� X üþ�Ìê Âð� .ñ�·õ 3.2.2ß��� °ÜÎõ ßþ� Û�ó¢ .´¨� �µ¨��� Y ÂÚþ¢ ý��ó���� ý�Ìê �� X ¥� f : X ! Y.´¨� ¥�� ßþ�Â���� ø X ¤¢ ´¨� ý��ä�Þ¹õ ,Y ¤¢ ¥�� �bä�Þ¹õ Âþ¥ Âû öø¤�ø :´¨�â��� Âû ù�Ú÷� ,Àª�� §�ÞÜõ ý��ó���� �� ý��ó���� üþ�Ìê Y Âð� ,ÂÚþ¢ ý�¨ ¥�.´¨� �µ¨��� ,Y ý�µ� X ù��¿ó¢ ý��ó���� ý�Ìê ¥� f : X ! Y.À��î ùÀû�Èõ À�÷���üõ Àã� ßþÂÞ� ¤¢ �¤ ÝØ� ø¢ ßþ� ÅØä.¢�ªüõ üêÂãõ �µ¨����÷ üã��� ,Àã� ñ�·õ ¤¢ø U = f;;Rg [ f(�1;x) jx 2 Rg �î X = (R;U) ÝþÂ�ð .ñ�·õ 4.2.2f�1(�1; y2) = �Âþ¥ ;´Æ�÷ �µ¨��� f â��� .´¨� f(x) = x �bÎ��® �� f : X ! Xö���ä �� �¤ À÷��µ¨���X �� X ¥� â���� ��Àî �Ø�þ� ��±�� .´Æ�÷ ÕÜãµõ U �� �î (�y; y).(¢�ª �ã��Âõ (4)-5.2.2 ßþÂÞ� ��) Ýþ¤�³¨üõ ùÀ�÷��¡ �� ßþÂÞ�.ßþÂÞ� 5.2.2À��î ´��� .À�ª��X Â� ý��ó���� ø¢ U 0 ø U ø ù¢�� ù��¿ó¢ ý��ä�Þ¹õX ÝþÂ�ð (1.U 0 � U �î ´¨� �µ¨��� üµìø �ú�� ø üµìø (X;U) ! (X;U 0) ü÷�Þû â���ý�Ìê Âû ý�¥� ��' �î ´¨� ´�¬�¡ ßþ� �� ý��ó���� üþ�Ìê X À��î ­Âê (2ý�¤�¢ X À��î ´��� ."´¨� �µ¨��� f ,f : X ! Y â��� Âû ø Y ý��ó�����µÆÆð ý��ó���� �� üþ�Ìê Y À��î ­Âê :üþ�Þ�û�¤) .´¨� �µÆÆð ý��ó����(.´¨�ý�Ìê Âû ý�¥� ��' �î ´¨� ´�¬�¡ ßþ� �� ý��ó���� üþ�Ìê X À��î ­Âê (3ý�¤�¢ X À��î ´��� ."´¨� �µ¨��� f ,f : X ! Y â��� Âû ø X ý��ó����28
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�úµª�Ú÷ üÚµ¨��� 2.2 üÚµ¨��� ø ý��ó���� 2 ÛÊêý��ó���� �� üóø Y ý�Ìê X À��î­Âê :üþ�Þ�û�¤) .´¨� §�ÞÜõ ý��ó����(.´¨� §�ÞÜõU = f;;Rg [ f(�1;x) jx 2 ý��ó���� �� üÖ�Ö� ¢�Àä� �bä�Þ¹õ X ÝþÂ�ð (4Â�è �î ´¨� �µ¨��� üµìø �ú�� ø üµìø f : X ! Y â��� À��î ´��� .´¨� RgÀª�� ´¨�¤ �b µ¨��� ø (f(x) > f(x0) ù�Ú÷� ,x > x0 Âð� ,ü�ãþ) ù¢�� üóø�÷Âð� �î ¢�ª ´ê�þ ö��� ý� Æ > 0×þ ," > 0 Âû ø x 2 X Âû ý�¥� �� ,ü�ãþ).(jf(x)� f(x0)j < " ù�Ú÷� ,x0 � x < x0 + Æ.¢�Þ÷ ö��� ¢�ªüõ ��÷ �µÆ� ý�û�ä�Þ¹õ ×Þî �� �¤ â���� üÚµ¨����ú�� ø üµìø Y ø X ý��ó���� ý�û�Ìê ß�� f : X ! Y â��� .��Ìì 6.2.2X ¤¢ f�1(C) �bä�Þ¹õ ,Y ¤¢ C �b µÆ� �bä�Þ¹õ Âþ¥ Âû ý�¥� �� �î ´¨� �µ¨��� üµìø.Àª�� �µÆ�¤¢ ø ´¨� ¥�� Y � C ù�Ú÷� ,Àª�� �µÆ� C Âð� .´¨� �µ¨��� f À��î ­Âê :��±��ø f�1(Y � C) = X � f�1(C) �õ� .Àª��üõ ¥�� f�1(Y � C) �bä�Þ¹õ �¹�µ÷,�¤�¬ ßþ� ¤¢ .Àª�� ¥�� Y ¤¢ U À��î ­Âê ,ÅØãó�� .´¨� �µÆ� f�1(C) ßþ�Â����,´¨� �µÆ� ��÷ f�1(Y �U) = X � f�1(U) �bä�Þ¹õ �¹�µ÷ ¤¢ ø ´¨� �µÆ� Y �C2 .´¨�F üÚµ¨��� �Áó ø ,f�1(U) ö¢�� ¥�� ü�ãõ �� ßþ� �î,¢¤�Ú÷üõ ¥�� ý�û�ä�Þ¹õ �� �¤ ¥�� ý�û�ä�Þ¹õ �î üã��� .ÓþÂã� 7.2.2ý�û�ä�Þ¹õ �� �¤ �µÆ� ý�û�ä�Þ¹õ �î üã��� ,���Èõ �¤�¬ �� .¢�ªüõ ùÀ�õ�÷ ¥�� ´ª�Ú÷.¢�ªüõ ùÀ�õ�÷ �µÆ� â��� ,¢¤�Ú÷üõ �µÆ�¯�Ö÷ �ú�� Ûõ�ª Y À��î ­Âê :´Æ�÷ �µ¨��� �î ý¥�� â��� (1 .ñ�·õ 8.2.2X À��î ­Âê ,ß��»Þû .À��î ��¿µ÷� Y Â� �¤ �µÆÆð ý��ó���� ��÷ ø Àª�� fa; bgf : X ! Y â��� .´¨� üó�Þãõ ý��ó���� ù�ÂÞû �� üÖ�Ö� ¢�Àä� ý��ó���� ý�Ìê�bÎ��® ��f(x) = � a x � 0 Âð�b x < 0 Âð�üþ�Ìê ¥� â��� Âû .´Æ�÷ ¥�� X ¤¢ f�1(fag) ,�Âþ¥ .´Æ�÷ �µ¨��� üóø ´¨� ¥��.´¨� ¥�� �fõ��ó�,�µÆÆð ý��ó���� ý�Ìê ×þ �� ý��ó����29
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üÚµ¨��� ø ý��ó���� 2 ÛÊê �úµª�Ú÷ üÚµ¨��� 2.2,´Æû ��÷ �µÆ� ,��� ¤¢ ùÀõ� f : X ! Y â��� .´Æ�÷ �µ¨��� �î ý��µÆ� â��� (2.Àª��üÞ÷ �µ¨��� üóø�� X ,X = Y = fa; bg Ý��î ­Âê :�µÆ� �÷ ø ´¨� ¥�� �÷ �î ý��µ¨��� â��� (3´ª�Ú÷ �¤�¬ ßþ� ¤¢ .´¨� §�ÞÜõ ý��ó���� ù�ÂÞû �� Y ø �µÆÆð ý��ó���� ù�ÂÞû.´¨� ß��� f : X ! Y ü÷�ÞûX ,X = Y = fa; bg Ý��î ­Âê :´Æ�÷ �µÆ� üóø ´¨� ¥�� �î ý��µ¨��� â��� (4�¤�¬ ßþ� ¤¢ .´¨� f;; fag; Y gý��ó���� ù�ÂÞû �� Y ø �µÆÆð ý��ó���� ù�ÂÞû ��.´¨� ß��� x 7! a �bÎ��® �� f : X ! Y ´��� ´ª�Ú÷ù�ÂÞû �� X = fa; bg Ý��î ­Âê :´Æ�÷ ¥�� üóø ´¨� �µÆ� �î ý��µ¨��� â��� (5´ª�Ú÷ �¤�¬ ßþ� ¤¢ .´¨� üó�Þãõ ý��ó���� ù�ÂÞû �� Y = R ø �µÆÆð ý��ó����.´¨� ß��� f(b) = 1 ø f(a) = 0 �bÎ��® �� f : X ! Y���� �bÞû ´¨� ßØÞõ ,Ý��î Ǒ�Öó� f Â� üµþ¢øÀ½õ Âð� �î Àû¢üõ ö�È÷ Âþ¥ ßþÂÞ�.À÷�ª üÔµ�õX ý��ó���� ý�û�Ìê ß�� �µ¨��� üã��� f : X ! Y ÝþÂ�ð .ßþÂÞ� 9.2.2��Ø�� ßþ� ¥� ×þ ��Àî ,Àª�� üþ�¨ø¢ (�) ø ,�ª�� (�) ,×�±Øþ (�) f Âð� .´¨� Y øF (3) ,Â�¡ �µÆ� üóø ´¨� ¥�� F (2) ,�µÆ� �÷ ø ´¨� ¥�� �÷ F (1) :À�µÆû ´¨¤¢?�µÆ� Ýû ø ´¨� ¥�� Ýû F (4) ,Â�¡ ¥�� üóø ´¨� �µÆ�ù¢�¨ ù¢�ãó� ë�ê Ç��±�� .´¨� �µ¨��� ,�µ¨�³þ â���� °�îÂ� ,ýÀã� ÝØ� §�¨� Â�.´¨�ø f : X ! Y ø ù¢�� ý��ó���� ý�û�Ìê Z ø Y ,X ÝþÂ�ð .��Ìì 10.2.2��÷ h = g Æ f : X ! Z �ú÷� °�îÂ� �¤�¬ ßþ� ¤¢ .À�ª�� �µ¨��� üã���� g : Y ! Z.´¨� �µ¨���f�1(g�1(U)) �Áó ø ´¨� ¥�� Y ¤¢ g�1(U)�¤�¬ ßþ� ¤¢ .´¨� ¥�� Z ¤¢ U Ýþ��ð :��±��2 .(g Æ f)�1(U) = f�1(g�1(U)) �õ� .´¨� ¥�� X ¤¢,ö�ÆØþ) ¥ ¤�Þû ý��ó���� ý�Ìê ø¢ ü�¤�¬ �� ¤¢ �î Àþ�ðüõ �õ �� ýÀã� ÓþÂã�.Ý��îüõ ù¢�Ôµ¨� ÝÆ�ê¤�õ�ÿÞû �Ôó ¥� ´ó�� ßþ� ¤¢ ;À÷�ªüõ �µêÂð (... ø Â��Â�Ý���ðüõ ü�¤�¬ ¤¢ .À�ª�� ý��ó���� ý�û�Ìê Y øX ÝþÂ�ð .ÓþÂã� 11.2.2×þ Âû �î À÷�ª ´ê�þ g : Y ! X ø f : X ! Y �b µ¨��� â���� �î À�ê¤�õ�ÿÞû Y ø X30
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�úµª�Ú÷ üÚµ¨��� 2.2 üÚµ¨��� ø ý��ó���� 2 ÛÊêßþ� ¤¢ .(À÷��µ¨��� g ø f ø g Æ f = 1Y ø f Æ g = 1X ,ü�ãþ) ´¨� ýÂÚþ¢ öø¤�ø.À�µÆû Y ø X ß�� üþ�úÞÆ�ê¤�õ�ÿÞû g ø f Ý���ðüõ ø X �= Y Ý�Æþ�÷üõ ´ó��f : üã��� :´¨� ß��� ,ÝÆ�ê¤�õ�ÿÞû ý�Â� ñ¢�ãõ ÓþÂã� .´ª�¢¢�þ 12.2.2�Ø�þ� Â� ùø�ä �úÞÆ�ê¤�õ�ÿõ�û ,ßþ�Â���� .�µ¨��� öø¤�ø �� ø üþ�¨ø¢ ,�Æ¨��� X ! Y�¤�¬ �� ��÷ �¤ ¥�� ý�û�ä�Þ¹õ ,À��îüõ ÂÒ��µõ Ýû �� ×�±Øþ �¤�¬ �� �¤ ¯�Ö÷.À÷¥�¨üõ ÂÒ��µõ Ýû �� ×�±Øþ,ý��ó���� ý�û�Ìê �bÞû �b þ�¢Âð ß�� ¤¢ ö¢�� ÝÆ�êÂõ�ÿõ�û �bÎ��¤ .��Ìì 13.2.2ý�û�µ¨¢ �� ý��ó���� ý�û�Ìê �bÞû §�î ,°��Â� ßþ� �� .´¨� ý¥¤� Ýû ý� �Î��¤.¢¢Âðüõ Ý�ÆÖ� é¤�õ�ÿõ�û©¢�¡ �� ý��ó���� ý�Ìê ×þ ¥� ü÷�Þû ´ª�Ú÷ �î ¢�ª ���� ´¨� üê�î :��±��,ÝÆ�ê¤�õ�ÿõ�û ø¢ °�îÂ� ø ´¨� ÝÆ�ê¤�õ�ÿõ�û ,ÝÆ�ê¤�õ�ÿõ�û Âû öø¤�ø ,´¨� ÝÆ�ê¤�õ�ÿõ�û2 .´¨� ÝÆ�ê¤�õ�ÿõ�ûÝþ¤�¢ ,ö� Â� ùø�ä .Ýþ¢¤ø� é¤�õ�ÿõ�û ý�û�Ìê ¥� üþ�úó�·õ 1.1 Ç¿� ¤¢d Âµõ ��M ýÂµõ ý�Ìê ¥� �Ü¬�� ý��ó���� ý�Ìê X Âð� (1 .ñ�·õ 14.2.2d0(x; y) = d(x; y)=(1+ Âµõ ��M ýÂµõ ý�Ìê ¥� �Ü¬�� ý��ó���� ý�Ìê Y ø ù¢��.À�µÆû é¤�õ�ÿõ�û Y ø X ù�Ú÷� ,Àª�� d(x; y))ý��ó���� ý�Ìê Y ø üó�Þãõ ýÂµõ ý��ó���� �� Rn ý�Ìê X À��î ­Âê (2é¤�õ�ÿõ�û Y ø X ,�¤�¬ ßþ� ¤¢ .´¨� d(x; y) = max jyi � xij Âµõ ¥� Û¬��ý��ó���� �� Y = Rn ø üó�Þãõ ý��ó���� �� X = Rn Âð� ,ÂÚþ¢ ý�¨ ¥� .À�µÆû.À�µÆû é¤�õ�ÿõ�û Â�è Y ø X ù�Ú÷� ,Àª�� �µÆÆð.ßþÂÞ� 15.2.2f�1 ö� ¤¢ �î Àþ¤ø��� f : X ! Y �µ¨��� üã��� ø Y ø X ý�Ìê ø¢ ¥� üó�·õ (1.Àª�±÷ �µ¨����ú�� ø üµìø Y ø X À��î ´��� .À�µÆû ý��ó���� ý�Ìê Y ø X À��î ­Âê (2üþ�¨ø¢ �f ø� �î ¢�ª ´ê�þ ö��� f : X ! Y üã��� �î À�µÆû é¤�õ�ÿÞû üµìø¥�� f(U) �î Àª�� ¥�� üµìø �ú�� ø üµìø X ¥� U �bä�Þ¹õ Âþ¤' ü÷�� ¤¢ ø ù¢��."Àª��31
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üÚµ¨��� ø ý��ó���� 2 ÛÊê �úµª�Ú÷ üÚµ¨��� 2.2�b¥�� ø M ø m ´±·õ ¢�Àä� �b¥�� �î À�µÆû ö��� R2 �bä�Þ¹õ Â� d0 ø d ý�ûÂµõ (3�þ¤�¢ �û y; y0 2 Y �bÞûmd1(x; y) � d2(x; y) �M d1(x; y)�ûÂµõ ßþ� ýÂ�ð¤�Ø� ¥� Û¬�� ý��ó���� ý�Ìê ø¢ �¤�¬ ßþ� ¤¢ �î À�û¢ ö�È÷(.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Y ü÷�Þû ´ª�Ú÷ :üþ�Þ�û�¤) .À�ê¤�õ�ÿÞûý�úÞÆ�ê¤�õ�ÿõ�û �bÞû �bä�Þ¹õ ÂÚÈþ�Þ÷ G(X) ø ý��ó���� üþ�Ìê X ÝþÂ�ð (4.´¨� ùøÂð ,â��³� °�îÂ� ÛÞä �� ù�ÂÞû G(X) À��î ´��� .´¨� f : X ! X´��� .Gx(X) := ff 2 G(X) j f(x) = xg ý� x 2 X Âû ý�¥� �� À��î­Âê.´¨� G(X) ¥� üûøÂð Âþ¥ Gx(X) À��î.´Æ÷�¢ ý��ó���� ý�û�Ìê �bãó�Îõ ÝÜä ö���üõ �¤ ý��ó���� .´ª�¢�þ 16.2.2.À÷�ªüõ �µêÂð üØþ ,é¤�õ�ÿõ�û ý�û�Ìê ,ÝÜä ßþ� ¤¢���¤� ¢���õ ý�û�Ìê ýø¤ ¥� ÀþÀ� ý�û�Ìê À�ó�� ý�Â� üþ�úªø¤ ,Àã� ÛÊê ¤¢.¢�Þ÷ Ý�û��¡
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3 ÛÊê
ÀþÀ� ý��ó���� ý�û�Ìê À�ó��

üþ�Öó� ý��ó���� 1.3X Â� ¢���õ ý��ó���� ¥� .Àª�� X ý��ó���� ý�Ìê ¥� ý��ä�¹õ Âþ¥ S Ý��î ­Âê.Ý��î ��ú� Ý�÷��� üõ SÂ� ý��ó���� ×þù¢��÷�¡ ¥� �¤�±ä X ý��ó���� ý�Ìê ¥� S Â� üþ�Öó� ý��ó���� .ÓþÂã� 1.1.3.´¨� X ¤¢ üû��¿ó¢ ¥�� �ä�Þ¹õ U �î U \ S ÛØÈ� ý�û�ä�Þ¹õUS := fU \ ù�Ú÷� ,Àª�� X ¤¢ ¥�� ý�û �ä�Þ¹õ ù¢��÷�¡ U Âð� .Ýó 2.1.3.¢�� Àû��¡ S ¤¢ ¥�� ý�û�ä�Þ¹õ ù¢��÷�¡ S jU 2 Ug���¤� S Â� ý��ó���� ×þ US �Ø�þ� ��±�� ý�Â� ö¢�� ý��ó���� ¯Âª �¨ Õ�Ö½� :��±��.¢¢Âðüõ �¹�µ÷ ÝØ� ß�óø� �fÞ�ÖµÆõ ,S = X\S ø ; = ;\S ö�� .´¨� �¥�,Àû¢üõ,�¤�¬ ßþ� ¤¢ ;À�ª�� US ¥� �Ìä ø¢ U2 \S ø U1 \S Ý��î­Âê ¯Âª ß�õø¢ ý�Â�Âð� ,ùÂ¡��� .´¨� ÕÜãµõ US �� ,(U1 \ S) \ (U2 \ S) = (U1 \ U2) \ S ö��Sj2J (Uj \ S) = ù�Ú÷� ,Àª�� US Â¬��ä ¥� ù��¿ó¢ ý�ù¢��÷�¡ fUj \ S j j 2 Jg2 .´¨� ÕÜãµõ US �� ��÷ (Sj2J ) \ S.À�õ�÷üõ ��÷ ü±Æ÷ ý��ó���� �¤ üþ�Öó� ý��ó���� ��ìø� ü¡Â� .ÓþÂã� 3.1.3üþ�Ìê Âþ¥ S Ý���ðüõ ù�Ú÷� ,Àª�� üþ�Öó� ý��ó���� ý�¤�¢X ¥� S ý��ä�Þ¹õ Âþ¥ Âð�33
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê üþ�Öó� ý��ó���� 1.3.´¨� X ¥�ù�ÂÞû �� (üó�Þãõ ý��ó���� ��) R ¥� [a; b℄ �bä�Þ¹õ Âþ¥ Âð� .ñ�·õ 4.1.3ý�û�ä�Þ¹õ ù�Ú÷� ,Àª�� üþ�Öó� ý��ó����[a; 
); a < 
 < b;(d; b℄; a < d < b;(d; 
); a � d < 
 � b:,°��Â� ßþ� �� �î ¢�ªüõ �Ñ��õ .¢�� À�û��¡ [a; b℄ ¤¢ ¥�� ý�û�ä�Þ¹õ Âþ¥ üÚÞû.Àª�� ¥�� R ¤¢ U �î ¢¤�À÷ üõø�ó ù�Ú÷� ,Àª�� ¥�� [a; b℄ ¤¢ U Âð�R2 ý��ó���� ý�Ìê ¥� üþ�Öó� ý��ó���� �� R2 ¤¢ S1 À��ø ùbÂþ�¢ .ñ�·õ 5.1.3üþ�úä�Þµ��' ¥� À��¤�±ä S1 ¤¢ ¥�� ý�û�ä�Þ¹õ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ,üó�Þãõ ý��ó���� ��.À�ª��üõ (S1 ¤¢ üþ�úµ÷� ¯�Ö÷ öøÀ� ý�ú¨�ì ,ü�ãþ) "S1 ¤¢ ¥�� ý�ú¨�ì ¥��¤�¬ �� �¤ Sn ¢¤�À÷�µ¨� ùbÂî�n ,üÜî ´ó�� ¤¢Sn := �x 2 Rn ��x21 + � � �+ x2n+1 = 1	.Ý��îüõ ù�ÂÞû Rn+1 Â� üó�Þãõ ý��ó���� ¥� üþ�Öó� ý��ó���� �� �¤ ö� ø Ý��îüõ ÓþÂã�.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ xn+1 = 0 �bÎ��® �� Rn+1 ¥� S �bä�Þ¹õ Âþ¥ .ñ�·õ 6.1.3,Ý��î ù�ÂÞû (Rn+1 Â� üó�Þãõ ý��ó���� ¥� ù¢�Ôµ¨� ��) üþ�Öó� ý��ó���� �� �¤ S Âð�ùÀ�÷��¡ �� ßþ�Þ� ö��ä �� �¤ ÝØ� ßþ� ��±�� .¢�� Àû��¡ é¤�õ�ÿÞû Rn �� S ù�Ú÷�.Ýþ¤�³¨üõ��ÜÎõÅ� ý¤�î �ú÷� ö¢�� ÝÆ�ê¤�õ�ÿÞû ��±�� ø Rn ý�û�ä�Þ¹õ Âþ¥ �� ßµÆþÂÚ÷.À��î ���� Âþ¥ ¢¤��õ �� ,�f ·õ !´¨� ¤��ª¢ ¤��Æ� ¢¤��õ ý�ù�¤�� ¤¢ ø[
; d℄ ø [a; b℄ ý�ûù¥�� .
 < d ø a < b ,a; b; 
; d 2 R Ý��î ­Âê .ñ�·õ 7.1.3¥� ´¨� �¤�±ä ,À�îüõ ��±�� �¤ �ä¢� ßþ� �î üÞÆ�êÂõ�ÿÞû .À�ê¤�õ�ÿÞû R � R3 ¤¢f(x) = 
+ (d� 
)(x� a)=(b� a)ö�À�� ,´¨� �µ¨��� ��÷ f�1 ø ´¨� �µ¨��� f ,´¨� ÂþÁ³¨�Øãõ f �Ø�þ� ö¢�¢ ö�È÷��÷ (7)-17.1.3 ßþÂÞ� �� .´¨� ùÀ�÷��¡ ùbÀúä Â� ßþÂÞ� ö���ä �� ø) ´Æ�÷ ¤��ª¢.Â�è � ø ,Ý��î ÍÆ±�õ �þ ø ù¢ÂÈê �¤ ý�ûù¥�� ´¨� üê�î ,ý¢�úª ÂÑ÷ ¥� .(¢¢Âð ����34
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üþ�Öó� ý��ó���� 1.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊêÀ�ê¤�õ�ÿÞû ÛØª ø¢ ßþ� :1.3 ÛØª
�� ý�����÷ ¥ Âõ ,ü�ãþ) ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ­øÂÔõ üäÂ±õ ø ùÂþ�¢ .ñ�·õ 8.1.3�¤ ùÂþ�¢ ¥� xi+1 �� xi ùb¥�� À÷���üõ �î üµª�Ú÷ .¢�ª ���� 1.3 ÛØª �� ;(â�Âõ ÛØªÂð� .¢�� Àû��¡ â�Âõ �� ùÂþ�¢ ¥� üÞÆ�ê¤�õ�ÿÞû ,¢¤�Ú�� â�Âõ ¥� yi+1 �� yi ¥� âÜ® ��f(x; y) j "x = �1 ; �1 � y � 1' �þ "�1 � x � ø ùÂþ�¢ f(x; y) jx2 + y2 = 1g¥� À��¤�±ä ÂÑ÷ ¢¤�õ ý�úÞÆ�êÂõ�ÿÞû ù�Ú÷� ,Àª�� â�Âõ 1 ; y = �1'gùÂþ�¢ �! â�Âõ â�Âõ �! ùÂþ�¢(x; y) 7�! � xm ; ym� (x; y) 7�! �xr ; yr �¤�Ñ�õ ßþ� ý�Â� ,ý¢�úª ÂÑ÷ ¥� .r = px2 + y2 ø m = maxfjxj; jyjg �ú÷� ¤¢ �î.¢¢Âð ÛþÀ±� â�Âõ �� �� ,Ý��î Û¡ ø ¸î �¤ ùÂþ�¢ ´¨� üê�îø¢ ö� �¤�¬ ßþ� ¤¢ .Ý�ª�� �µª�¢ (R2 �þ) R3 ¥� �Ìê Âþ¥ ø¢ Âð� ,üÜî ´ó�� ¤¢¯�Ö÷ öÀ÷�±Æ� öøÀ� ø ö¢Âî ¸î ,ö¢Âî âÞ� ,öÀ�Èî �� ö��µ� �î À�ê¤�õ�ÿû üó�� ¤¢üóø ,´¨� ý¢�úª ´ª�¢Â� ´þ� ,�µ±ó� .¢�Þ÷ ÛþÀ±� ýÂÚþ¢ �� �¤ üØþ ,©Â� ¢�¹þ� �þ ø.¢�¢ ¼�®�� ¢�¡ ÛØª ßþÂ�Õ�ì¢ �� �¤ ���ÜÞä �bÞû ¢�ªüõ üê�î üã¨ ��ü�¤�¡ ¼Î¨ �� (ö� ¤�¢  �¤�¨ á�÷) ¢�÷ø¢ ×�î ü�¤�¡ ¼Î¨ .ñ�·õ 9.1.3-3.2 ý�úÜØª ¤¢ .¢�ª ���� 2.3 ÛØª �� ;´¨� é¤�õ�ÿÞû (¤�¢ �µ¨¢) ý�� ö���ó¼�®�� ý�Â� .´¨� ùÀª ù¢¤ø� é¤�õ�ÿÞû ý�û�Ìê ¥� üþ�û�÷�Þ÷ (¢)-3.2 ø (Óó�)¤¢ Àþ�� �¤ (�)-3.2 ø (�)-3.2 ý�úÜØª ¤¢ ùÀª ù¢�¢ ö�È÷ ü÷��õ ���� �µÔð ßþ�.ÀþÂ�Ú� ÂÑ÷35
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê üþ�Öó� ý��ó���� 1.3À�ê¤�õ�ÿÞû ö�»�ê ø ���� ¼Î¨ :2.3 ÛØª

À�ê¤�õ�ÿÞû (¢) ø (Óó�) ý�úÜØª :3.3 ÛØª

�� ,¢�Þ÷ ù¢�Ôµ¨� ö���üõ Ûþ�Æõ �÷�ð ßþ� ü¨¤Â� ý�Â� ö� ¥� �î üõ�Ø�� ¥� üØþ.´¨� Âþ¥ �Âªx 2 Âû ý�¥� �� ù�Ú÷� ,Àª�� ÝÆ�ê¤�õ�ÿÞû h : X �= Y Âð� .��Ìì 10.1.3.À�ê¤�õ�ÿÞû ��÷ Y � fh(x)g ø X � fxg ý�û�Ìê ý� X�� X � fxg ¥� üµª�Ú÷ �î ,hjX�fxg = p Æ h Æ I ÀþÀ½� ¥� ´¨� üê�î :��±��p ø ´¨� X ¤¢ X �fxg ý��µ�� ´ª�Ú÷ I �¹�þ� ¤¢ .¢�ª ù¢�Ôµ¨� ,´¨� Y �fh(x)g2 .Y � fh(x)g ýø¤ �� Y ¥� Âþ�Ê� ´ª�Ú÷36
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üþ�Öó� ý��ó���� 1.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê.¢�¢ Ý�Þã� ¢�ªüõ ��÷ ¯�Ö÷ ¥� üû��µõ ý¢�Àã� ´ó�� �� �¤ ��Ìì ßþ�ý�û�Ìê Âþ¥ �÷�Ú� �î ¢�Þ÷ ����� ö��µ÷ ý¢�úª ÂÑ÷ ¥� �f ¬� Àþ�ª .ñ�·õ 11.1.3Ý��î­Âê Âð� �Âþ¥ .¢¤�¢ ´�ãì�ø �î üó�� ¤¢ !À�µÆ�÷ é¤�õ�ÿÞû R ¥� (0;1) ø [0;1℄ø (0;1℄ = [0;1℄ � f0g Àþ�� �¤�¬ ßþ� ¤¢ ,h : [0;1℄ �= (0;1) À�ê¤�ÿÞû ø¢ ßþ���¤�³Øþ üóø� �î üó�� ¤¢ .À�ª�� é¤�õ�ÿÞû (0;1)�h(0) = (0;h(0))[(h(0);1)ý�û�Ìê �î ¢�Þ÷ ñ�±ì ö���üõ ý¢�úª ÂÑ÷ ¥� ��®ø �� ,�õ� !��¤�� ø¢ üõø¢ ø ´¨��ú÷� ö¢�Þ÷ éÂõ�ÿÞû ý�Â� �î �Â� .À�ª�� é¤�õ�ÿÞû À�÷���üÞ÷ ��¤�� ø¢ ø ��¤�³Øþ.¢�ªüõ ö��� ýÂ�Õ�ì¢ ÛØª �� ùÀþ� ßþ� 3.3 Ç¿� ¤¢ !´¨� öÀ÷�±Æ� �� ¥��÷ý�û�Ìê Âþ¥ .ö¢�� éÂõ�ÿÞû «�Ê¡ ¤¢ ý¢�úª ���þÂÞ� 12.1.3:À��î Ý�ÆÖ� é¤�õ�ÿÞû ý�û�µ¨¢ �� �¤ 4.3 ÛØª ¤¢ ùÀõ� (R2 ø) R34.3 ÛØª

ÛØª ¤¢ R3 ¤¢ ù¢¤�¡ùÂð ùbÂþ�¢ ×þ �� ��÷ ø ùÂþ�¢ ×þ �� Âð� .ñ�·õ 13.1.3.Ý�ûÀ� ���¤��Ìê Âþ¥ ø¢ ö� ö��õ ÝÆ�ê¤�õ��Þû×þ À�÷��� üõ üð¢�Æ� ,Ý��î ù�Ú÷ ,5.3ø Ý��î üõ Ý�ÆÖ� ,´ÞÆì �÷ ��·õ ,ü��ãÎì �� �¤ ×þ Âû �Àµ�� :´¨� ß��� ¤�î ùbÀþ�.Ýþ¤�Ú÷üõ ù¢¤�¡ ùøÂð ùÂþ�¢ ¥� yi+1 �� yi ùb¥�� �� �¤ ùÂþ�¢ ¥� xi+1 �� xi ùb¥�� Å±¨,Àª�� ùÀÈ÷ �µ¡�¨ í¥�÷ ¤��÷ ¥� �î Ý�ª�� �µª�¢ ù¢¤�¡ ùÂð ùbÂþ�¢ ×þ �î ü�¤�¬ ¤¢ù¢ÂÈê ø ÇÞ¡ ,ÇÈî �� ´¨� ñ�½õ ,À�î Õ�Ö½� À÷��µ�õ ùÀ�÷��¡ üð¢�Æ� �Øþ¤�Î÷�Þû,üóø .À�¨¤ ù¢¤�¡ ùÂð ùÂþ�¢ ýø¤ ¥� ��ãÎì ö¢Âî ÛÊµõ �þ ø ö¢�¢ ©Â� öøÀ� ø ö¢Âî´¨¢ ø ,Ý��î ¥�� �Â÷� ùÂð Å³¨ ,Ý��Ø� ¢�¹þ� ù¢¤�¡ ùÂð ùÂþ�¢ Â� ´ì�õ ©Â� ×þ Âð���¹õ �¤ �õ ¶½� ßþ� .À�¨¤ Ý�û��¡ ùÂþ�¢ �� ,Ý��î ÛÊµõ Ýú� �¤ ´Æ¿÷ ý�¨ ø¢ Â¡�´ì�õ ©Â� ,R3 ¤¢ ý�û�Ìê Âþ¥ ö¢�� é¤�õ��Þû ¥� ö�õ ý¢�úª ��úÔõ ¤¢ �� À�îüõ37
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê üþ�Öó� ý��ó���� 1.3,Ý��î üõ ¢�¹þ� ´ì�õ ©Â� ×þ �Àµ�� �î ´¨� ß��� üÜî ùÀþ� .Ý�÷�À� �þ�� ��÷ �¤�þ ø Ý��îüõ ù¢ÂÈê �þ ø Ý�Èîüõ ,ü�ãþ) Ý��îüõ ù¢�Ôµ¨� °¨��õ ÝÆ�ê¤�õ��Þû Å³¨ø ñø� ý�û�Ìê ö.ßî� ,Ý��îüõ ÛÊµõ Ýú� �¤ ñø� ©Â� ¥� ý�úµ÷� ø¢ ù�Ú÷� ø ( ...Ç¿� ¤¢ �î üµÞÆì �¤�¡ ý�Ìê ��úÔõ ¥� ù¢�Ôµ¨� �� �¤ ùÀþ� ßþ� .À�ê¤�õ��Þ¡ Â¡����� 5.5 �b �Ìì ��«�Ê¿� ,¢�¢ ¼�®�� ÛØª ßþÂ�Õ�ì¢ �� ¢�ªüõ Àõ� Àû��¡ 2.3.À��îù¢¤�¡ ùÂð ùbÂþ�¢ ø ùÂþ�¢ ö¢�� é¤�õ�ÿÞû :5.3 ÛØª
?À�ê¤�õ�ÿÞû ¼Î¨ ø¢ ßþ� �þ� :6.3 ÛØª

Âþ¥ �î 6.3 ÛØª ¤¢ ùÀª ù¢�¢ ý�Ìê ø¢ �î À�û¢ ö�È÷ .ßþÂÞ� 14.1.3��� ¤��÷ �¨ ßµ¡ø¢ �� �Ìê Âþ¥ ß�óø� .À�ª��üõ é¤�õ��Þû ,À�µÆû R3 ¥� üþ�û�ÌêÝú� ¥� �Ìê Âþ¥ ß�õø¢ .´¨� ùÀª Û¬�� Áè�î ÛØª ý�ùÂþ�¢ �bØ� ø¢ �� ýÁè�î ùb¢¤�¡�� ø¢ ¤¢ �¤ üóø� :üþ��Þû�¤) .´¨� ùÀª Û¬�� ÂÚþÀØþ �� À�Ü� ýÁè�î ¤��÷ ø¢ ßµ¡ø¢ù�Ú÷� ø ,À��î ¥�� �¤ ö�È��� Å³¨ ø ,ù¢¤�¡ ��� ý�û¤��÷ ¥� �� ø¢ ¤¢ �·õ ,À�û¢ ©Â�(.À�÷�±Æ»� ö�ª¢�¡ ý��38
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üþ�Öó� ý��ó���� 1.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊêüõø�ó ù�Ú÷� ,Àª�� X ¥� üþ�Ìê Âþ¥ S Âð� �î Ý�µÔð �f ±ì .´ª�¢¢�þ 15.1.3Âû ,Àª�� ¥�� X ¤¢ S Âð� ,�õ� .À�ª�� ¥�� ��÷ X ¤¢ ,S ¤¢ ¥�� ý�û�ä�Þ¹õ Âþ¥ �î ¢¤�À÷.´¨� ¥�� ��÷ X ¤¢ ,S ¤¢ ¥�� �bä�Þ¹õ Âþ¥�� ´±Æ÷ S ¤¢ ¥�� �bä�Þ¹õ Âþ¥ Âû ,Àª�� ¥�� X ¤¢ S Âð� (1 .Ýó 16.1.3.´¨� ¥�� ��÷ X ¤¢ ,S Â� üþ�Öó� ý��ó����,S Â� üþ�Öó� ý��ó���� �� ´±Æ÷ S ¤¢ �µÆ� �bä�Þ¹õ Âþ¥ Âû ,Àª�� ¥�� X ¤¢ S Âð� (2.´¨� �µÆ� ��÷ X ¤¢(1) �ú�� ´¨� üê�î ,´¨� üØþ Ç���Þî ,À�µÆû ��±ª (2) ø (1) ��±�� ö�� :��±��ÓþÂã� ����� .S ¥� ¥�� ý��ä�Þ¹õ Âþ¥ U ø Àª�� ¥�� X ¤¢ S Ý��î ­Âê .Ý��î ��±�� �¤ø ,¥�� �bä�Þ¹õ ø¢ í�Âµª� U = V \ S �¹�µ÷ ¤¢ .´¨� ¥�� X ¤¢ V �î ,U = V \ S2 .´¨� ¥�� X ¤¢ �Áó.ßþÂÞ� 17.1.3ßþ� ¤¢ ,Àª�� Y ¥� üþ�Ìê Âþ¥ Z ø ù¢�� X ¥� üþ�Ìê Âþ¥ Y Âð� �î À�û¢ ö�È÷ (1.´¨� X ¥� üþ�Ìê Âþ¥ Z �¤�¬.´¨� ÂþÁ�Âµõ ,ýÂµõ ý�Ìê ×þ ¥� ý�Êê Âþ¥ Âû À��î ´��� (21S : S ! ý�µ�� ´ª�Ú÷ �î À�û¢ ö�È÷ .Àª�� X ¥� üþ�Ìê Âþ¥ S À��î ­Âê (3ý�¤�¢ ,ü�ãþ) ý��ó���� ßþÂµÔ�ã® S �î À�û¢ ö�È÷ ,ùø�ã� .´¨� �µ¨��� X.Àª��üõ �µ¨��� .1S ý�µ�� ´ª�Ú÷ �î ý¤�Ï �� ,´¨� (¥�� ý�û�ä�Þ¹õ Ûì�À�1S : S ! X ø X ¥� ý��ä�Þ¹õ Âþ¥ ,S ,ý��ó���� üþ�Ìê S À��î ­Âê (4�� �î ¢¤�¢ ¢��ø S Â� ý�ý��ó���� À��î ­Âê .Àª�� X ¤¢ S ý��µ�� ´ª�Ú÷ý� f : Y ! S ´ª�Ú÷ Âû ø Y ­øÂÔõ ý��ó���� ý�Ìê Âû ý�¥�´¨� �µ¨��� f : Y ! S , ´¨� �µ¨��� 1S Æ f : Y ! XÂ� ý��ó���� Í¨�� S Â� üþ�Öó� ý��ó���� ö�Þû S Â� ý��ó���� �î À��î ´���.´¨� X�� �¤ X ¤¢ A ¤�µÆ� .Àª�� Y ¥� üþ�Ìê Âþ¥ A ø X ¥� üþ�Ìê Âþ¥ Y ÝþÂ�ð (5À��î ´��� .Ý�û¢üõ ö�È÷ ClY (A) ¢�Þ÷ �� �¤ Y ¤¢ A ¤�µÆ� ø ClX(A) ¢�Þ÷.ClY (A) 6= ClX(A) üÜî ´ó�� ¤¢ �î À�û¢ ö�È÷ .ClY (A) � ClX (A)39
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê üþ�Öó� ý��ó���� 1.3´¨� é¤�õ�ÿÞû R ¢�¡ �� ,R ¥� ©�üþ�Öó� ý��ó���� �� (a; b) �î À�û¢ ö�È÷ (6ù¢�Ôµ¨� d ø 
°¨��õ ��¿µ÷� �� ,x 7! tan(�(
x+d)) Â�Ñ÷ üã��� ¥� :üþ�Þ�û�¤).(À��îÀ��î ´��� .Àª�� X ¥� üþ�ÌêÂþ¥ S ø ý��ó���� ý�Ìê ø¢ Y ø X À��î ­Âê (7��÷ f jS : S ! f(S) ´ª�Ú÷ ù�Ú÷� ,Àª�� �µ¨��� üµª�Ú÷ f : X ! Y Âð� �î.´¨� �µ¨���.À�ê¤�õ�ÿÞû ,üó�Þãõ ý��ó���� �� R ¥� (0;1) ø (1;1)ý�û�Ìê Âþ¥ À�û¢ ö�È÷ (8(.À��î ù¢�Ôµ¨� x 7! 1=x ¥� :üþ�Þ�û�¤)�� Rn �� ,Rn+1 ¥� üþ�Öó� ý��ó���� ù�ÂÞû �� Sn�f(0; � � � ;0;1)g À��î ´��� (9' : Sn � ´ª�Ú÷ :üþ�Þ�û�¤) .´¨� é¤�õ�ÿÞû ©�üó�Þãõ ý��ó���� ù�ÂÞû�bÎ��® �� �¤ f(0; � � � ;0;1)g ! Rn'(x1; � � � ; xn+1) = 11� xn+1 �x1; � � � ; xn��bÎ��® �� �¤  : Rn ! Sn� f(0; � � � ;0;1)g ø ù¢�Þ÷ ÓþÂã� (x1; � � � ; xn) = 11+ kxk2 �2x1; � � � ;2xn; kxk2 � 1�(.ÀþÂ�Ú� ÂÑ÷ ¤¢ý��ó���� �� Rn+1 ¥� üþ�Öó� ý��ó���� ý�¤�¢ Sn ø Rn+1 � f0g À��î ­Âê (10f(x) = x=kxk �bÎ��® �� f : Rn+1 ! Sn �î À��î ´��� .À�µÆû üó�Þãõ.´¨� �µ¨��� üã���
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üµÞÆì �¤�¡ ý��ó���� 2.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊêüµÞÆì �¤�¡ ý��ó���� 2.3´ª�Ú÷ ×þ ø X ý��ó���� ý�Ìê ×þ ,S �ä�Þ¹õ ×þ áøÂª ¤¢ ,Û±ì Ç¿� ¤¢ý��ó���� S Â� Ý�÷��µ� �� ¢�¢ ö�Øõ� �Þ� ¤�î ßþ� .Ý�µêÂð ÂÑ÷ ¤¢ �¤ X �� S ¥� ×�±Øþù��¿ó¢ ý��ä�Þ¹õ ,X ý��ó���� üþ�Ìê Ç¿� ßþ� ¤¢ .üþ�Öó� ý��ó���� :Ý�û¢ ¤�ÂìÂ� ý��ó���� ÓþÂã� ö�Øõ� Âõ� ßþ� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ Y �� X ¥� �ª�� üµª�Ú÷ ø Y.Ý�õ�÷üõ üþ�Öó� ý��ó���� �¤ ßþ� .Àû¢üõ �¤ YX ý��ó���� ý�Ìê ¥� �ª�� üµª�Ú÷ f : X ! Y À��î ­Âê .ÓþÂã� 1.2.3¥� ´¨� �¤�±ä f �� ´±Æ÷ Y Â� üµÞÆì �¤�¡ ý��ó���� .´¨� Y �bä�Þ¹õ ýøÂ�: Uf := fU j´¨� ¥�� X ¤¢ f�1(U)g ý�û�ä�Þ¹õ ùb¢��÷�¡��¿µ÷� ¥� Å� ,ùø�ã� .Àû¢üõ Y Â� ý��ó���� ×þ Û�ØÈ� Uf .Ýó 2.2.3.´¨� �µ¨��� f ­øÂÔõ ´ª�Ú÷ ,Y Â� üµÞÆì �¤�¡ ý��ó�����Âþ¥ ;À÷¤�ÂìÂ� ��÷ ÂÚþ¢ ¯Âª ø¢ .;; Y 2 Uf ��®ø �� :��±��f�1(U1 \ U2) = f�1(U1) \ f�1(U2); f�1� [j2J Uj� = [j2J f�1(Uj):2 .´¨� üúþÀ� f üÚµ¨���RPn := ff�x; xg jx 2 À��î­Âê .üÖ�Ö� ýÂþ�Ê� ý�Ìê�n :ñ�·õ 3.2.3� : Sn!´ª�Ú÷ ��®ø �� .Àª�� Sn ¤¢ ¯�Ö÷ ¥� °�Âõ�÷ ý�ú�ø¥ �bÞû �bä�Þ¹õ Sng�� � Í¨�� ö���üõ �¤ RPn �bä�Þ¹õ .¢¤�¢ ¢��ø x 7! f�x; xg �bÎ��® �� RPnüÖ�Ö� ýÂþ�Ê� ý�Ìê�n �¤ Û¬�� ý�Ìê .¢�Þ÷ ��ú¹� üµÞÆì �¤�¡ ý��ó����.À�õ�÷üõ�Ìê ¥� Âþ¥ �bä�Þ¹õ Âþ¥ .§����õ ¤��÷ :ñ�·õ 4.2.3C = f(x; y; z) 2 R3 jx2 + y2 = 1 ; jzj � 1g.(´¨� �Ìê ¤¢ ÂþÀµÆõ ý��÷��µ¨� C) ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ R3 ¥� üþ�Öó� ý��ó���� ��M = ,ü�ãþ ,Àª�� C ¥� f�p; pg ÛØÈ� °�Âõ�÷ ý�ú�ø¥ �bä�Þ¹õ M À��î ­ÂêÝ�÷���üõ ,¢¤�¢ ¢��ø üã�±Ï ¤�Î�M �� C ¥� üþ�ª�� ´ª�Ú÷ ,ö�� .ff�p; pg j p 2 Cg41
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê üµÞÆì �¤�¡ ý��ó���� 2.3§����õ ¤��÷ ,�¹�µ÷ .Ý��î ù�ÂÞû ´ª�Ú÷ ö� �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó���� �� �¤M�bÎ��® �� f :M ! R3 â��� .¢¤�¢ ��÷f�p; pg 7! �(x2 � y2)(2+ xz);2xy(2+ xz); yz�.´¨� ¼®�ø f ö¢�� ×�±Øþ Õ�Ö½� .p = (x; y; z) 2 C � R3 �î ,ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤�� M âì�ø ¤¢ .´¨� ùÀª ù¢�¢ ö�È÷ 7.3 ÛØª ¤¢ f ´½� M ý�Ìê f(M) ùb¤�Ú÷.Ýþ�ùÀ�È¿� üþ�·ó� ý��ó���� f(M) �� �¹�þ� ¤¢ �î ,´¨� é¤�õ�ÿÞû f(M) � R3�¤�¬ �� �¤ F : R3 ! R3 Âð� ,�Âþ¥F (x; y; z) = �(x2 � y2)(2+ xz);2xy(2+ xz); yz��¤�¡ ý�úµª�Ú÷ �
 �ä ´�¬�¡ ¥� ýÂ�ð ùÂú� �� ø ¢�� Àû��¡ �µ¨��� F ,Ý��î ÓþÂã�f�1 �Ø�þ� .¢�Þ÷ ��µ�µ¨� �¤ f üÚµ¨��� ö���üõ (Âþ¥ ¤¢ �øÂÈõ 7.2.3 ��Ìì) üµÞÆìüÜ�¡ �f Þä �¤ ÝØ� ßþ� ;¢�ªüõ �µª�Áð ùÀ�÷��¡ ùbÀúä Â� ßþÂÞ� ö���ä �� ,´¨� �µ¨���.´êÂð �¹�µ÷ ö���üõ ýÀã� Ç¿� ¤¢ �ÂÎõ ©ø¤ �� ,Â�ù¢�¨7.3 ÛØª
ö� ¥� ý��ä�Þ¹õ Âþ¥ A ø ý��ó���� üþ�Ìê X À��î ­Âê .ÓþÂã� 5.2.3"fx; x0g 2 A �þ x = x0 Âð� �ú�� ø Âð� x � x0' ÓþÂã� �� ý¥¤�Ýû �bÎ��¤ � ÝþÂ�ð Àª��íøÂ� �ÎÖ÷ ×þ �ú�� �� �¤ A ö� ¤¢ �î ´¨� X ö�Þû Y ,ý¢�úª ÂÑ÷ ¥�) ´¨� X Â�¤¢ A ö¢�Þ÷ íøÂ� ¥� Û¬�� ý�Ìê ø ù¢�¢ ö�È÷ X=A ¢�Þ÷ �� �¤ X= � .(Ýþ�ù¢�Þ÷�ª�� �î ,� : X ! X=A üã�±Ï Âþ�Ê� ´ª�Ú÷ Í¨�� ö���üõ ¼®ø �� .Ý�õ�÷üõ X.¢�¢ ¤�Âì X=A Â� üµÞÆì �¤�¡ ý��ó���� ,´¨�ø ´¨� R ¥� üþ�Öó� ý��ó���� �� X = [0;1℄ À��î ­Âê (1 .ñ�·õ 6.2.3Â� üÜî .´¨� é¤�õ�ÿÞû S1 �� X=A �¤�¬ ßþ� ¤¢ .A = f0;1g42
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üµÞÆì �¤�¡ ý��ó���� 2.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊêÝþÂ�ð .´¨� üþ�Öó� ý��ó���� �� Rn ý�Ìê ¤¢ ýÀã��n ×Æþ¢ D n ÝþÂ�ð (2é¤�õ�ÿÞû Sn �� X=A = D n=Sn�1 �¤�¬ ßþ� ¤¢ ,´¨� X ×Æþ¢ �b ±ó A = Sn�1.´¨�.Ý��î �ÂÎõ �¤ üµÞÆì �¤�¡ ý�úµª�Ú÷ ��ä ´�¬�¡ �î ´¨� ö� ´ìø ö��î��¤�¡ ý��ó���� ý�¤�¢ Y ø �ª�� üµª�Ú÷ f : X ! Y ÝþÂ�ð .��Ìì 7.2.3ý�Ìê �� Y ¥� g : Y ! Z ´ª�Ú÷ ,�¤�¬ ßþ� ¤¢ .´¨� X ¥� f �� ´±Æ÷ üµÞÆì.Àª�� �µ¨��� g Æ f �î ´¨� �µ¨��� üµìø �ú�� ø üµìø Z ý��ó����g Æ f °�îÂ� ,Àª�� �µ¨��� ��÷ g Âð� ,ßþ�Â���� ø ´¨� �µ¨��� f : X ! Y â��� :��±��V Âð� ,�¤�¬ ßþ� ¤¢ .Àª�� �µ¨��� g Æ f À��î ­Âê ,ÅØãó�� .¢�� Àû��¡ �µ¨��� Ýûf�1(g�1(V )) ,ñ¢�ãõ ö��� �� .´¨� ¥�� X ¤¢ (g Æ f)�1(V ) ù�Ú÷� ,Àª�� ¥�� Z ¤¢�î ¢¢Âðüõ �¹�µ÷ ßþ� ¥� ,Y Â� üµÞÆì �¤�¡ ý��ó���� ÓþÂã� ����� .´¨� ¥�� X ¤¢2 .Àª��üõ �µ¨��� g ßþ�Â���� ø ´¨� ¥�� Y ¤¢ g�1(V ).ßþÂÞ� 8.2.3f : X ! Y â��� �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó���� �� ù�ÂÞû Y À��î ­Âê (1f ö� �bÎ¨�ø �� �î ¢¤�¢ �¤ ü�ØÞõ ý��ó���� ßþÂ�ý�ì Y À��î ´��� .´¨�.´¨� �µ¨���f : X ! Y â��� �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó���� �� ù�ÂÞû Y À��î ­Âê (2f�1(A) �î ´¨� �µÆ� üµìø �ú�� ø üµìø Y ¥� A �bä�Þ¹õ Âþ¥ À�û¢ ö�È÷ .´¨�.Àª�� �µÆ�f(t) = � 
os(2�t); sin(2�t)� �bÎ��® �� f : R ! S1 � R2 À��î ­Âê (3�fÖ�ì¢ f �� ´±Æ÷ S1 Â� Uf üµÞÆì �¤�¡ ý��ó���� À��î ´��� .¢�ª ÓþÂã��î À�û¢ ö�È÷ ,ü�ãþ) ´¨� S1 Â� R2 ¥� U üþ�Öó� ý��ó���� ö�Þû ¥� �¤�±ä.((Uf ;S1) �= (S1;U)�ª�� g : Y ! Z ø f : X ! Y ø ù¢�� ý��ó���� ý�Ìê Z ø Y ,X ÝþÂ�ð (4��÷ Z Â� ø f �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó���� Y Â� Âð� �î À��î ´��� .À�ª���� Z Â� ý��ó���� ù�Ú÷� ,Àª�� �µª�¢ ¤�Âì g �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó����.´¨� üØþ g Æ f : X ! Z �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó����43
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê üµÞÆì �¤�¡ ý��ó���� 2.3.À�ê¤�õ�ÿÞû S1 ø RP1 À��î ´��� (5:´¨� ×�±Øþ ø �µ¨��� Âþ¥ �bÎ��® �� f : RP2 ! R4 â��� �î À�û¢ ö�È÷ (6f�x; xg 7! �x21 � x22; x1x2; x1x3; x2x3�ÝþÂ�ð .Àª�� �ª�� üµª�Ú÷ f : X ! Y ø ù¢�� ý��ó���� ý�Ìê X ÝþÂ�ð (7U À��î ­Âê .´¨� f �� ´±Æ÷ Y Â� üµÞÆì �¤�¡ ý��ó���� ÂÚÈþ�Þ÷ UfY ) ´¨� �µ¨��� f : X ! Y �î ý��÷�ð �� ,Àª�� Y Â� ù��¿ó¢ ý��ó���� ×þ(Y;Uf ) ù�Ú÷� ,Àª�� �µÆ� �þ ¥�� f ´ª�Ú÷ Âð� �î À�û¢ ö�È÷ .(¢¤�¢ U ý��ó�����µÆ� �þ ¥�� f Âð� Àû¢ ö�È÷ �î À��î ���¤� üó�·õ ,ùø�ã� .À�ê¤�õ�ÿÞû (Y;U) ø.(Y;U) 6�= (Y;Uf ) ´¨� ßØÞõ �¤�¬ ßþ� ¤¢ ,Àª�±÷�bä�Þ¹õ ýøÂ� X ý��ó���� ý�Ìê ¥� �ª�� üµª�Ú÷ f : X ! Y À��î ­Âê (8A ø Àª�� f �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó���� ý�¤�¢ Y ÝþÂ�ð .Àª�� Y ù��¿ó¢B = f(A) � Y Â� Y ¥� üþ�Öó� ý��ó���� ÂÚÈþ�Þ÷ U1 ÝþÂ�ð .X ¥� üþ�Ìê Âþ¥.Àª�� B Â� f jA : A! B �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó���� ÂÚÈþ�Þ÷ U2 ø Àª��´ó�� ¤¢ �î À�û¢ ö�È÷ üó�·õ Âî£ �� .U1 � U2 �¤�¬ ßþ� ¤¢ �î À�û¢ ö�È÷�¤ f(t) = exp(2�ti) �bÎ��® �� f : R ! S1 â��� :üþ�Þ�û�¤) .U1 6= U2 üÜî��÷ ø X ¥� �µÆ� ý��ä�Þ¹õ Âþ¥ A Âð� �î À�û¢ ö�È÷ ß��»Þû (.ÀþÂ�Ú� ÂÑ÷ ¤¢ù�Ú÷� ,Àª�� ¥�� üµª�Ú÷ f ��÷ ø X ¥� ¥�� ý��ä�Þ¹õ Âþ¥ A �þ ø �µÆ� üµª�Ú÷ f.U1 = U2ø ý��ó���� üþ�Ìê X Ý��î ­Âê .ýÂ�ðüØþ ý��ó���� :ñ�·õ 9.2.3¢�Þ÷ �� �¤ x 2 X Ûõ�ª ý¥¤�Ýû �b µ¨¢ Ý��î ­Âê .Àª�� ö� Â� ý¥¤�Ýû ý��Î��¤ �ø ;Ý�û¢ ö�È÷ X= � ¢�Þ÷ �� �¤ � ý¥¤�Ýû ý�û�µ¨¢ �bÞû �bä�Þ¹õ ø ù¢�¢ ö�È÷ [x℄×þ ¢�ªüõ � ¥� ù¢�Ôµ¨� �� .´¨� x 7! [x℄ üã�±Ï ý�ª�� â��� � : X ! X= �ý��ó���� �¤ ý��ó���� ßþ� °Üè� .¢�Þ÷ ��ú� X ¥� X= sin Â� üµÞÆì �¤�¡ ý��ó����.À�õ�÷üõ ýÂ�ðüØþÓþÂã� "
 � y Âð� �ú�� ø Âð� x� y' �¤�¬ �� Sn Â� �¤ � Âð� .ñ�·õ 10.2.3ý¥¤�Ýû Âð� ,°��Â� ß�Þû �� .´¨� RPn ö�Þû ��®ø �� Sn= � �¤�¬ ßþ� ¤¢ ,Ý��î.Ý�¨¤üõ C= �§����õ ¤��÷ �� ,ÝþÂ�Ú� ÂÑ÷ ¤¢ C Â� �¤ ¤�îÁõ44
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üµÞÆì �¤�¡ ý��ó���� 2.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê�� R2 ¤¢ X = f(x; y) j0 � x; y � 1g À��î ­Âê .�÷��µ¨� :ñ�·õ 11.2.3�¤�¬ �� X Â� �¤ � �bÎ��¤ ø ´¨� R3 ¥� üþ�Öó� ý��ó����(x; y) � (x0; y0) , " (x; y) = (x0; y0)�þ fx; x0g = f0;1g ø y = y0 ',��� �Âª �� üµÞÆì �¤�¡ ý��ó���� ù�ÂÞû �� X= � �¤�¬ ßþ� ¤¢ .Ý��î ÓþÂã�¤¢ ö�Ø�� ´õ�ä .¢�ª ���� (Óó�)-8.3 ÛØª �� .´¨� é¤�õ�ÿÞû �÷��µ¨� �� �f Þä.Àû¢üõ ö�È÷ �¤ �ú÷� üú÷ Ýû Â� ý¢�úª ©ø¤ ,¤�îÁõ ÛØª éÂÏ ø¢8.3 ÛØª
X = À��î ­Âê ,Û±ì ñ�·õ ���Èõ �¤�¬ �� .§����õ ¤��÷ :ñ�·õ 12.2.3�� X Â� �¤ � �bÎ��¤ ø ´¨� R3 ¥� üþ�Öó� ý��ó���� �� R2 ¤¢ f(x; y) j0 � x; y � 1g�¤�¬(x; y) � (x0; y0) , " (x; y) = (x0; y0) �þ fx; x0g = f0;1g ø y = 1� y0 ',��� �Âª �� üµÞÆì �¤�¡ ý��ó���� ù�ÂÞû �� X= � �¤�¬ ßþ� ¤¢ .Ý��î ÓþÂã�ßþ� ��±�� �µ±ó� .¢�ª ���� (�)-8.3 ÛØª �� .´¨� é¤�õ�ÿÞû §����õ ¤��÷ �� �f Þä.´¨� üúþÀ� ý¢�úª �¤�¬ �� üóø ;´¨� ý¤��ª¢ ¤�î �f ãê Âõ�X = f(x; y) j0 � À��î­Âê ,Û±ì ñ�·õ ���Èõ �¤�¬ �� .���� :ñ�·õ 13.2.3�¤�¬ �� X Â� �¤ � �bÎ��¤ ø ´¨� R3 ¥� üþ�Öó� ý��ó���� �� R2 ¤¢ x; y � 1g(x; y) � (x0; y0) , 24 fx; x0g = f0;1g ; y = y0fy; y0g = f0;1g ; x = x00 < x = x0 < 1;0 < y = y0 < 1,��� �Âª �� üµÞÆì �¤�¡ ý��ó���� ù�ÂÞû �� X= � �¤�¬ ßþ� ¤¢ .Ý��î ÓþÂã�-9.3 ÛØª �� .´¨� é¤�õ�ÿÞû ,¤�¢  �¤�¨ ¢�÷ø¢×�î ü�¤�¡ ¼Î¨ �þ ���� �� �f Þäý�Ìê Âþ¥ �� �Ìê ßþ� �î ¢�¢ ö�È÷ ¢�ªüõ ýÀã� ñ�Êê ��ä�Ï� �� .¢�ª ���� (Óó�)üÞÆ�ê¤�õ�ÿÞû .´¨� éÂõ�ÿÞû R3 ¥� f(x; y; z) 2 R3 j (px2 + y2�2)2+z2 = 1g¥� ´¨� �¤�±ä ,Àû¢üõ ��¹÷� �¤ ¤�î ßþ� �î�x; y� 7! �(2+ 
os(2�x)) 
os(2�y); (2 + 
os(2�x)) sin(2�y); sin(2�x)�45
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê üµÞÆì �¤�¡ ý��ó���� 2.3ÛØª �� !¢�ªüõ �µêÂð üØþ ¢�÷ø¢ ü�Â¡ ¼Î¨ �� ���� �Â� �î À�îüõ É¿Èõ ßþ���¹÷� ¢�ªüõ ��÷ á�¹�¤� Û��ì ¼Î¨×þ �� ý¢�úª ÂÑ÷ ¥� �¤ ¤�î ßþ� .¢�ª ���� 10.3ùÀª ù¢�¢ ö�È÷ ý¢�úª �¤�¬ �� ¤�î Û��Âõ �¹�þ� ¤¢ .¢¢Âð ���� 11.3 ÛØª �� .¢�¢.´¨�9.3 ÛØª
X = À��î ­Âê ,Û±ì ñ�·õ ���Èõ �¤�¬ �� .ßþ�î ýÂÎ� :ñ�·õ 14.2.3�� X Â� �¤ � �bÎ��¤ ø ´¨� R3 ¥� üþ�Öó� ý��ó���� �� R2 ¤¢ f(x; y) j0 � x; y � 1g�¤�¬(x; y) � (x0; y0) , 24 fx; x0g = f0;1g ; y = y0fy; y0g = f0;1g ; x = 1� x00 < x = x0 < 1;0 < y = y0 < 1��� �Âª �� üµÞÆì �¤�¡ ý��ó���� ù�ÂÞû �� X= � �¤�¬ ßþ� ¤¢ .Ý��î ÓþÂã�Û��Âõ 12.3 ÛØª ¤¢ .¢�ª ���� (�)-9.5 ÛØª �� .¢�ªüõ ùÀ�õ�÷ ßþ�î ýÂÎ�¤¢ ýÂ�ðüØþ ß�óø� .´¨� ùÀª ù¢�¢ ö�È÷ â�Âõ ýø¤ ¥� ßþ�î ýÂÎ� ´¡�¨ ý¢�úª¤¢ �f Þä ýÂ�ðüØþ ß�õø¢ ,�õ� .(¢�ª ���� (�)-12.3 ÛØª ��) ¢Â�ðüõ ��¹÷� R3âÎì �¤ ©¢�¡ �Øª �� ´¨� �¥� ÂµÈ�� Àã� ×þ �� �î �Â� ,¢ÂþÁ�üõ �¤�¬ R4 ý�Ìê,´Æ�÷ üãì�ø ¤�îÁõ ÛØª ¤¢ ¢¤�¡Â� ùbÂþ�¢ ;¢�ª ���� (¢)-12.3 ÛØª �� !À�Ø÷´þø¤ ö�õ¢�¡ ý��÷¢ ¤¢ �¤ ÂÑ÷ �¤�õ ÛØª Ý�û��¡üõ �î ´¨� ßþ� ö� ¤�úÒ ´Üä!Ý��î-13.3 ÛØª ��) âÏ�ì �b½Ô¬ ×þ Í¨�� �� (¢)-12. 3ÛØª ö¢�¢ ©Â� ��§����õ ¤��÷ ø¢ ¥� ´¨¤¢ ßþ�î ýÂÎ� �î ¢¢Âðüõ ùÀû�Èõ ,(¢�ª ���� (�) ø (Óó�)�¤�¬ �� �¤ ßþ� .´¨� ùÀª �µ¡�¨ À÷�ùÀª �µ¡ø¢ Ýú� ö�ÈîÂµÈõ ¥Âõ ¢�Àµõ� ¤¢ �î.¢�Þ÷ ÝÆ¹� ¢�ªüõ ��÷ (¢) ø (�)-13.3 ÛØª ¤¢ ùÀõ�46
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üµÞÆì �¤�¡ ý��ó���� 2.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê10.3 ÛØª

11.3 ÛØª

47
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê üµÞÆì �¤�¡ ý��ó���� 2.312.3 ÛØª
13.3 ÛØª

14.3 ÛØª

48
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üµÞÆì �¤�¡ ý��ó���� 2.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê
Ý��îüõ À�î�b� ,ÂµÈ�� ¢�úª ¢�¹þ� ´ú� �� .ýÂþ�Ê� �b½Ô¬ :ñ�·õ 15.2.3ö� ¤¢ �î ,¢�Þ÷ üêÂãõ ¢�ªüõ S2= � �¤�¬ �� �¤ RP2 üÖ�Ö� ýÂþ�Ê� �b½Ô¬ �îüØþ ü���� ùbÂØÞ�÷ �� üó�Þª ùbÂØÞ�÷ ,´ó�� ßþ� ¤¢ ."x � x0 () x = �x0'ßþ� �î ,Ý��î é�Îãõ üó�Þª ùbÂî Ý�÷ �� �ú�� �¤ ö�Þú��� Ý�÷���üõ �Áó ø ,¢�ªüõ �µêÂð(x; y; z) 7! (x; y) ´ª�Ú÷ Í¨�� D 2 := f(x; y) 2 R2 jx2+ y2 � 1g×Æþ¢ �� ��÷�¤�¬ �� �¤ RP2 ,ßþ�Â���� .0 < z ø (x; y; z) 2 S2 �¹�þ� ¤¢ �î ;´¨� é¤�õ�ÿÞûö� ¤¢ �î ¢�Þ÷ ö��� ö���üõ D 2= �x � x0 , " x = x0 �þ x; x0 2 S1 � D 2 ø x = �x0 '-14.3 ÛØª ¤¢ ñ¢�ãõ ¤�Î� �þ ,(�)-14.3 ÛØª ¤¢ ýÂû�Ò �¤�¬ �� °ÜÎõ ßþ�!ÀÈ÷ ���¤� üú�Âõ ��±�� �î Ýþ¤�¢ ñ�±ì üóø .´¨� ùÀª ù¢�¢ ö�È÷ (�)×þ �� ,Ý��î éÁ� ( ÆD2 �� é¤�õ�ÿÞû ý�����÷ ,�f ·õ) �¤ RP2 ¥� üØ��ð �b ���÷ Âð��¤ üÖ�Ö� ýÂþ�Ê� �b½Ô¬ ,ßþ�Â���� .¢�ª ���� 15.3 ÛØª �� ;Ý�¨¤üõ §����õ ¤��÷¤�Ê� ö���üõ ×Æþ¢ ×þ ��÷ ø §����õ ¤��÷ ×þ ßµ¡ø¢ Ýú� ¥� Û¬�� ¼Î¨ ö���ä ��.¢�Þ÷�¤�¬ �� (�) ø (Óó�)-16.3 ÛØª ¤¢ À�÷�õ �¤ ùÂî .ùÂî :ñ�·õ 16.2.3¯�Î¡ �î Ý��î ­Âê ý¢�úª ÂÑ÷ ¥� .¢�Þ÷ ¤�Ê� ö���üõ üµÞÆì �¤�¡ ý�Ìê ×þÛØª �� ,�ú³þ¥ ßþ� ßµÆ� ¥� Å� �õ ø ,À�µÆû ²þ¥ ý�¤�¢ �úÜØª ¥� ×þ Âû ¤¢ ÛØÈÞû.Ý�¨¤üõ ùÂî.´¨� ùÀª ù¢¤ø� ¢�úª Â� ü�µ±õ üó�Àµ¨� ��� ý�úó�·õ ¤¢ .´ª�¢¢�þ 17.2.3ùb¥�À÷�� �þÂÑ÷ �î üõ�Ú�û �¤ �ú÷� �î ´¨� Âµú� üóø ,À�µÆû ���¤� Û��ì Õ�ì¢ ý�ú��±��À÷���üõ ýÀã� Ç¿� �bãó�Îõ ¥� Å� ùÀ�÷��¡ .Ý��Ø÷ �ÂÎõ ,´¨� �µê��÷ ©ÂµÆð üê�î.À�î ö��� Õ�ì¢ �¤�¬ �� �¤ ùÀª �ÂÎõ ý¢�úª ý�ú��±�� ø �µÈðÂ� Ç¿� ßþ� ���¤ À��ø ùb¥�� ý�úµ÷� ø¢ Âð� :´¨� ùÂþ�¢ ø ù¥�� ,Â�ß���� Àã� ¤¢ ùÂî ø ×Æþ¢ ���Èõ�î ´¨� �¹� .´¨� üúþÀ� ý¢�úª ÂÑ÷ ¥� ÝØ� ßþ� ;Ý�¨¤üõ ùÂþ�¢ �� ÝþÂ�Ú� üØþ!À�î �õ�ì� ö� ý�Â� ¤�¡ ¤¢ ü��±�� ùÀ�÷��¡49
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê üµÞÆì �¤�¡ ý��ó���� 2.315.3 ÛØª
16.3 ÛØª

.ßþÂÞ� 18.2.3ý¥¤�Ýû �bÎ�¤ � ø I = [0;1℄ � R Âð� �î À�û¢ ö�È÷ (1x � x0 , "x = x0 �þ fx; x0g = f0;1g'.´¨� é¤�õ�ÿÞû S1 ùÂþ�¢ �� I= � �¤�¬ ßþ� ¤¢ ,Àª��ø �÷��µ¨� ×þ ¥� üóÀõ .¢¤�¢ ü±ó�� «��¡ �÷��µ¨� �� �Æþ�Öõ ¤¢ §����õ ¤��÷ (240 � ¢�ã�� �� ,�f ·õ .À��î ��ú� Áè�î ¥� ù¢�Ôµ¨� �� §����õ ¤��÷ ¥� üóÀõ ��÷�� ø §����õ ¤��÷ ø �÷��µ¨� Í¨ø ¤¢ üÎ¡ ¢�Àõ ¥� ù¢�Ôµ¨� �� .Âµõ üµ÷�¨ 4�¤ Û¬�� ��Æ�� ,¯�Î¡ ßþ� ý�µ¨�¤ ¤¢ ,ñ�� .À��î ¢�¹þ� ýÂ¨��Â¨ �¤�¬¥� üõ�ÆØþ �b Ü¬�ê ¤¢ �¤ Í¡ ßþ� Âð� ?´Æ�� �¹�µ÷ ,´ó�� Âû ¤¢ .À�û¢ ©Â�?Àª üõ �� �¹�µ÷ ,ÀþÀ�Èîüõ á�®��¤�¡ ý�û�Ìê ö¢�� é¤�õ�ÿÞû ¥� ö���ÞÏ� ñ�Ê� ý�Â� üê�î Íþ�Âª ýÀã� ÝØ�.´¨� ùÀª ù¢¤ø� üµÞÆìY ø X ý��ó���� ý�Ìê ø¢ ö��õ üµª�Ú÷ f : X ! Y ÝþÂ�ð .��Ìì 19.2.3ý��÷�ð �� ,À�ª�� �Y ø �X °��Âµ� ý¥¤�Ýû Í��ø ¤ ý�¤�¢ Y ø X Ý��î ­Âê .Àª��ù�Ú÷� ,Àª�� ÝÆ�ê¤�õ�ÿÞû f Âð� ."f(x) �Y f(x0) Âð� �ú�� ø Âð� x �X x0' �î.À�ê¤�õ�ÿÞû ��÷ Y= �Y ø X= �X50
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üµÞÆì �¤�¡ ý��ó���� 2.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê,Ý��îüõ ÓþÂã� F [x℄ = [f(x)℄ �bÎ��® �� F : X= �X! Y= �Y üµª�Ú÷ :��±��[x℄ = Âð� �Âþ¥ ;´¨� ÓþÂãµª�¡ F .À�µÆû ý¥¤�Ýû ý�û�µ¨¢ ÂÚÈþ�Þ÷ �úµî�Â� �îßþ�Â���� .[f(x)℄ = [f(x0)℄ �þ ,f(x) �Y f(x0) �¹�µ÷ ¤¢ ø x �X x0 ù�Ú÷� ,[x0℄�¹�µ÷ ¤¢ ,F [x℄ = F [x0℄ Ý��î ­Âê F üØ�±Øþ ö¢�¢ ö�È÷ ý�Â� .F [x℄ = F [x0℄.[x℄ = [x0℄ �þ x �X x0 �¤�¬ ßþ� ¤¢ ,�õ� .f(x) �Y f(x0) ü�ãþ .[f(x)℄ = [f(x0)℄�X : X ! üã�±Ï Âþø�Ê� ,F üÚµ¨��� ��±�� ý�Â� .´¨� ù¢�¨ F üþ�ª�� ö¢�¢ ö�È÷´¨� ¼®�ø .À÷��µ¨��� ø¢ Âû �î ,ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ �Y : Y ! Y= �Y ø X= �X�µ¨��� Àþ�� �X Æ F �î ÝþÂ�ðüõ �¹�µ÷ ,´¨� �µ¨��� f ö�� ø F Æ �X = �Y Æ f �î�Ø�þ� .´¨� �µ¨��� F üµÞÆì �¤�¡ ý�úµª�Ú÷ ��ä ´�¬�¡ §�¨� Â� �¹�µ÷ ¤¢ ø Àª����µ�µ¨� Û��ì ���Èõ üó�Àµ¨� �� F�1 Æ �Y = �X Æ f�1 �bÎ��¤ ¥� ´¨� �µ¨��� F�12 .Àª��üõÂð� �ú�� ø Âð� x � x0' ý¥¤�Ýû �bÎ��¤ �� �¤ R+ := (0;1) � R .ñ�·õ 20.2.3,ß��»Þû .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ "x0 = 3nx �î ¢�ª ´ê�þ ý��÷�ð �� ý� n ¼�½¬ ¢Àä´ê�þ ý��÷�î �� ý� n ¼�½¬ ¢Àä Âð� �ú�� ø Âð� x � x0' ý¥¤�Ýû �bÎ��¤ ¤�� �¤ Rf(x) = log3 x �bÎ��® �� f : R+ ! R â��� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ "x0 = x + n �î ¢�ªø R+= � ý�û�Ìê �¹�µ÷ ¤¢ .x � x0 , f(x) � f(x0) ��÷ ø ´¨� ÝÆ�ê¤�õ�ÿÞû.(?�Â�) À�ê¤�õ�ÿÞû ùÂþ�¢ �� ø¢ Âû âì�ø ¤¢ ïÀ�ê¤�õ�ÿÞû R= �é¤�õ�ÿÞû ý¢�úª ùbÀþ� 19.2.3 �b �Ìì .üÜî ©ø¤×þ :´ª�¢¢�þ 21.2.3W �Ìê ×þ �� :Àû¢üõ ¼�®�� �¤ ´ê¤ 1.3 Ç¿� ¤¢ ö� �Âª �î ý��÷�ð �� �¤ ö¢��ö� Â� �X ý¥¤�Ýûb�Î��¤ ×þ ø X ý�Ìê ×þ �� ö� ö¢�¢ ©Â� �� .Ý��îüõ áøÂªÝÆ�ê¤�õ�ÿÞû×þ ñ�� .Àþ�ðüõ �¤W �� ñ�Ê� øX ü÷�±Æ� ¥�� üÚ÷�Ú� �î Ý�¨¤üõüã�±Ï ,ö��î� .Ý�¨Â� ö� Â� �Y ý¥¤�Ýû �bÎ��¤ ø Y ý�Ìê �� �� Ý��îüõ ÛÞä X Â� fùÀ�÷�±Æ� �Y Í¨�� �¤ Y ,ñ�� .x �X x0 , f(x) �Y f(x0) ´ó�� ßþ� ¤¢ �î ´¨�X ý�Ìê �� Z ý�Ìê 5.5 �b �Ìì ����� .Ýþ¤ø�üõ ´¨À� �¤ Z = Y= �Y ý�Ìê ø.´¨� é¤�õ�ÿÞû51
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê �Ìê Â� ùøÂð ÛÞä 3.3�Ìê Â� ùøÂð ÛÞä 3.3ßþ� .´¨� "�ä�Þ¹õ' Â� "ùøÂð' ÛÞä ,Àþ�üõ ¤�Ø� ¤��Æ� ùÀ�þ� ¤¢ �î ýÂÚþ¢ ��úÔõüµÞÆì �¤�¡ ý�û�Ìê ¥� ýÂ� á��µõ ý�úó�·õ ´¡�¨ �� Â¹�õ ø ù¢�� °ó�� ¤��Æ� ��úÔõ.¢¢ÂðüõÂ� G Ý���ðüõ ü�¤�¬ ¤¢ .´¨� ùøÂð G ø �ä�Þ¹õ X ÝþÂ�ð .ÓþÂã� 1.3.3�� G � X ! X üµª�Ú÷ �î ,´¨� �ä�Þ¹õ�G ×þ X �Ø�þ� �þ ø À�îüõ ÛÞä X�î ¢¢Âð ´ê�þ ý¤�Ï (g; x) 7! g �x ¢�Þ÷.´¨� G ùøÂð ü÷�Þû ÂÊ�ä 1 �î ,1 �x = x �û x 2 X �bÞû ý�¥� �� (1.g � (h �x) = (gh) �x �û g; h 2 G ø �û x 2 X �bÞû ý�¥� �� (2ý��ó���� ý�Ìê ý�úÞÆ�ê¤�õ�ÿÞû �bÞû ùøÂð G À��î ­Âê (1 .ñ�·õ 2.3.3Ý��î ÓþÂã� x 2 X ø g 2 G ý�¥� �� ø (¢�ª ���� (4)-15.2.2 ßþÂÞ� ��) Àª�� X1X �x = 1X(x) = ��®ø �� �Âþ¥ ,À�îüõ ÓþÂã� X Â� G ¥� üÜÞä ßþ� .g �x = g(x).g � (h �x) = g �h(x) = g(h(x)) = (g Æ h)(x) = (g Æ h) �x ø x´¨� �ø¢ �b ±�Âõ ý¤ø¢ ùøÂð ,�Â® ÛÞä �� G = Z2 = f�1;1g Ý��î ­Âê (2ÛÞä Õ�Ö½�) Ý��îüõ ÓþÂã� �1 �x = �x �¤�¬ �� �¤ Sn Â� Z2 ÛÞä .X = Sn ø.(ùÀ�÷��¡ ùbÀúä �� ö¢��ßþ� ¤¢ .X = R ø Àª�� âÞ� ÛÞä �� ¼�½¬ ¢�Àä� ùøÂð G = Z Ý��î ­Âê (3Â� ZÛÞä ×þ ßþ� .n �x = x + n Ý��îüõ ÓþÂã� ,x 2 R ø n 2 Zý�¥� �� �¤�¬.´¨� Rø (n;m) 2 Z � Z ý�¥� �� .Ý�û¢üõ Ý�Þã� Z � Z´ó�� �� �¤ Û±ì ñ�·õ (4.(n;m) � (x; y) = (x+ n; y +m) Ý��îüõ ÓþÂã� (x; y) 2 R � R,Àª�� R2 ¤¢ ´þ�ú��� üÖê� ¤��÷ X ø ¼�½¬ ¢�Àä� üãÞ� ùøÂð Z Ý��î ­Âê (5ø n 2 Zý�¥� �� �¤�¬ ßþ� ¤¢ .X = f(x; y) 2 R2 j � 1=2 � y � 1=2g ü�ãþ.m � (x; y) = (x+m; (�1)my) Ý��îüõ ÓþÂã� (x; y) 2 R2ÛÞä' �f Þä ,Àª ÓþÂã� ��� ¤¢ �î �»÷� ,�ÞÜî Õ�ì¢ ö��� �� .ÓþÂã� 3.3.3"´¨�¤ �bä�Þ¹õ�G' �þ "´¨�¤ ÛÞä' ��úÔõ .´¨� "²� �bä�Þ¹õ�G' �þ "²�52
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�Ìê Â� ùøÂð ÛÞä 3.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê(x �h) �g = ø x �1 = x üµÆþ�� Àµó�� ßþ� ¤¢ .´¨� ÓþÂã� Û��ì ���Èõ �¤�¬ ��.x � (gh)�bä�Þ¹õ�G' °��Âµ� ,"ÛÞä' ø "�ä�Þ¹õ�G' ¥� ¤�Ñ�õÅ� ßþ� ¥� .¢�¢¤�Âì 4.3.3.´¨� "²� ÛÞä' ø "²�.ßþÂÞ� 5.3.3ÓþÂã� g 2 G ø x 2 X ý�¥� �� .´¨� ´¨�¤ �bä�Þ¹õ�G×þ X À��î ­Âê (1ÓþÂã� �¤ X Â� G ¥� ²� ÛÞä ×þ � À�û¢ ö�È÷ .g � x := x � (g�1) Ý��îüõ?´Æ�÷ ñ�±ì g � x = x �g ÓþÂã� �Â� .À�îüõ�¤ h �g ÛÞä g 2 G ø h 2 H ý�¥� �� .Àª�� G ¥� üûøÂð Âþ¥ H ÝþÂ�ð (2ÓþÂã� �¤ G Â� H ¥� üÜÞä ßþ� �î À�û¢ ö�È÷ .Ý��îüõ ÓþÂã� hg �¤�¬ ��.À�îüõG ý�û�ä�Þ¹õ Âþ¥ �bÞû �bä�Þ¹õ ÂÚÈþ�Þ÷ P(G) ø ù��¿ó¢ üûøÂð G ÝþÂ�ð (3g �U := gU = fgh jh 2 Ý��îüõ ÓþÂã� U 2 P(G) ø g 2 G ý�¥� �� .Àª��.À�îüõ ÓþÂã� �¤ P(G) Â� G ¥� ÛÞä ×þ ßþ� À�û¢ ö�È÷ .UgGx := fg 2 �¤�¬ �� �¤ x 2 X ¤¢ ¥�¨ ¤�Àþ�� ø À�î ÛÞä X Â� G ÝþÂ�ð (4.´¨� G ¥� üûøÂð Âþ¥ Gx À��î ´��� .Ý��î ÓþÂã� G j g �x = xgÓþÂã� G �x := fg �x j g 2 Gg �¤ x 2 X ¤¢ ¤�Àõ ø À�î ÛÞä X Â� G ÝþÂ�ð (5ÀþÂ�Ú� �¹�µ÷ .��¹õ �f õ�î �þ ø À÷Â��Â� �þ G �y ø G �x ý�û¤�Àõ À��î ´��� .Ý��î.¢�ªüõ �þ�¹� ��¹õ ý�û�ä�Þ¹õ Âþ¥ ¥� üä�Þµ�� �� X �ä�Þ¹õ�G Âû �îÛÞä X Â� üþ�¨ø¢ �¤�¬ �� G �f Þä �î ´¨� ßþ� �ä�Þ¹õ�GÓþÂã� ¸þ�µ÷ ¥� üØþÂÚþ¢ ö��� �� .À�îüõ´ª�Ú÷ ý� g 2 G Âû ý�¥� �� .Àª�� �ä�Þ¹õ�G×þ X ÝþÂ�ð .��Ìì 6.3.3üþ�¨ ø¢ �g �¤�¬ ßþ� ¤¢ .Ý��îüõ ÓþÂã� x 7! g �x �¤�¬ �� �¤ �g : X ! X.´¨�.�1 = 1X ø �g Æ �h = �gh �î ¢�ªüõ ùÀû�Èõ ß��� �ä�Þ¹õ�GÓþÂã� ¥� :��±��2 .´¨� üþ�¨�¨ ø¢ �g �Áó ø �g Æ �g�1 = 1X = �g�1 Æ �g ßþ�Â����53
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê �Ìê Â� ùøÂð ÛÞä 3.3Âþ¥ �Âª �� X Â� � ý¥¤� Ýû ý��Î��¤ ,À�î ÛÞä X Â� G Âð� .ÓþÂã� 7.3.3:¢�Þ÷ ÓþÂã� ö���üõx � y , " g �x = y �î ¢�ª ´ê�þ ö��� ý� g 2 G '�Ñ��õ �¤ (5)-5.3.3 ßþÂÞ� ;y 2 G �x �î üµìø �ú�� ø üµì ø x � y ,ÂÚþ¢ ö��ó ��.Ý�û¢üõ ö�È÷ X=G ¢�Þ÷ �� �¤ �¤ Û¬�� ý¥¤�Ýû ý�ú¨�î �bÞû �bä�Þ¹õ ñ�� .À��î� : X ! üã�±Ï ´ª�Ú÷ ��®ø �� .Ý�õ�÷üõ G Â� X üµÞÆì �¤�¡ �bä�Þ¹õ �¤ ßþ�ý��ó���� ö���üõ � Í¨�� ,Àª�� ý��ó���� üþ�Ìê X Âð� ,ö��î� .´¨� �ª�� X=GüµÞÆì �¤�¡ ý�Ìê �¤ X=G´ó�� ßþ� ¤¢ .¢�Þ÷ ÛÖµ�õ X=G �� X ¥� üµÞÆì �¤�¡.Ý�õ�÷üõ G Â� Xßþ� ¤¢ ,À�î ÛÞä Sn Â� �1 �x = �x �¤�¬ �� Z2 Âð� (1 .ñ�·õ 8.3.3.´¨� RPn üÖ�Ö� ýÂþ�Ê� ý�Ìê�n ö�Þû �fÖ�ì¢ Sn=Z2 ý��ó���� ý�Ìê �¤�¬ý��ó���� ý�Ìê �¤�¬ ßþ� ¤¢ ,À�î ÛÞä n �x = x+n�¤�¬ �� R Â� Z Âð� (2.´¨� S1 ùÂþ�¢ ö�Þû �fÖ�ì¢ R=Z.ßþÂÞ� 9.3.3ø ù¢�� R2 ¤¢ f(x; y) 2 RR2 j � 1=2 � y � 1=2g ´þ�ú��� ¤��÷ X ÝþÂ�ð (1À�û¢ ö�È÷ .À�î ÛÞä R2 Â� m �(x; y) = �x + m; (�1)my� �¤�¬ �� Z.´¨� é¤�õ�ÿÞû §����õ ¤��÷ �� X=ZüµÞÆì �¤�¡ ý�Ìê×þ f : X ! Y ´ª�Ú÷ Ý���ðüõ ü�¤�¬ ¤¢ .À�ª���G ø¢ Y ø X ÝþÂ�ð (3.f(g �x) = g �f(x) ý� g 2 G Âû ø x 2 X Âû ý�¥� �� �î ´¨� ý¥¤�Ýû�Gý¥¤�Ýû�GüÞÆ�ê¤�õ�ÿÞû f ø À�ª�� ý��ó���� ý�Ìê ø¢ Y ø X Âð� �î À��î ´���,(´Æû ��÷ ý¥¤�Ýû� ö�õ�Þû �î Àª�� Y �� X ¥� ÝÆ�ê¤�õ�ÿÞû×þ ,ü�ãþ) Àª��.À�ê¤�õ�ÿÞû Y=G ø X=G �¤�¬ ßþ� ¤¢Â� G ø À�ª�� ý��ó���� ý�Ìê ø¢ Y ø X Âð� À�û¢ ö�È÷ �î À��î ���¤� üþ�úó�·õ (3�fÞµ� �¤�¬ ßþ� ¤¢ �î ¢¤�À÷ üõø�ó ,X=G �= Y=G Âð� ��÷ ø À�î ÛÞä ø¢ Âû.À�ª�� é¤�õ�ÿõ Ýû �� Y ø XÂ� Gx ¥�¨¤�Àþ�� ý� x 2 X Âû ý�¥� �� .´¨� �ä�Þ¹õ�G ×þ X ÝþÂ�ð (4¤¢ �î À��î ´��� .Ý�û¢üõ ö�È÷ G=Gx �� �¤ ´ÞÆì �¤�¡ ø À�îüõ ÛÞä G54
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�Ìê Â� ùøÂð ÛÞä 3.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê.´¨� G ¤¢ Gx ²� ý�û�µ¨ÀÞû �bÞû �bä�Þ½õ ö�Þû �fÖ�ì¢ G=Gx �¤�¬ ßþ�.¢¤�¢ ¢��ø G=Gx ø G �x ß�� üþ�¨ø¢ ø ý¥¤�Ýû�G ýÂÒ��� �î À�û¢ ö�È÷�µ¨��� üþ�úÜÞä ,Ýþ¢¤ø� ý��ó���� ý�û�Ìê Â� ùøÂð ÛÞä ¥� �î üþ�úó�·õ �bÞû.Ý�¨��ªüõ ü¬�¡ ���� �¤ �ú�þ� :À÷¢��¤¢ .Àª�� ùøÂð G ø ý��ó���� üþ�Ìê XC À��î ­Âê .ÓþÂã� 10.3.3ý� g 2 G Âû ý�¥� �� ø ¢�Þ÷ ÛÞä X Â� G �î ´¨� �Ìê�G ×þ X Ý���ðüõ ü�¤�¬.Àª�� �µ¨��� x 7! g �x �bÎ��® �� �g : X ! X ´ª�Ú÷Âû ý�¥� �� �î À��î ´��� .Àª�� �Ìê�G×þ X À��î ­Âê .ßþÂÞ� 11.3.3ßþ� ù �î ÀþÂ�Ú� �¹�µ÷ .´¨� ©¢�¡ �� X ¥� üÞÆ�ê¤�õ�ÿÞû �g ´ª�Ú÷ ý� g 2 G.¢¢Âðüõ ÓþÂã� X ý�úÞÆ�ê¤�õ�ÿÞû �bÞû ùøÂð �� G ¥� üÞÆ�ê¤�õ�ÿÞû °��Â�Ý���ðüõ ,´¨� �Ìê�G×þ X �î ��ìø� ü¡Â� ,��� ßþÂÞ� ¤¢ �ÂÎõ ÝØ� Û�ó¢ ��Û��ì ýÀã� ÝØ� ,°ÜÎõ ßþ� ¥� ù¢�Ôµ¨� �� .´¨� X ý�úÞÆ�ê¤�õ�ÿÞû ¥� üûøÂð G.´¨� ��µ�µ¨�Âþ�Ê� �¤�¬ ßþ� ¤¢ .´¨� �Ìê�G ×þ X Ý��î ­Âê .��Ìì 12.3.3.´¨� ¥�� üµª�Ú÷ � : X ! X=G üã�±Ï�¤�¬ ßþ� ¤¢ ,Àª�� X ¤¢ ¥�� ý��ä�Þ¹õ U ÝþÂ�ð :��±����1(�(U)) = fx 2 X j�(x) 2 �(U)g= fx 2 X jG �x = G �y ý� y 2 U ý�¥� �� g= fx 2 X jx = g �y ý� y 2 U ø g 2 G ý�¥� �� g= fx 2 X jx 2 g �U ý� g 2 G ý�¥� �� g= [g2G g �Uù�Ú÷� ,Àª�� ¥�� U Âð� �Áó ø ´¨� ÝÆ�ê¤�õ�ÿÞû h 7! gh �bÎ��® �� G Â� g ÛÞä â��� ,�õ�¥�� X=G ¤¢ �(U) Å� .Àª��üõ ¥�� ��1(�(U)) ßþ�Â���� ø À÷¥�� �û g �U ¥� ×þ Âû2 .´¨�12.3.3 �b �Ìì ü³¨ ø ,üµÞÆì �¤�¡ ý�û�Ìê ��ä ´�¬�¡ �Àµ�� ýÀã� ßþÂÞ� ¤¢.Ý�û¢üõ Ý�Þã� «�Ê¿� üµú� ¥� �¤55
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê �Ìê Â� ùøÂð ÛÞä 3.3.ßþÂÞ� 13.3.3g Ý��î ­Âê .Àª�� üã�±Ï Âþ�Ê� � : X ! X=G ø �Ìê �G ×þ X ÝþÂ�ð (1�ú�� ø üµìø g ´ª�Ú÷ À��î ´��� .Àª�� Z ý��ó���� ý�Ìê �� X=G ¥� üã���.Àª�� ¥�� g Æ � ´ª�Ú÷ �î ´¨� ¥�� üµìø� : üã�±Ï Âþ�Ê� À��î ´��� .Àª�� �Ìê�G×þ X ø üû��µõ üûøÂð G ÝþÂ�ð (3.´¨� �µÆ� üµª�Ú÷ X ! X=GX=H À�û¢ ö�È÷ .Àª�� G ¥� ñ�õÂ÷ üûøÂð Âþ¥ H ø �Ìê�G×þ X Ý��î­Âê (3.(X=H)=(G=H) �= X=G ùø�ã� ø ´¨� �Ìê�(G=H) ×þ

56
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�ÂÌÜ¬�� ý�Ìê 4.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê�ÂÌÜ¬�� ý�Ìê 4.3ý��ó���� ý�û�Ìê ýø¤ ¥� ÀþÀ� ý��ó���� ý�û�Ìê ´¡�¨ ý�Â� �î üÜî ©ø¤ ßþÂ¡��ÂÌÜ¬�� �î Ýþ�ªüõ ¤ø�¢�þ .´¨� �ú÷� Ý�ÖµÆõ �ÂÌÜ¬�� ,Ý��îüõ ���¤� ¢���õ�� °�Âõ ý�ú�ø¥ �bÞû �bä�Þ¹õ ¥� ´¨� �¤�±ä Y ø X �bä�Þ¹õ ø¢ X � Y Ý�ÖµÆõ¥� ù¢�Ôµ¨� �� ,À�ª�� ý��ó���� ý�Ìê Y ø X Âð� .y 2 Y ø x 2 X �î ,(x; y) ÛØªß�óø� .Ý��î ÓþÂã� Ý�÷���üõ X � Y Â� ý�ý��ó���� ,Y ø X Â� ¢���õ ý�úþ��ó����ý��ä�Þ¹õ ¥� ý�ú�ÂÌÜ¬�� ¥� À��¤�±äX�Y ¤¢ ¥�� ý�û�ä�Þ¹õ �î ´¨� ßþ� §À�¯Âª ��Àî) ´Æ�÷ üê�î Âõ� ßþ� �õ� .´¨� Y ¤¢ ¥�� ý��ä�Þ¹õ ¤¢ �Â® X ¤¢ ¥��.(´Æ�÷ ¤�ÂìÂ� ö¢�� ý��ó���� ý�Â��ÂÌÜ¬�� .À�ª�� ý��ó���� ý�Ìê ø¢ Y ø X ÝþÂ�ð .ÓþÂã� 1.4.3UX�Y ý��ó���� �� ù�ÂÞû X � Y �bä�Þ¹õ ¥� ´¨� �¤�±ä X � Y (×þ��ó����)ÛØª �� ý�ú�ÂÌÜ¬�� ¥� ù��¿ó¢ ý�úä�Þµ�� ÛØÈ� ý�û�ä�Þ¹õ ù¢��÷�¡ ¥� ÛØÈµõÛØª �� UX�Y ¥� �Ìä Âû ,ÂÚþ¢ ö��� �� .Àª��üõ ¥�� Y ¤¢ V ø X ¤¢ U �î ,U �Vý� j 2 J Âû ý�¥� �� ø ´¨� üû��¿ó¢ ¤�ÁðÅþÀ÷� �bä�Þ¹õ J �î ´¨� Sj2J Uj�Vj.À÷¥�� Y ø X ¤¢ °��Âµ� Vj ø Uj.Àû¢üõ X � Y Â� ý��ó���� Û�ØÈ� ��� ¤¢ UX�Y �bä�Þ¹õ .Ýó 2.4.3,´¨� ¥�� Y ¤¢ Y ø X ¤¢ X ö�� ;; 2 UX�Y Å� ,; � ; = ; ö�� :��±��ø W = Sj2J Uj � Vj ù�Ú÷� ,W;W 0 2 UX�Y �»÷��� .X � Y 2 UX�Y ßþ�Â����À÷¥�� X ¤¢ U 0j ø Uj ø À÷¤�Áð ÅþÀ÷� ý�û�ä�Þ¹õ K ø J �î W 0 = Sk2K U 0k � V 0kö�� .À÷¥�� Y ¤¢ V 0j ø Vj øW \W 0 = � [j2J Uj � Vj� \ � [k2K U 0k � V 0k�= [j2J;k2K �Uj \ U 0k�� �Vj \ V 0j ��� ��÷ (3) ¯Âª .´¨� ¤�ÂìÂ� ��÷ ö¢�� ý��ó���� ý�Â� (2) ¯Âª �î Ý��îüõ �Ñ��õ2 .´¨� ��±�� Û��ì ���Èõ �¤�¬57
Copyright : Mehdi Nadjafikhah - IUST 18/9/05



ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê �ÂÌÜ¬�� ý�Ìê 4.3�ÂÌÜ¬�� �� �¤ Y ø X ×þ��ó���� �ÂÌÜ¬�� ��úÔõ .´ª�¢¢�þ 3.4.3Ýó ���Èõ ÝØ� ø ¢�¢ Ý�Þã� ö���üõ ý��ó���� ý�û�Ìê ¥� üû��µõ ý¢�Àã� ×þ��ó����.¢�Þ÷ ��±�� �ú÷� ¢¤�õ ¤¢ �¤ ���.ßþÂÞ� 4.4.3.X1 � Y1 �= X2 � Y2 ù�Ú÷� ,Y1 �= Y2 ø X1 �= X2 Âð� �î À�û¢ ö�È÷ (1ö�È÷ .À�ª�� dY ø dX °��Âµ� Âµõ �� ­øÂÔõ ÂþÁ�ýÂµõ ý�Ìê ø¢ Y ø X ÝþÂ�ð (3X � Â� ýÂµõ d�(x1; y1); (x2; y2)� = maxfdX(x1; y1); dY (x2; y2)g À�û¢ü�ÂÌÜ¬�� ý��ó���� �� Û¬�� ýÂµõ ý��ó���� À�û¢ ö�È÷ ;À�îüõÓþÂã� �¤ YRn � Â� ü�ÂÌÜ¬�� ý��ó���� �î ÀþÂ�Ú� �¹�µ÷ .´¨� é¤�õ�ÿÞû X � Y Â�üó�Þãõ ý��ó���� ö�Þû (À�µÆû üó�Þãõ ý��ó���� ý�¤�¢ Rm ø Rn �î) Rm.´¨� Rn+m = Rn � Rm Â�(x; f(x)) ÛØÈ� ¯�Ö÷ �bÞû �f �bä�Þ¹õ ¥� ´¨� �¤�±ä f : X ! Y â��� ¤�¢�Þ÷ (3ö��õ �µ¨��� üã��� f Âð� �î À�û¢ À÷�È÷ .X � Y �bä�Þ¹õ ¥� ,x 2 X �î.´¨� é¤�õ�ÿÞû X �� f ¤�¢�Þ÷ �f ù�Ú÷� ,Àª�� ý��ó���� ý�û�Ìê�¤�¬ �� �¤ R2�f0g :üþ�Þ�û�¤) .À�ê¤�õ�ÿÞû R�S1 ø R2�f0g À��î ´��� (4(.ÀþÂ�Ú� ÂÑ÷ ¤¢ C � f0g.´Æû ��÷ ýÂÚþ¢ �bÊ¿Èõ ý�¤�¢ X � Y Â� ý��ó�����ä�Þ¹õ .Àª�� ý��ó���� ý�Ìê ø¢ �ÂÌÜ¬�� X � Y ÝþÂ�ð .��Ìì 5.4.3ø Uw ý�û�ä�Þ¹õ ý� w 2W Âû ý�¥� �� �î ´¨� ¥�� üµìø �ú�� ø üµìøW � X�Y.w 2 Uw�Vw ø Uw�Vw �W ,À÷¥�� Y ¤¢ Vw øX ¤¢ Uw �î À÷�ª ´ê�þ ý¤�Ï Vw�bä�Þ¹õ J �î W = Sj2J Uj � Vj �¤�¬ ßþ� ¤¢ .Àª�� ¥�� W À��î ­Âê :��±��.À÷¥�� Y ø X ¤¢ °��Âµ� Vj ø Uj ý� j 2 J Âû ý�¥� �� ø ´¨� üû��¿ó¢ ¤�ÁðÅþÀ÷��ä�Þ¹õ ,ÅØãó�� .w 2 Ui � Vi �î ´Æû ý� i 2 J �¹�µ÷ ¤¢ , w 2 W ö��î�2 .Àª��üõ W Â��Â� ø ´¨� ¥�� X � Y ¤¢ ��®ø �� Sw2W Uw � Vw�Y : X � ø �X : X � Y ! X üúþÀ� ýÂþ�Ê� ý�úµª�Ú÷ .ÓþÂã� 6.4.3�¤ �úµª�Ú÷ ßþ� .À÷�ªüõ ÓþÂã� (x; y) 7! y ø (x; y) 7! x °��Âµ� �bÎ��® �� Y ! Y58
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�ÂÌÜ¬�� ý�Ìê 4.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê´¨� ¼®�ø ,��1Y (V ) = X �V ø ��1X (U) = U �Y ö�� .Ý�õ�÷üõ ü�Â® Âþø�Ê�.À÷��µ¨��� �Y ø �X �îX �� X � fyg � X � Y ý�Ìê Âþ¥ ý� y 2 Y Âû ý�¥� �� .��Ìì 7.4.3.´¨� é¤�õ�ÿÞû.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ (x; y) 7! x �bÎ��® �� f : X � fyg ! X ´ª�Ú÷ :��±��ý��µ�� ´ª�Ú÷ °�îÂ� �¤�¬ �� �¤ ö� �î �Â� ,Àª��üõ �µ¨��� â��� ßþ� �î ´¨� ¼®�ø�� ¤�îÁõ ���� ø¢ Âû ø ,´ª�÷ ö���üõ �X üã�±Ï Âþ�Ê� ø X � fyg � X � YÅ� ,Àª�� W � fyg ¥� ¥�� ý��ä�Þ¹õ Âþ¥ W Ý��î ­Âê ñ�� .À÷��µ¨��� ��®ø�� �¤ W .´¨� ¥�� Y ¤¢ Vj ø X ¤¢ Uj �î W = (Sj2J Uj � Vj) \ X � fygf(W ) = ßþ�Â���� ;J 0 = fj 2 J j y 2 Vjg �î ´ª�÷ ¢�ªüõ Sj2J0 Uj�fyg�¤�¬é¤�õ�ÿÞû �¹�µ÷ Â� .´Æû ��÷ ¥�� f �î À�îüõ ��±�� ßþ� .´¨� ¥�� X ¤¢ �î Sj2J0 Uj2 .Àª��üõù�Ú÷� ,À�ª�� ý��ó���� ý�Ìê ö��õ üþ�úµª�Ú÷ g : A ! Y ø f : A ! X Âð�.Ý��î ÓþÂã� Ý�÷���üõ h(a) = (f(a); g(a)) �bÎ��® �� h : A ! X � Y üµª�Ú÷ö��õ �bÎ��¤ .�Y Æ h = g ø �X Æ h = f �î Àª��üõ üµª�Ú÷ �ú�� h �î ´¨� â®�ø.À�õ�÷üõ ü�ÂÌÜ¬�� ý�úµª�Ú÷ ��ä ´�¬�¡ �¤ f ø g ,h üÚµ¨����� ,�¤�¬ ßþ� ¤¢ .À�µÆû ý��ó���� ý�Ìê Y ø X ,A ÝþÂ�ð .��Ìì 8.4.3h : A ! X � Y ´ª�Ú÷ ,g : A ! Y ø f : A ! X ý�úµª�Ú÷ ¥� ´Ô� Âû ý�¥��µ¨��� g ø f �î ´¨� �µ¨��� üµìø �ú�� ø üµìø h(a) = (f(a); g(a)) üÜî �bÎ��® ��.À�µª��,ÅØãó�� .À÷��µ¨��� ��÷ g = �Y Æ h ø f = �X Æ h ù�Ú÷� ,Àª�� �µ¨��� h Âð� :��±��ù�Ú÷� ,À�ª�� ¥�� Y ¤¢ V ø X ¤¢ U ÝþÂ�ð .À÷��µ¨��� g ø f Ý��î ­Âêh�1(U � V ) = fa 2 A j f(a) 2 U ; g(a) 2 V g = f�1(U) \ g�1(V ):ý��ä�Þ¹õ ö��î� .Àª��üõ ¥�� ��÷ h�1(U�V ) ,À÷¥�� ø¢ Âû g�1(V ) ø f�1(U) ö�� ,�õ�¤¢ U �î x 2 U � V � W ù�Ú÷� ,w 2 W Âð� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ X � Y ¤¢ W ¥��¥�� h�1(W ) �¹�µ÷ ¤¢ ø h�1(x) 2 f�1(U) \ g�1(V ) ßþ�Â���� .À÷¥�� Y ¤¢ V ø X2 .´¨�.ßþÂÞ� 9.4.359
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ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê �ÂÌÜ¬�� ý�Ìê 4.3X�Y Â� ý��ó���� ßþÂµÔ�ã® X�Y Â� ü�ÂÌÜ¬�� ý��ó���� �î À�û¢ ö�È÷ (1.À÷��µ¨��� �Y ø �X ö� �bÎ¨�ø �� �î ´¨�(X � ý�Ìê À��î ´��� .À�µÆû �Ìê�H ø �Ìê�G °��Âµ� Y ø X ÝþÂ�ð (3.´¨� é¤�õ�ÿÞû (X=G)� (Y=H) �� Y )=(G�H)(n;m) � (x; y) =�¤�¬ �� �¤ (x; y) 2 R2 °�Âõ �ø¥ Â� (n;m) 2 Z�ZÂÊ�ä ÛÞä (3�Ìê�Z� Z×þ R2 ¥� ßþ� �î À�û¢ ö�È÷ .Ý��îüõ ÓþÂã� (x + n; y +m).À�ê¤�õ�ÿÞû S1� S1 ø R2=(Z�Z)�¤�¬ ßþ� ¤¢ �î À��î ´��� .¢¥�¨üõS1� S1 ý�Ìê �� (¢�ª ���� 10.3 ø (Óó�)-9.3 ÛØª ��) ���� À��î ´��� (4.´¨� é¤�õ�ÿÞûÓþÂã� n �z = 2nz �¤�¬ �� �¤ n �z �Ìä z 2 C � f0g ø n 2 Zý�¥� �� (5¤¢ �î ´��� .À�îüõ ÛþÀ±� �Ìê�Z×þ �� �¤ C f0g ¤�î ßþ� À�û¢ ö�È÷ .Ý��îüõ���þÂÞ� ¥� :ü�õ��û�¤) .´¨� é¤�õ�ÿÞû S1�S1 �� (C �f0g)=Z ,�¤�¬ ßþ�(.À��î ù¢�Ôµ¨� Z= Z� f1g �Ø�þ� ø (2)-9.4.3 ø (4)-4.4.3ÓþÂã� n �z = (2w)nz �¤ n �z �î �ø�Ô� ßþ� �� ,À��î ÛÞä (5) ´ÞÆì Û·õ (6?´Æ�� (C � f0g)=Z�¤�¬ ßþ� ¤¢ .w = exp(2�i=3) �î À��îâ��� :üþ�Þ�û�¤) .À�ê¤�õ�ÿÞû Sn�1 � R ø Rn � f0g ý�Ìê ø¢ À��î ´��� (7(.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x; t) = 2tx �bÎ��® �� f : Sn�1� R ! Rn � f0gý�Ìê Âþ¥ À��î ´��� (8Sp;q := fx 2 Rn jx21 + � � �+ x2p � x2p+1 � � � � � x2p+q = 1g:üþ�Þ�û�¤) .À�ê¤�õ�ÿÞû Sp�1�Rn�q ý��ó���� ý�Ìê ø ,p+q � n �î Rn ¥��bÎ��® �� f : Sp;q ! Sp�1� Rn�q â���f(x1; � � � ; xp; y1; � � � ; yn�p) = (x1z; � � � ; xpz; y1; � � � ; yn�p)(.z = fy21 + � � � ; y2q + 1g1=2 ö� ¤¢ �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ùøÂð G ø ù¢�� T (x) = 2x �bÎ��® �� T : Rn � f0g ! Rn � f0g ÝþÂ�ð (9(Rn � �¤�¬ ßþ� ¤¢ �î À�û¢ ö�È÷ .Àª�� fT i j i 2 Zg ý�úÞÆ�ê¤�õ�ÿÞû.´¨� é¤�õ�ÿÞû Sn�1� S1 �� f0g)=G:À�ê¤�õ�ÿÞû Rn ¥� üþ�Ìê Âþ¥ ý��ó���� �� ù�ÂÞû Âþ¥ �bä�Þ¹õ ø¢ �î À��î ´��� (10In = fx 2 Rn j0 � xi � 1; i = 1; � � � ; ng; D n = fx 2 Rn jkxk � 1g:60
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�ÂÌÜ¬�� ý�Ìê 4.3 ÀþÀ� ý��ó���� ý�û�Ìê À�ó�� 3 ÛÊê' : X ! ý�úµª�Ú÷ Å³¨ ø In �= X := [0;1℄n �î À�û¢ ö�È÷ :üþ�Þ�û�¤):À��î ÓþÂã� Âþ¥ �¤�¬ �� �¤  : D n ! X ø D n'(x) = ( maxfjx1j; � � � ; jxnjgkxk x x 6= 0 Âð�0 x = 0 Âð� (x) = ( kxkmaxfjx1j; � � � ; jxnjg x x 6= 0 Âð�0 x = 0 Âð�ñ�Î� üÎ¡ ù¤�� �� �¤ �X �� 0 ¥� ´¨�¤ Í¡ ù¤�� Âû ' ´ª�Ú÷ ý¢�úª ÂÑ÷ ¥�(.À�îüõ ÛþÀ±� ©¢�¡ �� ý¥��õ ø ×þ17.3 ÛØª

(.Int(D n ) �= Int(In) �= (IntI)n :üþ�Þ�û�¤) .Int(D n ) �= Rn À��î ´��� (11Â�è ý��ä�Þ¹õ ñ�±÷¢ :üþ�Þ�û�¤) .X �= X �X �î À����� �¤ ý� X Â�è ý�Ìê (12ñ�·õ ñ�±÷¢ À��î üã¨ ö� ¥� Å� .Àþ¢ÂÚ� �µÆÆð ý��ó���� �� üû��µõ ø üú�(.Àª�±÷ �µÆÆð ý��ó���� �� �Ìê ßþ� ö� ¤¢ �î Àþ¢ÂÚ� ýÂÚþ¢

61
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4 ÛÊê
ý��ó���� ý�û�Ìê á��÷�

Â���b� ´½� �î ¢¥�¢Â�üõ ý��ó���� ý�û�Ìê «��¡ ¥� �µ¨¢ ö� �bãó�Îõ �� ÛÊê ßþ�¥� üØþ üþ�Ìê Âð� �î ´¨� ö� Âõ� ßþ� ¥� Ýúõ ý��¹�µ÷ .À��îüÞ÷ Â��ç� �úÞÆ�ê¤�õ�ÿÞû�¤�¬ ßþ� ¤¢ ,Àª�� �µª�À÷ �¤ ´�¬�¡ ö� ýÂÚþ¢ ý�Ìê ø ,Àª�� �µª�¢ �¤«��¡ ßþ�.À�ê¤�õ�ÿÞû Â�è �Ìê ø¢ ö�ù¢ÂÈê ý�Ìê 1.4¤��µ¨� ´�ãì�ø ßþ� Â� �f¨�¨� ��úÔõ ßþ� .´¨� �ä�Þ¹õ ßþ� ¥� ´�¬�¡ ß�óø� üð¢ÂÈê[0;1℄ � �bØþ ùb¥�� ¤¢ ¥�� ý�û�ä�Þ¹õ ¥� ý��þ�¢Âð U = fUj j j 2 Jg Âð� �î ´¨�ý��ó���� ý�¤�¢ ��÷ [0;1℄ ø ´¨� ù�ÂÞû ©�üó�Þãõ ý��ó���� �� R �î) À�ª�� Rý��þ�¢Âð Âþ¥ �¤�¬ ßþ� ¤¢ ,Sj2J Uj = [0;1℄ �î ý��÷�ð �� ,(Àª��üõ üþ�Ìê Âþ¥�¤ [0;1℄ ö��»Þû �ú÷� á�Þµ�� �î ¢�ªüõ ´ê�þ ý��÷�ð �� U ù¢��÷�¡ ßþ� ¥� üû��µõ.¢�ª á��¤ 11.1.4 �b �Ìì �� ;À÷�ª��üõ,X ­øÂÔõ �bä�Þ¹õ ¥� S �bä�Þ¹õ Âþ¥ ý�Â� Çª�� ¥� ¤�Ñ�õ .ÓþÂã� 1.1.4.S � Sj2J Uj �î ý��÷�ð �� ,´¨� X ¤¢ ý�û�ä�Þ¹õ Âþ¥ ¥� fUj j j 2 Jgý��þ�¢Âðüû��µõ Çª�� fUj j j 2 Jg Ý���ðüõ ,Àª�� üû��µõ J ¤�ÁÚÆþÀ÷� �bä�Þ¹õ Âð� ,ùø�ã�63
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê ù¢ÂÈê ý�Ìê 1.4X ý�Â� üÈª�� fUj j j 2 Jg �¤�¬ ¤¢ ,Àª�� �Ìê Ûî S = X Âð� ,ùÄþ�� .´¨�.X = Sj2J Uj �î ´¨��bä�Þ¹õ Âþ¥ ý�Â� üÈª�� f[1=n;1 � 1=n℄ jn 2 Ng �b þ�¢Âð .ñ�·õ 2.1.4.R ¢�¡ ý�Â� üÈª�� ,Un = (n;n+3) � R �î fUn jn 2 Ng ø ´¨� R ¥� (0;1)V = fVk j k 2 Kg ø U = fUj j j 2 Jg Ý��î ­Âê .ÓþÂã� 3.1.4ý� k 2 K ×þ ,j 2 J Âû ý�¥� �� Âð� .À�ª�� X ¥� S �bä�Þ¹õ Âþ¥ ý�Â� üþ�úÈª��.´¨� V Çª�� Âþ¥ U Ý���ðüõ �¤�¬ ßþ� ¤¢ ,Uj = Vk �î ¢�ª ´ê�þ ö����ú÷� ¤¢ �î ,V = fVr j r 2 Rg ø U = fUn jn 2 Ng Ý��î ­Âê .ñ�·õ 4.1.4�� R ý�Â� üþ�úÈª�� V ø U �¤�¬ ßþ� ¤¢ .Vr = (r; r + 3) ø Un = (n;n + 3).Àª��üõ V ¥� üÈª�� Âþ¥ U ø À�µÆû ©�üó�Þãõ ý��ó����ö� ¥� ý��ä�Þ¹õ Âþ¥ S ø ý��ó���� üþ�Ìê X Ý��î ­Âê .ÓþÂã� 5.1.4üÈª�� �f ø� �î ´¨� S ý�Â� ¥�� Çª�� fUj j j 2 Jg Ý���ð üõ ü�¤�¬ ¤¢ .Àª��.Àª�� X ¤¢ ¥�� ý��ä�Þ¹õ Uj ý� j 2 J Âû ý�¥� �� ü÷�� ¤¢ ø ù¢�� ö� ý�Â�ù¢ÂÈê ü�¤�¬ ¤¢ �¤ X ý��ó���� ý�Ìê ¥� S �bä�Þ¹õ Âþ¥ .ÓþÂã� 6.1.4ý�Ìê ¢�¡ ,ùÄþ�� .Àª�� üû��µõ üÈÈ¨�� Âþ¥ ý�¤�¢ ö� ¥�� Çª�� Âû �î Ý���ðÂþ¥ ý�¤�¢ ,X ý�Â� ¥�� Çª�� Âû �î ´¨� ù¢ÂÈê üµìø �ú�� ø üµìø X ý��ó����.Àª�� üû��µõ üÈª��ù¢ÂÈê ,©�üó�Þãõ ý��ó���� ù�ÂÞû �� R ý��ó���� ý�Ìê (1 .ñ�·õ 7.1.4Çª�� Âþ¥ º�û �î ´¨� R ý�Â� ¥�� üÈª�� f(n;n+ 2) jn 2 Ng ,�f ·õ �Âþ¥ .´Æ�÷.¢¤�À÷ üû��µõ.Àª�� üû��µõ �î ´¨� ù¢ÂÈê üµìø �ú�� ø üµìø �µÆÆð ý��ó���� �� X ý�Ìê (2X Âð� �Áó ø Àû¢üõ X ¤¢ ¥�� ý��ä�Þ¹õ Û�ØÈ� X ¥� �ÎÖ÷ Âû ´ó�� ßþ� ¤¢ ,�Âþ¥Âþ¥ º�û ,ý�Ìä ×� ý�û�ä�Þ¹õ Âþ¥ �bÞû ¥� °îÂõ ¥�� Çª�� ù�Ú÷� ,Àª�� üû��µõ�÷¥�� ý�û�ä�Þ¹õ Âþ¥ ù�Ú÷� ,Àª�� üû��µõ X Âð� ,ÂÚþ¢ ý�¨ ¥� .¢¤�À÷ üû��µõ Çª��.´¨� üû��µõ �fõ��ó� üÈª�� Âû ßþ�Â���� ø À�µÆû üû��µõ X ¤¢.(¢�ª ���� 11.1.4 ��) ´¨� ù¢ÂÈê R ¥� [0;1℄ ý�Ìê Âþ¥ (364
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ù¢ÂÈê ý�Ìê 1.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê.ßþÂÞ� 8.1.4ù¢ÂÈê X �î À�û¢ ö�È÷ .´¨� üû��µõ ÝÞµî ý��ó���� ý�¤�¢ X Ý��î ­Âê (1.´¨� ù¢ÂÈê ��÷ X ¥� �ä�Þ¹õ Âþ¥ Âû �î À�û¢ ö�È÷ .´¨��î ´¨� ù¢ÂÈê üµìø �ú�� ø üµìø ­øÂÔõ ý��ó���� ý�Ìê ×þ À��î ´��� (2,Tj2J Cj = ; �� �b µÆ� ý�û�ä�Þ¹õ Âþ¥ ¥� fCj j j 2 Jg �þ�¢Âð Âû ý�¥� ��'Ý�ª�� �µª�¢ Ýû ¥�� �î ¢�ª ´ê�þ ö��� fCk j k 2 Kg üû��µõ ý��þ�¢Âð Âþ¥".Tk2K Ck = ;�� �î U 2 F üµìø �ú�� ø üµìø :Àª�� Ûþ£ �Âª �� R Â� ý�ý��ó���� F ÝþÂ�ð (3À��î ´��� .[s; t) � U �î ¢¢Âð ´ê�þ ö��� üþ� t > 0×þ ý� s 2 U Âû ý�¥�.´Æ�÷ ù¢ÂÈê (R;F) ¥� [0;1℄ �bä�Þ¹õ Âþ¥�î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ X ­øÂÔõ ý��ó���� ý�Ìê ×þ ¥� S ý��ä�Þ¹õ Âþ¥:Àª��üõ ß���´¨� �ÂÎõ �¹�þ� ¤¢ �î üó��¨ .Ýþ�ù¢�¢ ¤�Âì ö� Â� �¤ üþ�Ìê Âþ¥ ý��ó����X ¥� ý��ä�Þ¹õ Âþ¥ ö���ä �� ö� üð¢ÂÈê ø ý��ó���� ý�Ìê ö���ä �� S üð¢ÂÈê"!À�µÆû üØþ ��úÔõ ø¢ Âû' �î ´¨� ßþ� ¾¨�� ?À÷¤�¢ Ýû �� üÏ�±�¤� ��ù¢ÂÈê üµìø �ú�� ø üµìø X ý��ó���� ý�Ìê ¥� S �bä�Þ¹õ Âþ¥ .��Ìì 9.1.4.Àª�� ù¢ÂÈê ©�üþ�Öó� ý��ó���� �� ù�ÂÞû ý��ó���� ý�Ìê ö���ä �� �î ´¨��� ý�û�ä�Þ¹õ Âþ¥ ¥� À��¤�±ä S ¤¢ ¥�� ý�û�ä�Þ¹õ Âþ¥ �Âþ¥ ,´¨� ¼®�ø ßþ� :��±��.Ýþ¤�³¨üõ ùÀ�÷��¡ �� ßþÂÞ� ö���ä �� �¤ ¤�î �b õ�¢� .´¨� ¥�� X ¤¢ U �î ,U \S ÛØª2S � X' �î Ý��î ÓþÂã� ß��� ñø� ö�Þû ¥� Ý�µÆ÷���üõÅ� .´ª�¢�þ 10.1.4X ¥� ©�üþ�Öó� ý��ó���� �� ù�ÂÞû ý��ó���� ý�Ìê ö���ä �� �î ´¨� ù¢ÂÈê üµìø".Àª�� ù¢ÂÈê.¢¥�¨üõ Ýû�Âê �¤ ù¢ÂÈê ý�û�Ìê ¥� üÞúõ ñ�·õ ýÀã� ÝØ�.´¨� ù¢ÂÈê [0;1℄ � R �µÆ� �bØþ ùb¥�� .��Ìì 11.1.4Çª�� Âþ¥ �÷�ð Âû Àì�ê ø [0;1℄ ý�Â� ¥�� üÈª�� U = fUj j j 2 Jg ÝþÂ�ð :��±��[1=2;1℄ ø [0;1=2℄ ý�ûù¥�� ¥� üØþ Ûì�À� �î ´¨� ü�ãõ ßþÀ� ßþ� .Àª�� üû��µõ65
Copyright : Mehdi Nadjafikhah - IUST 18/9/05



ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê ù¢ÂÈê ý�Ìê 1.4�� �î ý�ù¥�� ü�ãþ ,ù¥�� ßþ� .À÷�ª�� �¤ ö� ¢�ªüÞ÷ U ¥� üû��µõ Çª�� Âþ¥ º�û �� �¤.Ý�û¢üõ ö�È÷ [a1; b1℄ ¢�Þ÷ �� �¤ ,À÷�ª�� �¤ ö� ¢�ª üÞ÷ U ¥� üû��µõ Çª�� Âþ¥ º�ûÂþ¥ º�û �� �¤ �12 (a1 + b1); b1� ø �a1; 12 (a1 + b1)� ý�ûù¥�� ¥� üØþ Ûì�� Ýû ¥��ßþ� �b õ�¢� �� .Ý�û¢üõ ö�È÷ [a2; b2℄ ¢�Þ÷ �� �¤ ßþ� .À÷�ª�� ¢�ªüÞ÷ U ¥� üû��µõÇª��ö���üÞ÷ U ¥� üû��µõ üÈª�� Âþ¥ �� �¤ ×þ º�û �î Ý�¨¤üõ �ûù¥�� ¥� ý��ó�±÷¢ �� ¤�î�� ø bn � an = 2�n ùø�ã� . . . ,[an; bn℄ . . . ,[a2; b2℄ ,[a1; b1℄ :À÷�ª��ý�¥� �� �î ¢�ªüõ °��õ Â¡� ¯Âª .an � an+1 � bn+1 � bn ý� n Âû ý�¥�ý�Â� üþ��� ö�Âî bn ßþ�Â���� ø am � bn Ý�ª�� �µª�¢ n ø m ¼�½¬ ¢Àä ´Ô� Âû�bä�Þ¹õ üþ��� ö�Âî ßþÂµØ��î a Ý��î ­Âê ö��î� .´¨� fa1; a2; � � �g �bä�Þ¹õ�bä�Þ¹õ ý�Â� ü����� ö�Âî aÅ� ,a � bn ý� n Âû ý�¥� �� ö�� .Àª�� fa1; a2; � � �g¤¢ .Àª�� fb1; b2; � � �g ý�Â� ü����� ö�Âî ßþÂµð¤�� b Ý��î ­Âê .´¨� fb1; b2; � � �g.b� a �¹�µ÷ ¤¢ ø b� a � 2�n ý� n Âû ý�¥� �� �¤�¬ ßþ�.a 2 Uj ý� j 2 J ×þ ý�¥� �� ,a = b 2 [0;1℄ ø À÷�ª��üõ �¤ [0;1℄ ùb¥�� U ö��¢Àä ." > 0 �î ,¢¤�¢ ¢��ø (a � "; a + ") � Uj ¥�� ý�ù¥�� ,´¨� ¥�� Uj ö��.bN � aN < " �¹�µ÷ ¤¢ ø 2�N < " �î Ý��îüõ ��¿µ÷� ö��� ý� N ´±·õ ¼�½¬�¹�µ÷ ¤¢ ;b � bN < 2�N < " ø a � aN < 2�N < " ø a 2 [aN ; bN ℄ �õ�Âþ¥ º�û �� �¤ [aN ; bN ℄ Ý�÷�¢üõ �Âþ¥ ,´¨� Ëì��� �î [aN ; bN ℄ � (a � "; a + ")2 .À�÷�ª�� ö���üÞ÷ U ¥� üû��µõ Çª����±�� �fÀã� .¢�¢ ö�È÷ �¤ Âþ¥ ÝØ� ý¤�ÂìÂ� ø ù¢�¢ Ý�Þã� ö���üõ �¤ ��� ñ�Àµ¨�.Àª Àû��¡ ���¤� °ÜÎõ ßþ� ¥� ýÂÚþ¢,I = [0;1℄ � R �î ,In := I �� � � I � Rn À��ø °ãØõ�n .�¹�µ÷ 12.1.4.´¨� ù¢ÂÈêüþ�Ìê Âþ¥ S � X ø �µ¨��� üµª�Ú÷ f : X ! Y ÝþÂ�ð .��Ìì 13.1.4.´¨� ù¢ÂÈê üþ�Ìê Âþ¥ ��÷ f(S) �¤�¬ ßþ� ¤¢ ,´¨� ù¢ÂÈê�¤�¬ ßþ� ¤¢ .´¨� f(S) ý�Â� ¥�� üÈª�� U = fUj j j 2 Jg Ý��î ­Âê :��±��Çª�� Âþ¥ ,´¨� ù¢ÂÈê S ö�� .´¨� S ý�Â� ¥�� üÈª�� U 0 = ff�1(Uj) j j 2 Jgf(f�1(Uk)) � �õ� .´¨� üû��µõK ,ßþ�Â���� .¢¤�¢ ¢��ø U 0 ¥� ff�1(Uk) j k 2 Kgüû��µõ2 .Àª��üõ U ¥� üû��µõ üÈª�� Âþ¥ �î ,´¨� f(S) ý�Â� üÈª�� Uk.´¨� ù¢ÂÈê [0;1℄ � R �µÆ� ùb¥�� Âû (1 .�¹�µ÷ 14.1.466
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ù¢ÂÈê ý�Ìê 1.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊêý�Â� üê�î ø �¥� ¯Âª .À�ê¤�õ�ÿÞû ý��ó���� ý�Ìê ø¢ Y ø X À��î ­Âê (2.Àª�� ù¢ÂÈê Y �î ´¨� ßþ� ,Àª�� ù¢ÂÈê X �Ø�þ�f : ´ª�Ú÷ �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó���� ý�¤�¢ Y ø ù¢�� ù¢ÂÈê X Âð� (3.´¨� ù¢ÂÈê Y �¤�¬ ßþ� ¤¢ ,Àª�� X ! Y.´¨� üúþÀ� ÝØ� ßþ� ��±��ý�Ìê º�û ,��� �b¹�µ÷ ¥� (2) ÝØ� §�¨� Â� �î ¢�ª ���� .´ª�¢¢�þ 15.1.4.Àª�� é¤�õ�ÿÞû ù¢ÂÈê ý�Ìê ×þ �� À÷���üÞ÷ ý� ù¢ÂÈê Â�èù¢ÂÈê ,ù¢ÂÈê ý�Ìê ×þ ¥� �ä�Þ¹õ Âþ¥ Âû �î ¢¤�À÷ üõø�ó .ñ�·õ 16.1.4.´Æ�÷ ù¢ÂÈê �î ´¨� [0;1℄ ùb¢ÂÈê ý�Ìê ¥� ý��ä�Þ¹õ Âþ¥ (0;1) ,�f ·õ �Âþ¥ .Àª��.¢�Þ÷ Õ�Ö½� ¢�ªüõ f(1=n;1�1=n) jn 2 NgÇª�� Í¨�� üµû�¤ �� �¤ °ÜÎõ ßþ�.´¨� ù¢ÂÈê ,ù¢ÂÈê ý�Ìê ×þ ¥� �µÆ� �bä�Þ¹õ Âþ¥ Âû .��Ìì 17.1.4×þ Âû ö� ¤¢ �î ,´¨� S � X ý�Â� ¥�� üÈª�� U = fUj j j 2 Jg ÝþÂ�ð :��±���î Ý��îüõ �Ñ��õ ,S � Sj2J Uj ö�� .Àª��üõ X ¥� ¥�� ý��ä�Þ¹õ Âþ¥ �û Uj ¥�üû��µõ üÈª�� Âþ¥ ,´¨� ù¢ÂÈê X ö�� ø ´¨� X ý�Â� ¥�� üÈª�� U [ fX � SgÛØª �� �þ ø ´¨� fUk j k 2 Kg ÛØª �� �þ X ý�Â� üû��µõ Çª�� Âþ¥ ßþ� .¢¤�¢fUk j k 2´ó�� ø¢ Âû ¤¢ ,ßþ�Â���� .´¨� üû��µõ K �î ,fUk j k 2 Kg [ fX � Sg2 .À÷�ª��üõ �¤ S �î ´¨� U ¥� üû��µõ üÈª�� Âþ¥ Kgü¨¤Â� �¤ üð¢ÂÈê Â� ýÂ�ð´ÞÆì �¤�¡ �þ ø ý��ó���� ö¢�Þ÷ Ǒ�Öó� Â���b� �¹�þ� ��.´¨� ü�ÂÌÜ¬�� ý��ó���� ´��÷ ,ö��î� .Ýþ¢�Þ÷ý�Â� üê�î ø �¥� ¯Âª .À�ª�� ý��ó���� ý�Ìê Y ø X ÝþÂ�ð .��Ìì 18.1.4.Àª�� ù¢ÂÈê X � Y �î ´¨� ßþ� À�ª�� ù¢ÂÈê Y ø X ý�Ìê ø¢ Âû �Ø�þ�X � ý�Â� ¥�� üÈª�� fWj j j 2 Jg ÝþÂ�ð .À�ª�� ù¢ÂÈê Y ø X À��î ­Âê :��±��X ¤¢ �û Uk;j �î ,´¨� Sk2K(Uj;k � Vj;k) ÛØÈ� Wj Âû ÓþÂã� ����� .´¨� Yý�Â� ý¥�� ÇÈ� fUj;k � Vj;k j j 2 J ; k 2 Kg ,ßþ�Â���� .À÷¥�� Y ¤¢ �û Vj;k ø´¨� ù¢ÂÈê fxg � Y ý�Ìê Âþ¥ ý� x 2 X Âû ý�¥� �� .Àû¢üõ Û�ØÈ� X � Yý�Â� ý�¥�� Çª�� fUj;k�Vj;k j j 2 J ; k 2 Kg ö�� ø (´¨� é¤�õ�ÿÞû Y �� ,�Âþ¥),´¨� fUi(x)� Vi(x) j i = 1; � � � ; n(x)g üû��µõ üÈª�� Âþ¥ ý�¤�¢ ,´¨� fxg�Y67
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê ù¢ÂÈê ý�Ìê 1.4�b þ�¢Âð ,°��Â� ßþ� �� .U 0(x) := Tn(x)i=1 Ui(x) ÝþÂ�ð .À÷�ª�³� �¤ fxg�Y À÷���üõ �îüÈª�� Âþ¥ ý�¤�¢ ßþ�Â���� ø Àû¢üõ Û�ØÈ� X ý�Â� ¥�� üÈª�� fU 0(x) jx 2 XgfU 0(xi) � Vki(xi) j i = �î ´¨� ßªø¤ .´¨� fU 0(xi) j i = 1; � � � ;mg üû��µõ,�õ� .Àª��üõ X � Y Ûî ý�Â� üû��µõ ø ¥�� Çª�� 1; � � � ;m ; ki = 1; � � � ; n(xi)gU 0(xi) � �î À÷¤�¢ ¢��ø ö��� ý� k 2 K ×þ ø j 2 J ×þ ,ki Âû ø i Âû ý�¥� ��¢��ø fWj j j 2 Jg ¥� üû��µõ üÈª�� Âþ¥ ,�¹�µ÷ ¤¢ .Vki(xi) � Uj;k � Vj;k � Wj.À÷�ª��üõ �¤ X � Y �î ¢¤�¢ý�û�Ìê ,À�µÆû �µ¨��� �Y ø �X ö�� ù�Ú÷� ,Àª�� ù¢ÂÈê X � Y Âð� ,ÅØãó��2 .À÷��üõ ù¢ÂÈê ��÷ Y ø Xù�Ú÷� ,À�ª�� ý��ó���� ý�û�Ìê Xn ø . . . ,X2 ,X1 Âð� .�¹�µ÷ 19.1.4ý� i Âû ý�¥� �� �î ´¨� ßþ� X1 �X2 � � � � �Xn üð¢ÂÈê ý�Â� üê�î ø �¥� ¯Âª.Àª�� ù¢ÂÈê XiIn := [0;1℄n À��ø °Øõ�n ,´¨� ù¢ÂÈê I := [0;1℄ ö�� .ñ�·õ 20.1.4.´¨� ù¢ÂÈêý¢Àä �î Ý���ð ¤�À÷�Âî ü�¤�¬ ¤¢ �¤ Rn ¥� S �bä�Þ¹õ Âþ¥ .ÓþÂã� 21.1.4Âû ø x = (x1; � � � ; xn) 2 S �bÎÖ÷ Âû ý�¥� �� �î ¢�ª ´ê�þ ö��� K > 0 üÖ�Ö��� ü±ãØõ�n öø¤¢ ¤¢ S ,ÂÚþ¢ ö��� �� .jxij < K Ý�ª�� �µª�¢ ý� i = 1; � � � ; n.Àª�� �µª�¢ ¤�Âì 2K âÜ®ù¢ÂÈê Rn ¥� ¤�À÷�Âî ø �µÆ� �bä�Þ¹õ Âþ¥ Âû .ñ¤��-ßþ�û �b �Ìì 22.1.4.´¨�×þ ¤¢ S �î ¢¤�¢ ¢��ø ý� K > 0 ¢Àä Å� .Àª�� ¤�À÷�Âî ø �µÆ� S ÝþÂ�ð :��±��é¤�õ�ÿÞû À��ø °ãØõ�n �� °ãØõ�nßþ� ,�õ� .¢Â�ðüõ ¤�Âì 2K âÜ® �� °ãØõ�nø ´¨� ù¢ÂÈê üþ�Ìê ¥� �µÆ� ý��ä�Þ¹õ Âþ¥ S ,Å� .Àª��üõ ù¢ÂÈê ßþ�Â���� ø ´¨�2 .Àª��üõ ù¢ÂÈê ßþ�Â����.((14)-7.2.4 ßþÂÞ�) ´¨� ´¨¤¢ ��÷ ��Ìì ßþ� ÅØä .´ª�¢¢�þ 23.1.468
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ù¢ÂÈê ý�Ìê 1.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê:À÷�ù¢ÂÈê Âþ¥ ¤¢ �øÂÈõ ý�û�Ìê ¥� ×þ Âû .ñ�·õ 24.1.4;(Rn+1 ¥� ý¤�À÷�Âî ø �µÆ� �bä�Þ¹õ Âþ¥) Sn (1;Sn� � � �Sn (2;(Sn ý�ª�� ùb¤�Ø÷) RPn (3.(R3 ¥� ¤�À÷�Âî ø �µÆ� ý��ä�Þ¹õ Âþ¥) §����õ ¤��÷ (4.ßþÂÞ� 25.1.4?À÷�ù¢ÂÈê Âþ¥ ¤£ �øÂÈõ ý�û�Ìê ¥� ×�õ�Àî (11) D n = fx 2 Rn j kxk � 1g; 2) Int(D n ) = fx 2 Rn j kxk < 1g;3) f(s; t) 2 R2 j0 � s � 1 ; 0 � t � 4g;4) f(s; t; u) 2 R3 j s2 + t2 � 1g \ f(s; t; u) 2 R3 j t2 + u2 � 1g.´¨� ¤�À÷�Âî �fõ��ó� Rn ¥� ù¢ÂÈê �bä�Þ¹õ Âþ¥ Âû �î À�û¢ ö�È÷ (2�µ¨��� f �î ´¨� ù¢ÂÈê üµìø �ú�� ø üµìø f : I ! R â��� ¤�¢�Þ÷ �î À��î ´��� (3Â�è ø �µÆ� ©¤�¢�Þ÷ �î Àþ¤ø��� g : I ! R �µ¨����÷ â��� ×þ ¥� üó�·õ .Àª��.Àª�� ù¢ÂÈêâ���� �bÞû �ä�Þ¹õ F(X;Y ) ÝþÂ�ð .À�ª�� ý��ó���� ý�Ìê Y ø X ÝþÂ�ð (4ö�È÷ ý�Â� F (A;B) ¢�Þ÷ ¥� ,B � Y ø A � X Âð� .Àª�� Y �� X ¥� �µ¨���ù¢�Ôµ¨� ,À÷¤�Ø÷üõ B �¤ A �î F(X;Y ) ¥� ýÂ¬��ä �bÞû �bä�Þ¹õ Âþ¥ ö¢�¢ÝþÂ�ð .F (A;B) := ff 2 F(X;Y ) j f(A) � Bg :Ý��îüõL = fF (A;B) j ¥�� B � Y ø ù¢ÂÈê A � Xg :Ý��îüõ ÓþÂã� øU = fU 2 F(X;Y ) j f 2 F1 \ � � � \ Fn � U �î ¢�ªüõ´ê�þ ý¤�Ï F1; � � � ; Fn 2 L Â¬��ä ù�Ú÷� ,f 2 U Âð� g�¤ ßþ�) ´¨� F(X;Y ) ý�Â� ý��ó���� ×þ U �¤�¬ ßþ� ¤¢ �î À��î ´���.(À�õ�÷üõ ¥��-ù¢ÂÈê ý��ó����ý�Ìê Y Ý��î ­Âê .Àª�� ù¢ÂÈê ÂþÁ�ýÂµõ ý��ó���� ý�Ìê ×þ X ÝþÂ�ð (5Ý��îüõ ÓþÂã� F(X;Y ) Â� ö��î� .Àª�� d Âµõ �� ýÂµõd�(f; g) := supx2X d�f(x); g(x)�:ý��ó���� ø ´¨� F(X;Y ) ý�Â� Âµõ ×þ d� �¤�¬ ßþ� ¤¢ �î À�û¢ ö�È÷.´¨� ¥��-ù¢ÂÈê ý��ó���� ö�Þû �fÖ�ì¢ F(X;Y ) Â� d� ¥� Û¬��69
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê ù¢ÂÈê ý�Ìê 1.4üÚþ�ÆÞû Âû ,x 2 X Âû ý�¥� �� �î Ý���ð ù¢ÂÈê �fã®�õ ü�¤�¬ ¤¢ �¤X ý�Ìê (6Âð� �î À�û¢ ö�È÷ .´¨� ù¢ÂÈê �î Àª�� x ¥� ýÂµØ��î üÚþ�ÆÞû ý�¤�¢ x ¥�F(X;Y ) �X ! Y ü��þ¤�ÀÖõ ´ª�Ú÷ �¤�¬ ßþ� ¤¢ ,Àª�� ù¢ÂÈê �fã®�õ X.´¨� �µ¨��� (f; x) 7! f(x) �bÎ��® ��Û¬�� d ýÂµõ ¥� ö� ý��ó���� �î ,Àª�� ù¢ÂÈê ý��ó���� ü�Ìê X ÝþÂ�ð (7ù�Ú÷� ,Àª�� X ý�Â� ¥�� üÈª�� U = fUj j j 2 Jg Âð� À��î ´��� .´¨� ùÀªÂþ¥ Âû �î ¢¤�¢ ¢��ø ö��� (U Çª�� Ù±ó ¢Àä ����) Æ > 0 üÖ�Ö� ý¢Àä¤�Âì (j 2 J �î) Uj ý�û�ä�Þ¹õ ¥� üØþ ¤¢ X ¥� Æ ¥� ÂµÞî ÂÎì �� �bä�Þ¹õ.¢Â�ðüõýÂÊ�ä1 �î ,Àª��X[f1g ÂÚÈþ�Þ÷X1 ø ù¢�� ý��ó���� üþ�ÌêX ÝþÂ�ð (8�� �¤ U1 ù�Ú÷� ,Àª�� X Â� ­øÂÔõ ý��ó���� U Âð� .´¨� X ¤¢ âì�ø Â�è�î ÝþÂ�ðüõ ÂÑ÷ ¤¢ V [ f1g ÛØª �� ý�û�ä�Þ¹õ �bÞû ù�ÂÞû �� U �¤�¬×þ U1 �î À��î ´��� .´¨� �µÆ� ø ù¢ÂÈê X � V �bä�Þ¹õ ø V � X´¨� X1 ¥� üþ�Ìê Âþ¥ X �î À��î ´��� ,ß��»Þû .´¨� X1 ý�Â� ý��ó����.(À�õ�÷üõX ý�Â� ý��ÎÖ÷×� ý¥�¨ù¢ÂÈê �¤ X1) ´¨� ù¢ÂÈêX1 ùø�ã� ø
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é¤øÀ¨ø�û ý�Ìê 2.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊêé¤øÀ¨ø�û ý�Ìê 2.4��±�� �� ¢�� ùÀª �µ¨��¡ ö� ¤¢ �î ´¨� (2)-6.1.2 ßþÂÞ� Ç¿� ßþ� áøÂª �bÎÖ÷¯�Ö÷ ¥� �ø¥ Âû ý�¥� �� ù�Ú÷� ,Àª�� ÂþÁ�ýÂµõ ü®øÂÔõ ý��ó���� ý�Ìê Âð� �î ¢¢Âðy 2 ,x 2 Ux �î À÷�ªüõ ´ê�þ ý¤�Ï Uy ø Ux ¥�� �bä�Þ¹õ ø¢ ,X ¤¢ �þ�Þµõ y ø x×þ ý�¥� �� ,x 6= y ö�� ,âì�ø ¤¢ .´¨� ù¢�¨ ö� ��±�� .Ux \ Uy = ; ø Uy.´¨� ö� Â� ¢���õ ý��ó���� �� ¤�ð¥�¨ ø X Â� Âµõ d �î d(x; y) = 2" ý� " > 0.ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ B"(y) ø B"(x) ý�û�ä�Þ¹õ ´¨� üê�î ö��î�¥� ´Ô� Âû ý�¥� �� �î ´¨� é¤øÀ¨ø�û ü�¤�¬ ¤¢ X ý�Ìê .ÓþÂã� 1.2.4,x 2 Ux �î À÷�ª ´ê�þ ö��� X ¤¢ Uy ø Ux ¥�� ý�û�ä�Þ¹õ ,x; y 2 X �þ�Þµõ ¯�Ö÷.Ux \ Uy = ; ø y 2 Uy.´¨� é¤øÀ¨ø�û ,ÂþÁ�ýÂµõ ý�Ìê Âû (1 .ñ�·õ 2.2.4.´¨� é¤øÀ¨ø�û ©�üó�Þãõ ý��ó���� �� ù�ÂÞû Rn (2.´¨� é¤øÀ¨ø�û ,�µÆÆð ý��ó���� �� ý��ó���� ý�û�Ìê Âû (3Â�è ,§�ÞÜõ ý��ó���� ý�¤�¢ ø �ÎÖ÷ ×þ ¥� Ç�� �� ý��ó���� ý�Ìê Âû (4.´¨� é¤øÀ¨ø�û.ßþÂÞ� 3.2.4�ú�� ø üµìø X À��î ´��� .´¨� üû��µõ ÝÞµõ ý��ó���� �� üþ�Ìê X ÝþÂ�ð (1.Àª�� üû��µõ X �î ´¨� é¤øÀ¨ø�û üµìø×þ ,s 2 U Âû ý�¥� �� Âð� �ú�� ø Âð� U 2 F' ÓþÂã� �� ý��ó���� F ÝþÂ�ð (2ßþ� ¤¢ �î À��î ´��� .Àª�� R Â� "[s; t) � U �î ¢�ª ´ê�þ ö��� ý� t > s.´¨� é¤øÀ¨ø�û (R;F) �¤�¬ø �¥� ¯Âª À��î ´��� .À�ê¤�õ�ÿÞû ý��ó���� ý�Ìê ø¢ Y ø X À��î ­Âê (3.Àª�� é¤øÀ¨ø�û Y �î ´¨� ßþ� X ö¢�� é¤øÀ¨ø�û �Ø�þ� ý�Â� üê�îá��µõ á��÷� �¹�þ� ¤¢ .´¨� ý¥�¨�À� ¯øÂª ¥� ý��÷�Þ÷ ,ö¢�� é¤øÀ¨ø�û ¯Âªé¤øÀ¨ø�û ý�û�Ìê �� ö�Þú��� âì��õ Â·î� ¤¢ �f Þä ,�õ� .Ý��îüõ �ÂÎõ �¤ ¯øÂª ßþ�.´¨�71
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê é¤øÀ¨ø�û ý�Ìê 2.4ý¥�¨�À� ñ�¬� á��÷� :1.4 ÛØª

ü�¤�¬ ¤¢ .´¨� 4 �þ ø 3 ,2 ,1 ,0 ¢�Àè� ¥� üØþ k ÝþÂ�ð .ÓþÂã� 4.2.4�øÂÈõ Tk ý¥�¨�À� ¯Âª ¤¢ �î ,´¨� �Ìê�Tk ×þ X ý��ó���� ý�Ìê Ý���ðüõ:À�î ëÀ¬ Âþ¥ ¤¢üØþ �î ¢�ª ´ê�þ X ¤¢ ¥�� ý��ä�Þ¹õ ,X ¤¢ ý��¹õ ¯�Ö÷ ¥� ´Ô� Âû ý�¥� �� : T0.¢�ª ���� (Óó�)-1.4 ÛØª �� .Â�¡ �¤ ýÂÚþ¢ üóø ,¢¤�¢ Â� ¤¢ �¤�î À÷�ª ´ê�þ X ¤¢ ¥�� �bä�Þ¹õ ø¢ ,X ¤¢ ý��¹õ ¯�Ö÷ ¥� ´Ô� Âû ý�¥� �� : T1ÛØª �� .Â�¡ �¤ x ø ¢¤�¢ Â� ¤¢ �¤ y ýÂÚþ¢ ø ,Â�¡ �¤ y ø ¢¤�¢ Â� ¤¢ �¤ x üØþ.¢�ª ���� (�)-1.4À÷�ª ´ê�þ X ¤¢ ��¹õ ø ¥�� �bä�Þ¹õ ø¢ ,X ¤¢ ý��¹õ ¯�Ö÷ ¥� ´Ô� Âû ý�¥� �� : T2ÛØª �� .Â�¡ �¤ x ø ¢¤�¢ Â� ¤¢ �¤ y ýÂÚþ¢ ø ,Â�¡ �¤ y ø ¢¤�¢ Â� ¤¢ �¤ x üØþ �î.¢�ª ���� (�)-1.4x �bÎÖ÷ Âû ø F �µÆ� �bä�Þ¹õ Âþ¥ Âû ý�¥� �� ø À�îüõ ëÀ¬ T1 ¯Âª ¤¢ X : T3�¤ F üØþ �î À÷�ªüõ ´ê�þ ö��� X ¤¢ ��¹õ ø ¥�� �bä�Þ¹õ ø¢ ,F ¥� �¤�¡�� .À�îüÞ÷ âÎì �¤ F ø ¢�ªüõ Ûõ�ª �¤ x ýÂÚþ¢ ø ,Â�¡ �¤ x ø ¢�ªüõ Ûõ�ª.¢�ª ���� (¢)-1.4 ÛØª72
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é¤øÀ¨ø�û ý�Ìê 2.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊêø �µÆ� ý�û�ä�Þ¹õ Âþ¥ ¥� ´Ô� Âû ý�¥� �� ø À�îüõ ëÀ¬ T1 ¯Âª ¤¢ X : T4�î À÷�ªüõ ´ê�þ ö��� X ¤¢ ��¹õ ø ¥�� �bä�Þ¹õ ø¢ ,X ¥� F2 ø F1 ý��¹õ¢�ªüõ Ûõ�ª �¤ F2 ýÂÚþ¢ ø ,À�îüÞ÷ âÎì �¤ F2 ø ¢�ªüõ Ûõ�ª �¤ F1 üØþ.¢�ª ���� (û)-1.4 ÛØª �� .À�îüÞ÷ âÎì �¤ F1 ø.À�õ�÷üõ ÝÑ�õ �¤ �Ìê�T3 ø ,é¤øÀ¨ø�û �¤ ý�Ìê�T2 �f �ÞãõÀª��üõ ßþ� T4 ø T3 ¯øÂª ÓþÂã� ¤¢ T1 ¯Âª ¢��ø Û�ó¢ .´ª�¢¢�þ 5.2.48.2.4 �b �Ìì ��) À÷��µÆ� ý��ÎÖ÷ ×� ý�û�ä�Þ¹õ �î ´¨� üþ�û�Ìê ß��� ¤¢ �î.(¢�ª ����ý�û�Ìê�Ti �bÞû �b þ�¢Âð ,i = 0;1;2;3;4 �î Ti Ý��î ­Âê .��Ìì 6.2.4.T0 � T1 � T2 � T3 � T4 �¤�¬ ßþ� ¤¢ .´¨� ý��ó����Âþ¥ Í��ø ¤ ßþ� ö¢�� À�î� ��±�� .´¨� üúþÀ� Ti � Ti+1 ¢¤�õ Âû ¤¢ �Ø�þ� :��±��2 (2)-7.2.4 ßþÂÞ� .¢�¢ ��¹÷� ö���üõ ñ�·õ �b ��¤� �� �¤ ý��ä�Þ¹õ.ßþÂÞ� 7.2.4�ú��ø üµìø �î À��î ´��� .À�ê¤�õ�ÿÞû ý��ó���� ý�Ìê ø¢ Y ø X Ý��î ­Âê (1.(k = 0;1;2;3;4 �î) Àª�� �Ìê-Tk ×þ X �î ´¨� �Ìê-Tk ×þ Y üµìøý�¥� �� �î Àþ¥�Æ� ý��÷�ð �� �¤ X4 ø X3 ,X2 ,X1 ,X0 ý��ó���� ý�û�Ìê (2.Àª�±÷ �Ìê�Tj ý� j > k Âû ý�¥� �� üóø ,Àª�� �Ìê�Tk ×þ Xk ý� k Âû:üþ�Þ�û�¤) .´¨� �Ìê�T4 �fõ��ó� é¤øÀ¨ø�û ùb¢ÂÈê ý�Ìê Âû �î À��î ´��� (3�b �Ìì ��±�� �� ÀþÀª À�÷� �÷ Âð� ø ,Àþ¥�À÷��� üû�Ú÷ 10.2.4 �b �Ìì ��±�� ��(.À��î ���� 20.2.4ý��ÎÖ÷ ×� �bä�Þ¹õ Âû �î ´¨� �Êê�T1 üµìø �ú�� ø üµìø X .��Ìì 8.2.4.Àª�� �µÆ� ö� ¥�ßþ� ¤¢ .y 2 X � fxg ø x 2 X ÝþÂ�ð .´¨� �Ìê�T1 ×þ X À��î ­Âê :��±��Sy2X�fxgUy =ßþ�Â���� .¢¤�¢ ¢��ø ¢¤�À÷ Â� ¤¢ �¤ x �î y Ûõ�ª Uy ¥�� ý��ä�Þ¹õ �¤�¬73
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê é¤øÀ¨ø�û ý�Ìê 2.4¤¢ ßþ�Â���� ø ´¨� ¥�� ý�û�ä�Þ¹õ ¥� üä�Þµ�� X �fxg Àû¢üõ ö�È÷ �î ,X �fxg.´¨� �µÆ� X ¤¢ fxg �¹�µ÷ ¤¢ .Àª��üõ ¥�� Xø¢ Âû X � fyg ø X � fxg ù�Ú÷� ,À�ª�� �µÆ� ø¢ Âû fyg ø fxg Âð� ,ÅØãó��ßþ�Â���� .Â�¡ �¤ x ø ¢¤�¢ Â� ¤¢ �¤ y ýÂÚþ¢ ø ,Â�¡ �¤ y ø ¢¤�¢ Â� ¤¢ �¤ x üØþ �î ,À÷¥��2 .´¨� �Ìê�T1 ×þ X.´¨� �µÆ� ý�Ìä ×� �bä�Þ¹õ Âû ,é¤øÀ¨ø�û ý�Ìê Âû ¤¢ .�¹�µ÷ 9.2.4ö� ¤¢ ,X é¤øÀ¨ø�û üþ�Ìê ¥� A ù¢ÂÈê �bä�Þ¹õ Âþ¥ Âû .��Ìì 10.2.4.´¨� �µÆ� X �ÌêA �î Ý��î­Âê Ý�÷���üõ ,´¨� üúþÀ� A = X ø A = ;´ó�� ¤¢ ÝØ� ö�� :��±��,a 2 A Âû ý�¥� �� .Ý��îüõ ��¿µ÷� x 2 X � A ý��ÎÖ÷ .´Æ�÷ �Ìê ¢�¡ �þ ø üú�.a 2 Va ø x 2 Ua �î À÷�ªüõ ´ê�þ ý¤�Ï Va ø Ua ý��¹õ ø ¥�� ý�û�ä�Þ¹õ Âþ¥Âþ¥ ,Àª��üõ ù¢ÂÈê A ö�� ø .´¨� A ý�Â� ¥�� üÈª�� fVa j a 2 Ag �bä�Þ¹õ ö��î�U := �bä�Þ¹õ .À÷�ª��üõ �¤ A �î ¢¤�¢ fVa(1); � � � ; Va(n)g À�÷�õ üû��µõ üÈª.�ø Àª��üõ ��¹õ �û Va(i) ¥� ×þ Âû ¥� ø ¢¤�¢ Â� ¤¢ �¤ x ,´¨� ¥�� Ua(1) \ � � � \ Ua(n)¢¤�¢ ¢�¡ ¢Âð �� ¥�� ý��ä�Þ¹õ x 2 X � A �ÎÖ÷ Âû ,Å� .U � X � A �¹�µ÷ ¤¢ö¢�� �µÆ� ,�¹�µ÷ ¤¢ ø X � A ö¢�� ¥�� ü�ãõ �� ßþ� ;Àª��üõ X � A ¤¢ ñ�ÞÈõ �î2 .Àª��üõ A�� X ùb¢ÂÈê ý�Ìê ¥� �µ¨��� üµª�Ú÷ f : X ! Y À��î ­Âê .��Ìì 11.2.4´¨� ÝÆ�ê¤�õ�ÿÞû f üµìø �ú�� ø üµìø ,�¤�¬ ßþ� ¤¢ .Àª�� Y é¤øÀ¨ø�û ý�Ìê.Àª�� ×�±Øþ f �îßþ� ÅØä .´¨� üþ�¨ ø¢ f ù�Ú÷� ,Àª�� ÝÆ�ê¤�õ�ÿÞû f Âð� �î ´¨� ßªø¤ :��±���¹�µ÷ ¤¢ .Àª�� üþ�¨ø¢ f Ý��î ­Âê ,ßþ�Â���� .Àª��üõ ���� °ó�� �î ´¨� ÝØ�Âû ý�¥� �� �î ´¨� �µ¨��� f�1 üµìø �ú�� ø üµìø ,�¤�¬ ßþ� ¤¢ .´¨� ¢���õ f�1¤¢ V Âð� ,�õ� .Àª�� �µÆ� Y ¤¢ (f�1)�1(V ) = f(V ) ,X ¥¢ V �b µÆ� �bä�Þ½õ Âþ¥�b �Ìì Û�ó¢ �� ßþ�Â���� ø ´¨� ù¢ÂÈê V �bä�Þ¹õ 17.1.4 ����� ù�Ú÷� ,Àª�� �µÆ� X,´¨� �µÆ� f(V ) ,10.2.4 �b �Ìì ����� �Áó ø ´¨� ù¢ÂÈê ��÷ f(V ) �bä�Þ¹õ ,13.1.42 .Àª��üõ f�1 üÚµ¨��� ü�ãõ �� ¢�¡ ßþ� �î74
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é¤øÀ¨ø�û ý�Ìê 2.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê���µ�� üð¢ÂÈê ø ö¢�� é¤øÀ¨ø�û ¯Âª ø¢ Âû �� ��� ÝØ� ¤¢ .ñ�·õ 12.2.4�î) Àª�� �µÆÆð ý��ó���� �� üÖ�Ö� ¢�Àä� �bä�Þ¹õ X Âð� ,Û·Þó� üê Âþ¥ .´¨�Àª�� ©�üó�Þãõ ý��ó���� ù�ÂÞû �� R �bä�Þ¹õ ��÷ Y ø (´¨� é¤øÀ¨ø�û Â�è �bõ��ó���ä ø üþ�¨ø¢ ,�µ¨��� X ! Y ü÷�Þû ´ª�Ú÷ �¤�¬ ßþ� ¤¢ ,(´Æ�÷ ù¢ÂÈê �î).Àª��üõ ÝÆ�ê¤�õ�ÿÞûX ù¢ÂÈê ý�Ìê ¥� ×�±Øþ ø �µ¨��� üµª�Ú÷ f : X ! Y Âð� .�¹�µ÷ 13.2.4�¹�µ÷ ¤¢ ø ´¨� ÝÆ�ê¤�õ�ÿÞû f : X ! f(X) ù�Ú÷� ,Àª�� Y é¤øÀ¨ø�û ý�Ìê ��.f(X) �= X¥� ý¤��Æ� ö¢�� ÝÆ�ê¤�õ�ÿÞû ��±�� ,��� ÝØ� ×Þî �� .´ª�¢¢�þ 14.2.4.¢�ªüõ ù¢�¨ 2.3 Ç¿� ¤¢ ý�úµª�Ú÷,�û�Ìê Âþ¥ ¤¢ �÷�Ú� ö¢�� é¤øÀ¨ø�û ´�¬�¡ �î Ý��îüõ �ÂÎõ �¤ Ç¨Â� ßþ� ñ��.À�îüõ à�Ô÷ üµÞÆì �¤�¡ ý�û�Ìê �þ ø �ú�ÂÌÜ¬��.´¨� é¤øÀ¨ø�û ,é¤øÀ¨ø�û ý�Ìê ×þ ý�Ìê Âþ¥ Âû .��Ìì 15.2.4ý�û�ä�Þ¹õ ¥� ´Ô�×þ �¤�¬ ßþ� ¤¢ .À�ª�� S ¥� �ø�Ôµõ �bÎÖ÷ ø¢ y ø x ÝþÂ�ð :��±��ý�û�ä�Þ¹õ ,ö��î� .y 2 Uy ø x 2 Ux �î À÷�ªüõ ´ê�þ ý¤�Ï X ¤¢ Uy ø Ux ¥��S ßþ�Â���� .y 2 Uy \ S ø x 2 Ux \ S ,À�µÆû ��¹õ ,À÷¥�� S ¤¢ Uy \ S ø Ux \ S2 .´¨� é¤øÀ¨ø�ûßþ� ¤¢ .Àª�� ©�üó�Þãõ ý��ó���� ý�¤�¢ Rn Ý��î ­Âê .ñ�·õ 16.2.4.´¨� é¤øÀ¨ø�û ,©�üþ�Ìê Âþ¥ ý��ó���� �� Rn ¥� �ä�Þ¹õ Âþ¥ Âû ,�¤�¬üê�î ø �¥� ¯�ª .À�µÆû ý��ó���� ý�Ìê Y ø X ÝþÂ�ð .��Ìì 17.2.4.À�ª�� é¤øÀ¨ø�û Y ø X ý�û�Ìê �î ´¨� ßþ� Àª�� é¤øÀ¨ø�û X � Y �Ø�þ� ý�Â�ø¢ w2 = (x2; y2) ø w1 = (x1; y1) ø ù¢�� é¤øÀ¨ø�û Y ø X À��î ­Âê :��±��U2 ø U1 ��¹õ ø ¥�� �bä�Þ¹õ ø¢ ù�Ú÷� ,x1 6= x2 Âð� .À�ª�� X � Y ¤¢ �þ�Þµõ �bÎÖ÷U1 � Y �¤�¬ ßþ� ¤¢ .x2 2 U2 ø x1 2 U1 �î À÷�ªüõ ´ê�þ ý��÷�ð �� X ¤¢ø w1 2 U1 � Y �î À�µÆû X � Y ¥� üþ��¹õ ø ¥�� ý�û�ä�Þ¹õ Âþ¥ U2 � Y ø75
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê é¤øÀ¨ø�û ý�Ìê 2.4ö� ¤¢ �î ,´¨� �Â�� Û��ì üú��Èõ ñ�Àµ¨� ,y1 6= y2 ø x1 = x2 Âð� .w2 2 U2�Y.¢�ªüõ ù¢�Ôµ¨� X � V2 ø X � V1 ÛØª �� ý�û�ä�Þ¹õ ¥�fxg �X ø X � fyg ý�û�Ìê Âþ¥ ù�Ú÷� ,Àª�� é¤øÀ¨ø�û X � Y Âð� ,ÅØãó��2 .À�µÆû é¤øÀ¨ø�û ,À�ê¤�õ�ÿÞû Y ø X �� °��Âµ� �î X � Y ¥�S1 � � � � � S1 ý�Ìê ,´¨� é¤øÀ¨ø�û S1 � R2 ö�� .ñ�·õ 18.2.4.´¨� é¤øÀ¨ø�û�ÂÌÜ¬�� Âû ø ,é¤øÀ¨ø�û üþ�Ìê ¥� �Ìê Âþ¥ Âû �Ø�þ� �� .ñ�·õ 19.2.4ý�Ìê �î ¢�Þ÷ ÝØ� ö���üÞ÷ üÜî ´ó�� ¤¢ ,´¨� é¤øÀ¨ø�û ,é¤øÀ¨ø�û ý�û�ÌêX À��î ­Âê ,�f ·õ .´¨� é¤øÀ¨ø�û �fõ��ó� ,é¤øÀ¨ø�û ý�Ìê Âû üµÞÆì �¤�¡.(A = (0;1) ø X = R Û·õ) Àª�� �µÆ� Â�è A ý��ä�Þ¹õ Âþ¥ �� é¤øÀ¨ø�û üþ�ÌêÂð� �ú�� ø Âð� x � x0' ÓþÂã� �� ý¥¤�Ýû �bÎ��¤ � �î ´¨� X= � ¥� �¤�±ä Y ÝþÂ�ð×þ �� A ö¢�Þ÷ íøÂ� ¥� Û¬�� ý�Ìê ü�ãþ) ´¨� X Â� "fx; x0g 2 A �þ x = x0Âþ�Ê� �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó���� �� �¤ Y Âð� ¢�ª ���� ?? �� ;X ¤¢ �ÎÖ÷�î fx0g 2 Y �bÎÖ÷ öø¤�ø ùb¤�Ú÷ �¤�¬ ßþ� ¤¢ ,Ý��î ù�ÂÞû � : X ! Y üã�±Ïø ´Æ�÷ �µÆ� Y ¤¢ fx0g �bÎÖ÷ ,ßþ�Â���� .´Æ�÷ �µÆ� X ¤¢ ø ´¨� A Â��Â� x0 2 A.Àª�� é¤øÀ¨ø�û À÷���üÞ÷ Y �¹�µ÷ ¤¢é¤øÀ¨ø�û �fÞµ� ,é¤øÀ¨ø�û üþ�Ìê ´ÞÆì  ¤�¡ �Ø�þ� ¥� ö���ÞÏ� ñ�Ê� ý�Â�¥� ý��÷�Þ÷ Âþ¥ ÝØ� .´¨� ¥��÷ X ý�Ìê «�Ê¡ ¤¢ ýÂµÈ�� ��®øÂÔõ �� ,´¨�.´¨� ö��î Àª�� X ý��ó���� ý�Ìê üµÞÆì �¤�¡ ý�Ìê Y ÝþÂ�ð .��Ìì 20.2.4ù¢ÂÈê ø é¤øÀ¨ø�û X Âð� .´¨� ùÀª É¿Èõ f : X ! Y ý�ª�� ´ª�Ú÷ Í¨��.Àª��üõ (ù¢ÂÈê ø) é¤øÀ¨ø�û Y ù�Ú÷� ,Àª�� �µÆ� f Âð� ��÷ ø Àª��ö�þÂ���� .À÷��µÆ� X ¤¢ üÚÞû �î ,f ´½� X ¯�Ö÷ Âþø�Ê� ¥� À��¤�±ä Y ¯�Ö÷ :��±��Y ¤¢ ý�þ�Þµõ ¯�Ö÷ y2 ø y1 ÝþÂ�ð .À÷��µÆ� Y ¤¢ ý��ÎÖ÷ ×� ý�û�ä�Þ¹õ �bÞûý�¥� �� .À�µÆû �µÆ� X ¤¢ ø ��¹õ f�1(fy2g) ø f�1(fy1g) ý�û�ä�Þ¹õ .À�ª��Ux;a ��¹õ ø ¥�� ý�û�ä�Þ¹õ ¥� ´Ô� ×þ ,a 2 f�1(y2) ø x 2 f�1(y1) �bÎÖ÷ Âû,´¨� �µÆ� f�1(fy2g) ö�� .a 2 Vx;a ø x 2 Ux;a �î À÷¤�¢ ¢��ø ý¤�Ï Vx;a ø¢��ø fVx;a j a 2 f�1(fy2g)g ¥� üû��µõ üÈª�� Âþ¥ ßþ�Â���� ø Àª��üõ ��÷ ù¢ÂÈêüû��µõ ý��ä�Þ¹õ Âþ¥ A �î ,fVa;x j a 2 Ag ,�f ·õ ;À÷�ª��üõ �¤ f�1(fy2g) �î ¢¤�¢76
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é¤øÀ¨ø�û ý�Ìê 2.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊêÀ÷¤�¢ ¢��ø Vx ø Ux ý��¹õ ø ¥�� �bä�Þ¹õ ø¢ ,«�Ê¿� .Àª��üõ f�1(fy2g) ¥�.Vx = Sa2A Vx;a ø Ux = Ta2A Ux;a âì�ø ¤¢ .f�1(fy2g) � Vx ø x 2 Ux �îù¢ÂÈê Ý�÷¢üõ �î ´¨� f�1(fy1g ý�Â� ¥�� üÈª�� fUxkx 2 f�1(fy2g)g ö��î�üû��µõ ý��ä�Þ¹õ Âþ¥ B �î ¢¤�¢ fUx jx 2 Bg üû��µõ üÈª�� Âþ¥ ö�þÂ���� .´¨�ø ¥�� V = Sx2B Vx ø U = Tx2B Ux ý�û�ä�Þ¹õ ßþ�Â���� .Àª��üõ f�1(y1) ¥�.f�1(fy2g) � V ø f�1(fy1g) � U ø À�ª��üõ ��¹õßþ�Â���� ø À÷��µÆ� ø¢ Âû f(X � V ) ø f(X � U) ,´¨� �µÆ� f ­Âê ����� ö��.y2 2 W2 ø y1 2W1 ø À÷¥�� ø¢ ÂûW2 = Y �f(X�V ) øW1 = Y �f(X�U).y 2 W1 \ W2 Ý��î ­Âê .W1 \ W2 = ; �î ¢�ª Õ�Ö½� ´¨� üê�î ,ùÂ¡���ø f�1(fyg) \ (X � U) = ; �¹�µ÷ ¤¢ .y 62 f(X � V ) ø y 62 f(X � U) ö�þÂ����.f�1fyg) � U \ V = ; ¢¢Âðüõ �¹�µ÷ �ú�þ� ¥� ¥� �î f�1(fyg) \ (X � V ) = ;2 .W1 \W2 = ; ßþ�Â����üû��µõ G ùøÂð ø ù¢�� é¤øÀ¨ø�û ý�Ìê�G ×þ X Âð� .�¹�µ÷ 21.2.4.´¨� ù¢ÂÈê ø é¤øÀ¨ø�û üþ�Ìê X=G �¤�¬ ßþ� ¤¢ ,Àª����1(�(C)) = �¤�¬ ßþ� ¤¢ .Àª�� X ¥� �µÆ� ý��ä�Þ¹õ Âþ¥ C ÝþÂ�ð :��±��X Â� g 2 G ÛÞä ö�� .´¨� üã�±Ï Âþ�Ê� � : X ! X=G �î ,Sg2G g �C,(´¨� x 7! g �x �bÎ��® �� �g : X ! X ´ª�Ú÷ ,¤�Ñ�õ) ´¨� ÝÆ�ê¤�õ�ÿÞû�µÆ� ��÷ �(C) �¹�µ÷ ¤¢ ;´¨� �µÆ� ��1(�(C)) ßþ�Â���� .´¨� �µÆ� g �C = �g(C)2 .´¨� �µÆ� � ´ª�Ú÷ �î Àû¢üõ ö�È÷ ßþ� .´¨�é¤øÀ¨ø�û ý�Ìê Â� G = Z2 üû��µõ ùøÂð ÛÞä ¥� RPn ö�� .ñ�·õ 22.2.4.´¨� ù¢ÂÈê ø é¤øÀ¨ø�û üþ�Ìê RPn ßþ�Â���� ,´¨� ùÀª Û¬�� Sn ùb¢ÂÈê øý��ä�Þ¹õ Âþ¥ A ø ù¢�� ù¢ÂÈê ø é¤øÀ¨ø�û üþ�Ìê X Âð� .�¹�µ÷ 23.2.4.´¨� ù¢ÂÈê ø é¤øÀ¨ø�û üþ�Ìê X=A �¤�¬ ßþ� ¤¢ .Àª�� X ¥� �µÆ�Âþ�Ê� ÂÚÈþ�Þ÷ p : X ! X=A ø Àª�� X ¥� �µÆ� ý��ä�Þ¹õ Âþ¥ C ÝþÂ�ð :��±��,C \ A 6= ; Âð� ,�õ� .´¨� �µÆ� ��÷ C = p(C) ù�Ú÷� ,C \ A = ; Âð� .Àª�� üã�±Ï�Âþ¥ ,Àª��üõ �µÆ� ��÷ ßþ� �î p(C) = p(C �A) [ p(C \ A) ù�Ú÷�p�1�p(C �A) [ p(C \ A)� = (C �A) [A = C [ A77
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê é¤øÀ¨ø�û ý�Ìê 2.42 .´¨� �µÆ� p´ª�Ú÷ ßþ�Â�����bÎ¨�ø �� �� ¢�Þ÷ ñ�Þä� é¤øÀ¨ø�û ý�Ìê×þ Â� ¢�ªüõ �î ýÂÚþ¢ ý�úµþ¢øÀ½õ.´¨� ùÀª ù¢¤ø� ýÀä� ßþÂÞ� ¤¢ ,Àª�� é¤øÀ¨ø�û Û¬�� üµÞÆì �¤�¡ ý�Ìê ,�ú÷�.´¨� ùÀª �ÂÎõ ��÷ 20.2.4 �b �Ìì öø¤�ø ß��»Þû.ßþÂÞ� 24.2.4é¤øÀ¨ø�û ý�Ìê ýøÂ� X ùb¢ÂÈê ý�Ìê ¥� �ª�� üµª�Ú÷ f : X ! Y ÝþÂ�ð (1f�1(U) �î ´¨� ¥�� üµìø �ú�� ø üµìø Y ¥� U �bä�Þ¹õ Âþ¥ À��î ´��� .Àª�� Y�µÆ� üµìø �ú�� ø üµìø Y ¥� C �bä�Þ¹õ Âþ¥ À��î ´��� :üþ�Þ�û�¤) .Àª�� ¥��üµÞÆì �¤�¡ ý��ó���� ý�¤�¢ Y �î ÀþÂ�Ú� �¹�µ÷ (.Àª�� �µÆ� f�1(C) �î ´¨�.´¨� f Í¨�� ùÀªÉ¿Èõf(y1; y2) 2 ÂÎì �î ´¨� é¤øÀ¨ø�û üµìø �ú�� ø üµìøX ý��ó���� ý�Ìê À��î ´��� (2.Àª�� �µÆ� Y � Y ¤¢ Y � Y j y1 = y2g,Àª�� é¤øÀ¨ø�û Y Âð� �î À��î ´��� .´¨� �µ¨��� üµª�Ú÷ f : X ! Y ÝþÂ�ð (3.´¨� �µÆ� X �X ¤¢ f(x1; x2) 2 X �X j f(x1) = f(x2)g �bä�Þ¹õ ù�Ú÷��ú�� ø üµìø Y À��î ´��� .´¨� �µÆ� ø ¥�� ,�µ¨��� üµª�Ú÷ f : X ! Y ÝþÂ�ð (4¤¢ f(x1; x2) 2 X�X j f(x1) = f(x2)g �bä�Þ¹õ �î ´¨� é¤øÀ¨ø�û üµìø.Àª�� �µÆ� X �X�� ´±Æ÷ üµÞÆì �¤�¡ ý�Ìê Y ø ´¨� ù¢ÂÈê ø é¤øÀ¨ø�û üþ�Ìê X ÝþÂ�ð (5´¨� é¤øÀ¨ø�û üµìø �ú�� ø üµìø Y À��î ´��� .Àª��üõ f : X ! Y ´ª�Ú÷�î ´¨� é¤øÀ¨ø�û üµìø �ú�� ø üµìø Y À��î ´��� ,ùø�ã� .Àª�� �µÆ� f �î.Àª�� �µÆ� X �X ¤¢ f(x1; x2) 2 X �X j f(x1) = f(x2)g �bä�Þ¹õ"xt = ys , (x; t) � (y; s)' ÓþÂã� �� S1� I Â� ý¥¤�Ýû �bÎ��¤ � ÝþÂ�ð (6À��î ´��� .(I = [0;1℄ � R ø S1 � C ´¨� ùÀª ­Âê �¹�þ� ¤¢ �î) ´¨�D 2 = fx 2 R2 j kxk � 1g = fx 2 C j jxj � 1g À��ø«Âì �� (S1�I)= �.Ý�û¢ ¤�Âì �¤ R2 ¥� üþ�Öó� ý��ó���� D 2 Â� �Ø÷� �� ¯øÂÈõ ,´¨� é¤�õ�ÿÞûÓþÂã� �� X = f(x; y) 2 R j0 � x; y � 1g â�Âõ Â� ý¥¤�Ýû �bÎ��¤ � ÝþÂ�ð (7y0 = 1 � y ø fx; x0g = f0;1g �þ (x; y) = (x0; y0) , (x; y) � (x0; y0)'78
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é¤øÀ¨ø�û ý�Ìê 2.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê´��� .(À��î �Ñ��õ �¤ 2.4 ÛØª) ´¨� "x0 = 1� x ø fy; y0g = f0;1g �þ.´¨� é¤�õ�ÿÞû RP2 �� X= � ùbÀª ýÂ�ðüØþ ý�Ìê �î À��î2.4 ÛØª

Sn � Rn+1 ¥� fx 2 Rn+1 j kxk = 1 ; xn+1 � 0g �bä�Þ¹õ Âþ¥ Sn+ ÝþÂ�ð (8f(x1; � � � ; xn+1) = �bÎ��® �� f : Rn+1 ! Rn â��� �¤�¬ ßþ� ¤¢ �î À��î ´��� .´¨�.À�îüõ üêÂãõ D n �b µÆ� «Âì�n ýøÂ� Sn+ ¥� üÞÆ�ê¤�õ�ÿÞû (x1; � � � ; xn)ö�È÷ .Ý��îüõ ÓþÂã� "Àª�� �þ�ð x�y , x � y' �¤�¬ �� R Â� �¤ � �bÎ��¤ (9ý��ó���� ù�ÂÞû �� R= � ø ´¨� ý¥¤�Ýû ý��Î��¤ � �¤�¬ ßþ� ¤¢ �î À�û¢.´Æ�÷ é¤øÀ¨ø�û ©�üµÞÆì �¤�¡�î Àª�� X ¥� ¥�� ý��ä�Þ¹õ Âþ¥ U ø ù¢ÂÈê ø é¤øÀ¨ø�û üþ�Ìê X ÝþÂ�ð (10´ª�Ú÷ :üþ�Þ�û�¤) .U1 �= X=(X � U) À��î ´��� .´Æ�÷ X ¢�¡ Â��Â�h(1) = ø ,u 2 U ý�Â� h(u) = p(u) �bÎ��® �� h : U1 ! X=(X � U)üã�±Ï Âþ�Ê� p : X ! X=(X � U) ö� ¤¢ �î ,ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ p(X � U),(Àª�� ù¢ÂÈê ø é¤øÀ¨ø�û üþ�Ìê X ø) x 2 X Âð� �î ÀþÂ�Ú� �¹�µ÷ (.´¨�.(X � fxg)1 �= X �¤�¬ ßþ� ¤¢.Sn �= (Rn )1 �= D n=Sn�1 �= In=�In �î À��î ´��� (11(.Sn� f(0; � � � ;0;1)g �= Rn �= D n � Sn�1 �= In � �In :üþ�Þ�û�¤)üÈª�� ´ª�Ú÷ �� ´±Æ÷X üµÞÆì �¤�¡ ý�Ìê Y ÝþÂ�ð (20.2.4 �b �Ìì Ý�Þã�) (12�� ø �µÆ� üµª�Ú÷ f ,é¤øÀ¨ø�û üþ�Ìê X À��î ­Âê .Àª�� f : X ! YY �î À��î ´��� �¤�¬ ßþ� ¤¢ .Àª�� ù¢ÂÈê f�1(fyg) ý� y 2 Y Âû ý�¥�.´¨� é¤øÀ¨ø�û79
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê é¤øÀ¨ø�û ý�Ìê 2.4X ¥� �µÆ� üþ�Ìê Âþ¥ A ø ´¨� ù¢ÂÈê ø é¤øÀ¨ø�û üþ�Ìê X À��î ­Âê (13�bÎ��¤ .Àª��üõ �Ìê�G×þ A ø üû��µõ üûøÂðG À��î­Âê ùø�ã� .Àª��üõ×þ ý�¥� �� ø x; x0 2 A �þ x = x0 , x � x0' �¤�¬ �� X Â� �¤ �X Â� ý¥¤�Ýû ý��Î��¤ � À��î ´��� .Ý��îüõ ÓþÂã� "x = g �y ý� g 2 G.´¨� é¤øÀ¨ø�û ��÷ X= � ùø�ã� ø ´¨�ø �µÆ� �î ´¨� ù¢ÂÈê üµìø �ú�� ø üµìø Rn ¥� ý��ä�Þ¹õ Âþ¥ :À��î ´��� (14�b �Ìì ø (2)-25.1.4 ßþÂÞ� ø 22.1.4 �b �Ìì ¥� :üþ�Þ�û�¤) .Àª�� ¤�À÷�Âî(.¢�ª ù¢�Ôµ¨� 10.2.4
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À�±Þû ý�Ìê 3.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊêÀ�±Þû ý�Ìê 3.4��úÔõ üóø ;Àª�� "�Ø� ×þ' �î ´¨� À�±Þû ü�¤�¬ ¤¢ X ý�Ìê ý¢�úª ÂÑ÷ ¥�ý��Ø� A Âð�' Ý��î ¯Âª �î ´¨� ßþ� ñ�Öãõ ?´¨� ü�ãõ �� �� ý��ó���� ¤¢ "�Ø�'X ¤¢ �µÆ� �þ ¥�� °��Âµ� ,A ¤¢ �µÆ� �þ ø ¥�� ý�û�ä�Þ¹õ Âþ¥ ,Àª�� X ý�Ìê ¤¢Ýû ¥�� Ýû ,X ¤¢ ý��Ø� Âû �î Ýþ¤�¢ ¤�Ñµ÷� ,16.1.3 Ýó §�¨� Â� ,ßþ�Â���� ."À�ª��.Àª�� X ¤¢ �µÆ�Âþ¥ �ú�� �î Ý���ð À�±Þû ü�¤�¬ ¤¢ �¤ X ý��ó���� ý�Ìê .ÓþÂã� 1.3.4�¤ X ¥� A �bä�Þ¹õ Âþ¥ .À�ª�� X ø ; ¥� �¤�±ä ,X ¤¢ �µÆ� Ýû ø ¥�� Ýû ý�û�ä�Þ¹õüþ�Öó� ý��ó���� �� ù�ÂÞû) ý��ó���� ý�Ìê ×þ ö���ä �� �î Ý���ð À�±Þû ü�¤�¬ ¤¢.Àª�� À�±Þû (X ¥�.À�îüõ ���¤� ýÀ�±Þû ý�Â� �¤ üõø¢ ÓþÂã� Âþ¥ �b �Ììüä�Þµ�� �¤�¬ �� �î ´¨� À�±Þû üµìø �ú�� ø üµìø X ý�Ìê .��Ìì 2.3.4.´ª�÷ ö��µ÷ ��¹õ ø üú� Â�è ,X ¤¢ ¥�� �bä�Þ¹õ Âþ¥ ø¢ ¥�¤¢ ¥�� �bä�Þ¹õ Âþ¥ ø¢ X2 ø X1 �î ,X = X1 [ X2 ø ù¢�� À�±Þû X ÝþÂ�ð :��±���µÆ� ø ¥�� X ¤¢ ��÷ X2 ßþ�Â���� ø X �X1 = X2 �¤�¬ ßþ� ¤¢ .À�ª�� ��¹õ ø X�¹�µ÷ ´ó�� ø¢ Âû ¤¢ .X2 = ; ø X1 = X �þ X1 = X ø X1 = ; �¹�µ÷ ¤¢ .´¨�.´ª�÷ ö���üÞ÷ üú� Â�è ø ��¹õ ,X ¤¢ ¥�� �bä�Þ¹õ Âþ¥ ø¢ á�Þµ�� X �î ¢�ªüõÀª�±÷ ��¹õ ø üú� Â�è ,X ¤¢ ¥�� �bä�Þ¹õ Âþ¥ ø¢ á�Þµ�� X Ý��î ­Âê ,ÅØãó��¤¢ �µÆ� Ýû ø ¥�� Ýû ��÷ X�U ù�Ú÷� ,Àª�� X ¤¢ �µÆ� Ýû ø ¥�� Ýû U Âð� .U � X øX�U ø U ¥�� ý�û�ä�Þ¹õ ¥� ü�þ��¹õ á�Þµ�� X �¤�¬ ßþ� ¤¢ ö�� ,�õ� .´¨� X2 .U = X �þ U = ; ü�ãþ .Àª�� üú� ø¢ ö� ¥� üØþ üµÆþ�� ,´¨� ùÀªÂþ¥ f1g �Âþ¥ ,´Æ�÷ À�±Þû R ¥� S0 = f�1;1g �bä�Þ¹õ Âþ¥ .ñ�·õ 3.3.4¥� ��¹õ üä�Þµ�� S0 ñ¢�ãõ ¤�Î� �þ ;Àª��üõ S0 ¥� �µÆ� ø ¥�� ,üú� Â�è ý��ä�Þ¹õ.Àª��üõ f1g ø f�1g ¥�� ý�û�ä�Þ¹õ��±�� ¥� Ç�� .(¢�ª ���� 6.3.4 �b �Ìì ��) ´¨� R ¥� À�±Þû ý��ä�Þ¹õ Âþ¥ [a; b℄.¢�Þ÷ ¯��µ�� Àþ�� ¢�úª ¥� ù¢�Ôµ¨� ¤¢ ,À�û¢üõ ö�È÷ �î Ý��îüõ �ÂÎõ ñ�·õ ø¢ ,ö�81
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê À�±Þû ý�Ìê 3.4f;;Rg[f(�1;x) jx 2ý��ó���� �� üÖ�Ö� ¢�Àä� �bä�Þ¹õX ÝþÂ�ð .ñ�·õ 4.3.4ßþ� ��±�� ý�Â� .À�µÆû À�±Þû X ý�û�ä�Þ¹õ Âþ¥ �b �Üî �¤�¬ ßþ� ¤¢ .Àª�� Rgý��ä�Þ¹õ Âþ¥ F ø Àª�� X ¥� ù��¿ó¢ ø üú� Â�è ý��ä�Þ¹õ Âþ¥ S Ý��î ­Âê ,Âõ�U \ S = C \ S �¤�¬ �� �¤ F ßþ�Â���� .´¨� �µÆ� ø ¥�� S ¤¢ �î S ¥� üú� Â�èø U = (�1; b) �f ·õ :Àª��üõ �µÆ� X ¤¢ C ø ´¨� ¥�� X ¤¢ U �î ´ª�÷ ö���üõ,x 2 S Âð� �î ÝþÂ�ðüõ �¹�µ÷ ,F = U\S = C\S ö�� .a; b 2 R �î ,C = [A;1)�� :C\S 6= U[S ù�Ú÷� ,Àª�� ýø�Æõ �þ Âµð¤�� b ¥� ý� x Âð�) a � x ø x < b ù�Ú÷�S � [a; b) ßþ�Â���� .(U [ S 6= C \ S ù�Ú÷� ,Àª�� a ¥� ÂµÞî ý� x Âð� ���Èõ �¤�¬.Àª��üõ S ö¢�� À�±Þû ü�ãõ �� �î ,F = S øS 2 :Àª�� F ý��ó���� ù�ÂÞû �� üÖ�Ö� ¢�Àä�b�ä�Þ¹õ X ÝþÂ�ð .ñ�·õ 5.3.4[s; t) � �î ¢¢Âð ´ê�þ ö��� ý� t > s ×þ ý� s 2 S Âû ý�¥� �� Âð� �ú�� ø Âð� F×� ý�û�ä�Þ¹õ ,X ¤¢ üú� Â�è ø À�±Þû ý�û�ä�Þ¹õ Âþ¥ �ú�� �¤�¬ ßþ� ¤¢ .SÂ�è ø À�±Þû ý��ä�Þ¹õ Âþ¥ T Ý��î ­Âê ,°ÜÎõ ßþ� ��±�� ý�Â� .À�µÆû ý�ÌäX ¥� [x;x + ") �bä�Þ¹õ Âþ¥ ," > 0 Âû ý�¥� �� .T ¤¢ ý��ÎÖ÷ x ø Àª�� X ¥� üú�.T = fxg �î ´¨� ßØÞõ üµìø �ú�� ßþ� �õ� .((4)-15.1.2 ßþÂÞ�) ´¨� �µÆ� ø ¥��.´¨� ��Þ� ö�ûÂ� ø À�µÆû À�±Þû ý�Ìä ×� ý�û�ä�Þ¹õ Âþ¥ �bÞû �î ´¨� ßªø¤.Ýþ¥�¢Â�üõ [a; b℄ � R ýÀ�±Þû ��±�� �� ñ��.´¨� À�±Þû [a; b℄ � R ùb¥�� .��Ìì 6.3.4,ß��»Þû .´¨� [a; b℄ ¤¢ V ø U ¥�� ø ��¹õ �bä�Þ¹õ ø¢ á�Þµ�� [a; b℄ Ý��î­Âê :��±��;À÷��µÆ� [a; b℄ ¤¢ V = [a; b℄�U ø U = [a; b℄�V �î Ýþ¤�¢ ���� .a 2 U Ý��î­Âêh Ý��î ­Âê .À�µÆû �µÆ� ��÷ R ¤¢ V ø U ,´¨� �µÆ� R ¤¢ [a; b℄ ¢�¡ ö�� ,ßþ�Â������ a ö��) ´¨� fu 2 U j ý� v 2 V Âû ý�¥� �� g �bä�Þ¹õ üþ��� ö�Âî ßþÂµØ��î.h 2 U Àþ�� �¹�µ÷ ¤¢ ,´¨� �µÆ� U ö�� .(´¨� üú� Â�è ,´¨� ÕÜãµõ �ä�Þ¹õ ßþ�ö�Âî h �¤�¬ ßþ� Â�è ¤¢ �Âþ¥) ,(h� ";h+ ")\ V 6= ; ý� " > 0 Âû ý�¥� �� ,ñ��¤¢ ,´¨� �µÆ� ��÷ V üóø .h 2 �V Àþ�� 19.1.2 Ýó ����� �¹�µ÷ ¤¢ ø (¢�ªüÞ÷ üþ���2 .´¨� Ëì��� �î ,h 2 U \ V ø h 2 V �¹�µ÷.´¨� �µ¨��� ,�µ¨��� üµª�Ú÷ ´½� À�±Þû ý�Ìê Âû ùb¤�Ú÷ .��Ìì 7.3.482
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À�±Þû ý�Ìê 3.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊêÂð� .´¨� �µ¨��� ø �ª�� üµª�Ú÷ f : X ! Y ø À�±Þû üþ�Ìê X À��î ­Âê :��±��­Âê ����� ßþ� �î ,´¨� �µÆ� ø ¥�� X ¤¢ f�1(U) ù�Ú÷� ,Àª�� �µÆ� ø ¥�� Y ¤¢ U�þ U = ; �¹�µ÷ ¤¢ .´¨� f�1(U) = X �þ f�1(U) = ; ü�ãõ �� ,X ýÀ�±Þû2 .´¨� À�±Þû f(X) ßþ�Â���� .U = Xf : [0;1℄ ! S1 ø ´¨� R ¥� À�±Þû ý��ä�Þ¹õ Âþ¥ [0;1℄ ö�� .ñ�·õ 8.3.4.´¨� À�±Þû ��÷ S1 = f([0;1℄) ßþ�Â���� ,´¨� �µ¨��� f(t) = exp(2�t) �bÎ��® ��ø üµìø �¤�¬ ßþ� ¤¢ ,À�ª�� é¤�õ�ÿÞû ý�Ìê ø¢ Y ø X Âð� .�¹�µ÷ 9.3.4.Àª�� À�±Þû Y �î ´¨� À�±Þû X üµìø �ú��(a; b) ø (a; b℄ ,[a; b) ÛØª �� üþ�û�ä�Þ¹õ ýÀ�±Þû ��±�� ö�Øõ� ¢�¹þ� ´ú� ��.Ý��îüõ ��±�� �¤ ýÀã� ÝØ� ,R ¤¢À�±Þû ý�û�ä�Þ¹õ Âþ¥ ¥� ý��þ�¢Âð fYj j j 2 Jg Ý��î ­Âê .��Ìì 10.3.4.´¨� À�±Þû Y = Sj2J Yj ù�Ú÷� ,Tj2J Yj 6= ; Âð� .Àª�� X ý�Ìê ¥�ý�¥� �� �¤�¬ ßþ� ¤¢ .Àª�� Y ¤¢ �µÆ� ø ¥�� ý��ä�Þ¹õ Âþ¥ U Ý��î ­Âê :��±��Yi ,�õ� .´¨� �µÆ� ø ¥�� ,üú� Â�è Yi ¤¢ U \ Yi �bä�Þ¹õ ø U \ Yi 6= ; ý� i 2 JâÎì �¤ �û Yj Âþ�¨ Yi .Yi � U �Áó ø U \ Yi = Yi ßþ�Â���� ,´¨� À�±Þû­Âê Õ��Îõ¢�ªüõ �¹�µ÷ Yi ¢¤�õ ¤¢ ñ�Àµ¨� ¤�ÂØ� �� ,ñ�� .´¨� ß��� ��÷ U �¹�µ÷ ¤¢ ,À�îüõ2 .U = Y ßþ�Â���� .Yj � U ý� j 2 J Âû ý�¥� �� �î.À�µÆû À�±Þû R ¤¢ ý�ûù¥�� �bÞû .�¹�µ÷ 11.3.4,À�µÆû À�±Þû R ¤¢ �µÆ� ý�ûù¥�� �bÞû 6.3.4 �b �Ìì ����� �Ø�þ� �� ���� �� :��±���¹�µ÷ 10.3.4 �b �Ìì ¥� ,[a; b) = Sn�1[a; b � (b � a)=2n℄ �Ø�þ� �� ���� �� ��÷ ø.´¨� ���Èõ �¤�¬ �� (a; b) ø (a; b℄ ýÀ�±Þû ��±�� .´¨� À�±Þû [a; b) �î ÝþÂ�ðüõ��±�� .´¨� À�±Þû ��÷ [a;1) ßþ�Â���� [a;1) = Sn�1[a; a + n℄ ö�� ,ß��»Þû2 .´¨� ���Èõ �¤�¬ �� (�1;1) ø (�1; b ýÀ�±Þûý�Â� üê�î ø �¥� ¯Âª .À�ª�� ý��ó���� ý�Ìê Y ø X ÝþÂ�ð .��Ìì 12.3.4.À�ª�� À�±Þû Y ø X �î ´¨� ßþ� ,Àª�� À�±Þû X � Y �Ø�þ�83
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê À�±Þû ý�Ìê 3.4ý� y 2 Y Âû ø x 2 X Âû ý�¥� �� ö�� .À�ª�� À�±Þû Y ø X À��î ­Âê :��±��X � fyg ý�û�ä�Þ¹õ �bÞû �î Ý��îüõ �Ñ��õ ,Y �= fxg � Y ø X �= X � fyg����� �Áó ø (X � fyg) \ (fxg � Y ) = f(x; y)g �õ� .À�µÆû À�±Þû fxg � Y ø�¤�¬ �� �¤ X � Y .´¨� À�±Þû (X �fyg)[ (fxg � Y ) �bä�Þ¹õ 10.3.4 �b �Ìì´��� ø ù��¿ó¢ ýÂÊ�ä y 2 Y �î ,´ª�÷ ö���üõ Sx2X �(X�fyg)[ (fxg�Y )�À�±Þû X � Y ÝþÂ�ðüõ �¹�µ÷ ,Tx2X �(X � fyg) [ (fxg � Y )� 6= ; ö�� .´¨�.´¨�ßþ� ø 7.3.4 �b �Ìì ¥� Y ø X ýÀ�±Þû .Àª�� À�±Þû X � Y Ý��î ­Âê ,ÅØãó���¹�µ÷ ,À�µÆû �ª�� ø �µ¨��� �Y : X � Y ! Y ø �X : X � Y ! X �î ´�ì�ø2 .¢¢ÂðüõßþÂÞ� �� .À�µÆû À�±Þû RPn ø Sn ,Rn ý� n � 1 Âû ý�¥� �� .ñ�·õ 13.3.4.¢�ª ���� Àã�.ßþÂÞ� 14.3.4ý�û�ä�Þ¹õ Âþ¥ .´Æ�÷ À�±Þû Q � R �þ�ð ¢�Àä� �bä�Þ¹õ �î À��î ´��� (1?À�õ�Àî Q À�±ÞûÀª�� ù¥�� �þ �î ´¨� À�±Þû üµìø �ú�� ø üµìø R ¥� ý��ä�ÞÞ¹õ Âþ¥ �î À��î ´��� (2A ý��ä�Þ¹õ Âþ¥ ,R ¤¢ ù¥�� ¥� ¤�Ñ�õ �¹�þ� ¤¢) .ý��ÎÖ÷ ×� ý��ä�Þ¹õ �þ øA ¥� a < b �Ìä ø¢ Âû ý�¥� �� Âð� ��÷ ø Àª�� �Ìä ø¢ ý�¤�¢ Ûì� À� �î ´¨�(.x 2 A Ý�ª�� �µª�¢ ,a < x < b �î ý� x Âû ý�¥� �� ø:À��î ´��� .Àª�� �Ìä ø¢ Ûì�À� �� ý��ä�Þ¹õ X ÝþÂ�ð (3¤¢ À�±Þû ý�û�ä�Þ¹õ Âþ¥ �ú�� ù�Ú÷� ,Àª�� �µÆÆð ý��ó���� �� X Âð� (Óó�.À�µÆû ý�Ìä ×� ý�û�ä�Þ¹õ Âþ¥ XÀ�±Þû X ¥� ý��ä�Þ¹õ Âþ¥ Âû ù�Ú÷� ,Àª�� §�ÞÜõ ý��ó���� �� X Âð� (�.´¨�?À�µÆû À�±Þû R2 ¥� Âþ¥ ý�û�ä�Þ¹õ Âþ¥ ¥� ×þ ��Àî (4fx j kxk < 1g; fx j kxk > 1g; fx j kxk 6= 1g:?À�µÆû À�±Þû R3 ¥� Âþ¥ ý�û�ä�Þ¹õ Âþ¥ ¥� ×þ ��Àîfx jx21 + x22 � x23 = 1g; fx jx21 + x22 � x23 = �1g; fx jx1 6= 1g:84
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À�±Þû ý�Ìê 3.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê�µ¨��� â��� Âû �î ´¨� À�±Þû üµìø �ú�� ø üµìø X ý��ó���� ý�Ìê À��î ´��� (5.Àª�� ´��� üµª�Ú÷ (�Ìä ø¢ Ûì� À� �� ø) �µÆÆð üþ�Ìê ý�µ� X ¥���÷ Y À��î ´��� .A � Y � �A ø ´¨� X ¥� À�±Þû üþ�Ìê Âþ¥ A À��î ­Âê (6.´¨� À�±Þû.À�ª�� X ý�Ìê ¥� À�±Þû üþ�û�ä�Þ¹õ Âþ¥ fYj j j 2 Jg ø Y0 À��î ­Âê (7Y = Y0 [ ù�Ú÷� ,Y0 \ Yj 6= ; �û j 2 J �bÞû ý�¥� �� Âð� �î À��î ´���.´¨� À�±Þû �Sj2J Yj�ý�¥� �� �î ÀþÂ�Ú� �¹�µ÷ .´¨� À�±Þû Rn+1�f0g ù�Ú÷� ,1 � n Âð� À��î ´��� (8�� f : Rn+1 ! Sn â��� :üþ�Þ�û�¤) .À�µÆû À�±Þû RPn ø Sn ý� n � 1 Âû(.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) = x=kxk �bÎ��®:À�µÆû R2 ¥� Âþ¥ �Âª �� üþ�û�ä�Þ¹õ Âþ¥ B ø A À��î ­Âê (9A : x = 0 ; �1 � y � 1; B = : 0 < x � 1 ; y = 
os(�=x);À�±Þû B ø A À��î ´��� :üþ�Þ�û�¤) .´¨� À�±Þû X = A [ B À��î ´���.À�µÆû �µÆ� ø ¥�� X ¤¢ V ø U �î ,X = U [ V À��î ­Âê ,Å³¨ .À�µÆû(.¢¤�¢ ¤�Âì U ¤¢ A ¥� ý��ÎÖ÷ �î À��î ­Âê ,ùÂ¡���:À�µÆû R2 ¥� Âþ¥ �Âª �� üþ�û�ä�Þ¹õ Âþ¥ B ø A À��î ­Âê (10A = : 1=2 � x � 1 ; y = 0; B = : 0 � x � 1 ; y = x=n ; n 2 N;.´¨� À�±Þû X = A [ B À��î ´���H(X) ø Àª�� ý��ó���� üþ�Ìê X ÝþÂ�ð :ýÂ±� ý��ó���� ý�¨ �� ��ð ß�óø� (11�� -1 ø 1 Â¬��ä Ûõ�ª üþ�Ìê) Z2 �� X ¥� �µ¨��� ý�úµª�Ú÷ �b �Üî �bä�Þ¹õ�¤�¬ �� �¤ f + g ù�Ú÷� ,f; g 2 H(X) Âð� .´¨� (�µÆÆð ý��ó����8 x 2 X : (f + g)(x) := f(x) + g(x) (2 �b ÷�Þ�� ��)ÛÞä ßþ� �� ´±Æ÷ H(X) ø ´¨� �µ¨��� f + g À��î ´��� .Ý��îüõ ÓþÂã�H(X) �î ´¨� À�±Þû üµìø �ú�� ø üµìø X À��î ´��� .Àª��üõ üÜ�� üûøÂðH(Xk) �î Àþ¥�Æ� ý��÷�ð �� �¤ Xk ý��ó���� ý�û�Ìê .Àª�� é¤�õø�þ� Z2 ��.Àª�� é¤�õø�þ� (Z2)k ��
85
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê ×�Ø�� Ûþ�Æõ :¢Â�¤�î 4.4×�Ø�� Ûþ�Æõ :¢Â�¤�î 4.4ÂÑ÷ �� �¤ Û±ì ñ�Êê ¤¢ ùÀª �ÂÎõ ��Ø�� ¥� ���� °ó�� ø �±þ¥ üþ�û¢Â�¤�î ÛÊê ßþ� ¤¢:´¨� ß��� ù¢�¨ ö��� �� �ó�bÆõ ß�óø� .Ý��îüõ ���¤� "×�Ø�� Ûþ�Æõ' ���� üÜþ�Æõ ��¤�Âì ý��õ Â� ù��¿ó¢ ÛØª Âû �� (ï¤�� ´½� ×�î ,ü�ãþ) ×�Ø�� ø¢ À��î ­Âê×þ �ú�� �� ,Ý�ª�� �µª�¢ ¤��µ¡� ¤¢ ï¤�� üê�î ùb¥�À÷�� üþ�ì�� Âð� �î À�û¢ ö�È÷ .¢¤�¢�µ¨��¡ �ó�bÆõ ß�õø¢ ¤¢ .Ý��î Ý�÷ ø¢ �� �¤ ×�Ø�� ø¢ Âû Ý�÷���üõ ö� ¥� ù¢�Ôµ¨� ¤��Ý�ÆÖ� ýø�Æõ ´ÞÆì ¤�ú� �� üû��¿ó¢ ×�Ø�� ,Ýû Â� ¢�Þä ©Â� ø¢ �� �î ¢�ªüõ��Æ� ¤¢ ü÷��õ ¤�ÀÖõ �b �Ìì ��±�� ��±ª �î ´¨� ý��÷�ð �� �ó�bÆõ ø¢ Âû Û� .¢¢Âð.Àª��üõ Û�Æ÷�ÂÔþ¢�î Àª�� �µ¨��� üã��� f : I ! R Âð� (ý¤�±�� �bÈþ¤ �b �Ìì) .Ýó 1.4.4´ê�þ ö��� ý� t 2 I �¤�¬ ßþ� ¤¢ ,´¨� ´±·õ�÷ ø üû��µõ f(0)f(1) �ÂÌÜ¬��.f(t) = 0 �î ¢�ªüõüã��� .f(0)f(1) < 0 ùÄþ�� ;f(t) 6= 0 ý� t 2 I Âû ý�¥� �� Ý��î ­Âê :��±��ßªø¤ .Ý��îüõ ÓþÂã� g(t) = f(t)=jf(t)j �bÎ��® �� g : I ! S0 := f�1;1g´¨� À�±Þû I üóø .(f(0)f(1) < 0 �Âþ¥) Àª��üõ �ª�� ø �µ¨��� â��� ßþ� �î ´¨�2 .´¨� ¢�Ì� ¤¢ 7.3.4 �b �Ìì �� �î ,´Æ�÷ ß��� S0 �î üó�� ¤¢�µ¨��� üã��� f : I ! I À��î ­Âê (I ý�Â� ´��� �ÎÖ÷ �b �Ìì) .�¹�µ÷ 2.4.4.f(t) = t �î ¢¤�¢ ¢��ø ö��� t 2 I ý��ÎÖ÷ �¤�¬ ßþ� ¤¢ .´¨�ø f(0) > 0 Ý��î ­Âê ßþ�Â���� .´¨� ��Þ� ¤�î f(1) = 1 �þ f(0) = 0 Âð� :��±��üã��� ßþ� .ÀþÂ�Ú� ÂÑ÷ ¤¢ g(t) = f(t) � t �bÎ��® �� �¤ g : I ! I â��� .f(1) < 1�� 1.4.4 Ýó §�¨� Â� ßþ�Â���� .¢¤�¢ ëÀ¬ g(0)g(1) < 0 ¯Âª ¤¢ �î ´¨� �µ¨���2 .f(t) = t �¹�µ÷ ¤¢ .g(t) = 0 Ýþ¤�¢ ý� t 2 I ×þ ý�¥�ø¢ ¤¢ Ûì� À� ,üÖ�Ö� ¢�Àä� �bä�Þ¹õ �� ùÂþ�¢ ¥� �µ¨��� â��� Âû .�¹�µ÷ 3.4.4.¢Â�ðüõ ¤�ÀÖõ ×þ ,Û��Öµõ �fÂÎì �bÎÖ÷h : S1! R Ý��îüõ­Âê ;f(t) 6= f(�t) ý� t 2 S1 Âû ý�¥� �� Ý��î­Âê :��±���� e : I ! S1 Ý��î ­Âê ,ß��»Þû .´¨� h(t) = f(t) � f(�t) �bÎ��® �� â���86
Copyright : Mehdi Nadjafikhah - IUST 18/9/05



×�Ø�� Ûþ�Æõ :¢Â�¤�î 4.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê�õ� .Àª��üõ �µ¨��� h Æ e �î ´¨� ßªø¤ ,ö��î� .´¨� e(t) = exp(�ti) �bÎ��®(h Æ e)(0) = h(1) = f(1)� f(�1);(h Æ e)(1) = h(�1) = f(�1)� f(1) = �(h Æ e)(0):�î ¢¤�¢ ¢��ø ²÷��� t 2 I ý��ÎÖ÷ 1.4.4 Ýó ����� ,Å� .h(0)h(1) < 0 ü�ãþf(x) = ü�ãþ ;h(x) = 0 �î ¢¤�¢ ¢��ø ö��� ý� x 2 S1 �¹�µ÷ ¤¢ ø (h Æ e)(t) = 02 .f(�x).Ý��îüõ ���¤� 3.4.4 �b¹�µ÷ ý�Â� üØþ��ê ýÂ�±ã� ,�¹�þ� ¤¢�bÎÖ÷ ø¢ Ûì� À� ,ß�õ¥ ùbÂî ¥� �Þ�Ìä ùbÂþ�¢ Âû Â� ø �Ñ½ó Âû ¤¢ .�¹�µ÷ 4.4.4.À÷¤�¢ ü÷�ÆØþ ý�õ¢ �î ¢¤�¢ ¢��ø Û��Öµõ �fÂÎìn = 1 ´ó�� ¤¢ ÂÏ�Öµõ ¯�Ö÷ ö�Þû Û��Öµõ �fÂÎì ¯�Ö÷ .´ª�¢¢�þ 5.4.4.¢�ª á��ø¤ 20 ÛÊê �� °ÜÎõ ßþ� Ý�Þã� ùbÀû�Èõ ý�Â� ,À�µÆû.Ý��îüõ ö��� �¤�¬ ßþÂ� Õ�ì¢ �� �¤ ×�Ø�� �b ó�bÆõ ß�óø� �¤�¬ ,ö��î�.À�ª�� ü¨À�Üì� �b½Ô¬ ¤¢ ¤�À÷�Âî �bä�Þ¹õ Âþ¥ ø¢ B ø A ÝþÂ�ð .��Ìì 6.4.4´��Æõ Ýû �bÞ�÷ ø¢ �� �¤ ����÷ ø¢ Âû �î ¢¤�¢ ¢��ø �½Ô¬ ¤¢ üÎ¡ �¤�¬ ßþ� ¤¢.À�îüõ Ý�ÆÖ��b �Ìì ¤¢ ��Î¡ ¢¤�õ �bä�Þ¹õ ø¢ ´¨� ßØÞõ �î ¢�ª ���� .´ª�¢¢�þ 7.4.4.À�ª�� ù¢�µê� Ýû Â� ×�Ø�� ø¢ ¥� üþ�úµÞÆì ,ü�ãþ .À�ª�� �µª�¢ íÂµÈõ �bÖÎ�õ ���¥� ×þ Âû ´¨� ßØÞõ ,ü�ãþ .À�ª�� À�±Þû ÂÑ÷ ¢¤�õ ý�û����÷ �î ¤�À÷ üõø�ó ,ùø�ã�.Àª�� ý��Ø� ×�� �úØ�Ø��Ûõ�ª ö�õ�Þû ¤�Îþ �¤ B ø A �î Àª�� (0;0) 2 R2 �îÂõ �� ý�ùÂþ�¢ S ÝþÂ�ð :��±��ýø¤ §��ÖõËþ�ã� �� .(´¨� ¢���õ ý�ùÂþ�¢ ß��� ,À÷¤�À÷�Âî B ø A ö��) ¢�ªüõý� x 2 S Âû ý�¥� �� ,ö��î� .´¨� À��ø ÂÎì �� S �î ¢�Þ÷ ­Âê ö���üõ �û¤�½õÀª�� Dx Â� ¢�Þä Í¡ Lt Ý��îüõ ­Âê ,�µêÂð ÂÑ÷ ¤¢ �¤ S ¤¢ x ¥� ùÀ÷¤Áð Dx ÂÎì.¢�ª ���� 3.4 ÛØª �� .¢¤�¢ ¤�Âì x ¥� t �b Ü¬�ê ¤¢ Dx �� ©¢¤�¡Â� Û½õ �î87
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê ×�Ø�� Ûþ�Æõ :¢Â�¤�î 4.43.4 ÛØª

Lt ¥� x �� ÂµØþ¢�÷ ´Þ¨ ¤¢ �î Àª�� A ¥� üÈ¿� ´��Æõ ÂÚÈþ�Þ÷ g1(t) ÝþÂ�ðg2(1) = �î ¢�ª ����) Àª�� ÂÚþ¢ ´ÞÆì ´��Æõ ÂÚÈþ�Þ÷ g2(t) ÝþÂ�ð .¢¤�¢ ¤�Âìf : â��� .À�µÆû R �� I ¥� �µ¨��� üã���� g2 ø g1 �î ´¨� ßªø¤ .(g1(0) = 0ø ´¨� �µ¨��� ��÷ ßþ� .Ý��îüõ ÓþÂã� f(t) = g2(t) � g1(t) �¤�¬ �� �¤ I ! Rt 2 I ý¢Àä 1.4.4 Ýó Õ±Ï Â� ,ö��î� .f(0)f(1) � 0 �¹�µ÷ ¤¢ ;f(0) = �f(1)ø �g1(t) ö�� .Àª�±÷ �µØþ À÷���üõ �ÎÖ÷ ßþ� .f(t) = 0 �î ¢�ªüõ ´ê�þ ö���f = g2 � g1 ßþ�Â���� ,(!´¨� ¼®�ø °ÜÎõ ßþ� �î) À�µÆû üóø�÷ �fÀ�î� üã���� g2(t)ßþ� Â�è ¤¢ �þ ø ,¢�ªüõ ÂÔ¬ [a; b℄ ö�� �µÆ� ý�ù¥�� Â� �þ Å� .´¨� üóø�÷ �fÀ�î� ��÷hA(x) = (a+b)=2 Ý��î­Âê ñø� ´ó�� ¤¢.¢�ªüõ ÂÔ¬ 
 �ÎÖ÷×þ ¤¢ �ú�� �¤�¬�b Ü¬�ê �� �¤ ö� ø ´¨� Dx Â� ¢�Þä �î üÎ¡ ,ü�ãþ .hA(x) = 
 �ø¢ ´ó�� ¤¢ øù¤��Þû �î Ýþ¤�¢ ���� .À�îüõ Ý�ÆÖ� Ý�÷ ø¢ �� �¤ A´��Æõ ,À�îüõ âÎì x ¥� hA(x)�µ¨��� üã��� hA : S1 ! I �î Ý�µÆû ���µõ ,ß��»Þû .hA(�x) = 1 � hA(x)�� hA(x) �î À��î ùÀû�Èõ Å³¨ ø À�û¢ ö�Ø� üõÂ÷ �� �¤ x :üÚÈ�Þû ×Üî) ´¨�.(¢�ªüõö���üõ A ý�¹� B ¥� ù¢�Ôµ¨� �� hB : S1 ! I üã��� ÕþÂÏ ß�Þû �� ´¨¤¢ÓþÂã� h(x) = hA(x) � hB(x) �¤�¬ �� �¤ h : S1 ! R ,ö��î� .¢�Þ÷ ÓþÂã��� ,�¤�¬ ßþ� ¤¢ .´¨� �µ¨��� ��÷ â��� ßþ� ,À÷��µ¨��� hB ø hA ö�� �î ;Ý��îüõ3.4.4 �b¹�µ÷ Õ��Îõ ,ÂÚþ¢ ý�¨ ¥� .h(x) = �h(�x) Ýþ¤�¢ ý� x 2 S1 Âû ý�¥�ü�ãþ .h(y) = 0 ßþ�Â���� .h(y) = h(�y) �î ¢¤�¢ ¢��ø ö��� y 2 S1 ý��ÎÖ÷,y ¥� hA(y) �b Ü¬�ê �� Dy Â� ý��ÎÖ÷ ¥� ùÀ÷¤Áð Dy Â� ¢�Þä Í¡ ø hA(y) = hB(y)88
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×�Ø�� Ûþ�Æõ :¢Â�¤�î 4.4 ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê2 .À�îüõ Ý�ÆÖ� ýø�Æõ �bÞ�÷ ø¢ �� �¤ B ´��Æõ ��÷ ø A´��Æõn Âû ,ü�ãþ .Àª��üõ ��÷ ��� ¢�ã�� �� Ý�Þã� Û��ì ��� �b �Ìì .´ª�¢¢�þ 8.4.4.¢�ª �ã��Âõ 20 ÛÊê �� n = 3´ó�� ¤¢ ��±�� ùbÀû�Èõ ý�Â� ;Rn ¤¢ ¤�À÷�Âî �b ���÷.Ý��îüõ ö��� �¤�¬ ßþÂ�Õ�ì¢ �� �¤ ×�Ø�� �b ó�bÆõ ß�õø¢ ,ñ��Í¡ ø¢ �¤�¬ ßþ� ¤¢ ,Àª�� �½Ô¬ ¤¢ ¤�À÷�Âî ý�����÷ A Âð� .��Ìì 9.4.4.À��îüõ Ý�ÆÖ� ´��Æõ Ýû �b ���÷ ¤�ú� �� �¤ A �î ¢¤�¢ ¢��ø ö��� Àõ�ãµõø (0;1) 2 R �îÂõ �� ý�ùÂþ�¢ ¤¢ �¤ A �bä�Þ¹õ 6.4.4 �b �Ìì ��±�� À�÷�Þû :��±��Â� ¢�Þä üÎ¡ Lx ,ù��¿ó¢ x 2 S1 ý�¥� �� Ý��î ­Âê .Ý��îüõ ¢øÀ½õ ×þ ÂÎì�� �¤ A �b ���÷ Lx ,�f¬�Ê¡) Àþ�Þ÷üõ âÎì x ¥� hA(x) �b Ü¬�ê ¤¢ �¤ ö� �î Àª�� DxÂ��Â� xOy �b þø�¥ �î Àª�� S Â� ý��ÎÖ÷ y ÝþÂ�ð .(À�îüõ Ý�ÆÖ� ´��Æõ Ýû �b ���÷ ø¢Â� ¢�Þä üÎ¡Mx Ý��î­Âê ö��î� .(y = xi = xp�1 ,ÂÚþ¢ �¤�±ä ��) ¢�È� �=2¤¢ Âð� ,��¹÷�Â¨ .À�îüõ ��ì�õ y ¥� hA(y) �b Ü¬�ê �� ý��ÎÖ÷ ¤¢ �¤ Dx �î Àª�� Dx�À� ����÷ ¤�ú� ,Ý��î ´îÂ� (´ä�¨ ý�û��ÂÖä ´îÂ� ÅØä ,ü�ãþ) ü��·Ü·õ ´ú����� 4.4 ÛØª �� ;Ý�õ�÷üõ A4(x) ø A3(x) ,A2(x) ,A1(x) °��Âµ� �¤ A ¥� ùÀª.¢�ªù�Ú÷� ,Ý�õ��� gi(x) �¤ Ai(x) ´��Æõ Âð� �î Ýþ¤�¢ ����g1(x) + g2(x) = g3(x) + g4(x); g4(x) + g1(x) = g2(x) + g3(x);×þ Âû �î ´¨� ßªø¤ .g2(x) = g4(x) ø g1(x) = g3(x) ¢¢Âðüõ �¹�µ÷ �ú�þ� ¥� �îf(x = g1(x) � �bÎ��® �� �b µ¨��� â��� f ÝþÂ�ð .À÷��µ¨��� gi : S1 ! R â���� ¥��¤�¬ ßþ� ¤¢ .´¨� g2(x) = g3(x) � g4(x)f(ix) = g1(ix)� g2(ix) = g2(x) � g3(x) = g2(x)� g1(x) = �f(x):pe : T ! ö� ¤¢ �î ,ÝþÂ�ðüõ ¤�Ø� f Æpe : I ! R â��� ¢¤�õ ¤¢ �¤ 1.4.4 Ýó ,ñ��2 .´¨� ��Þ� ö�ûÂ� ,°��Â� ßþ� �� ø ;´¨� pe(t) = exp(�it=2) �bÎ��® �� R89
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ý��ó���� ý�û�Ìê á��÷� 4 ÛÊê ×�Ø�� Ûþ�Æõ :¢Â�¤�î 4.44.4 ÛØª

Â� ÙµêÂð �¤�¬ ý¢��ø �¤�¬ �� ×�Ø�� Ûþ�Æõ Û� .´ª�¢¢�þ 10.4.4ö���üõ �÷�Ú� ,üóø .À÷¤�¢ ¢��ø üþ�úªÂ� ß��� �î Ý���Ú� Ý�÷���üõ §�¨� ß�Þû¤��Æ� �ó�bÆõ ßþ� ý�Â� üÜî Û� ��¤ �b ��¤� ´¨� ßØÞõ ?¢�¢ ��¹÷� �¤ üþ�úªÂ� ß���ùÀª ���¤� ,Àª��üõ ý� ù¢�¨ ¤�î ,üªÂ� ß��� ßµê�þ �î ù¢�¨ üµó�� Âþ¥ ¤¢ .Àª�� ¤��ª¢.´¨�.ßþÂÞ� 11.4.4üãÜ®�2n ÛØÈ� �ú÷� ¥� üØþ Âð� .À÷¤�¢ ¤�Âì ý��õ Â� ×�Ø�� ø¢ À��î ­Âê (1¤¢ ù¤��Þû �î À�û¢ ö�È÷ ,Àª�� ÝÑµ�õ üãÜ®�2m ÛØª �� ýÂÚþ¢ ø ÝÑµ�õ×�Ø�� ø¢ Âû ,©Â� ×þ �ú�� �� �� ¢�Þ÷ �À�� �è�� ý�Â� üµ�ã®ø ö���üõ ÛÞä.À÷�ª Ý�ÆÖ� Ý�÷ ø¢ ��ö�È÷ 6.4.4 ¤¢ ý�úþ¤�Áð¢�Þ÷ ¥� ù¢�Ôµª� �� �Àµ�� (6.4.4 �b �Ìì ¥� ýÂÚþ¢ ��±��) (3ö� �î ´ê�þ ¢�ªüõ ý¤�Ï Dx Â� ¢�Þä Lx üÎ¡ ,x 2 S1 Âû ý�¥� �� �î À�û¢À��î­Âê .À�îüõ Ý�ÆÖ� Ç¿� ø¢ �� �¤ B Í¡ ßþ� .À�îüõ Ý�ÆÖ� Ý�÷ ø¢ �� �¤k2(x) ø ÂµØþ¢�÷ k1(x) ;Àª�� �úÈ¿� ßþ� ¥� ×þ Âû ´��Æõ k2(x) ø k1(x)�î À�û¢ ö�È÷ �¤�¬ ßþ� ¤¢ ;k(x) = k1(x) � k2(x) À��î ­Âê .x �� Â�¤ø¢.ÀþÂ�Ú� �¹�µ÷ �¤ 6.4.4 �b �Ìì ÝØ� ø ´¨� �µ¨��� k : S1! R
90
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5 ÛÊê
¼Î¨ ø ÀÜÔ��õ

�fã®�õ �î üþ�ú÷� ;Ý��îüõ ���� ý��ó���� ý�û�Ìê ¥� «�¡ ý��µ¨¢ �� ÛÊê ßþ� ¤¢.À�µÆû ü¨À�Üì� ý�û�Ìê �� ��±ªñ�·õ À�� ø ÓþÂã� 1.5ÀÜÔ��õ ¥� ¤�Ñ�õ .Àª�� üÔ�õ �÷ ø ¼�½¬ ý¢Àä n ÝþÂ�ð .ÓþÂã� 1.1.5ý�¤�¢ ö� ¥� �ÎÖ÷ Âû ø Àª��üõ é¤øÀ¨ø�û �î ´¨� ý��ó���� üþ�Ìê ,ýÀã��nInt(D n ) = fx 2 Rn j kxk < 1g ¥�� ýÀã��n «Âì �� é¤�õ�ÿÞû ý�üÚþ�ÆÞû.¢�ªüõ ù¢�Ôµ¨� ¤�Êµ¡� �� ÀÜÔ��õ�n ��Î¬� ¥� ¢¤�õ ßþ� ¤¢ .´¨�§�¨� Â� �f Þä ,ßþ�Â���� .Int(D n ) �= Rn �î ¢�ª ���� .´ª�¢¢�þ 2.1.5Rn ¢�¡ �� é¤�õ�ÿÞû ý�üÚþ�ÆÞû ý�¤�¢ �ÎÖ÷ Âû Àþ�� ÀÜÔ��õ ×þ ¤¢ ,��� ÓþÂã�.Àª��X ý�Ìê Âû �î ÝþÂ�ðüõ �¹�µ÷ ,¢¤�¢ �ÎÖ÷ ×þ �ú�� R0 ö�� (1 .ñ�·õ 3.1.5,�µÆÆð ý��ó���� �� ý�Ìê Âû ,âì�ø ¤¢ .´¨� ÀÜÔ��õ�0×þ ,�µÆÆð ý��ó���� ��91
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê ñ�·õ À�� ø ÓþÂã� 1.5�î ´¨� x ¥� üÚþ�ÆÞû ×þ fxg �bä�Þ¹õ ý� x 2 X Âû ý�¥� �� ø ´¨� é¤øÀ¨ø�û.Àª��üõ éÂõ�ÿÞû R0 ��.À�µÆû ÀÜÔ��õ�n ¥� �úó�·õ ßþÂ�ù¢�¨ Rn ø Int(D n ) ,�ûÀÜÔ��õ�0 ¥� ý��¨ (2é¤øÀ¨ø�û Û�ó¢ �� �f ø� ,�Âþ¥ .´¨� ÀÜÔ��õ�n×þ ,Rn ¥� U ¥�� �bä�Þ¹õ Âþ¥ Âû (3Rn ¥� ©�üþ�ÌêÂþ¥ ý��ó���� �� U �bä�Þ¹õ ,15.2.4 �b �Ìì �� ���� �� ø Rn ö¢���î ¢�ªüõ ´ê�þ ö��� " > 0 ý¢Àä ,x 2 U Âû ý�¥� �� ,ü÷�� ¤¢ .´¨� é¤øÀ¨ø�û.B"(x) �= Int(D n ) �µ±ó� ø x 2 B"(x) � US1 = fexp(2�it) j t 2 Ý��î­Âê Âõ� ßþ� ùbÀû�Èõ ý�Â� .´¨� ÀÜÔ��õ�1×þ S1 ùÂþ�¢ (4ù�Ú÷� ,x = exp(2�i�) 2 S1 Âð� �¤�¬ ßþ� ¤¢ .Àª�� C ¥� ý��ä�Þ¹õ Âþ¥ Igx 2 S1� f�xg = S1� fexp(2�i(� � 12 ))g= fexp(2�it) j � � 12 < t < � + 12g�= (� � 12 ; � + 12 ) �= (�1;1) = Int(D 1 ):.Àª��üõ Int(D 1 ) �� é¤�õ�ÿÞû ý�üÚþ�ÆÞû S1 ¥� �ÎÖ÷ Âû ,ßþ�Â����Ýþ¤�¢ ,üÜî ´ó�� ¤¢:1.5 ÛØª

ø n = 0 ´ó�� .´¨� ÀÜÔ��õ �n ×þ Sn ý� n Âû ý�¥� �� .ñ�·õ 4.1.5ùbÀû�Èõ ý�Â� .n � 2 ¢�Þ÷ ­Âê ö���üõ Å� .´êÂð ¤�Âì ü¨¤Â� ¢¤�õ �f ±ì n = 1Sn � ¥� ÝÆ�ê¤�õ�ÿÞû ×þ �f Þä �î Ý��îüõ �ÂÎõ �¤ ý¤�Ú�¹�ð Âþ�Ê� ,°ÜÎõ ßþ�Ý��î­Âê :¢�ªüõ üêÂãõ ß��� '´ª�Ú÷ ßþ� .Àª��üõ Rn ýøÂ� f(0; � � � ;0;1)gù¢�Þ÷ Ý�¨Â� Rn+1 ¤¢ x �� (0; � � � ;0;1) ¥� ´¨�¤ üÎ¡ .x 2 Sn�f(0; � � � ;0;1)g�bÎÖ÷ .À�î âÎì �¤ Rn = fx 2 Rn+1 jxn+1 = 0g �� Ý�û¢üõ ¢�Àµõ� �¤ ö� Å³¨ ø.¢�ª ���� 1.5 ÛØª �� .¢�ªüõÉ¿Èõ �µØþ �¤�¬ �� '(x) ¢¤�¡Â�92
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ñ�·õ À�� ø ÓþÂã� 1.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊêüµ��¤ �� ß��»Þû .´¨� ù¢�¨ ý¢�úª ÂÑ÷ ¥� Ûì� À� ' ö¢�� ×�±Øþ ø üÚµ¨���üÖ�ì¢ ñ�õÂê .¢Âî ùÀû�Èõ ��÷ �¤ ö� üÚµ¨��� ø ¢�Þ÷ ÓþÂã� �¤  = '�1 ¢�ªüõ ùÀþ¢¢¤Áðüõ x ø (0; � � � ;0;1) ¥� �î üµ¨�¤ Í¡ �b ó¢�ãõ �Àµ�� :¢¤ø� ´¨À� ¢�ªüõ 'ý�Â��� .Ýþ¤ø�üõ ´¨À� �¤ xn+1 = 0 ö� ¤¢ �î Í¡ ¥� ý��ÎÖ÷ ,Å³¨ .Ý�Æþ�÷üõ �¤�¤�¬ ßþ� ¤¢ ,�î ¢�Þ÷ Õ�Ö½� ¢�ª üõ üµ��¤'(x1; � � � ; xn+1) = � x11� xn+1 ; � � � ; xn1� xn+1� ::´¨� ß��� ' öø¤�ø ,ùø�ã� (x1; � � � ; xn) =  2x11+ kxk2 ; � � � ; 2xn1+ kxk2 ; kxk2 � 11+ kxk2! :��  Æ ' = 1Sn�f(0;���;0;1)g ø ' Æ  = 1Rn �Ø�þ� ��÷ ø  ø ' üÚµ¨��� Õ�Ö½�ý�üÚþ�ÆÞû ý�¤�¢ x 2 Sn�f(0; � � � ;0;1)g Âû �Ø�þ� �¹�µ÷ .¢�ªüõ ù¢Â³¨ ùÀ�÷��¡(0; � � � ;0;1) �bÎÖ÷ .´¨� (Sn�f(0; � � � ;0;1)g ¢�¡ �� ü�ãþ) Int(D n ) �� é¤�õ�ÿÞûÝÆ�ê¤�õ�ÿÞû ßþ� .´¨� Rn �� é¤�õ�ÿÞû Sn�f(0; � � � ;0;�1)güÚþ�ÆÞû ý�¤�¢ ��÷:Àª��üõ Âþ¥ �Âª ��'0(x1; � � � ; xn+1) = � x11+ xn+1 ; � � � ; xn1+ xn+1� :�� �Àµ�� ©ø¤ ßþ� ¤¢ .¢¤�¢ ¢��ø Sn ö¢�� ÀÜÔ��õ �n ùbÀû�Èõ ý�Â� ÂÚþ¢ ©ø¤U = fx 2 Sn � Rn+1 jxn+1 > ¥�� üÚþ�ÆÞû .Ý��îüõ ���� (0; � � � ;0;1) 2 Sn �bÎÖ÷U ! Int(D n ) � Rn Ý��ì Âþ�Ê� �b Ü�¨ø �� üÚþ�ÆÞû ßþ� .Ý��îüõ ��¿µ÷� �¤ 0gßþ� ø ¢¢Âðüõ Âþ�Ê� Int(D n ) ýøÂ� (x1; � � � ; xn+1) 7! (x1; � � � ; xn) �bÎ��® ��Ux = Ý��îüõ ­Âê ,x 2 Sn ý�¥� �� üÜî ´ó�� ¤¢.Àª��üõ ÝÆ�ê¤�õ�ÿÞû ´ª�Ú÷,ö��î� .´¨� x 2 Sn ¥� ý¥�� üÚþ�ÆÞû ��®ø �� �î ,fy 2 Sn j kx � yk < p2güÞÆ�ê¤�õ�ÿÞû ,X ¤�¢Â� Â� ¢�Þä ø 0 2 Rn+1 ¥� ùÀ÷¤Áð �b½Ô¬�n Â� Ý��ì Âþ�Ê�.Àª��üõ ÀÜÔ��õ�n×þ �f Þä Sn �î Àû¢üõ ö�È÷ ø ¢¥�¨üõ ¤�ÂìÂ� Int(D n ) ø Ux ö��õ.´¨� üõ��ó� ÀÜÔ��õ �nÓþÂã� ¤¢ ö¢�� é¤øÀ¨ø�û ­Âê .´ª�¢¢�þ 5.1.5ý�üÚþ�ÆÞû ý�¤�¢ ©��ÎÖ÷ Âû �î Àª�� üþ�Ìê X Âð� �þ� �î ´¨� �ÂÎõ ñ��b¨ ßþ�93
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê ñ�·õ À�� ø ÓþÂã� 1.5Ç¨Â� ßþ� ¾¨�� ?´¨� é¤øÀ¨ø�ûX �fõ��ó� �þ� �¤�¬ ßþ� ¤¢ ,´¨� Rn �� é¤�õ�ÿÞû�¤ ö¢�� é¤øÀ¨ø�û ­Âê Âð� âì�ø ¤¢ .¢�ª ���� Àã� ñ�·õ �� ´¨� üê�î .´¨� üÔ�õ,À÷�ªüõ ¤�ÀþÀ� 2.5 ÛØª ¤¢ À�÷�õ ü±�¹ä ý�û�Ìê ,Ý��î éÁ� ÀÜÔ��õ�nÓþÂã� ¥�¤¢ ü¨À�Üì� ý�û�Ìê �� �ûÀÜÔ��õ ö¢�� é¤�õ�ÿÞû �fã®�õ «�Ê¡ ¤¢ �õ ¢�úª �� �î!´¨� ¢�Ì�Àª�� ßþ� ,ÀÜÔ��õ ÓþÂã� Â� ö¢�� é¤øÀ¨ø�û ¯Âª ���ó� ý�Â� ÂÚþ¢ Û�ó¢ ×þ Àþ�ª,¢Â�ðüõ �� ü±¨��õ N �� RN ¤¢ ÀÜÔ��õ �Ø�þ� ��±�� ý�Â� ù�¤ ¯Âª ßþ� ¢��ø �� �îÀÜÔ��õ Â� RN ü÷�õ�Â�� ý�Ìê ¥� ö¢�� é¤øÀ¨ø�û ¯Âª ´ó�� ßþ� ¤¢ .¢�ªüõ Ýû�Âê×�ª ÀÜÔ��õ�n Âû ö� §�¨� Â� �î ¢¤�¢ ¢��ø ý���Ìì ,´Ö�Ö� ¤¢ .¢�ªüõ Û�Þ½�é¤�õ�ÿÞû ö���üõ (ï¤�� üê�î ùb¥�À÷�� N ��) RN ¥� üþ�ÌêÂþ¥ �� �¤ (ù¢ÂÈê ,�f ·õ)ø (6)-8.2.5ßþÂÞ� �� ù¢ÂÈê ý�ûÀÜÔ��õ ´ó�� ¤¢ ÝØ� ßþ� ùbÀû�Èõ ý�Â� .¢�Þ÷.¢�ª ���� (7),Àª�� U ý��ó���� �� X = fx 2 R j �1 < x � 2g Ý��î ­Âê .ñ�·õ 6.1.5ÛØª �� ý�û�ä�Þ¹õ ¥� ù��¿ó¢ üä�Þµ�� U �þ U = X �þ U = ; , U 2 U' �îX Â� R Í¨�� ùÀª Ǒ�Öó� üþ�Ìê Âþ¥ ý��ó���� ý�¤�¢ X �î ¢�ª ���� ."Àª��ÂÑ÷ ¥� .À�µÆ�÷ ¥�� X Â� U ý��ó���� ¤¢ (�;2℄ ÛØª �� ý�û�ä�Þ¹õ ,�Âþ¥ !´Æ�÷f2g ,�Âþ¥ .Àª��üõ 2.5 ÛØª ¥� (�) �þ (Óó�) ´ÞÆì ¤¢ X ¼�½¬ ÛØª ,ý¢�úªý¥�� üÚþ�ÆÞû ,f2g ¥� ù��¿ó¢ ¥�� üÚþ�ÆÞû Âû ,ü�ãþ) ´¨� ×þ¢�÷ f0g �� ù¥�À÷�ü�¥� ¥�� üÚþ�ÆÞû Âû �Âþ¥ ,´Æ�÷ é¤øÀ¨ø�ûX ��®ø �� .(¢¤�¢ Â� ¤¢ �¤ (�;0) ÛØª ��X ¤¢ �ÎÖ÷ Âû ,ÂÚþ¢ ý�¨ ¥� .À�îüõ âÎì �¤ f0g Ûõ�ª ¥�� ý�ûüÚþ�ÆÞû ��Þ� ,f2g�¤�¬ ßþ� ¤¢ ,x 6= 2 ø x 2 X Âð� .Àª��üõ R1 �� é¤�õ�ÿÞû ý�üÚþ�ÆÞû ý�¤�¢N = [�1=2;0) [ (3=2;2℄ �¤�¬ ßþ� ¤¢ ,x = 2 Âð� üóø .´¨� üúþÀ� ÝØ� ßþ��bÎ��® �� f : N ! (�1;1) â��� Í¨�� �î ´¨� f2g ¥� ý¥�� üÚþ�ÆÞûf(x) = � 2y �1=2 < y < 04� 2y 3=2 < y � 2üþ�¨ø¢ ø �µ¨��� f �î À�î Õ�Ö½� ùÀ�÷��¡ ´¨� �¥� .Àª��üõ é¤�õ�ÿÞû Int(D 1 ) ���bÎ��® �� g : (�1;1) ! N ¥� ´¨� �¤�±ä Ç÷ø¤�ø ß��»Þû ø ´¨�g(x) = � x=2 �1 < x < 02� x=2 0 � x < 194
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ÀþÀ� ý�ûÀÜÔ��õ ´¡�¨ 2.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊê2.5 ÛØª
ÀþÀ� ý�ûÀÜÔ��õ ´¡�¨ 2.5âì�ø ¤¢ .´¨� ÀÜÔ��õ ,ÀÜÔ��õ ø¢ �ÂÌÜ¬��M�N ù�Ú÷� ,À�ª�� ÀÜÔ��õ�n ø ÀÜÔ��õ�m°��Âµ� N øM Âð� .��Ìì 1.2.5.´¨� ÀÜÔ��õ�(n+m) ×þg : V ! Rn ø f : U ! Rm Ý��î ­Âê .(x; y) 2 M � N Ý��î ­Âê :��±��(f; g) : ,�¤�¬ ßþ� ¤¢ .À�ª�� y 2 V ø x 2 U ¥�� ý�ûüÚþ�ÆÞû ¥� üþ�úÞÆ�êÂõ�ÿÞû¥� ¥�� ý�üÚþ�ÆÞû U � V ø ´¨� ÝÆ�ê¤�õ�ÿÞû ��÷ U � V ! Rm � Rn �= Rm+n.¢¢Âðüõ ��µ�µ¨� 17.2.4 �b �Ìì ¥�M�N ö¢�� é¤øÀ¨ø�û .´¨�M�N ¤¢ (x; y)2�� ,üÜî ´ó�� ¤¢ .´¨� ÀÜÔ��õ�2×þ T2 := S1 � S1 ���� .ñ�·õ 2.2.5.´¨� ÀÜÔ��õ�n×þ Tn := S1� � � � � S1| {z }ü³î n �����n ý� n Âû ý�¥�Ý���ðüõ ü�¤�¬ ¤¢ .À�î ÛÞä X �bä�Þ¹õ Â� G ùøÂð ÝþÂ�ð .ÓþÂã� 3.2.5ý� g 2 G � f1g Âû ø x 2 X Âû ý�¥� �� �î À�îüõ ÛÞä ¢�¥� ÛØª �� X Â� G.g �x 6= xX Â� G ÛÞä ø ù¢�� �Ìê�G ×þ X ,üû��µõ üûøÂð G Âð� .��Ìì 4.2.5.Àª�� X �î ´¨� ÀÜÔ��õ�n üµìø �ú�� ø üµìø X=G �¤�¬ ßþ� ¤¢ ,Àª�� ¢�¥�2 .(4)-8.2.5 ßþÂÞ� :��±��Â� Z2 üû��µõ ùøÂð �¹�þ� ¤¢ ,�Âþ¥ .´¨� ÀÜÔ��õ�n ×þ RPn .ñ�·õ 5.2.5.À�îüõ ÛÞä ¢�¥� �¤�¬ �� Sn ÀÜÔ��õ�n95
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê ÀþÀ� ý�ûÀÜÔ��õ ´¡�¨ 2.5�î ,ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ p : Sn ! RPn ´ª�Ú÷ ,°ÜÎõ ßþ� Ý�ÖµÆõ ùbÀû�Èõ ý�Â�x 2 Sn ¥� ý¥�� üÚþ�ÆÞû Ux Ý��î­Âê .¢Â�üõ f�x; xg 2 RPn �ø¥ �� �¤ x 2 Sn�¤�¬ ßþ� ¤¢ .Àª��üõ ÂµÞî p2 ¥� ö� ÂÎì ø ´¨� é¤�õ�ÿÞû Int(D n ) �� �î Àª��p �î �Â� .´¨� é¤�õ�ÿÞû Int(D n ) �� �î Àª��üõ p(x) ¥� ý¥�� üÚþ�ÆÞû p(Ux)×��î üê�î ùb¥�À÷�� U � Sn Âð� ø ´¨� ¥�� ø �µ¨��� üµª�Ú÷ (12.3.3 �b �Ìì �� ���).´¨� üþ�¨ø¢ pjU : U ! p(U) ù�Ú÷� ,Àª��ùÀª ù¢�¢ ö�È÷ X �b ���÷ á�®� ýÂ�ð üØþ ¥� Û¬�� M ý�Ìê .ñ�·õ 6.2.5�î ÝÑµ�õ üú�ø ´Èû ÛØª �� ´¨� ý�����÷ ßþ� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ 3.5 ÛØª ¤¢p : X ! Ý��î ­Âê .Ýþ��µêÂð üØþ Ýû �� ÛØª ¤¢ ù¢�¢ ö�È÷ �¤�¬ �� �¤ Çä�®�.´¨� üã�±Ï Âþ�Ê� ´ÈÜÚ÷ M3.5 ÛØª

x ��®ø �þ ù�Ú÷� ,¢Â�ð ¤�Âì X öø¤¢ ¤¢ p�1(x) �î Àª�� ý¤�Ï x 2 M Âð�.´¨� ý�üÚþ�ÆÞû ß��� p(Int(X)) ,âì�ø ¤¢ ;¢¤�¢ Int(D n ) �� é¤�õ�ÿÞû ý�üØþ�ÆÞû§��¤ ¥� üØþ üóø ,¢Â�Ú� ¤�Âì X á�®� ¥� üØþ Â� p�1(x) �î Àª�� ý¤�Ï x 2M Âð�ý�üÚþ�ÆÞû x �î ¢�Þ÷ �Ñ��õ ö���üõ üã¨ üÞî �� Ýû ¥�� �¤�¬ ßþ� ¤¢ ,Àª�±÷ ö�p�1(x) Âð� ��¹÷� Â¨ .À��î ùÀû�Èõ �¤ 4.5 ÛØª ;¢Âþ£¢üõ Int(D n ) �� é¤�õ�ÿÞû,p�1(Nx)´¨� é¤�õ�ÿÞû Int(D n ) �� �î x ¥� Nx üÚþ�ÆÞ¡ ù�Ú÷� ,Àª��X ¤¢ §�b¤×þý¢Àä " > 0 �µ±ó� �î ;À÷¤�¢ ¤�Âì p�1(x) �� " �b Ü¬�ê �� �î Àª��üõ X ¥� üÏ�Ö÷.´¨� °¨��õ96
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ÀþÀ� ý�ûÀÜÔ��õ ´¡�¨ 2.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊê4.5 ÛØª
á�®�õ �Ø�þ� ý�Â� .´Æ�÷ ý¤��ª¢ ¤�îM ö¢�� é¤øÀ¨ø�û ùbÀû�Èõ ,ý¢�úª ÂÑ÷ ¥�á�®� ÂÚÈþ�Þ÷ A ÝþÂ�ð .Ýþ¤ø�üõ �¤ Âþ¥ �Âª �� ��±�� ,¢�ª üãÎì ��÷ ü®�þ¤ ÂÑ÷ ¥�´¨� X ¥� �� i (�b µÆ�) âÜ® Ai �î Ý�Æþ�÷üõ S8i=1(Ai[Y )�¤�¬ �� �¤ A .Àª�� X�µÆ� ý��ä�Þ¹õ Âþ¥ C ÝþÂ�ð .Àª��üõ X §�b¤ ´Èû Âû ¥� °îÂõ ý��ä�Þ¹õ Y ø�¤�¬ ßþ� ¤¢ ,Àª�� X ¥�5.5 ÛØª

p�1(p(C)) = p�1�p�(C �A) [ (C \ Y ) [ 8[i=1(C \ Ai)��= (C �A) [ p�1�p�C \ Y �� [ 8[i=1 p�1�p�C \ Ai��= (C �A) [ "(Y ) [ 8[i=1 p�1�(C \ Ai) [ Bi��bä�Þ¹õ ."(Y ) = ; �¤�¬ ßþ� Â�è ¤¢ ø "(Y ) = Y Àª�� üú� Â�è C \ Y Âð� �î�� Ai âÜ® Âð� �f Þä .Àª��üõ é¤�õ�ÿÞû C \ Ai �� �î ´¨� A ¥� üþ�Ìê Âþ¥ BiC \ Ai �� �î ¢�� Àû��¡ Ai ¥� üþ�Ìê Âþ¥ Bi ù�Ú÷� ,À÷�ª �µêÂð üØþ M ¤¢ Aj âÜ®97
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê ÀþÀ� ý�ûÀÜÔ��õ ´¡�¨ 2.5p�1(p((C\Ai)\Aj)) = �î ¢�ª ����) .p(Bi) = p(C\Ai) ø Àª��üõ é¤�õ�ÿÞû�î ¢¢Âðüõ �Ñ��õ ,�¹�µ÷ ¤¢ (.Bi [ ("(Y ) [Aj)p�1(p(C)) = C [ "(Y ) [ 8[i=1Bi .¢�ª ���� 6.5 ÛØª ��6.5 ÛØª
Bi �Âþ¥ ,À�µÆû X ¤¢ �µÆ� üþ�û�ä�Þ¹õ Âþ¥ ,i = 1; � � � ;8 �ð Bi ý�û�Ìê Âþ¥ßþ�Â���� .´¨� �µÆ� X ¤¢ ��÷ Ai �õ� ;´¨� é¤�õ�ÿÞû Ai ¤¢ C \Ai �b µÆ� �bä�Þ¹õ ��,üµÞÆì �¤�¡ ý��ó���� ÓþÂã� �� ��� ,�¹�µ÷ ¤¢ ø ´¨� �µÆ� ý��ä�Þ¹õ p�1(p(C)).Àª��üõ �µÆ� üµª�Ú÷ p : X ! M �Ø�þ� �¹�µ÷ .´¨� �µÆ±� M ¤¢ p(C) �bä�Þ¹õÝþÂ�ðüõ �¹�µ÷ 20.2.4 �b �Ìì ¥� ,´¨� é¤øÀ¨ø�û ø ù¢ÂÈê üþ�Ìê X ��®ø �� ö��.Àª��üõ ÀÜÔ��õ�2×þ M �Áó ø ´¨� ù¢ÂÈê ø é¤øÀ¨ø�û üþ�Ìê ��÷M �î.Ý�û¢ ��¹÷� Ý�÷���üõ ýÀã� �¨ §��÷¢ ¤¢ �f Þä �¤ 3.5 ÛØª ¤¢ ý�úþÂ�ð üØþ.Ý�õ�÷üõ �÷�ðø¢ ���� �¤ �Ü¬�� Ǒüª .Ýþ�ù¢�¢ ö�È÷ 7.5 ÛØª ¤¢ �¤ ßþ�´¨� ßþ� 3.5 ÛØª ¤¢ ùÀª ù¢�¢ ö�È÷ M ÀÜÔ��õ�2 ÝÆ¹� ý�Â� ýÂÚþ¢ �bÖþÂÏ(Óó�)-8.5 ÛØª ¤¢ À�÷�õ �¤ ´¨� §�b¤ ×þ ¥� ý�üÚþ�ÆÞû �î ¥�� ü¬Âì �Àµ�� �îø ,Ý��îüõ ÛÊµõ Ýú� Ûõ�î ¤ø�Î� �¤ a1 ��÷ �� âÜ® ø¢ ,ö��î� .Ý��î éÁ� ����÷ ¥��� ßþ� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ (¢)-8.5 ÛØª ¤¢ ù��¨ �b ���÷ .Ý�¨¤üõ (�)-8.5 ÛØª ��â��� .´¨� é¤�õ�ÿÞû ,´¨� ùÀª ù¢�¢ ö�È÷ (û)-8.5 ÛØª ¤¢ �î R2 ¥� üþ�Ìê Âþ¥�bÎ��® �� ff(x; y) = 8><>: �x(a+2y(b�a))b ; y� 0 � x � b ; y � 0� (x�b)(1�a�2y(b�a))1�b + a+ 2y(b� a); y� b � x � 1 ; y � 0�xab ; y� y � 098
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ÀþÀ� ý�ûÀÜÔ��õ ´¡�¨ 2.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊê7.5 ÛØª

ý�úÜØª ¤¢ ùÀª ù¢�¢ ö�È÷ ý�û�Ìê ö��õ üÞÆ�ê¤�õ�ÿÞû (0 < a � b < 1 �î)¥� �� ø¢ º�û �î ýÂÚþ¢ âÜ® �¨ Â� f �î ¢�ª ���� .Àª��üõ (ø)-8.5 ø (û)-8.5¥� üÞÆ�ê¤�õ�ÿÞû ,ßþ�Â���� .À�îüõ ÛÞä ü÷�Þû �¤�¬ �� ,À÷¤�À÷ ¢¤�¡Â� Ýû �� �ú÷�ÝÆ�ê¤�õ�ÿÞû ßþ� ¥� ù¢�Ôµ¨� �� .´¨� ü÷�Þû a2 ¥� Â�è �� âÜ® �¨ Â� �î Ýþ¤�¢ Y �� Yß�� üÞÆ�ê¤�õ�ÿÞû �� ,(¢)-8.5 ÛØª ¤¢ ùbÀª ùÂ�� Â�è ´ÞÆì Â� ü÷�Þû ø Y Â�.À�ê¤�õ�ÿÞû (�)-8.5 ø (�)-8.5 ý�û�Ìê ßþ�Â���� .Ý�¨¤üõ (¥)-8.5 ø (¢)-8.5ý�Â� (ý)-8.5 ø (¯)-8.5 ¤¢ ùÀª ùÂ�� ý�úµÞÆì ¥� ù¢�Ôµ¨� �� ,���Èõ �¤�¬ ��ýÂ�ð üØþ �� .À�ê¤�õ�ÿÞû ��÷ (�)-8.5 ø (í)-8.5 ¤¢ ý�û�Ìê ,ÝÆ�ê¤�õ�ÿÞûé¤�õ�ÿÞû �� ,���Èõ ���ÜÞä ��¹÷� �� .¢¢Âðüõ Û¬�� (ñ)-8.5 ý�Ìê a2 ü³î ø¢.Ý�¨¤üõ (�)-8.5 ø (Óó�)-8.5 ý�û�Ìê ö¢��99
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê ÀþÀ� ý�ûÀÜÔ��õ ´¡�¨ 2.58.5 ÛØª
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ÀþÀ� ý�ûÀÜÔ��õ ´¡�¨ 2.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊêÛØª �� ù¢�¨ ü®�±Ö÷� ÝÆ�ê¤�õ�ÿÞû À�� ¥� Å� ø Ý�¨¤üõ 9.5 ÛØª �� �õ�¢� ¤¢Ýþ¢Âî éÁ� �Àµ�� ¤¢ �î ý¥�� «Âì üÚþ�ÆÞû ,��¹÷� Â¨ .Ý���þ üõ ´¨¢ (�)-9.5.Ý�¨¤üõ (¢)-9.5 ÛØª �� ø ù¢�Þ÷ �ê�®� ÛØª �� �¤9.5 ÛØª

ý�Ìê �¤�¬ �� �¤ ý�ù¢ÂÈê ÀÜÔ��õ�2 Âû �î ¢�ª üõ ´��� .´ª�¢¢�þ 7.2.5ßþ� �� �õ�¢� ¤¢ ;¢¤ø� ´¨À� ö���üõ ü±¨��õ üãÜ® À�� �b ���÷ ýÂ�ð üØþ ¥� Û¬��.´¡�¢Â� Ý�û��¡ á�®�õ.ßþÂÞ� 8.2.5.´¨� ÀÜÔ��õ�n×þ ,Rn ¥� ¥�� �bä�Þ¹õ Âþ¥ Âû �î À�û¢ ö�È÷ (1ý¥¤� Ýû �bÎ��¤ � �î ,C Pn := Sn= � ÝþÂ�ð (2x = exp(2�it)y ý� t 2 I ×þ ý�¥� �� , x � yÀÜÔ��õ�2n×þ C Pn �¤�¬ ßþ� ¤¢ �î À��î ´��� .Àª��üõ S2n+1 � C n+1 Â�.¢Â�ðüõ üØþ ý��ÎÖ÷ ×� �� �¤ S2n+1 ¤¢ ý�ûùÂþ�¢ � �î À��î ����) .´¨�(.Àû¢üõ ö�È÷ �¤ C Pn ¤¢ ý��ÎÖ÷ f(exp(2�it);0; � � � ;0) j t 2 Ig ,�f ·õý¥¤� Ýû �bÎ��¤ � �î ,Lp := S2n+1= � ø p 2 N ÝþÂ�ð (3x = exp(2�k=p)y ý� k 2 f0;1; � � � ; p� 1g×þ ý�¥� �� , x � y101
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê ÀþÀ� ý�ûÀÜÔ��õ ´¡�¨ 2.5�(2n + ×þ Lp �¤�¬ ßþ� ¤¢ �î À��î ´��� .Àª��üõ S2n+1 � C n+1 Â�¢�¥� ø üã�±Ï ÛØª �� ZP �î ,Lp = S2n+1=Zp ´Ö�Ö� ¤¢) .´¨� ÀÜÔ��õ1)(.À�îüõ ÛÞä S2n+1 Â�¢�¥� �¤�¬ �� �î ´¨� üû��µõ üûøÂð G �î ,Àª�� �Ìê�G×þ X Ý��î­Âê (4X=G ù�Ú÷� ,Àª�� ù¢ÂÈê ÀÜÔ��õ�n×þ X Âð� À��î ´��� .À�îüõ ÛÞä X Â���÷ X ù�Ú÷� ,Àª�� ÀÜÔ��õ X=G Âð� �î À��î ´��� ,ß��»Þû .´¨� ß��� ��÷.´Æûý�üÚþ�ÆÞûM ¥� �ÎÖ÷ Âû �¤�¬ ßþ� ¤¢ ,Àª�� ÀÜÔ��õ�n×þM Âð� �î À��î ´��� (5.Àª��üõ é¤�õ�ÿÞû D n �b µÆ� «Âì�n �� �î ¢¤�¢×þ ¥� üþ�Ìê Âþ¥ �� M À��î ´��� .Àª�� ù¢ÂÈê ÀÜÔ��õ�n×þ M Ý��î ­Âê (6M ö�� :üþ�Þ�û�¤) .´¨� é¤�õ�ÿÞû (°¨��õ ý� N ��) RN ü¨À�Üì� ý�Ìê,ß��»Þû .´¨� ¢���õ M ý�Â� fD1; � � � ; Dmg üû��µõ üÈª�� ,´¨� ù¢ÂÈê���þÂÞ� ¥� .¢¤�¢ ¢��ø hi : Di ! Int(D n ) üÞÆ�ê¤�õ�ÿÞû ,i Âû ý�¥� ��M=(M � Di) �= �î À��î ´��� ø ù¢�Þ÷ ù¢�Ôµ¨� (11) ø (10)-24.2.4M � ø ´¨� é¤øÀ¨ø�û ø ù¢ÂÈê M ö�� .(Di)1 �= (Int(D n ))1 �= Snßþ�Â���� ø ´¨� �µ¨��� pi : M ! M=(M � Di) Âþ�Ê� ,Àª��üõ �µÆ� Dif : M ! ö��î� .¢¤ø� ´¨À� ö���üõ �¤ fi : M ! Sn �µ¨��� ý�úµª�Ú÷���� ��¹÷� Â¨ .À��î ÓþÂã� f(x) = (f1(x); � � � ; fm(x)) �¤�¬ �� �¤ (Sn)m(.(Sn)m � (Rn+1 )m = Rm(n+1) �î À��îé¤�õ�ÿÞû Int(D n ) �� �î Àª��M ¥� üþ�Ìê Âþ¥ D ø ÀÜÔ��õ�n×þ M ÝþÂ�ð (7ÛØª �� üÞÆ�êÂõ�ÿÞû ,Int(D n ) �= Rn �= Sn� f(0; � � � ;0;1)g ö�� .´¨��bÎ��® �� �¤ f :M ! Sn â��� .¢¤�¢ ¢��ø g : D ! Sn� f(0; � � � ;0;1)gf(x) = � g(x) x 2 D Âð�(0; � � � ;0;1) x 2M �D Âð��f¢À¹õ �¤ 6 ßþÂÞ� ùb¤��ð ÝØ� ßþ� .´¨� �µ¨��� f À��î ´��� .Ý��îüõ ÓþÂã�.À�îüõ ��±��102
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�ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊê�ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5À�±Þû ÀÜÔ��õ�1×þ S1 ùÂþ�¢ .À�ê¤�õ�ÿÞû Ýû �� ù¢ÂÈê ø À�±Þû ý�ûÀÜÔ��õ�0 �bÞû,âì�ø ¤¢ .Àª��üõ ù¢ÂÈê ø.´¨� ù¢ÂÈê ø À�±Þû ÀÜÔ��õ�1 �ú�� ÝÆ�ê¤�õ�ÿÞû À� ¤¢ S1 .��Ìì 1.3.5ù¢�Þ÷ ù¢�Ôµ¨� üð¢ÂÈê ¥� �î ´¨� ßþ� ,ö� ßþÂ� ´¿¨ Àþ�ª ø �Ü�Âõ ß�óø� :��±��üÖþÂÏ �� M ù�Ú÷� ,Àª�� ù¢ÂÈê ø À�±Þû ÀÜÔ��õ�1 ×þ M Âð� �î Ý�û¢ ö�È÷ øI = [0;1℄ À��ø ùb¥�� �� �ãÎì Âû �î ¢¢Âðüõ Ý�ÆÖ� �ãÎì üû��µõ ý¢�Àã� �� "×�ª'ö�Þû Í¨�� f0;1g ùb¤�Ú÷ ø Ý�õ��� §�ì �¤ I �� é¤�õ�ÿÞû ùb¤�Ú÷ Âð� .´¨� é¤�õ�ÿÞû´¨� ü�ãõ ßþ� �� "ö¢�� ×�ª' �¤�¬ ßþ� ¤¢ ,Ý�õ��� §��¤ �bä�Þ¹õ �¤ ÝÆ�ê¤�õ�ÿÞûö�ª¤�¡Â� Û½õ ,À��î âÎì �¤ ÂÚþÀÞû§�ì ø¢ ù�ð Âû ø À�Ø÷ âÎì �¤ ©¢�¡ ü¨�ì º�û �îý�ûüÚþ�ÆÞû Í¨�� �¤M (1 :´¨� ß��� ¤�î ùbÀþ�) .Àª�� ö�ÈîÂµÈõ §�b¤ ø¢ �þ ×þ,üð¢ÂÈê ¯Âª ¥� ù¢�Ôµ¨� �� (2 ,À�÷�ª�³� Int(D 1 ) �= R (I) �� é¤�õ�ÿÞû ¯�Ö÷ ¥�À�ê¤�õ�ÿÞû I �� �î ýÂµØ��î ý�ûüÚþ�ÆÞû (3 ,À��î ��¿µ÷� �¤ �ú÷� ¥� üû��µõ ý¢�Àã�ù¢�Ôµ¨� ÀÜÔ��õ�1ÓþÂã� ¥� (4 ,À��î ��¿µ÷� ,À÷�ª��üõ �¤ M ö�Èä�Þµ�� Ýû ¥��û øß��� ¤¢ �î ´¨� ßªø¤ (.¢ÂþÁ�üõ ×�ª ýÀ�� Ý�ÆÖ� ×þ M �î À�û¢ ö�È÷ ø ù¢�Þ÷�þ�Þµõ §�ì ø¢ ¤¢ �fÖ�ì¢ §�b¤ Âû ,�ú¨�ì ¥� üä�Þµ�� �� M ¥� üØ�ª ý�ûýÀ�� Ý�ÆÖ�ø¢ ¥� ÂµÈ�� ø ×þ �ú�� ¤¢ ü¨�b¤ Âð�) .¢¤�¢ §�b¤ ø¢ �fÖ�ì¢ ��÷ §�ì Âû ø ¢�ªüõ Âû�Ò(.´ª�¢ Àû��¿÷ Int(D 1 ) �� é¤�õ�ÿÞû üÚþ�ÆÞû º�û§�b¤ ö� ù�Ú÷� ,¢�ª Âû�Ò§�ìý�ú¨�ì ß��� ¥� �� ø¢ A2 ø A1 ÝþÂ�ð ,Àª�� �µª�¢ §�ì ø¢ ¥� Ç��M �î À��î­Âêø h1 : A1 ! I ÝþÂ�ð .À÷�ùÀÞ÷ âÎì a §�b¤ ×þ ¤¢ �¤ ÂÚþÀØþ �î ,À�µÆû M ¤¢.À��îüõ ÓþÂã� §�ì ö���ä ���¤ A2 ø A1 �î À�ª�� üþ�úÞÆ�ê¤�õ�ÿÞû h2 : A2 ! I�¤ h2 �þ ø h1 �¤�¬ ßþ� Â�è ¤¢ .h2(a) = 0 ø h1(a) = 1 �î Ý��î ­Âê Ý�÷���üõg : A1[A2 ! I .Ý��îüõ °�îÂ� f(t) = 1�t �bÎ��® �� f : I ! I ÝÆ�ê¤�õ�ÿÞû ���¤�¬ �� �¤f(x) = � 12h1(x) x 2 A1 Âð�12 (1+ h2(x)) x 2 A2 Âð�ý�Â� .Àª��üõ üþ�¨ø¢ ��®ø �� ø ´¨� ÓþÂã� ©�¡ â��� ßþ� .Ý��îüõ ÓþÂã�ø A1 [A2 ¤¢ �µÆ� üþ�û�ä�Þ¹õ Âþ¥ A2 ø A1 �î Ý��îüõ ���� ,g üÚµ¨��� ùbÀû�Èõ103
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê �ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5�¤�¬ ßþ� ¤¢ ,Àª�� I ¥� �µÆ� ý��ä�Þ¹õ Âþ¥ C ÝþÂ�ð .À�µÆûM �Áóg�1(C) = h�11 ([0;1=2℄ \ C) [ h�12 ([1=2;1℄ \ C);ö¢�� ÝÆ�ê¤�õ�ÿÞû .´¨� �µ¨��� g ßþ�Â���� .Àª��üõ �µÆ� A1 [ A2 ¤¢ ��®ø �� �îö���üõ §�ì ×þ �ú�� �� �¤ A2 ø A1 ý�ú¨�ì ßþ�Â���� .´¨� Õ�Ö½� Û��ì üµ��¤ �� g×þ ø§�ì×þ �î Ýþ¤�¢M ý�Â� ÀþÀ�×�ª ýÀ�� Ý�ÆÖ� ×þ ,ö��î� .¢�Þ÷Ëþ�ã�Ý�¨¤üõ M ý�Â� ×�ª ý�ýÀ�� Ý�ÆÖ� �� ,À÷ø ¤ ßþ� ¤�ÂØ� �� .¢¤�¢ üÜ±ì ¥� ÂµÞî §�b¤ø¢ �î I ¥� ü³î ø¢ �� M ,ßþ�Â���� .¢¤�¢ ¢��ø §�b¤ ø¢ �ú�� ø §�ì ø¢ �ú�� ö� ¤¢ �îS1 �� M �î Àª ��±�� °��Â� ßþ� �� .Àª��üõ é¤�õ�ÿÞû ,À÷�ùÀª �µêÂð üØþ Çþ�úµ÷�2 .Àª��üõ é¤�õ�ÿÞû.´¨� �ûÀÜÔ��õ�2´��÷ ñ��10.5 ÛØª

.¢�ªüõ �µÔð �þø ¤ �þ ¼Î¨ �¤ ù¢ÂÈê ø À�±Þû ÀÜÔ��õ�2 �� .ÓþÂã� 2.3.5ø RP2 ýÂþ�Ê� �b½Ô¬ (3 ,T = S1� S1 ���� (2 ,S2 ùÂî (1 .ñ�·õ 3.3.5.À�µÆû ¼Î¨ ¥� üþ�û�÷�Þ÷ ,À÷�ùÀª üêÂãõ �¹�þ� �� üÚÞû �î ,üþ��ø¢ ���� (4104
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�ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊêü���ÜÞä ��¹÷� �� �¤ ýÂÚþ¢ ¼Î¨ Âû �î ü�ãõ ßþ� �� ,À�µÆû ý��þ�� ñø� ý�� �¨.¢¤ø� ´¨À� ¢�ªüõ ñø� ý�� �¨ ýø¤ ¥� "ýÀ�±Þû âÞ�' �� éøÂãõâÞ� �¤�¬ ßþ� ¤¢ .À�ª�� �þ�Þµõ ¼Î¨ ø¢ S2 ø S1 ÝþÂ�ð .ÓþÂã� 4.3.5�Àµ�� :¢¢Âðüõ Û¬�� Ûþ£ �¤�¬ �� �î ü½Î¨ ¥� ´¨� �¤�±ä �ú÷� S1#S2 ýÀ�±Þû�¤ ùÀª ¢�¹þ� ùbÂÔ� ø¢ Âû ¥Âõ Å³¨ ø ù¢�Þ÷ �À� ,��Àî Âû ¥� üØþ ,×��î ¥�� §Âì ø¢.¢¢Âð ���� 10.5 ÛØª �� .Ý�÷�±Æ� üõ Ýú�.´¨� ¼Î¨ ×þ ¢�¡ ,¼Î¨ ø¢ ýÀ�±Þû âÞ� .Ýó 5.3.5Ý��î­Âê .Ý��î ö��� Â� Õ�ì¢ ý¤Àì �¤ ýÀ�±Þû âÞ� ÓþÂã� �� ´¨� �¥� �Àµ�� :��±��ö�Þû .À�ê¤�õ�ÿÞû D 2 �� D2 ø D1 �î À÷�ª ��¿µ÷� ö��� D2 � S2 ø D1 � S1ý��ÎÖ÷ x ÝþÂ�ð :À÷¢���õ ý�ü���÷ ß��� ,´¨� ùÀû�Èõ Û��ì ´ó�ú¨ �� �î ý¤�Ïh : ö�� üµª�Ú÷ Í¨�� �î ¢¤�¢ N ý�üÚþ�ÆÞû x �¤�¬ ßþ� ¤¢ .Àª�� ¼Î¨ ×þ ¥��î ,h�1(Int(D 21=2 )) � N ý�Ìê Âþ¥ .´¨� é¤�õ�ÿÞû Int(D 2 ) �� N ! Int(D 2 )h�1(D 21=2 ) ! ÝÆ�êÂõ�ÿÞû Í¨�� ,Àª��üõ �µÆ� ø 1/2 á�ãª �� ü¨Âì D 21=2 � D 2ø Ýþ¢Âðüõ ¥�� S1#S2 ÓþÂã� �� .´¨� é¤�õ�ÿÞû D 2 �� y 7! 2h(y) �bÎ��® �� D 2h1 : ø À�ª�� D 2 �� é¤�õ�ÿÞû üþ�û�Ìê Âþ¥ D2 � S2 ø D1 � S1 Ý��îüõ ­ÂêS1#S2 �b þø ¤ .À�ª�� I �� ÀþÀ½� Û¬�� ý�úÞÆ�ê¤�õ�ÿÞû h2 : I ! D 2 ø I ! D 2ý��Î��¤ � �î ,Ý��îüõ ÓþÂã� �(S1�Int(D1))[(S2�Int(D2))�= ��¤�¬ �� �¤Â�è �(S1� Int(D1))[�(S2 � Int(D2)) = �D1 [�D2 Â� �ú�� �î ´¨� ý¥¤� Ýû.¢¢Âðüõ ÓþÂã� "x 2 �D1 �� x � h�12 Æ h1(x)' �¤�¬ �� �Î��¤ ßþ� ;´¨� üúþÀ�h2 ø h1 ý�úÞÆ�ê¤�õ�ÿÞû ��÷ ø D2 ø D1 ý�ú¨Âì ��¿µ÷� ¥� ÛÖµÆõ ýÀ�±Þû âÞ�´¨� üê�î �ú�� :´Æ�÷ ý¤��ª¢ ¤�î ,´¨� ¼Î¨ ¢�¡ S1#S2 �Ø�þ� �bÑ��õ .´¨�ùbÀúä Â� ������ .Ý��î Õ�Ö½� �¤ �D2 Â� �þ �D1 Â� ¯�Ö÷ ý�ûüÚþ�ÆÞû ¢��ø �î2 .ùÀ�÷��¡�¤�¬ ßþ� ¤¢ .À�ª�� ¼Î¨ �¨ S3 ø S2 ,S1 À��î ­Âê .��Ìì 6.3.51) S1#S2 �= S2#S1;2) (S1#S2)#S3 �= S1#(S1#S3);105
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê �ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.53) S2#S1 �= S1:2 .´¨� ùÀ�÷��¡ ùbÀúä �� ßþÂÞ� ö���ä �� :��±��ÛØª .´¨� Ýû �� ���� ø¢ ýÀ�±Þû âÞ� ,üþ�� ø¢ ���� (1 .ñ�·õ 7.3.5.À���õÂÔ� �Ñ��õ �¤ 10.511.5 ÛØª

ýø¤ ¥� âþÂ¨ üÜ�¡ �Â�þ� .´¨� ýÂþ�Ê� �b½Ô¬ ø¢ ýÀ�±Þû âÞ� ßþ�î ýÂÎ� (2¤¢ °ÜÎõ ßþ� ü¨À�û ��±�� ,üóø .¢�¢ ö�È÷ ö���üõ 2.3 Ç¿� ¤¢ �ÂÎõ ��ä�Ï�(Óó�)-11.5 ÛØª ¤¢ À�÷�Þû ýÂþ�Ê�b�½Ô¬ ø¢ �� .´¨� ùÀª ÝÆ¹õ 11.5 ÛØª,�¹�µ÷ .Ý��îüõ �À� �ú÷� ¥� �¤ (�)-11.5 ¤¢ Û·õ ¥�� §Âì ø¢ Å³¨ ,ù¢�Þ÷ áøÂªâÞ� ,ü�ãþ) öÀ�÷�±Æ� �� .´¨� é¤�õ�ÿÞû (�)-11.5 ¤¢ ùÀª ù¢�¢ ö�È÷ ý�Ìê ��¤¢ À�÷�Þû üªÂ� ,��¹÷� Â¨ .Ý�¨¤üõ (¢)-11.5 �� ,ùÀª�À� ý�ú¨�ì �b ±ó (ýÀ�±Þû106
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�ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊê�¤ �¹�µ÷ .Ý�¨¤üõ (ø)-11.5 ùbÀª ýÂ�ðüØþ ý�Ìê �� ø ù¢�Þ÷ ¢�¹þ� (û)-11.5-11.5 �� ø ù¢�Þ÷ ýÂ�ðüØþ ö��î� .¢�Þ÷ °�Âõ ¢�ªüõ (¥)-11.5 ¤¢ �¤�¬ �Ý�¨¤üõ (¯)-11.5 �� ,°¨��õ üÞÆ�ê¤�õ�ÿÞû ¥� ù¢�Ôµ¨� �� ,Å³¨ .Ý�¨¤üõ (�).´¨� ßþ�î ýÂÎ� ö�Þû �îö��� ¢�ªüõ ýÂþ�Ê� �b½Ô¬ ø ���� ,ùÂî ×Þî �� �¤ ü½Î¨ Âû �î ÝØ� ßþ�.´¨� éøÂãõ ��Î¨ ýÀ�� �Ö±Ï �b �Ìì ���� ,¢�Þ÷¥� üØþ �ú�� ø ×þ �� S �¤�¬ ßþ� ¤¢ .Àª�� ¼Î¨ S ÝþÂ�ð .��Ìì 8.3.5:´¨� é¤�õ�ÿÞû Âþ¥ ��Î¨S2#T#T# � � �#T| {z }ü³î m (m � 0)S2#RP2#RP2# � � �#RP2| {z }ü³î n (n � 1)
üØþ Ûì� À� �� ¼Î¨ Âû �Ø�þ� ,ñø� :¢¢Âðüõ Ý�ÆÖ� Ç¿� ø¢ �� ��Ìì ßþ� ��±��,´¨� �¤�¡ ��µî ßþ� �b Ü¬�� ¥� ö� Ûõ�î ��±�� �î ,´¨� é¤�õ�ÿÞû ��Î¨ ßþ� ¥��ÂÎõ ý�ûù¢�÷�¡ ¥� üþ�� ø¢ º�û �Ø�þ� ,�ø¢ .Ý��îüõ �ÂÎõ �¤ ö� ¥� üó�Þ�� �ú�� ø��±�� 26 ÛÊê ¤¢ Ûõ�î ÛØª �� �¤ ßþ� �î ;À�µÆ�÷ é¤�õ�ÿÞû 8.3.5 �b �Ìì ¤¢ ùÀª.Ý��îüõßµ¡ø¢ �f��¬� �¤ ���� ×þ ø ¼Î¨×þ ýÀ�±Þû âÞ� Û¬�� .ÓþÂã� 9.3.5éÁ� ö� ¥� ¥�� ü¬Âì �î ´¨� ü���� �µ¨¢ ��Î¬� ¤¢ �î ;À�õ�÷üõ ¼Î¨ �� �µ¨¢.(¢�ª ���� (ø) ø (û)-12.5 ÛØª ��) ´¨� ßªø¤ ý¤�ÁÚÞ¨� ßþ� Û�ó¢ .´¨� ùÀªý�Â� .À�þ�ðüõ ��÷ �÷��µ¨� ×þ �� ßµ¡ø¢ �¤ ¼Î¨ �� �µ¨¢ ßµ¡ø¢ ,��ìø� ü¡Â�ßþ� (Óó�)-12.5 ÛØª Õ��Îõ Å³¨ ø ùÀÞ÷ �À� ¼Î¨ ¥� ¥�� «Âì ø¢ ,¤�Ñ�õ ßþ�¯��µ�� �� ´¡ø¢ ßþ� ´¨� �¥� .Ýþ¥ø¢üõ ùÀª ¢�¹þ� ý�ûùÂÔ� �b ±ó ø¢ �� �¤ �÷��µ¨�ÅØä �¤ �û�±ó Â� ßµêÂð ¤�Âì ´ú� ,ü�ãþ) Ýþ¥øÀ� ¯��µ�� ü� �¤ �÷��µ¨� Âð� ,¢¢Âð ��¹÷�ÂÑ÷ ¢¤�õ ¼Î¨ �� ßþ�î ýÂÎ� ßµ¡ø¢ �� ñ¢�ãõ ßþ� .¢�Þ÷ Àû��¡ Â��ç� �¹�µ÷ ,(Ý��î.¢�� Àû��¡107
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê �ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5.¢�ªüõ �µ¡ø¢ �µ¨¢ ×þ (�) ¤¢ ø �÷��µ¨� ×þ (Óó�) ¤¢ :12.5 ÛØª

13.5 ÛØª
ýÂþ�Ê� �b½Ô¬ ×þ ø ¼Î¨ ×þ ýÀ�±Þû âÞ� Û¬�� .ÓþÂã� 10.3.5.(¢�ª ���� 13.5 ÛØª ��) À�õ�÷üõ ¼Î¨ �� §����õ ¤��÷ ßµ¡ø¢ �f��¬� �¤ üÖ�Ö�ö�Þû �fÖ�ì¢ ,üÖ�Ö� ýÂþ�Ê� �b½Ô¬ ¥� ¥�� «Âì ×þ éÁ� ¥� Û¬�� ¼Î¨ �î �Â�.(¢�ª ���� 2.3 Ç¿� ��) ´¨� §����õ ¤��÷À�îÂµÈõ ´�¬�¡ ßþ� ¤¢ ,À÷�ªüõ Û¬�� RP2 �� ýÀ�±Þû �Þ� �� �î ü��Î¨¤�îÁõ ��Î¨ �î ´¨� ö� Âõ� ßþ� Û�ó¢ .À�µÆû ø¤ ×þ (��Î¬� ��) üÚÞû �îý�¤�¢ ,á�®�õ ßþ� ¢�¡ �î ,À�µÆû (Ç¿� ×þ ö���ä ��) §����õ ¤��÷ ý�¤�¢ üÚÞû108
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�ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊê.Àª ù¢�¢ ¼�®�� 2.3 Ç¿� ¤¢ �î ,´¨� ¢�¡ �� «�¡ üþ�ûÀõ����¤ §����õ ¤��÷ ¢�È÷ �î Ý���ð ÂþÁ³µú� ü�¤�¬ ¤¢ �¤ ¼Î¨ .ÓþÂã� 11.3.5�î Ý���ð ÂþÁ���µú� ü�¤�¬ ¤¢ �¤ ¼Î¨ ,ÂÚþ¢ ý�¨ ¥� .´¡��ª ö� ¥� ü��� ö���ä ��.´êÂð ÂÑ÷ ¤¢ ö� ¥� üÈ¿� ö���ä �� �¤ §����õ ¤��÷ ¢�È�¤¢ .À�µÆû ÂþÁ���µú� ��Î¨ ýÂþ�Ê� �b½Ô¬ ø ßþ�î ýÂÎ� .ñ�·õ 12.3.5.À�µÆû ÂþÁ³µú� ��Î¨ ¥� üþ�û�÷�Þ÷ ,üþ�� ø¢ ���� ø ���� ,ùÂî �î üó��Ý��î ­Âê .ÓþÂã� 13.3.5S2#mT := S2#T#T# � � �#T| {z }ü³î m (m � 0)S2#nRP2 := S2#RP2#RP2# � � �#RP2| {z }ü³î n (n � 1)ÂþÁ���µú� ¼Î¨ �¤ S2#nRP2 ø m Å�� ¥� ¢¤�À÷�µ¨� ÂþÁ³µú� ¼Î¨ �¤ S2#mT.Ý�õ�÷üõ nÅ�� ¥� ¢¤�À÷�µ¨����� À�� ýÀ�±Þû âÞ� Û¬��' �î ¢�ªüõ �ÂÎõ ñ��b¨ ßþ� üã�±Ï ¤�Î� �¹�þ� ¤¢¼Î¨ ÂÚþ¢ ö��� �� "?¢�ªüõ ü½Î¨ �� ,üÖ�Ö� ýÂþ�Ê� �b½Ô¬ À�� ømT#nRP2 = T#T# � � �#T| {z }ü³î m # RP2#RP2# � � �#RP2| {z }ü³î nß��� �î ´¨� ßªø¤ ?´¨� é¤�õ�ÿÞû ¢¤�À÷�µ¨� ¼Î¨ ß�õ�Àî �� ,m;n � 1 �îßþ� �î ¢�ª ´ê�þ ý� k Àþ�� 8.3.5 �b �Ìì ����� ,�¹�µ÷ ¤¢ .Àª��üõ ÂþÁ���µú� ü½Î¨Ý��ã� n = m = 1 ´ó�� ý�Â� �¤ k ¤�ÀÖõ �Àµ�� .Àª�� é¤�õ�ÿÞû k#RP2 �� ¼Î¨.Ý��îüõ.T#RP2 �= RP2#RP2#RP2 .Ýó 14.3.5ñø� �Àì .Ý�û¢üõ ö�È÷ S2 �� �¤ RP2#RP2#RP2 ø S1 �� �¤ T#RP2 ¼Î¨ :��±��¼Î¨ ¥� ´¨� �¤�±ä S1 .Àª��üõ ùÀª ýÂ�ðüØþ ��Î¨ �¤�¬ �� ��Î¨ ßþ� ö���.14.5 ÛØª ¤¢ �øÂÈõ X üãÜ® ´Èû �b ���÷ ¥� Û¬�� üµÞÆì �¤�¡109
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê �ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.514.5 ÛØª

ý�üÚþ�ÆÞû ø ,À÷�ªüõ �µêÂð üØþ S1 ¤¢ �ÎÖ÷ ×þ �� X §��¤ �bÞû �î ¢�ª ����-14.5 ÛØª �� ;´¨� é¤�õ�ÿÞû Int(D 2 ) �� �î ¢�Þ÷ ´ê�þ ¢�ªüõ S1 ¤¢ �ÎÖ÷ ßþ� ¥�¤¢ ø ¢¢Âðüõ Û¬�� (Óó�)-15.5 ÛØª ,üÚþ�ÆÞû ßþ� éÁ� �� .¢�ª ���� (û)ý�Ìê �� �Ìê ßþ� :Ý�¨¤üõ (�)-15.5 ÛØª �� ù¥� ý�úþÂ�ðüØþ ��¹÷� �� ,�õ�¢�ý��ó�±÷¢ �� ´¨� �¥� ,ö��î� .´¨� é¤�õ�ÿÞû (¢)-15.5 ÛØª ¤¢ ùÀª ù¢�¢ ö�È÷(«) ø (¢)-15.5 ý�úÜØª Àû¢ ö�È÷ �î Ý��î ���¤� ý��÷�ð �� �úÞÆ�ê¤�õ�ÿÞû ¥�.À�ª��üõ é¤�õ�ÿÞû110
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�ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊê15.5 ÛØª
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê �ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.516.5 ÛØª

112
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�ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊê.´¨� ö��� Û��ì (�)-16.5 ÛØª ¤¢ ùbÀª ýÂ�ð üØþ ý�Ìê �� S2 ,ÂÚþ¢ ý�¨ ¥�«Âì ×þ �� �î ((4)-16.5 ÛØª ¤¢ ùÀª É¿Èõ) Int(D2) üÚþ�ÆÞû éÁ� ��(7)-16.5 ÛØª ¤¢ ý�Ìê �� ,�¥� ý�úþÂ�ð üØþ ��¹÷� Å³¨ ø ´¨� é¤�õ��Þû ¥��ÝÆ�ê¤�õ��Þû �î ´¨� ßªø¤ .Ý�¨¤üõh : S1 � Int(D1) �= S2 � Int(D2)ÝÆ�ê¤�õ��Þû h �î ´¨� ßªø¤ ùø�ã� .Ýþ¤�¢ �¤�(S1 � Int(D1)) �= �(S2 � Int(D2))D2 ýøÂ� ø D1 Ûî Â� üÞÆ�êÂõ�ÿÞû �� �û¥Âõ Â� ÝÆ�ê¤�õ�ÿÞû ßþ� .À�îüõ Ǒ�Öó� �¤h1 : D1 �= D 2 ø Àª�� ÝÆ�ê¤�õ�ÿÞû h : �(D1) ! �(D2) Âð� :¢�Þ÷ â�¨�� ¢�ªüõx = (r; t) �¤�¬ �� ü±Îì ��Êµ¿õ ¤¢ �¤ x 2 D 2 �¤�¬ ßþ� ¤¢ ,h2 : D1 �= D 2 ø�bÎ��® �� �¤ H : D1 ! D2 â��� .t 2 �(D 2 ) = S1 ø 0 � t � 1 �î ÝÆþ�÷üõßªø¤ .h1(y) = (r; t) 2 D 2 �î Ý��îüõ ÓþÂã� H(y) = h�12 (r; h2 Æ h Æ h�11 (y))ßþ�Â���� .Àª��üõ ÝÆ�êÂõ�ÿÞû H ��÷ ø H j�D1 = h �î ´¨�S1 = (S1 � Int(D1)) [D1 �= (S2 � Int(D2)) [D2 = S22 .À�îüõ Û�ÞØ� �¤ 14.3.5 Ýó ��±�� �îS � ø S1 ö¢�� é¤�õ�ÿÞû ÝÆ¹� ý�Â� ýÂÚþ¢ ©ø¤ .´ª�¢¢�þ 15.3.5×þ �� ����) �µ¨¢ ×þ �¤�¬ �� T#RP2 ýÀ�±Þû âÞ� Çþ�Þ÷ �� .¢¤�¢ ¢��ø 2ßþ� .Ý��îüõ áøÂª ,´¨� ùÀª �µ¡ø¢ ö� �� �î §����õ ¤��÷ ×þ ù�ÂÞû �� ( �¤�¨�î ¢�ªüõ �Ñ��õ �¹÷� ¤¢ ø ´¨� ùÀª ù¢�¢ ö�È÷ (Óó�)-17.5 ÛØª ¤¢ °ÜÎõù¢�¢ ö�È÷ ý�úÞÆ�ê¤�õ�ÿÞû ñ�Þä� �� .´¨� é¤�õ�ÿÞû (�)-17.5 ÛØª �� �÷�Ú�.Ý�¨¤üõ (¥)-17.5 ÛØª �� ,(ø) �� (�)-17.5 ý�úÜØª ¤¢ ùÀª18.5 ÛØª �� :ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ´¨� ùÀª �À�«Âì×þ ö� ¥� �î ü�þ�î ýÂÎ�.¢�ª ����ßþ�î ýÂÎ� ÂÚÈþ�Þ÷ K �î ,S1 �= K#RP2 �î ¢¢Âðüõ �Ñ��õ °��Â� ßþ� ��.¢¢Âð ��±�� Ý�µ¨��¡üõ �î :S1 �= S2 ßþ�Â���� ø K �= RP2#RP2 üóø .´¨�113
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê �ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.517.5 ÛØª

.ßþÂÞ� 16.3.5�� ´±Æ÷ ��Î¨ ¥� é¤�õ�ÿÞû ý�ú¨�î �bÞû �þ� .À��î ��±�� �¤ 6.3.5 �b �Ìì (1?�÷ �Â� ø ?�Â� ?À�û¢üõ Û�ØÈ� ùøÂð ýÀ�±Þû âÞ� ÛÞäD2 ø D1 À��î ­Âê .À�ª�� ù¢ÂÈê À�±Þû ÀÜÔ��õ�n ø¢ M2 ø M1 À��î ­Âê (2Int(D n ) �� h2 ø h1 Í¨�� �î À�ª�� M2 ø M1 ¥� °��Âµ� üþ�û�ä�Þ¹õ Âþ¥�(M1�üµÞÆì �¤�¡ ý�Ìê �¤�¬ �� �¤M2 øM1 ýÀ�±Þû âÞ� .À�ê¤�ÞÿÞûx 2 �((M1� ÂÊ�ä � �î ,Ý��îüõÓþÂã� Int(D1))[((M2�Int(D2))�= �ÀÜÔ��õ�n ��÷M1#M2 À��î ´��� .¢Â�ðüõ üØþ h�12 Æ h1(x) �� �¤ Int(D1)).´¨�¢¤�À÷�µ¨� ��Î¨ ¥� ×�õ�Àî �� S .1 � m;n �� S = nT#mRP2 À��î ­Âê (3?´¨� é¤�õ�ÿÞûé¤�õ�ÿÞû Âþ¥ ��Î¨ ¥� üØþ �ú�� �� ´¨¤¢ S À��î ´��� .´¨� ¼Î¨ S À��î­Âê (4:0 < n ø Àª��üõ ßþ�î ýÂÎ� K �î ,´¨�114
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�ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊêS2#nT; RP2#nT; K#nT:¥� ø ý¤ø¢ üûøÂð G = Z2n+1 �î ,Àª�� �Ìê�G ×þ S ¼Î¨ À��î ­Âê (5ÛÞä ý¢�¥� ¯Âª �î ¢�ª ���� .´¨� ¼Î¨ S=G À��î ´��� .´¨� �ø¥ �b ±�Âõ.Ý�µÆ÷�À÷ üõ��ó� �¤ S Â� G18.5 ÛØª

��±�� �¤ 8.3.5 ýÀ�� �µ¨¢ �b �Ìì ¥� ñø� ´ÞÆì �î ´¨� ùÀ�¨¤ �Âê ö� ´��÷ ö��î�.Ýþ¤�¢ ¥��÷ Âþ¥ ÓþÂã� �� ¤�Ñ�õ ßþ� ý�Â� .Ý��îÝ���ð ù¢�¨ �b µÆ� Ý¡ ü�¤�¬ ¤¢ �¤ ¼Î¨ ×þ ¥� üþ�Ìê Âþ¥ .ÓþÂã� 17.3.5.Àª�� é¤�õ�ÿÞû S1 ùÂþ�¢ �� �î�¤ S ¼Î¨ C Ý���ðüõ ü�¤�¬ ¤¢ ,Àª�� S ¼Î¨ ¤¢ ý�ù¢�¨ �b µÆ� Ý¡ C �»÷���,C ý�µ¨�¤ ¤¢ S ©Â� ¥� Å� ,ÂÚþ¢ �¤�±ä �� .Àª�±÷ À�±Þû S � C �î À�îüõ �þ�¹�.(À��î ùÀû�Èõ �¤ 19.5 ÛØª) ¢�ª Ý�ÆÖ� �Ôó�bõ À�� �þ ø¢ �� ¼Î¨115
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê �ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5¼Î¨ C2 (�) ¤¢ üóø ,´¨� ù¢ÂØ÷ �þ�¹� �¤ S1¼Î¨ C1 (Óó�) ¤¢ :19.5 ÛØª.´¨� ù¢�Þ÷ �þ�¹� �¤ T

�þ�¹� �¤ ö� �î Àª�� S Â� ý�ù¢�¨ �b µÆ� Ý¡ C ø ¼Î¨ S ÝþÂ�ð :8.3.5 �b �Ìì ��±��¤��÷ �� �þ ø ´¨� é¤�õ�ÿÞû �÷��µ¨� �� �þ C ¥� üÚþ�ÆÞû Âû �¤�¬ ßþ� ¤¢ .´¨� ù¢ÂØ÷.´¨� üúþÀ� ý¢�úª ÂÑ÷ ¥� ÝØ� ßþ� .(¢�ª ���� 20.5 ÛØª ��) §����õ20.5 ÛØª
,ñø� ´ó�� ¤¢ .Ý��îüõ éÁ� ¼Î¨ ¥� �¤ §����õ ¤��÷ �þ �÷��µ¨� ßþ� öø¤¢ ñ��ùÀª ¢�¹þ� ùbÂÔ� �ú�� �� ,�ø¢ ´ó�� ¤¢ ø Ýþ¥ø¢üõ «Âì ø¢ ùÀª ¢�¹þ� ùbÂÔ� ø¢ ���¤�±ä M �î ´¨� ßªø¤ .Ý�¨¤üõ M1 ÂÚþ¢ ü½Î¨ �� Å� .Ýþ¥ø¢üõ «Âì ×þ�þ ø Ýþ��µ¡ø¢ (üó�Þãõ Â�è �þ üó�Þãõ ¤�Î�) ö� �� �¤ ý��÷��µ¨� �î ´¨�M1 ¼Î¨ ¥�M =M1#K ,M =M1#RP2 ÂÚþ¢ ö��� �� .Ýþ��µ¡ø¢ ö� �� �¤ ü¨����õ ¤��÷ �Ø�þ�.M =M1#T �þ ø�¤�¬ ¤¢) À�îüÞ÷ �þ�¹� �¤M1 �î ý�ù¢�¨ �b µÆ� Ý¡ ø ù¢�Þ÷ ����M1 �� ö��î�´¨À� �¤ M2 ¼Î¨ ø ù¢�¢ ��¹÷� ��� ���ÜÞä Õ��Îõ Å³¨ ø Ý��îüõ ��¿µ÷� (¢��øßþ� �b õ�¢� �� .M1 = M2#RP2 �þ ø M1 = M2#K ,M1 = M2#T �î Ýþ¤ø�üõø M = M1#i1T#i2K#i3RP2 �î Ý�¨¤üõ Mi ¼Î¨ �� �Ü�Âõ i ¥� Å� ,À÷ø ¤�f ·õ) �Ü�Âõ üû��µõ ý¢�Àã� ¥� Å� À÷ø¤ ´��� �î ¢�ªüõ ´��� .i1 + i2 + i3 = i116
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�ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊê�þ�¹� �¤ ö� Mk ¤¢ ù¢�¨ �b µÆ� ý�úÞ¡ �bÞû ,ÂÚþ¢ �¤�±ä �� ;ÀµÆþ�üõ (�� k � 0Ý¡ Âû �î Àª�� ý��÷�ð ��Mk ¼Î¨ Âð�' �î ÝØ� ßþ� ¥� ù¢�Ôµ¨� �� ��¹÷� Â¨ .À��îüÞ÷,"´¨� é¤�õ�ÿÞû ùÂî �� Mk �¤�¬ ßþ� ¤¢ ,À�îüÞ÷ �þ�¹� �¤ ö� ,ö� Â� ù¢�¨ �b µÆ�.Ý��îüõ ��Þ� �¤ ¤�îl;m; n �×þ ý�¥� �� �î Ý��îüõ �Ñ��õ ,��� ùbÀÈ÷ ��±�� ý�û�ä¢� ýÀ�±ãÞ� ��.´¨� é¤�õ�ÿÞûX = S2#lT#mK#nRP2 ��M ¼Î¨ (l+m+n = k �î) ý� 0S2#lT �� X ù�Ú÷� ,m+n = 0 Âð� �î ¢�ªüõ ùÀþ¢ üµ��Â� 14.3.5 Ýó ýÂ�ð¤�Ø� ��é¤�õ�ÿÞû S2#(2l +m + n)RP2 �� X ù�Ú÷� ,m + n > 0 Âð� ø ´¨� é¤�ÞÿÞû.Àª��üõüþ�� ø¢ º�û �î ¢�ª ù¢�¢ ö�È÷ ´¨� �¥� ,ýÀ�� �Ö±Ï �b �Ìì ��±�� Û�ÞØ� ý�Â���¹÷� 26 ÛÊê ¤¢ �¤ ßþ� ;À�µ�Æ÷ é¤�õ�ÿÞû 8.3.5 �b �Ìì ¤¢ ùÀª �ÂÎõ ��Î¨ ¥�2 .Ý�û¢üõ.ßþÂÞ� 18.3.5À�÷�õ (��¹õ �fõø�ó �÷ üóø) �þ�Þµõ ø ù¢�¨ �b µÆ� Ý¡ ø¢ T ���� ¤¢ �î À�û¢ ö�È÷ (1.´Æ�÷ À�±Þû T� (C1 [ C2) �î ¢¤�¢ ¢��ø C2 ø C1�î ¢¤�À÷ C3 ø C2 ,C1 �þ�Þµõ ùb¢�¨ �b µÆ� Ý¡ �¨ º�û T ���� �î À�û¢ ö�È÷ (2.Àª�� À�±Þû T� (C1 [ C2 [ C3).À�û¢ Ý�Þã� ýÂÚþ¢ ¼Î¨ Âû ý�Â� �¤ (2) ø (1) ���þÂÞ� (3�� �¤ ü½Î¨ Âû :Ýþ¢�¢ �¤ Çó�ì �f ±ì �î ÝþÂ�üõ ö�þ�� �� °ÞØ� �� �¤ ÛÊê ßþ�.¢�¢ Çþ�Þ÷ ö���üõ R2 ¤¢ üãÜ® À�� �b ���÷ ×þ üµÞÆì �¤�¡ ý�Ìê �¤�¬ßþ� ¤¢ ,Àª�� 1 � m Å�� ¥� ýÂþÁ³µú� ¼Î¨ M Âð� (1 .��Ìì 19.3.5ÛØª ¤¢ �î ý��÷�ð �� ´¨� üãÜ®�4m �b ���÷ ×þ üµÞÆì �¤�¡ ý�Ìê M �¤�¬.´¨� ùÀª ù¢�¢ ö�È÷ (Óó�)-21.5ý�Ìê M �¤�¬ ßþ� ¤¢ ,Àª�� 1 � n Å�� ¥� ýÂþÁ���µú� ¼Î¨ M Âð� (2ö�È÷ (�)-21.5 ÛØª ¤¢ �î ý��÷�ð �� ´¨� üãÜ®�2n �b ���÷ ×þ üµÞÆì �¤�¡.´¨� ùÀª ù¢�¢117
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¼Î¨ ø ÀÜÔ��õ 5 ÛÊê �ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.521.5 ÛØª

�µÔð ÛØª �� nRP2 ø mT �î Ý�û¢ ö�È÷ ´¨� üê�î ÝØ� ßþ� ��±�� ý�Â� :��±���� T#T .Ý��îüõ �ãó�Îõ �¤ n � 3 ø m � 2´ó�� âì�ø ¤¢ .À�µÆûÇþ�Þ÷ Û��ì ùÀªß�óø� ö¢¤ø� ´¨À� ø °ÜÎõ Ý�Þã� À÷ø ¤ .´¨� ùÀª ¼þÂÈ� 23.11 ÛØª ¤¢ �¤�¬ÛØª ,ÂþÁ���µú� ��Î¨ ´ó�� ý�Â� .´¨� ¼®�ø ,ÂþÁ³µú� ��Î¨ «�Ê¡ ¤¢ ÝØ�¥�� .Ýþ¤�¢ RP2#RP2#RP2 ý�Â� �¤ 24.11 ÛØª ø RP2#RP2 ý�Â� �¤ 23.112 .´¨� ¼®�ø ¤�î ýÀã� Û��Âõ Ýû.ßþÂÞ� 20.3.5ý��ÎÖ÷ Âû ö� ¤¢ �î é¤øÀ¨ø�û ´¨� üþ�Ìê ,M ¤�¢¥Âõ ÀÜÔ��õ�n ¥� ¤�Ñ�õ (1�� ,ü�ãþ) Rn ¤¢ üþ��� ý�Ìê-Ý�÷ �þ Rn �� é¤�õ�ÿÞû ý�üÚþ�ÆÞû ý�¤�¢ý�üÚþ�ÆÞû �î M ¤¢ üÏ�Ö÷ �bä�Þ¹õ .¢¤�¢ (H n := fx 2 Rn jxn � 0gRn �� é¤�õ�ÿÞû üÚþ�ÆÞû º�û üóø À÷¤�¢ üþ��� ý�Ìê-Ý�÷ �� é¤�õ�ÿÞû,¤�¢¥Âõ ÀÜÔ��õ�n Âû ¥Âõ �î Ý��îüõ ´��� ñ�� .Ý�õ�÷üõ M ¥Âõ �¤ À÷¢¤�À÷.´¨� ÀÜÔ��õ�(n� 1) ×þ ¢�¡Âû ¥Âõ À��î ´��� .´¨� ù¢ÂÈê ø ¤�¢¥Âõ ,ýÀã��2 ýÀÜÔ��õ ,¤�¢¥Âõ ¼Î¨ (2ý�û�±ó Âð� �î ÀþÂ�Ú� �¹�µ÷ .´¨� ùÂþ�¢ üû��µõ ¢�Àã� ¥� üä�Þµ�� ,¤�¢¥Âõ ¼Î¨�¹�µ÷ ,Ý�÷�±Æ»� «Âì (°¨��õ ø) üû��µõ ¢�Àã� �� �¤ ¼Î¨ ×þ ¥Âõ ¥� Û¬��.¢�� Àû��¡ ¼Î¨¢�È÷ ö� ¤¢ ü¨����õ ¤��÷ º�û �î Ý���ð ÂþÁ³µú� ü�¤�¬ ¤¢ �¤ ¤�¢¥Âõ ¼Î¨ (3�î ´¨� ÂþÁ³µú� üµìø �ú�� ø üµìø ¤�¢¥Âõ ¼Î¨ �î À��î ´��� .´êÂð å�Â¨.Àª�� ÂþÁ³µú� (¢�ª ���� ��� ¤¢ (2) ßþÂÞ� ��) ©��µÆ��ø ¼Î¨118
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�ûÀÜÔ��õ ýÀ�� �Ö±Ï 3.5 ¼Î¨ ø ÀÜÔ��õ 5 ÛÊê22.5 ÛØª
23.5 ÛØª
24.5 ÛØª
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6 ÛÊê
ü����Þû

üû�¤ À�±Þû ý�Ìê 1.6üÜ�¡ Ý��îüõ �ÂÎõ Ç¿� ßþ� ¤¢ �î üä�®�õ .Àª �ãó�Îõ 3.4 Ç¿� ¤¢ ýÀ�±Þû.üû�¤ À�±Þû :Àþ�üõ ¤�Þª �� ýÀþÀ� ýÀ�±Þû ��úÔõ �f¨�¨� üóø ,´¨� ö� �� ��±ª.Ýþ¤�¢ ¥��÷ Âþ¥ ÓþÂã� �� ,��úÔõ ßþ� ÓþÂã� ¥� Ç��f : �b µ¨��� ´ª�Ú÷ .Àª�� ý��ó���� üþ�Ìê X Ý��î ­Âê .ÓþÂã� 1.1.6ü
 úµ÷� �¤ f(1) 2 X ø �Àµ�� �¤ f(0) 2 X �bÎÖ÷ .Ý�õ�÷üõ X ¤¢ ù�¤ �¤ [0;1℄ ! Xf(1) �� f(0) ¥� ý�û�¤ f �î ¢�ªüõ �µÔð �¤�¬ ßþ� ¤¢ .Ý�õ�÷üõ ÂÑ÷ �¤�õ ù�¤ý�¹� Â�Æõ ��Î¬� ¥� ��ìø� ü¡Â� .À�îüõ ÛÊµõ f(1) �� �¤ f(0) �bÎÖ÷ f �þ ,´¨�.¢�ªüõ ù¢�Ôµ¨� ù�¤ùÀ�õ�÷ ù�¤ ,´¨� â��� Å�� ¥� �î f ´ª�Ú÷ �î ¢�ª ���� .´ª�¢¢�þ 2.1.6�þ Ý¡ �¤ �ä�Þ¹õ ßþ� .Àª��üõ �ä�Þ¹õ Å�� ¥� �î f([0;1℄) � X �÷ ;¢�ªüõ.Ý�õ�÷üõ ü�½�õ´�ã®ø f(t) ,�¹�µ÷ ¤¢ .¢�Þ÷ ¤�Ê� ö���üõ ö�õ¥ ö���ä �� �¤ t 2 [0;1℄ °Üè�.Àû¢üõ ö�È÷ �¤ t �bÑ½ó ¤¢ ´îÂ�.´¨� ù��¿ó¢ ý� �ÎÖ÷ x 2 X ø ý��ó���� üþ�Ìê X Ý��î ­Âê .ñ�·õ 3.1.6121
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ü����Þû 6 ÛÊê üû�¤ À�±Þû ý�Ìê 1.6�bÞû ,ù�¤ ßþ� ¤¢ .Ý�õ�÷üõ x ¤¢ ´��� ù�¤ �¤ "x(t) = x �bÎ��® �� "x : [0;1℄ ! X!Ý��îüõ éÂ¬ x ö�Øõ ¤¢ �¤ ö�Þµìø,¢���õ ý�úû�¤ ýø¤ ¥� ÀþÀ� ý�úû�¤ À�ó�� ý�Â� üÜî ñ�� ß�ä ¤¢ ø ù¢�¨ ©ø¤ ø¢.Ý��îüõ ¼þÂÈ� �¤ �ú÷� ýÀã� Ýó ¤¢ �î ¢¤�¢ ¢��øßþ� ¤¢ .À�ª�� X ¤¢ ù�¤ ø¢ g ø f ø ,ý��ó���� üþ�Ìê X Ý��î ­Âê .Ýó 4.1.6�¤�¬ù�¤ �¤ ßþ� .´¨� X ¤¢ üû�¤ ��÷ �f(t) = f(1� t) �bÎ��® �� �f : [0;1℄! X (1.Ý�õ�÷üõ f öø¤�øX ¤¢ üû�¤ ��÷ Âþ¥ �bÎ��® �� f � g : [0;1℄ ! X ù�Ú÷� ,f(1) = g(0) Âð� (2:Ý�õ�÷üõ g ¤¢ f �Â® �¤ ßþ� .´¨�(f � g)(t) = � f(2t) 0 � t � 1=2 Âð�g(1� 2t) 1=2 � t � 1 Âð�h : [0;1℄ ! â��� ø ,´¨� �µ¨��� f : [0;1℄ ! X ù�¤ ­Âê Õ��Îõ ö�� :��±����÷ �f = f Æ h ßþ�Â���� ,´¨� �µ¨��� ��®ø �� ��÷ h(t) = 1 � t �bÎ��® �� ; [0;1℄°Æ� Ýó ¥� ´¨� üê�î ,(2) ´ÞÆì ¢¤�õ ¤¢ .Àª ´��� (1) ´ÞÆì ø ´¨� �µ¨���g ø f ,À�µÆû �µÆ� [0;1℄ ¤¢ [1=2;1℄ ø [0;1=2℄ �¹�þ� ¤¢ �î �Â� .Ý��î ù¢�Ôµ¨� ??2 .f(1) = g(0) ��¹÷� Â¨ ø ,À÷��µ¨����bÎ��® �� ù�¤ ø¢ g ø f ø ´¨� À��ø ùbÂî X = S2 Ý��î ­Âê .ñ�·õ 5.1.6¤¢ .À�µÆû g(t) = �� 
os(�t);0; sin(�t)� ø f(t) = � 
os(�t); sin(�t);0�°��Âµ��¤�¬ ßþ��f(t) = f(1� t) = �� 
os(�t); sin(�t);0�; ß��»Þû ø(f � g)(t) = � f(2t) 0 � t � 1=2 Âð�g(1� 2t) 1=2 � t � 1 Âð�= � � 
os(2�t); sin(2�t);0� 0 � t � 1=2 Âð�� 
os(2�t);0; sin(2�t)� 1=2 � t � 1 Âð�122
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üû�¤ À�±Þû ý�Ìê 1.6 ü����Þû 6 ÛÊêø¢ Âû �î Ý���ð üû�¤ À�±Þû �¤�¬ ¤¢ �¤ X ý��ó���� ý�Ìê .ÓþÂã� 6.1.6,x0; x1 2 X Âû ý�¥� �� ,ÂÚþ¢ ö��� �� .¢�Þ÷ ÛÊµõ Ýú� ö��µ� üû�¤ �� �¤ ö� ¥� �ÎÖ÷.f(1) = x1 ø f(0) = x0 �î ¢�ª ´ê�þ ö��� X ¤¢ f üû�¤üê�î ø �¥� ¯Âª �î ¢�Þ÷ ´��� ¢�ªüõ ?? Ýó §�¨� Â� .´ª�¢¢�þ 7.1.6¯�Ö÷ Âþ�¨ �î ¢�ª ´ê�þ x0 ý��ÎÖ÷ �î ´¨� ßþ� ,Àª�� üû�¤ À�±Þû üþ�Ìê �Ø�þ� ý�Â�,üû�¤ À�±Þû ��Î¬� ý�¹� °µî ü¡Â� ¤¢ .¢�Þ÷ ÛÊµõ ö� �� ö��µ� üû�¤ �� �¤ �Ìê.¢�ªüõ ù¢�Ôµ¨� ü¨�ì À�±Þû �þ ýÂ�Æõ À�±ÞûÂû ý�¥� �� ,�Âþ¥ .´¨� üû�¤ À�±Þû ,üó�Þãõ ý��ó���� �� Rn .ñ�·õ 8.1.6üû�¤ f(t) = (1 � t)a + tb �bÎ��® �� f : [0;1℄ ! Rn ´ª�Ú÷ ,ù��¿ó¢ a; b 2 Rn.´¨� b �� a ¥� Rn ¤¢.´¨� Âþ¥ ÓþÂã� �� ¥��÷ ,°ÜÎõ ßþ� ý�Â� .¢�¢ Ý�Þã� ö���üõ �¤ ��� ñ�·õý�¥� �� �î Ý���ð �À½õ ü�¤�¬ ¤¢ �¤ E � Rn �bä�Þ¹õ Âþ¥ .ÓþÂã� 9.1.6�� .Àª�� �µª�¢ ¤�Âì E ¤¢ �fõ�Þ� f(1 � t)a + tb j 0 � t � 1g �bä�Þ¹õ a; b 2 E Âû1.6 ÛØª �� .Àª�� �µª�¢ ¤�Âì E ¤¢ ,E ¥� �ÎÖ÷ ø¢ Âû ö��õ Û¬�ø Í¡ ù¤�� ,ÂÚþ¢ ö���.¢�ª ����´¨� �À½õ Â�è (�) ø �À½õ (Óó�) :1.6 ÛØª
¤¢ Í¡ ù¤�� .´¨� �À½õ Rn ¤¢ Dn §Âì .´¨� �À½õ Rn .ñ�·õ 10.1.6.´¨� �À½õ R1ý��ó���� �� ù�ÂÞû) ü¨À�Üì� üþ�Ìê ¥� �À½õ �bä�Þ¹õ Âþ¥ Âû .��Ìì 11.1.6.´¨� üû�¤ À�±Þû (©�üþ�Ìê Âþ¥.À�µÆû 12.3.4 �� 7.3.4 ��Ø�� ��±ª 17.1.6 �� ?? ��Ø��123
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ü����Þû 6 ÛÊê üû�¤ À�±Þû ý�Ìê 1.6À�±Þû ,�µ¨��� üµª�Ú÷ Í¨�� üû�¤ À�±Þû ý�Ìê Âû ùb¤�Ú÷ .��Ìì 12.1.6.´¨� üû�¤Âð� .Àª�� �ª�� ø �µ¨��� üµª�Ú÷ g : X ! Y ø ù¢�� üû�¤ À�±ÞûX Ý��î­Âê :��±��À÷�ªüõ ´ê�þ ö��� X ¤¢ b0 ø a0 �bÎÖ÷ ø¢ �¤�¬ ßþ� ¤¢ ,À�ª�� Y ¥� �ÎÖ÷ ø¢ b ø a¢��ø b0 �� a0 ¥� X ¤¢ f üû�¤ ,´¨� üû�¤ À�±Þû X ö�� .g(b0) = b ø g(a0) = a �îY ö¢�� üû�¤ À�±Þû ü�ãõ �� ßþ� .Àª��üõ b �� a ¥� Y ¤¢ üû�¤ g Æ f ,ö��î� .¢¤�¢2 .´¨��¥� ¯Âª ,À�ª�� é¤�õ�ÿÞû ý�û�Ìê Y ø X �î ü�¤�¬ ¤¢ .�¹�µ÷ 13.1.6.´¨� Y ö¢�� üû�¤ À�±Þû ,X ö¢�� üû�¤ À�±Þû ý�Â� üê�î øßþ�Â���� ø ,�À½õ R1 ¤¢ [0;1℄ ,�Âþ¥ ;´¨� üû�¤ À�±Þû S1 (1 .ñ�·õ 14.1.6�ª�� ø �µ¨��� e(t) = exp(2�ti) �bÎ��® �� e : [0;1℄! S1 ùø�ã� .´¨� üû�¤ À�±Þû.´¨�ùbÂþ�¢ ×þ ¥� ü¨�ì �� �¤ ö� ¥� �ÎÖ÷ ø¢ Âû ,�Âþ¥ .´¨� üû�¤ À�±Þû Rn+1�f0g (2.¢�Þ÷ ÛÊµõ Ýú� ö���üõ Ǒ�À±õ ¥� ùÀ÷¤Áð Â�èÍ¨�� Rn+1 � f0g �b µ¨��� Âþ�Ê� ,�Âþ¥ ;n � 1 �î ,´¨� üû�¤ À�±Þû Sn (3.Àª��üõ x 7! x=kxk´ª�Ú÷´ª�Ú÷ Í¨�� Sn �b µ¨��� Âþ�Ê� ,�Âþ¥ ;n � 1 �î ,´¨� üû�¤ À�±Þû RPn (4.Àª��üõ x 7! f�x; xgÀ�±Þû ý�û�ä�Þ¹õ Âþ¥ ¥� ý��þ�¢Âð fYj j j 2 Jg À��î ­Âê .��Ìì 15.1.6.´¨� üû�¤ À�±Þû Y = Sj2J Yj ù�Ú÷� ,Tj2J Yj 6= ; Âð� .´¨� X ¤¢ üû�¤b 2 ø a 2 Yk ý� k; l 2 J ý�¥� �� �¤�¬ ßþ� ¤¢ .a; b 2 Y Ý��î ­Âê :��±��ø ´¨� üû�¤ À�±Þû Yk ö�� .´¨� Tj2J Yj í�Âµª� ¥� ù��¿ó¢ ý��ÎÖ÷ 
 ÝþÂ�ð .Yl�� 
 ¥� Yl ¤¢ g üû�¤ ,���Èõ �¤�¬ �� .¢¤�¢ ¢��ø 
 �� a ¥� Yk ¤¢ f üû�¤ ,a; 
 2 Yk�î ´¨� ßªø¤ .¢¤�¢ ¢��ø h := f � g �bÎ��® �� b �� a ¥� üû�¤ ,ö��î� .¢¤�¢ ¢��ø b2 .¢Â�ðüõ Yk [ Yl � Y ¤¢ �¤ ¢�¡ ¤�ÀÖõ ´ª�Ú÷ ßþ�,�Âþ¥ .´¨� üû�¤ À�±Þû Sn �¤�¬ ßþ� ¤¢ .n � 1 Ý��î ­Âê .ñ�·õ 16.1.6�¤�¬ ßþ� ¤¢ .S� := fx 2 Snjxn+1 � 0g ø S+ := fx 2 Snjxn+1 � 0g ÝþÂ�ð124
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üû�¤ À�±Þû ý�Ìê 1.6 ü����Þû 6 ÛÊê¤¢ .´¨� x 7! (x1; � � � ; xn;p1� kxk) ´ª�Ú÷ Í¨�� Dn � Rn �b µ¨��� ùb¤�Ú÷ S+üêÂÏ ¥� .´¨� üû�¤ À�±Þû ��÷ S� ,���Èõ �¤�¬ �� .´¨� üû�¤ À�±Þû S+ �¹�µ÷À�±Þû Sný�Ìê 15.1.6 �b �Ìì ����� ,�¹�µ÷ ¤¢ .S+\S� = fx 2 Sn jxn+1 = 0g.´¨� üû�¤üê�î ø �¥� ¯Âª .À�ª�� ý��ó���� ý�û�Ìê Y ø X ÝþÂ�ð .��Ìì 17.1.6.À�ª�� üû�¤ À�±Þû Y ø X �î ´¨� ßþ� ,Àª�� üû�¤ À�±Þû X � Y �Ø�þ� ý�Â�,À�±Þû ý�¹� �� �Þû ¤¢ ´¨� üê�î �ú�� ;´¨� 12.3.4 ÝØ� ��±�� ��±ª �f õ�î :��±��2 .¢�ª ù¢�Ôµ¨� üû�¤ À�±Þû ¥�!´¨� üØþ �f Þä ö¢�� üû�¤ À�±Þû ø ýÀ�±Þû �î À�î Ǒ�Öó� ß��� ��� ��Ø�� Àþ�ª.´Æ�÷ ß��� üóø�÷�ª ø ×î :2.6 ÛØª

�î ´Æ�÷ ¤�Ï ßþ� .´¨� À�±Þû �fõ��ó� ,üû�¤ À�±Þû ý�Ìê Âû .��Ìì 18.1.6.Àª�� üû�¤ À�±Þû �fõ��ó� ,À�±Þû ý�Ìê Âûý�Â� .´¨� À�±Þû X Ý��îüõ ´��� .Àª�� üû�¤ À�±Þû üþ�Ìê X Ý��î ­Âê :��±��X ¥� üú� Â�è ø ¥�� üþ�û�ä�Þ¹õ Âþ¥ V ø U �î ,X = U [ V Ý��î ­Âê ¤�Ñ�õ ßþ�f : [0;1℄ ! X üû�¤ ,À�µÆû üú� Â�ä V ø U ø ´¨� üû�¤ À�±Þû X ö�� .À�µÆûÀ�±Þû ��÷ f([0;1℄) ,´¨� À�±Þû [0;1℄ ö�� .¢¤�¢ ¢��ø f(1) 2 V ø f(0) 2 U ��ø U �¹�µ÷ ¤¢ .À�ª�� ��¹õ À�÷���üÞ÷ V \ f([0;1℄) ø U \ f([0;1℄) ßþ�Â���� ø ´¨�.´¨� À�±Þû X ßþ�Â���� ø ,À�ª�� ��¹õ À�÷���üÞ÷ V125
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ü����Þû 6 ÛÊê üû�¤ À�±Þû ý�Ìê 1.6À�±Þû �î Ýþ¤ø��� À�±Þû ý�Ìê×þ ¥� üó�·õ ´¨� üê�î ,�ø¢ ÝØ� ö¢�¢ ö�È÷ ý�Â�ÛØª �� ;´¨� éøÂãõ �÷�ª ø ×î ö���ä ´½� ,Ý��îüõ ���¤� �î üó�·õ .Àª�� üû�¤ø X = A [ B �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ X � C �bä�Þ¹õ Âþ¥ .¢�ª ���� 2.6×î A = fig;�÷�ª B = [0;1℄ [ n1n + yi ���n 2 N ; 0 � y � 1o:�Àµ�� ,X ýÀ�±Þû ��±�� ý�Â� .´¨� üû�¤ À�±Þû Â�è ø À�±Þû X �î Ý��îüõ �ä¢�Bn = �bÞû ø B = Sn2NBn �î �Â� ,´¨� üû�¤ À�±Þû B �î Ý��îüõ �Ñ��õÂ�è í�Âµª� Ýû �� ø À�µÆû üû�¤ À�±Þû �û [0;1℄ [ f1=n + yi j0 � y � 1gÂþ¥ U Ý��î ­Âê .´¨� üû�¤ À�±Þû B ,15.1.6 �b �Ìì ����� ,�¹�µ÷ ¤¢ ;À÷¤�¢ üú�ßþ� Â�è ¤¢ �î �Â� ,A � U �î Ý��î­Âê Ý�÷���üõ .Àª�� X ¥� �µÆ� ø ¥�� ý��ä�Þ¹õ´¨� ¥�� U ö�� .¢¤�¢ Â� ¤¢ �¤ A �î ´¨� �µÆ� ø ¥�� ý��ä�Þ¹õ Âþ¥ X � U �¤�¬,ö��î� .fx j ji � xj < "g \ X � U �î ¢¤�¢ ¢��ø ö��� " > 0 ý¢Àä ,i 2 U øÀ�±Þû B ,�õ� .U \B 6= ; ùÄþø �� ;1=n+ i 2 U �î ¢¤�¢ ¢��ø ý� n ¼�½¬ ý¢Àäü�ãþ .U \B = B ßþ�Â���� .B ¥� �µÆ� ø ¥�� ,üú� Â�è ý��ä�Þ¹õ Âþ¥ U \B ø ´¨�.Àª��üõ À�±Þû X ßþ�Â���� ø U = X �¹�µ÷ ¤¢ ;A � U ø X = A[B üóø .B � U(6)-14.3.4 ßþÂÞ� ����� ,�¹�µ÷ ¤¢ ø B � X � �B �î ßþ�ù¢�Þ÷ ��±�� âì�ø ¤¢)(.´¨� À�±Þû X ý�Ìê�î X ¤¢ üû�¤ �ú�� �î Ý�û¢üõ ö�È÷ ,´Æ�÷ üû�¤ À�±Þû X �Ø�þ� ��±�� ý�Â�áøÂª i ¥� �î Àª�� X ¤¢ üû�¤ f ÝþÂ�ð .´¨� ´��� ù�¤ ,¢¢Âðüõ áøÂª i 2 X ¥�ö�� ùø�ã� ø Àª��üõ �µÆ� [0;1℄ ¤¢ f�1(i) ,´¨� �µÆ� X ¤¢ fig ö�� .¢¢ÂðüõX \ fz 2 C j jz � ij < ¥�� �bä�Þ¹õ Âþ¥ U ÝþÂ�ð .f�1(i) 6= ; Ýþ¤�¢ ,0 2 f�1(i)ý� " > 0 ,´¨� �µ¨��� f ö�� �¤�¬ ßþ� ¤¢ ,t0 2 f�1(i) Âð� .Àª�� X ¥� 1=2g�î Ý��îüõ �ä¢� .f(t) 2 U ý� t 2 (t0�"; t0+") Âû ý�¥� �� �î ¢�ªüõ ´ê�þ ö���jt1�t0j < " Ý��î­Âê ,°ÜÎõ ßþ� ùbÀû�Èõ ý�Â� .f((t0�"; t0+")\[0;1℄) = fig¤¢ f(t1) Ûõ�ª ùb¥�� ,´¨� ��¹õ ý�ûù¥�� ¥� üä�Þµ�� U \ B ö�� .f(t1) 2 B øÛØª �� ý�ù¥�� �Âþ¥ ,´¨� �µÆ� ø ,Àª��üõ ¥�� U �Âþ¥ ,´¨� ¥��) ´¨� �µÆ� ø ¥�� Uf((t0 � ýÀ�±Þû �� á�®�õ ßþ� ,�õ� (.n 2 N �î ´¨� f1=n+ i j0 � y � 1g \ U,ö��î� .(t0�"; t0+")\[0;1℄ � f�1(i) ,ßþ�Â���� .´¨� ¢�Ì� ¤¢ "; t0+")\[0;1℄),f�1(i) � (t0�"; t0+")\ [0;1℄ ù�Ú÷� ,t0 2 f�1(i) Âð� �î Ý�û¢ ö�È÷ ´¨� üê�î[0;1℄ ùø�ã� ø ´Æû ��÷ �µÆ� f�1(i) ö�� .Àª��üõ f�1(i) ö¢�� ¥�� ü�ãõ �� �î.f([0;1℄) = fig ÂÚþ¢ ö��� �� ,f�1(i) = [0;1℄ �î ÝþÂ�ðüõ �¹�µ÷ ,Àª��üõ À�±Þû126
Copyright : Mehdi Nadjafikhah - IUST 18/9/05



üû�¤ À�±Þû ý�Ìê 1.6 ü����Þû 6 ÛÊêÀ�±Þû X �¹�µ÷ ¤¢ í¢¤�À÷ ¢��ø B � X ¥� ý��ÎÖ÷ ø i 2 X ß�� üû�¤ º�û ßþ�Â����2 .´Æ�÷ üû�¤ù¢¤ø� 20.1.6 ßþÂÞ� ¤¢ ,üû�¤ À�±Þû Â�è ø À�±Þû ý�û�Ìê ¥� ýÂµÈ�� ý�úó�·õý�û�ä�Þ¹õ Âþ¥ �� ¯�±�¤� ¤¢ ,Ý��îüõ ´��� Ç¿� ßþ� ¤¢ �î ýÂ¡� ÝØ� .´¨� ùÀª.´¨� ü¨À�Üì� ý�û�Ìê ¤¢ À�±Þû ø ¥��üû�¤ À�±Þû Rn ¤¢ À�±Þû ø ¥�� ,üú� Â�è �bä�Þ¹õ Âþ¥ Âû .��Ìì 19.1.6.´¨�Í¨�� �î Àª�� E ¥� üÏ�Ö÷ �bÞû ¥� ÛØÈµõ �bä�Þ¹õ Âþ¥ F ø p 2 E ÝþÂ�ð :��±��,°ÜÎõ ßþ� ��±�� ý�Â� .´¨� ¥�� F Ý��îüõ �ä¢� .À�µÆû p �� ñ�Ê�� Û��ì E ¤¢ üû�¤�îÂõ �� B"(q) � E ý¥�� ý�ð�n ,´¨� ¥�� E ö�� .q 2 F � E Ý��î ­Âêé¤�õ�ÿÞû Rn �� �î �Â�) ´¨� üû�¤ À�±Þû Rn ¤¢ ý�ð�n Âû �õ� .¢¤�¢ ¢��ø q ¤¢¤¢ .¢�Þ÷ ÛÊµõ ö���üõ q �� üû�¤ Í¨�� �¤ B"(q) ¥� �ÎÖ÷ Âû ,ßþ�Â���� .(Àª��üõ,ßþ�Â���� .¢�Þ÷ ÛÊµõ ö���üõ p �� E ¤¢ üû�¤ Í¨�� �¤ B"(q) ¥� �ÎÖ÷ Âû ,�¹�µ÷.´¨� ¥�� F �Áó ø q 2 B"(q) � FÂÑ÷ ¤¢ �¤ G = E � F ,Âõ� ßþ� �bÑ��õ ý�Â� .´Æû ��÷ �µÆ� F �î Ý��îüõ �ä¢�º�û Í¨�� �¤ �ú÷� ø À�ÖÜãµõ E �� �î ¢�ªüõ Û�ØÈ� üÏ�Ö÷ ö� ¥� G Å� ;ÝþÂ�ðüõö¢�� ¥�� ¢¤�õ ¤¢ �î �»÷� �� ��±ª üó�Àµ¨� �� .¢�Þ÷ ÛÊµõ ö���üÞ÷ q �� E ¤¢ üû�¤�bä�Þ¹õ Âþ¥ .Àª��üõ �µÆ� F ßþ�Â���� ø ´¨� ¥�� G �î ¢�¢ ö�È÷ ö���üõ ,Àª �µÔð FE �Áó ø F = E ßþ�Â���� ,´¨� À�±Þû E ö�� ;´¨� ¥�� ø �µÆ� ,´¨� üú� Â�è F2 .Àª��üõ üû�¤ À�±Þû.ßþÂÞ� 20.1.6´¨� üû�¤ À�±Þû ,§�ÞÜõ ý��ó���� �� ý�Ìê Âû �î À��î ´��� (1?À�µÆû üû�¤ À�±Þû C ¥� Âþ¥ ý�û�ä�Þ¹õ Âþ¥ �¤�Àî (2fz j jzj 6= 1g; fz j jzj > 1g; fz j z2 2 Rg´��� ,À�µÆû W ¥� ¥�� üþ�û�ä�Þ¹õ Âþ¥ B ø A �Ø�þ� ­Âê �� �¤ ?? Ýó ÝØ� (3.À��î127
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ü����Þû 6 ÛÊê üû�¤ À�±Þû ý�Ìê 1.6�î Àª�� R2 ¥� üþ�Ìê Âþ¥ X = A [ B ÝþÂ�ð (4A=f(x; y)jx = 0;�1 � y � 1g; B=f(x; y)j0 < x � 1; y = 
os(�x )g:.´Æ�÷ üû�¤ À�±Þû üóø ,´¨� À�±Þû X À�û¢ ö�È÷�î Àª�� R2 ¥� üþ�Ìê Âþ¥ X = A [ B ÝþÂ�ð (5A=f(x; y)jx = 0;�1 � y � 1g; B=f(x; y)j0 < x � 1; y = sin(1x )g:.´Æ�÷ üû�¤ À�±Þû üóø ,´¨� À�±Þû X À�û¢ ö�È÷�î Àª�� R2 ¥� üþ�Ìê Âþ¥ X = A [ B ÝþÂ�ð (6A=f(x; y)j0 � x � 1; y = xn ; n 2 Ng; B=f(x; y)j12 � x � 1; y = 0g:.´Æ�÷ üû�¤ À�±Þû üóø ,´¨� À�±Þû X À�û¢ ö�È÷fAj j j 2 Jg ø Àª�� X ý�Ìê ¥� üû�¤ À�±Þû ý�á�Þ¹õ Âþ¥ A À��î ­Âê (7.À÷¤�¢ í�Âµª� A �� �î Àª�� X ¥� üû�¤ À�±Þû ý�û�ä�Þ¹õ Âþ¥ ¥� ý��þ�¢Âð.´¨� üû�¤ À�±Þû Y = A [ �Sj2J Aj� À��î ´����î Sn = Sn+[ Sn� ÝþÂ�ð (8Sn+ = fx 2 Rn+1 j kxk = 1; xn+1 � 0g; Sn� = fx 2 Rn+1 j kxk =1; xn+1 � 0g:üû�¤ À�±Þû Sn ý� n > 0 Âû À��î ´��� (8)-7.2.4 ßþÂÞ� ¥� ù¢�Ôµ¨� ��.´¨�X ¤¢ üû�¤ Âð� �ú�� ø Âð� x � y' ÓþÂã� �� ´¨� X ý�Ìê Â� ý��Î��¤ � ÝþÂ�ð (9,ß��»Þû .´¨� ý¥¤� Ýû ý��Î��¤ � À��î ´��� ."Àª�� �µª�¢ ¢��ø y �� x ¥��î ´¨� ßþ� ,Àª�� üû�¤ À�±Þû X �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª �î À��î ´���.Àª�� üû�¤ À�±Þû X= � üµÞÆì �¤�¡ ý�ÌêU � X ¥�� ý��ä�Þ¹õ ,x 2 X �bÎÖ÷ ý�Â� ¥�� üÚþ�ÆÞû ,�î Ýþ�ªüõ ¤ø� ¢�þ (10�� �î Ý���ð üû�¤ À�±Þû �fã®�õ ü�¤�¬ ¤¢ �¤ X ý�Ìê .x 2 U �î ´¨��î ¢�ª ´ê�þ x ¥� V üû�¤ À�±Þû ø ¥�� üÚþ�ÆÞû ,x ¥� U ¥�� üÚþ�ÆÞû Âû ý�¥�¤¢ ,Àª�� ¥�� U � X ø ù¢�� üû�¤ À�±Þû �fã®�õ X Âð� �î À��î ´��� .V � U�bä�Þ¹õ Âþ¥ Âû ø Rn �î À��î ´��� .´¨� üû�¤ À�±Þû �fã®�õ U �¤�¬ ßþ�üû�¤ À�±Þû �fã®�õ X Âð� �î À��î ´��� .À�µÆû üû�¤ À�±Þû �fã®�õ Rn ¤¢ ¥��19.1.6 �b �Ìì ¥� ¢À¹õ ü��±�� ßþ�) ´¨� üû�¤ À�±Þû X ù�Ú÷� ,Àª�� À�±Þû ø.(Àª��üõ128
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üû�¤ À�±Þû ý�Ìê 1.6 ü����Þû 6 ÛÊêAk ø . . . ,A1 ý�û�ä�Þ¹õ Âþ¥ .p; q 2 X ø ý��ó���� üþ�Ìê X ÝþÂ�ð (11,p 2 A1 �î ¢�ªüõ ùÀ�õ�÷ q ø p ß�� Û¬�ø ù¢�¨ ùbÂ�¹÷¥ ×þ �¤�¬ ¤¢ X ¥�Ai\Aj = ; Ý�ª�� �µª�¢ ji�jj > 1 �� i; j 2 f1; � � � ; kg Âû ý�¥� �� ø q 2 Ak.¢�ª ���� 3.6 ÛØª �� ;Ai\Ai+1 6= ;ý� i 2 f1; � � � ; k�1g Âû ý�¥� �� ø3.6 ÛØª
,Àª�� X ý�Â� ¥�� üÈª�� U = fUj j j 2 Jg ø ù¢�� À�±Þû X Âð� �î À��î ´���ö��µ� U ý�Ìä� ¥� ù¢�¨ ý�ùÂ�¹÷¥ �� �¤ X ¤¢ ¯�Ö÷ ¥� ´Ô� Âû �¤�¬ ßþ� ¤¢Í¨�� �î X ¤¢ üÏ�Ö÷ �bä�Þ¹õ ,p 2 X ý¥� �� :üþ�Þ�û�¤) .¢�Þ÷ ÛÊµõ Ýú�(.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ¢�Þ÷ ÛÊµõ Ýú� ö���üõ U Ǒ�Ìä� ¥� ù¢�¨ ý�ùÂ�¹÷¥.À����� 19.1.6 �b �Ìì ý�Â� ýÂÚþ¢ ��±�� ,11 ßþÂÞ� ¥� ù¢�Ôµ¨� �� (12.´¨� üû�¤ À�±Þû ,À�±Þû ÀÜÔ��õ�n Âû �î À��î ´��� (13.´¨� üû�¤ À�±Þû �fã®�õ ,ÀÜÔ��õ�n Âû �î À��î ´��� (14�î Y = A [ B [ C ÓþÂã� �� Y � R2 ý�Ìê �î À��î ´��� (15A=f(x; y)jx2 + y2 = 1; y � 0g; B=f(x; y)j � 1 � x � 0; y = 0g;C=f(x; y) j0 < x � 1; y = 12 sin(�x )g;.´Æ�÷ üû�¤ À�±Þû �fã®�õ üóø ,´¨� üû�¤ À�±ÞûùbÂþ�¢ D ø Àª��üõ 15 ßþÂÞ� ¤¢ �î ´¨� ö�Þû Y �î Z = Y [D � R2 ÝþÂ�ð (16üóø ,´¨� üû�¤ À�±Þû Z À��î ´��� .Àª��üõ f(x; y)j(x � 1)2 + y2 = 1g.´Æ�÷ üû�¤ À�±Þû �fã®�õüû�¤ .´¨� °�¹ä üû�¤ üêÂãõ ´ÞÆì ßþ� á�®�õ .ßî Â� �Ìê ù�¤ 21.1.6�Ìê ù�¤ �¤ üû�¤ ß��� !Àû¢ Çª�� �¤ Ûõ�î â�Âõ ×þ ,üÚµ¨��� ß�ä ¤¢ ´¨� ¤¢�ì �î�÷�ð ßþ� �� ¤�� ñø� ý�Â� ý¢��õ 1890 ñ�¨ ¢øÀ� �÷�ÿ� .� ý�ì� .À�õ�÷üõ ßî Â�.¢�Þ÷ ¢¤�¡Â� �úÞ¡129
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ü����Þû 6 ÛÊê üû�¤ À�±Þû ý�Ìê 1.6¤¢ ñø� ý�� �¨ .¢¢Âðüõ ÓþÂã� fn : I ! I2 ý�úû�¤ ýÀ� �¤�¬ �� f ù�¤¥� Å� .¢¤�À÷ üµÞ�¥ ùÀ�÷��¡ ý�Â� �� n �b Ü�Âõ ÝÆ¹� .À÷�ùÀª ù¢�¢ ö�È÷ 4.6 ÛØª¤�Âì fn(I) ¥� ý��ÎÖ÷ �� (1=2)n Â·î� À� �b Ü¬�ê ¤¢ I2 â�Âõ ¥� �ÎÖ÷ Âû ,�� n �b Ü�Âõ�î À��î ���� .Ý�¨¤üõ f : I ! I2 �ª�� ø �µ¨��� üµª�Ú÷ �� ýÀ� ´ó�� ¤¢ .¢¤�¢.0;1 2 I ¯�Ö÷ ¤¢ �¹� ,´¨� ×�±Øþ fn : I ! I2 ´ª�Ú÷ (üû��µõ) Û��Âõ �b �Üî ¤¢.´Æ�÷ ×�±Øþ �ú÷� À� ,�î üó�� ¤¢ .(0;1) �= fn(0;1) �f Þä4.6 ÛØª

130
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ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6 ü����Þû 6 ÛÊêö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6¤¢ ù¢�¨ �b µÆ� Ý¡ .´¨� ý��ó���� ý�Ìê X À��î ­Âê .ÓþÂã� 1.2.6C = ö�� ý��ä�Þ¹õ ,ÂÚþ¢ �¤�±ä �� ;ùÂþ�¢ é¤�õ�ÿÞû ùb¤�Ú÷ ¥� ´¨� �¤�±ä ,�½Ô¬f �î ¢�ª ���� .´¨� �µ¨��� §�Øãõ �� ø ×�±Øþ ,�µ¨��� f : I ! X �î ,f(I),X = R2 ¤¢ ù¢�¨ �b µÆ� Ý¡ ��Î¬� ý�¹� ö���üõ ,üµ��¤ ý�Â� .´Æ�÷ ¢ÂÔ� ÂÊ½�õÛ�ØÈ� Í¡ ù¤�� ý¢�Àã� �ú�� ¥� ö�¢¤� Ý¡ �î ü�¤�¬ ¤¢ .¢�Þ÷ ù¢�Ôµ¨� ö�¢¤� Ý¡ ¥�.Ý�õ�÷üõ ö�¢¤� üãÜ® À�� �¤ ö� ,¢�ª�¤ U � X �bä�Þ¹õ Âþ¥ .´¨� ý��ó���� üþ�ÌêX À��î­Âê .ÓþÂã� 2.2.6�bä�Þ¹õ Âþ¥ º�û À�î� �bä�Þ¹õ Âþ¥ ø ù¢�� À�±Þû �î Ý���ð ýÀ�±Þû �bÔó�bõ ü�¤�¬ ¤¢V � X Âð� ,ü÷�� ¤¢ ø Àª�� À�±Þû U �f ø� �î ü�ãõ ßþ� �� ;Àª�±÷ X ¥� ÂÚþ¢ À�±Þû.V = U ù�Ú÷� ,Àª�� U � V ù¢�� À�±ÞûüØþ �ú�� ,Ûþ£ ¤¢ �øÂÈõ ùb¤��ð ø¢ ö��õ ¥� .(�¢�ø ý�û���þ¤¢) Ýó 3.2.6.Àª�� ´¨¤¢ ´¨� ßØÞõR2 �C ,�¤�¬ ßþ� ¤¢ .Àª�� ü¨À�Üì� �b½Ô¬ ¤¢ ý�ù¢�¨ �b µÆ� Ý¡ C ÝþÂ�ð (1.´¨� �ú÷� íÂµÈõ ¥Âõ C �î ,¢¢Âðüõ Û�ØÈ� ýÀ�±Þû �bÔó�bõ ø¢ ¥� ø ´¨� À�±Þû Â�è.´¨� ¤�À÷�Âî ýÀ�±Þû �bÔó�bõ ø¢ ßþ� ¥� üØþ �ú��ý�û�Ôó�bõ ¥� ×þ Âû ¥ÂõD Âð� .´¨� ü¨À�Üì� �b½Ô¬ ¥� ý��ä�Þ¹õ Âþ¥ C ÝþÂ�ð (2�¤�¬ ßþ� ¤¢ ,Àª�� ¤�À÷�Âî ý��Ôó�bõ ý�¤�¢ R2 �D Âð� ��÷ ø ,Àª�� R2 �D ÇÞÞµõ.´¨� ù¢�¨ �b µÆ� Ý¡ Dö�õ�Þû ý¤�ÂìÂ� Àû¢ ö�È÷ �î Ýþ¤ø��� üó�·õ ´¨� üê�î �ä¢� ßþ� ��±�� ý�Â� :��±��1917 ñ�¨ ¤¢ K. Yoneyuma �õ��÷�þ .í �¤ ñ�·õ ßþ� .¢�ªüõËì��� �� Â¹�õ �ú÷�×þ ÛØª �� ý�����÷ .¢�Þ÷ �ÂÎõ Lakes of Wada �¢�ø ý�û���þ¤¢ ö���ä ´½�ý�ùÂþ�� �¤�¬ �� �¤ ßþ� .À��î �Ñ��õ �¤ 5.6 ÛØª ;ÀþÂ�Ú� ÂÑ÷ ¤¢ ü��� ´Ô�öø¤¢ ��÷ ���þ¤¢ ø¢ ø ´¨� ù¢�Þ÷ �Ï��� üþ�þ¤¢ �� �¤ ö� é�ÂÏ� �î Ý��îüõ ¤�Ê����þ¤¢ ø¢ �� Ù÷¤ Ý��îüõ ­Âê ,¶½� öÀª ßªø¤ Âµú� ý�Â� .Àª��üõ âì�ø ö��û���þ¤¢ ¥� ×þ Âû ø �þ¤¢ ¥� °¨��õ ý�úó�÷�î ��À�� �� �î ´¨� ßþ� éÀû .´¨� �ø�Ôµõ¥� üó�÷�î ,t = 0 �bÑ½ó ¤¢ .Ý��î ÓþÂã� À�±Þû ¥�� �bä�Þ¹õ �¨ ,ùÂþ�� ¼Î¨ Â�131
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ü����Þû 6 ÛÊê ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6À÷���üõ ùÂþ�� ¯�Ö÷ �b �Üî ¥� À��ø ×þ Â·î�À� �b Ü¬�ê �� �¤ Ûþ¤¢ �� �î Ý�Èîüõ �þ¤¢�� �î Ý��îüõ ÂÔ� ×þ ù¤�Þª �b��þ¤¢ ¥� üó�÷�î ,t = 1=2 �bÑ½ó ¤¢ .À�îüõ âþ¥���bÑ½ó ¤¢ .Àþ�Þ÷ âþ¥�� À÷���üõ ùÂþ�� ¥� �ÎÖ÷ Âû ¥� 1=2 Â·î�À� �b Ü¬�ê �� �¤ ���þ¤¢Â·î�À� �b Ü¬�ê �� �¤ ���þ¤¢ �� �î Ý��îüõ ÂÔ� ø¢ ù¤�Þª �b��þ¤¢ ¥� üó�÷�î ,t = 3=4�bÑ½ó ¤¢ �� Ý�û¢üõ �õ�¢� �¤ À÷ø ¤ ßþ� .À�î âþ¥�� ö���üõ ùÂþ�� �bÎÖ÷ Âû ¥� 1=4ùÂþ�� �bÎÖ÷ Âû ¥� À��ø (1=2)n Â·î�À� �b Ü¬�ê �� �¤ �Ï��Âõ �� ,t = 1 � (1=2)n�þ¤¢ ��÷ ø �ú÷� �� ÛÊµõ ý�úó�÷�î �bØ±ª ù�ÂÞû �� ���þ¤¢ ø¢ ,°��Â� ßþ� �� .Àþ�Þ÷ âþ¥��ÕÏ��õ' �î À�û¢üõ Û�ØÈ� À�±Þû ø ¥�� �bä�Þ¹õ �¨ ,�ú÷� �� ÛÊµõ ý�úó�÷�î �bØ±ª ø.À�µÆû �ú÷� í�µÈõ ¥Âõ "D =×È¡�¢�ø ý�û���þ¤¢ :5.6 ÛØª

Ý¡ ×þ �¢�ø ý�û���þ¤¢ ¤¢ D �b ���÷ ù�Ú÷� ,Àª�� ´¨¤¢ Ýó ¥� (1) ÝØ� Âð� ñ��(2) ÝØ� Âð� ,ÂÚþ¢ ý�¨ ¥� .´¨� ÍÜè Ýó ¥� (2) ÝØ� ßþ�Â���� ø ´¨� ù¢�¨ �b µÆ��õ ý�ä¢� °��Â� ßþ� �� ø ;´¨� ÍÜè Ýó ¥� (2) ÝØ� �fõø�ó ù�Ú÷� ,Àª�� ´¨¤¢ Ýó ¥�2 .Àª ��±���¤ (1) ÝØ� .´¨� ´¨¤¢ 3.2.6 Ýó ¥� (1) ÝØ� �f Þä .´ª�¢¢�þ 4.2.6ùÀª ý¤��ð ��÷ C. Jordan ö�¢¤� .§ ¤�¿µê� �� Ý¨� ßþ� .À�õ�÷üõ ö�¢¤� Ý¡ �b �Ììý¢�úª ÂÑ÷ ¥� (1) ÝØ� �Ø�þ� �� ' ¢�Þ÷ ¤�úÒ� ý¢��õ 1890 ñ�¨ ¤¢ �î üÆî ;´¨�132
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ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6 ü����Þû 6 ÛÊêñ�¨ ¤¢ O. Veblen ßÜ�ø .ø� �fÀã� �¤ ü��±�� ß��� ."¢�Þ÷ ��±�� �¤ ö� Àþ�� ,´¨� üúþÀ�ÙÜû �î ´¨� ýÂ�ù¢�¨ ÀþÀ� ��±�� ,Ýþ¤ø�üõ �¹�þ� ¤¢ �î ü��±�� .¢�Þ÷ ���¤� 1900.Ý�µÆû ø� ö�ûÂõ ´��� ßþ� ¥� ø ´¨� ù¢�Þ÷ ���¤� Helge TverbergïÂ�¤ø�î Ý��îüõ ¢�¢¤�Âì ,¶½� ¤¢ üµ��¤ ý�Â�üþ�û�ä�Þ¹õ Âþ¥ ö���ä �� �¤ D 2 À��ø«Âì ø S1 ùÂþ�¢ �õ�¢� ¤¢ .¢�¢¤�Âì 5.2.6.ÝþÂ�ðüõ ÂÑ÷ ¤¢ C �= R2 ÍÜµ¿õ �b½Ô¬ ¥��±¨�½õ Û��ì jx � yj �¤�¬ �� S1 �þ R2 ¥� y ø x �b Ü¬�ê .ÓþÂã� 6.2.6�� �¤ �ú÷� �b Ü¬�ê ,À�ª�� R2 ¤¢ ��¹õ ùb¢ÂÈê �bä�Þ¹õ Âþ¥ ø¢ B ø A Âð� .Àª��üõA = fag �»÷��� .Ý��îüõ ÓþÂã� d(A;B) := inffjb� aj j a 2 A ; b 2 Bg �¤�¬.d(a;B) := inffjb� aj j b 2 Bg Ý��îüõ ÓþÂã� ,Àª�� ý��ÎÖ÷ ×�ý�ûüãÜ® À�� ¢¤�õ ¤¢ ö�¢¤� Ý¡ �b �Ìì Àû¢üõ ö�È÷ ,Ý��îüõ ��±�� �î üÞØ� ß�óø�.´¨� ´¨¤¢ ö�¢¤�ö�¢¤� üãÜ® À�� ×þ D Âð� .�ûüãÜ® À�� ý�Â� ö�¢¤� �b �Ìì 7.2.6íÂµÈõ ¥Âõ C �î ,¢¢Âðüõ Û�ØÈ� ýÀ�±Þû �bÔó�bõ ø¢ ¥� R2 �C �¤�¬ ßþ� ¤¢ ,Àª��.Àª��üõ ¤�À÷�Âî �ú÷� ¥� üØþ �fÖ�ì¢ ø ´¨� �ú÷�Ûì� À� R2 � C ù�Ú÷� ,Àª�� ö�¢¤� üãÜ® À�� C Âð� �î Ý�û¢üõ ö�È÷ �Àµ�� :��±��ß��� ;´¨� p �bÎÖ÷ ¥� ¥�è� �� r ù��¿ó¢ üÎ¡ Ý�÷ ø p 2 R2 �C ÝþÂ�ð .¢¤�¢ �Ôó�bõ ø¢�� r �î Àª�� ü��ãê¢ ¢�Àã� ÂÚÈþ�Þ÷ P (r; p) ÝþÂ�ð .Ý�õ�÷üõ p ¤¢ á�ãª �¤ ý��ä�Þ¹õ¥� L üÎ¡ ù¤�� ��Þ� �þ ¢¤ÁÚ� V §�b¤ ×þ ¥� r Âð� �Ø�þ� �� ¯øÂÈõ ,À�îüõ ¢¤�¡Â� C§�b¤ ø¢ Âû �Ø÷� ¯Âª �� ;Ýþ¤ø��� ¤�Þª �� ø¢ �¤ ý¢¤�¡Â� ß��� ù�Ú÷� ,À�î âÎì �¤ C,�¤�¬ ßþ� Â�è ¤¢ .À�ª�� �µª�¢ ¤�Âì L �þ V ´Þ¨ ×þ ¤¢ °��Â� �� L �þ V �� ¤ø�¹õÝþ¤�¢ (Óó�)-6.6 ÛØª ¤¢ �f ·õ .Ýþ¤ø�üõ ¤�Þª �� ×þ �¤ ö�P (r1; p) = 1; P (r2; p) = 1; P (r3; p) = 1;P (r4; p) = 5; P (r5; p) = 3; P (r6; p) = 3:ö¢�� ¢Âê ø �ø¥ üóø ,¢�Þ÷ Àû��¡ Â��ç� Ûî ¤¢ P (r; p) ¤�ÀÖõ ,p ¤¢ f á�ãª Ç¡Â� ��:¢¢Âðüõ Ý�ÆÖ� ¢Âê ø �ø¥ ¯�Ö÷ �� R2 � C ,ßþ�Â���� .¢�Þ÷ Àû��¿÷ Â��ç� �f ¬� ö�Ý�û¢üõ ö�È÷ .Xe \ Xo = ; ø R2 � C = Xe [ Xo �î ´¨� ßªø¤ .Xo ø Xe133
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ü����Þû 6 ÛÊê ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6.d(p; C) = " ø p 2 R2 � C ÝþÂ�ð .À÷¥�� R2 � C ¤¢ Xo ø Xe �bä�Þ¹õ ø¢ Âû �î�� B"(p) ¤¢ ¯�Ö÷ ��Þ� ö¢�� ¢Âê ø �ø¥ .B"(p) � R2 � C �î ´¨� ü�ãõ ö�À� ßþ�ý�¥� �� ´¨� üê�î °ÜÎõ ß¨� �bÑ��õ ý�Â� �î �Â� ;´¨� üØþ p ö¢�� ¢Âê ø �ø¥Xo ø Xe ,�¹�µ÷ ¤¢ .ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ p ¥� ¥�è� �� ø x ¥� �µªÁð á�ãª ,x 2 B"(p).¢¤�¢ �Ôó�bõ ø¢ Ûì� À� ø ´¨� À�±Þû Â�è R2 � C �Áó ø À÷¥��6.6 ÛØª

üû��¿ó¢ ´¨�¤ Í¡ ù¤�� ,°ÜÎõ ßþ� ùbÀû�Èõ ý�Â� .À�µÆû üû�¤ À�±Þû Xo ø Xeö� ý�¨ ø¢ ¤¢ ø C �� ×þ¢�÷ ,a; b 2 R2 � C Ý��îüõ ­Âê ø ù¢�Þ÷ ��¿µ÷� C ¤¢R2 � C ¤¢ üû��¿ó¢ �bÎÖ÷ p Âð� ñ�� .b 2 Xo ø a 2 Xe °��Â� ßþ� �� .À÷¤�¢ ¤�Âìý��ÎÖ÷ �� ø ùÀª áøÂª p ¥� �î ¢¤�¢ ¢��ø R2 � C ¤¢ üû�¤ ��®ø �� ù�Ú÷� ,Àª��R2 � C ¤¢ ö� ��¹÷� ß�� ¤¢ �î ü�¤�¬ �� ,À÷ø ¤ ßþ� �b õ�¢� �� .¢ø ¤üõ C �� ×þ¢�÷�î Àû¢üõ ö�È÷ ßþ� .À�¨¤ Ý�û��¡ b �þ a �� �f Þä ,Ý�ª�� C �� ×þ¢�÷ ù¤��Þû ø Ý�÷�Þ�2 .´¨� ��Þ� ö�ûÂ� ø ,À�ª��üõ À�±Þû �Áó ø À�µÆû üû�¤ À�±Þû Xo ø Xe�µ¨��� f : S1 ! R2 Âð� �î ´�ãì�ø ßþ� ø ´¡���Øþ üÚµ¨��� ��úÔõ �� �õ�¢� ¤¢.Ýþ¤�¢ ¥��÷ ,´Æû ��÷ ´¡���Øþ �b µ¨��� ù�Ú÷� ,Àª��´ª�Ú÷.À�ª�� d2 ø d1 °��Âµ� Âµõ �� ýÂµõ ý�Ìê ø¢M2 øM1 ÝþÂ�ð .ÓþÂã� 8.2.6×þ ," > 0 Âû ý¥� �� �î ´¨� ´¡���Øþ �b µ¨��� ü�¤�¬ ¤¢ f : M1 ! M2Ý�ª�� �µª�¢ d1(x; y) < Æ �� x; y 2 M1 Âû ý�¥� �� �î ¢�ª ´ê�þ ö��� ý� Æ > 0.d2(f(x); f(y)) < "134
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ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6 ü����Þû 6 ÛÊêßþ� �� .´¨� Â�ý�ì üó�Þãõ üÚµ¨��� ¥�  ���Øþ üÚµ¨��� .´ª�¢¢�þ 9.2.6´�Üî ö� ÅØä üóø ,´¨� �µ¨��� ù�Ú÷� ,Àª�� ´¡���Øþ �b µ¨��� üã��� Âð� �î ü�ãõ.¢¤�À÷.Àª�� �µ¨��� f :M1 !M2 ø ýÂµõ ý�ÌêM2 øM1 ÝþÂ�ð .��Ìì 10.2.6.´¨� ´¡���Øþ �b µ¨��� f ù�Ú÷� ,Àª�� ù¢ÂÈê M1 Âð� �¤�¬ ßþ� ¤¢¢¤�¢ ¢��ø ö��� Æ(x) > 0 ý¢Àä ,x 2 M1 Âû ý�¥� �� ." > 0 ÝþÂ�ð :��±���bä�Þ¹õ .d2(f(x); f(y)) < "=2 ù�Ú÷� ,d1(x; y) < Æ(x) ø y 2 M1 Âð� �î,´¨� ù¢ÂÈê M1 ö�� .Àû¢üõ Û�ØÈ� M1 ý�Â� ¥�� üÈª�� fBÆ(x)(x) jx 2 M1g.Æ = minfÆ(x1); � � � ; Æ(xn)g ÝþÂ�ð .ffBÆ(x1)(x1); � � � ; fBÆ(xn)(xn)g :¢¤�¢ üû��µõ üÈª�� Âþ¥ý� i 2 f1; � � � ; ng×þ ý�¥� �� ù�Ú÷� ,d1(x; y) < Æ ø x; y 2M1 Âð� ,�¤�¬ ßþ� ¤¢ß��»Þû .Æ � Æ(xi) �Âþ¥ ,d2(f(x); f(xi)) < "=2 ßþ�Â���� ø x 2 BÆ(xi)(xi)d1(y; xi) < d1(y; x) + d1(x; x1) < Æ + Æ(xi) � 2Æßþ�Â���� .d2(f(y); f(xi)) < " �¹�µ÷ ¤¢ ød2(f(x); f(y)) � d2(f(x); f(xi)) + d2(f(xi); f(y)) < "2 .À÷�¨¤üõ ��±�� �� �¤ ÝØ� �î�µ¨��� f ù�Ú÷� ,Àª�� �µ¨��� üµª�Ú÷ f : S1 ! R2 Âð� .�¹�µ÷ 11.2.6.´¨� ´¡���Øþ.À�ª�� d2 ø d1 °��Âµ� Âµõ �� ýÂµõ ý�Ìê M2 ø M1 ÝþÂ�ð .�¹�µ÷ 12.2.6f : M1 ! Âð� ��÷ ø ,Àª�� ù¢ÂÈê M1 ø ù¢�� �µ¨��� üµª�Ú÷ f : M1 ! M2 Âð�´ê�þ ö��� ý� Æ > 0 ×þ " > 0 Âû ý�¥� �� ù�Ú÷� ,Àª�� ÝÆ�ê¤�õ�ÿÞû f(M1).d1(x; y) < " ù�Ú÷� d2(f(x); f(y)) < Æ ø x; y 2M1 ù�ð Âû �î ¢�ªüõö� ¤¢ �î ´¨� ýÂµõ ý�û�Ìê ö��õ �µ¨��� üµª�Ú÷ f�1 : f(M1) ! M1 :��±��2 .´¨� ù¢ÂÈê f(M1)Âû ý�¥� �� .Àª�� f : S1! R2 �bÎ��® �� ö�¢¤� Ý¡ C ÝþÂ�ð .��Ìì 13.2.6�� �î ¢¤�¢ ¢��ø ý¤�Ï f 0 : S1! R2 �bÎ��® �� C 0 ö�¢¤� ý��ÜÞ� À�� ×þ " > 0.jf(x)� f 0(x)j < " �û x 2 S1 �bÞû ý�¥�135
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ü����Þû 6 ÛÊê ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6�î ¢¤�¢ ¢��ø ö��� ý� "1 > 0 ,´¨� S1 Â� ´¡���Øþ �b µ¨��� f ö�� :��±��jx� yj < "1 =) jf(x)� f(y)j < "2 :ö��� ý� "1 > 0 ×þ ,12.2.6 �b¹�µ÷ ����� ,´¨� ÝÆ�ê¤�ÞÿÞû f : S1 ! C ö���î ¢¤�¢ ¢��øjf(x)� f(y)j < "2 =) jx� yj < minf"1;p3g;A ù�Ú÷� ,Àª�� p3 ¥� ÂµÞî ÂÎì �� ý��ä�Þ¹õ Âþ¥ A Âð� �î ´¨� ßþ� p3 ¢��ø Û�ó¢).(¢�� Àû��¡ âì�ø ÂµØ��î �b µÆ� §�ì ×þ ¤¢ö���üõ ý¤�Ï Sn ø . . . ,S1 ��ã�Âõ Í¨�� �¤ C .Æ = minf"=2; "2g ÝþÂ�ðÆ Â��Â� â�Âõ Âû ÂÎì ß��»Þû ø ,À÷¤�À÷ (§��¤ �¹�) íÂµÈõ ü���÷ �û Si �î À÷�ª��A1 6= S1 ÂµØ��î �b µÆ� §�ì ×þ ¤¢ f�1(S1) �î Ý�÷�¢üõ ,Æ < "2 ö�� .´¨�ÂÚþ¢ �¤�±ä �� ;Ý�¨Â� C1 ö�¢¤� Ý¡ �� �� Ý��îüõ ´¨�¤ �¤ f(A1) ñ�� .¢¤�¢ ¤�Âì�bÎ��® �� �¤ f1 : S2! R2f1(e(t)) = 8<: f(e(t)) e(t) 62 A1 Âð��1� t� ab� a� f(e(t)) + t� ab� af(e(b)) e(t) 2 A1 Âð�Å³¨ ;e(t) = exp(2�it) ø A1 = fe(t) j a � t � bg ö� ¤¢ �î ,Ý��îüõ ÓþÂã��î ¢�ª ���� .Àª��üõ ö�¢¤� Ý¡ ×þ ��®ø �� �î ,C1 = f1(S1) Ý��îüõ ­Âêý� i = 1; � � � ; n Âû ý�¥� �� �î Ýþ¤�¢ ���� ,ß��»Þû .¢¤�À÷ ¤�Âì S1 ¤¢ �fõ��ó� f(A1).f�11 (Si) � f�1(Si)f�11 (S3) Ûõ�ª ýÂµØ��î §�ì A2 �î ´¨� f1(A2) ö¢�Þ÷ ´¨�¤ �ø¢ �b Ü�Âõ,f�11 (S2) = ; Âð�) Àû¢üõ ¢�Þ� f2 : S2! R2 �bÎ��® �� C2 ö�¢¤� üÞ¡ ßþ� .´¨�ý�¥� �� �î Ý��îüõ ���� Ýû ¥�� .(C2 = C1 ø f2 = f1 Ý�û¢üõ ¤�Âì �¤�¬ ßþ� ¤¢üãÜ® À�� ×þ ,À÷ø ¤ ßþ� �b õ�¢� �� .f�12 (Si) � f�12 (S) Ýþ¤�¢ ý� i = 1; � � � ; n ÂûC �� ùÀ�±Æ��" Cn Ý��îüõ Õ�Ö½� .Ý�¨¤üõ fn : S1 ! R2 �bÎ��® �� Cn ö�¢¤�.´¨�ý� j � 1 ×þ ý�¥� �� �¤�¬ ßþ� ¤¢ .fn(x) 6= f(x) ø x 2 S1 Ý��î ­Âê¯�Ö÷ �� Aj §�ì ×þ �� x °��Â� ßþ� �� .f0 = f �î fn(x) = fj(x) 6= fj�1(x)Ýþ¤�¢ .fj(y) = f(y) ø fj(z) = f(z) ß��»Þû .´¨� ÕÜãµõ z ø y (�f ·õ) üþ�úµ÷�jf(x)� fn(x)j = jf(x)� f(y) + fj(y)� fj(x)j136
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ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6 ü����Þû 6 ÛÊê= jf(x)� f(y)j+ jfj(y)� fj(x)j� jf(x)� f(y)j+ Æ � jf(x)� f(y)j+ "2 :jx � yj < üóø .jz � yj < "1 �î ÝþÂ�ðüõ �¹�µ÷ ,jf(z) � f(y)j � Æ � "2 ö���¹�µ÷ ¤¢ .jf(x) � f(y)j < "=2 ßþ�Â���� ø jx � yj < "1 ÝþÂ�ðüõ �¹�µ÷ ,jz � yj2 .jf(x)� fn(x)j < "=2+ "=2 = "ßþ� ¤¢ .´¨� f : S1 ! R2 �bÎ��® �� ü÷�¢¤� Ý¡ C ÝþÂ�ð .��Ìì 14.2.6ø¢ ¤¢ �¤ C ©¥Âõ ùbÂþ�¢ �î ´¨� ý¥�� «Âì Ûõ�ª R2 � C ¤¢ ¤�À÷�Âî �b Ôó�bõ �¤�¬.À�îüõ âÎì jb� aj > p3 �� f(b) ø f(a) �bÎÖ÷�� f(a); f(b) 2 �D �ÎÖ÷ ø¢ ��÷ ø D � R2�C �î Àª�� ý¥�� «Âì D ÝþÂ�ð :��±��,jb�aj < p3 Ý��î­Âê .¢¤�¢ ¢��ø ü¬Âì ß��� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ Â·î� À� jb�ajùbÂþ�¢ .À�ª�� 4�=3 ¥� Âµð¤�� ñ�Î� A ü¨�ì ý�úµ÷� ø¢ b ø a üµÆþ�� �¤�¬ ßþ� ¤¢ý� 
 2 A � fa; bg Âû ý�¥� �� �Âþ¥ ,À�î âÎì �¤ f(A) � ff(a); f(b)g À÷���üÞ÷ ¥Âõ.maxfj
� aj; j
� bjg > jb� ajf(b) �� ø áøÂª f(a) ¥� �î À�ª�� f(A) ¤¢ C §��¤ f(vn) ø . . . ,f(v1) ÝþÂ�ðv1 6= a (2 ;vn 6= b ø v1 6= a (1 :Àû¢  ¤ ´¨� ßØÞõ ñ�Þµ�� ¤�ú� .À÷�ªüõ Ýµ¡ù¤�� �� �D ùÂþ�¢ ñø� ´ó�� ¤¢ .vn = b ø v1 = a (4 ;vn 6= b ø v1 = a (3 ;vn = b øùÀ�±Æ� D0 � R2 �C ü¬Âì .´¨� §�Þõ f(b)f(vn) ø f(a)f(v1) ´¨�¤ ý�úÎ¡f(a0) �f ·õ ,f(b) ø f(a) �� ùÀ�±Æ� ¯�Ö÷ ¤¢ �D0 ùbÂþ�¢ �� �î ¢¤�¢ ¢��ø ö��� D ��ø f(a)f(v1) �� °��Â� �� ¢¤�¡Â� ¯�Ö÷ ßþ� Ý�÷�¢üõ �î üó�� ¤¢ ,¢¤�¢ §�Þ� f(b0) ø�� jb0 � a0j > jb� aj ö�� .À��î ùÀû�Èõ �¤ (Óó�)-7.6 ÛØª ;À�ÖÜãµõ f(b)f(vn)D0 � ü¬Âì ø ´¨� §�Þõ f(a)f(v1) �� �D ùbÂþ�¢ �ø¢ ´ó�� ¤¢ .Ýþ�ùÀ�¨¤ Ëì���f(a)f(v1) ¤¢ f(a) �� ×þ¢�÷ ý��ÎÖ÷ ¤¢ �¤ C Ý¡ �D0 �î ¢¤�¢ ¢��ø ö��� R2 �C�� ßþ� .À��î �Ñ��õ �¤ (�)-7.6 ÛØª ;¢¤Áðüõ f(b)f(vn�1) ¥� ø À�îüõ §�ÞõR �b ���÷ ,�¤�ú� ´ó�� ý�Â� .´¨� �ø¢ ´ó�� ���Èõ ��¨ ´ó�� .Àõ�¹÷�üõ Ëì���x 2 Âû ý�¥� �� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ f(b) ø f(a) �� D0 ¥� ý�û��Â� ø f(A) �� ¢øÀ½õ.¢¤Áðüõ f(b) ø f(a) ¥� ø ´¨� x©�îÂõ �î ¢¤�¢ ¢��ø ¢ÂÔ� ÂÊ½�õ Sx ý�ùÂþ�¢ ,Rý� x ×þ ý�¥� �� ,�¤�¬ ßþ� ¤¢ .À�î ´îÂ� D �îÂõ ¥� �µ¨��� ¤�Î� x Ý��î ­Âê.¢Â�ðüõ ¤�Âì R2 � C ¤¢ �fõ�Þ� Dx ö� ¥� Û¬�� «Âì �î Sx Ý�¨¤üõ ý�ùÂþ�¢ ��ø f(a) ¥� Â�è ý��ÎÖ÷ ¤¢ �¤ f(A) �þ Sx ùbÂþ�¢ ,«�Ê¿� ý� x ý�¥� �� ,�÷�µ¿±ª�¡f(b)f(vn�1) ø f(a)f(v2) ý�úÎ¡ ù¤�� ¥� üØþ �� �Ø�þ� �þ ø ,À�îüõ ��ì�õ f(b)137
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ü����Þû 6 ÛÊê ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6ß�õø¢ �î üó�� ¤¢ ,´¨� ßØÞõ Â�è ´ó�� ß�óø� �î Ýþ¢�¢ ö�È÷ ÂµÈ�� .´¨� §�Þõ�ú�� ��Ìì��� ßþ� �bÞû .Àõ�¹÷�üõËì��� �� �ø¢ ´ó�� ¤¢ ùÀª ù¢�Ôµ¨� ©ø¤ �� ´ó��2 .jb� aj � p3 ÂÚþ¢ �¤�±ä �� ;À��îüõ Ǒ�Öó� �¤ á�®�õ ×þ7.6 ÛØª

.Ý��îüõ ��±�� �¤ ö�¢¤� �b �Ìì ¥� üµÞÆì ö��î�ø¢ Ûì�À� R2 � C �¤�¬ ßþ� ¤¢ ,Àª�� ö�¢¤� Ý¡ C Âð� .��Ìì 15.2.6.¢¤�¢ �Ôó�bõý��Ôó�bõ �î Ý�û¢ ö�È÷ Ý�û��¡üõ .´¨� ö�Âîü� �Ôó�bõ ø¢ ßþ� ¥� üØþ ��®ø �� :��±��C �� �ÂÚÞû ö�¢¤� ý�ú�ãÜ® À�� ¥� ý��ó�±÷¢ . . . ø C2 ,C1 ÝþÂ�ð .¢¤�¢ ��÷ ¤�À÷�ÂîÂÔ¬ �� �î . . . ø "2 ,"1 �� ,ùÀªÉ¿Èõ 13.2.6 �b �Ìì ¤¢ �î �»÷� À�÷�Þû) Àª��. . . ø f2 ,f1 ,f ´ª�Ú÷ Í¨�� °��Âµ� . . . ø C2 ,C1 ,C ÝþÂ�ð .(À��îüõ Û�õ,14.2.6 �b �Ìì �� ��� ö��î� .limn!1 fn = f üµìø �î ý��÷�ð �� ,À�ª�� ùÀª �ÂÎõjbn � anj � p3 �� fn(bn) ø fn(an) ¯�Ö÷ Ûõ�ª Sn ý�ùÂþ�¢ ,ý� n Âû ý�¥� ��ý�úÞ¡ �bÞû �î ¢¤�¢ ¢��ø S0 ý�ùÂþ�¢ .Àª�� zn �bÎÖ÷ Sn �îÂõ ÝþÂ�ð .¢¤�¢ ¢��øßþ� �� .À�îüõ �Ï��� �¤ �û Sn �bÞû S0 �¹�µ÷ ¤¢ .À�îüõ �Ï��� �¤ C ��÷ ø Cn ö�¢¤�.¢¤�¢ ¤�À÷�Âî ý��ó�±÷¢ Âþ¥ ßþ�Â���� ø ´¨� ¤�À÷�Âî R2 ¤¢ . . . ø ,z2 ,z1 �b ó�±÷¢ ,°��Â�.´¨� ´þ�ú��� ¤¢ z À� ý�¤�¢ fzng1n=1 �b ó�±÷¢ �î Ý��î ­Âê Ý�÷���üõ ,�¹�µ÷ ¤¢ßþ� .À÷¤�¢ ¤�Âì R2�C �bÔó�bõ ×þ ¤¢ zn ø z ,ï¤�� üê�î ùb¥�À÷� �� ý�û ný�¥� ��jy � xj < Âð� �î ¢¤�¢ ¢��ø ö��� ý� Æ > 0 :¢�Þ÷ ùÀû�Èõ ¢�ªüõ Ûþ£ �¤�¬ �� �¤jf(bn)� f(an)j � Æ ý� n � 1 Âû ý�¥� �� ßþ�Â���� .jf(y)� f(x)j � Æ ù�Ú÷� ,p3ï¤�� üê�î ùb¥�À÷�� N �î ;jf(y) � f(x)j � Æ=2 ý� n � N Âû ý�¥� �� �¹�µ÷ ¤¢ ø138
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ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6 ü����Þû 6 ÛÊêÂÎì ý� n � N Âû ý�¥� �� �î ´¨� ü�ãõ ö�À� ßþ� ."N < Æ=2 ,ßþ�Â���� .Àª��üõùb¥�À÷�� ý�û n ý�¥� �� üóø .d(zn; Cn) > "=2 �¹�µ÷ ¤¢ ø ´¨� Æ=2 ¥� Âµð¤�� Sn,R2 � C �bÔó�bõ ×þ ¤¢ zn ø z üµÆþ�� ,ßþ�Â���� .jz � znj < Æ=2 Ýþ¤�¢ ï¤�� üê�îý¤�À÷�Âî �b Ôó�bõ ¤¢ zn ÓþÂã� �� ��� ,�Âþ¥ .À�ª�� �µª�¢ ¤�Âì ,ö� ¥� ý¤�À÷�Âî �b Ôó�bõ ü�ãþ¤�À÷�Âî Â�è �bÔó�bõ ¤¢ À÷���üÞ÷ z �î Ý�û¢ ö�È÷ Ý�û��¡üõ .Àª��üõ âì�ø R2 � C ¥�.Àª�� âì�ø R2 � C�µ¨��� üû�¤ ,ßþ�Â���� .Àª�� �µª�¢ ¤�Âì R2 �C ¤�À÷�Âî Â�è �bÔó�bõ ¤¢ z Ý��î­ÂêÂþ¥ Âû 19.1.6 �b �Ìì �����) ¢¤�¢ ¢��ø Cn ¥� �¤�¡ ý��ÎÖ÷ �� z ¥� R2 � C ¤¢ gßþ� �î ,d(g(I); C) = Æ ÝþÂ�ð .(´¨� üû�¤ À�±Þû �fõ��ó� ,R2 ¤¢ ¥�� ø À�±Þû �bä�Þ¹õ¤�À÷�Âî Â�è �bÔó�bõ ¤¢ z �bÎÖ÷ ,ï¤�� üê�î ùb¥�À÷�� ý�û n ý�¥� �� �î ´¨� ü�ãõ ö�À�.´¨�Ëì��� ¤¢ ,Ýþ�¢ ö�È÷ �¤ ö� üµ¨¤¢ �f ±ì �î üÞØ� �� ßþ� üóø .¢¤�¢ ¤�Âì R2�CR2 � C ßþ�Â���� ø ´Æ�÷ ÕÜãµõ R2 � C ¤�À÷�Âî Â�è �bÔó�bõ �� z �î ÝþÂ�ðüõ �¹�µ÷2 .¢¤�¢ �Ôó�bõ ø¢ Ûì�À�.Ýþ¤�¢ ¥��÷ Âþ¥ Ýó ø ÓþÂã� �� ö�¢¤� �b �Ìì �ø¢ ´ÞÆì ��±�� ´ú� ,�õ�¢� ¤¢C �î ´¨� ´¨�¤ üÎ¡ ù¤�� ¥� �¥�±ä C ö�¢¤� Ý¡ � Â�ø .ÓþÂã� 16.2.6ÕÜãµõ R2 � C �� ©�üþ�úµ÷� ¯�Ö÷ ý��¨ � ,Å� .À�îüõ âÎì �ÎÖ÷ ø¢ �ú�� ¤¢ �¤.Àª��üõ,Àª�� C ¥� ýÂ�ø � ø ù¢�� ö�¢¤� üãÜ® À�� C �»÷��� .´ª�¢¢�þ 17.2.6X�� ùø�ã� .Àª��üõ R2 �C ý�û�Ôó�bõ ¥� üØþ X �î ,� � X [C �¤�¬ ßþ� ¤¢.¢¤�¢ �Ôó�bõ ø¢¥� üØþ ¤¢ �ÎÖ÷ ø¢ b ø a ø ù¢�� ö�¢¤� üãÜ® À�� C ÝþÂ�ð .Ýó 18.2.6d(fa; bg; C) � ý� Æ > 0×þ ý�¥� �� �î ý��÷�ð �� À�ª�� R2 �C ¤¢ X ý�û�Ôó�bõ�¤�¬ ßþ� ¤¢ ,Àª�� 2Æ ¥� ÂµÞî ñ�Ï �� X [C ¤¢ C ¥� ýÂ�ø � ù�ð Âû Ý��î­Âê .Æ¢��ø X ¤¢ g üû�¤ ,üµ�ãì�õ ß��� ¤¢ .À÷¤�¢ ¤�Âì X � � �bÔó�bõ ×þ ¤¢ ø¢ Âû b ø a.d(g(I); C) > Æ �î ¢¤�¢a ¤¢ �îÂõ ø Æ á�ãª �� ý¥�� «Âì �Àµ�� �î ´¨� ß��� �¢�±�� üÜ¬� ùbÀþ� :��±��.Ý�ûÀ� ´îÂ� b´Þ¨ �� üõ�¤� �� �¤ ö� ,X Â� ©�îÂõ �Ô� �� Å³¨ ø �µêÂð ÂÑ÷ ¤¢ÂµÞî ñ�Î� Â�ø ×þ �î ¢�¢ ��¹÷� ö���üõ �¤ (2Æ ÂÎì ��)«Âì ´îÂ� ßþ� üõ�Ú�û �ú��139
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ü����Þû 6 ÛÊê ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6üì�Ô�� ß��� �î À�îüõ ��¹þ� Â�ø Â� ��®øÂÔõ .Àª�� �µª�¢ ¢��ø X [ C ¤¢ 2Æ ¥�2 .¢¤�À÷ ö�Øõ�ø¢ Â·î� À� R2 � C �¤�¬ ßþ� ¤¢ ,Àª�� ö�¢¤� Ý¡ C ÝþÂ�ð .��Ìì 19.2.6.¢¤�¢ �Ôó�bõ�b Ôó�bõ �¨ ¥� üÏ�Ö÷ r ø q ,p ø ¢¤�¢ �Ôó�bõ ÂµÈ�� �þ �¨ R2 � C Ý��î ­Âê :��±��ý�ú�ãÜ® À�� ¥� ý��ó�±÷¢ fCig1i=1 ø d(fp; q; rg; C) = " ÝþÂ�ð .À�ª�� ö� �þ�Þµõ°��Âµ� ý�úµª�Ú÷ Í¨�� . . . ø C2 ,C1 ,C Ý��î ­Âê .Àª�� C �� �ÂÚÞû ö�¢¤�Ýþ¤�¢ ï¤�� üê�î áb ¥�À÷�� ý�û n ý�¥� �� .À�ª�� ùÀª üêÂãõ . . . ø f2 ,f1 ,f7.2.6 �b �Ìì ¤� ù¢�Ôµ¨� �� .d(fp; q; rg; Cn) < "=2 ßþ�Â���� ø d(Cn; C) < "=2¤¢ fp; q; rg �bÎÖ÷ �¨ ¥� �� ø¢ ,ï¤�� üê�î ùb¥�À÷� �� n Âû ý�¥� �� �î Ý��îüõ �Ñ¡�õù¢�Ôµ¨� �ó�±÷¢ Âþ¥ ¥� �ø�ó �¤�¬ ¤¢ �»÷��� .À÷¤�¢ ¤�Âì R2 � Cn ¥� Xn �bÔó�bõ ×þ.À�ÖÜçµõ Xn �� �û n �bÞû ý�¥� �� q ø p �î Ý��î ­Âê Ý�÷���üõ ,Ý��îq ø p ¯�Ö÷ �î À÷�� �µª�¢ ¢��ø ý¤�Ï n´þ�ú��� ø 0 < Æ < " �� ý� Æ Ý��î­Âê�� ý�û n ý�¥� �� .À÷�ªüõ ÛÊµõ Ýú� d(gn(I); Cn) � Æ �� Xn ¤¢ gn üû�¤ Í¨��üê�î ùb¥�À÷� �� ý�û ný�¥� �� ,�¹�µ÷ ¤¢ ;d(Cn�C) < Æ=2 Ýþ¤�¢ ,ï¤�� üê�î ùb¥�À÷�¥� �Ôó�bõ ×þ ¥£ q ø p ßµª�¢ ¤�Âì ü�ãõ �� ¢�¡ ßþ� �î ,d(gn(I); C) > Æ=2 ï¤��¥� ù¢�Ôµ¨� �� .¢¤�À÷ ¢��ø ��� üðÄþø �� ý� Æ º�û ,Ëì��� ßþ� §�¨� Â� .´¨� R2�C¢��ø Æn ñ�Ï �� �n ýÂ�ø ,n ¥� ¤�ÀÖõ ´þ�ú��� ý�¥� �� �î ÝþÂ�ðüõ �¹�µ÷ 18.2.6 Ýó.limn!1 Æn = 0 ø À�ª��üõ âì�ø Xn � �n ¥� ü�ø�Ôµõ ý�û�Ôó�bõ ¤¢ q ø p �î ¢¤�¢,n(1) °��Âµ� ø À�ª�� ùÀª °�Âõ ý¢�ã¬ °��Â� �� ,n ¤�ÀÖõ ´þ�ú��� ßþ� Ý��î ­Âêø fn(i)(ai) Â��Â� �n(i) üþ�úµ÷� ¯�Ö÷ Ý��î ­Âê ,ß��»Þû .À�ª�� . . . ø ,n(2)limi!1(fn(i)(bi) � fn(i)(ai)) = Ýþ¤�¢ ,limi!1 Æn(i) = 0 ö�� .À�ª�� fn(i)(bi)limi!1(bi � À�îüõ ��¹þ� ßþ� �î ,limi!1(f(bi) � f(ai)) = 0 ßþ�Â���� ø 0¤�Âì Xn(i) � �n(i) �þ�Þµõ �b Ôó�bõ ø¢ ¤¢ q ø p ¯�Ö÷ ý� i Âû ý�¥� �� ö�� .ai) = 0¥� ý¤�À÷�Âî �b Ôó�bõ �� ,n ¥� ¤�ÀÖõ ´þ�ú��� ý�¥� �� ,p �f ·õ ,�ÎÖ÷ ø¢ ßþ� ¥� üØþ ,À÷¤�¢ßþÂµØ��î Ai ø Àª��üõ ¢øÀ½õ fn(i)(Ai) ø �n(i) �� �î ,´¨� ÕÜçµõ Xn(i) � �n(i),limi!1(bi�ai) = 0 ö�� .Àª��üõ bi ø ai ö� üþ�úµ÷� ¯�Ö÷ �î ´¨� S1 ¤¢ ü¨�ì.´¨� " ¥� ÂµÞî ,ï¤�� üê�î ùb¥�À÷� �� ý�û ný�¥� �� �Ôó�bõ ßþ� ÂÎì �î ÝþÂ�ðüõ �¹�µ÷2 .Àª ��±�� ÝØ� ø ´¨� Ëì��� �î ,jp� f(ai)j < "«�Ê¡ ��.¢¢Âðüõ �¹�µ÷ 19.2.6 ø 15.2.6 ý�þ�Ìì ¥� ö�¢¤� Ý¡ �b �Ìì ö��î�140
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ö�¢¤� Ý¡ �b �Ìì :¢Â�¤�î 2.6 ü����Þû 6 ÛÊê.ßþÂÞ� 20.2.6¤¢ ,Àª�� f : I ! R2 ×�±Øþ ø �µ¨��� ´ª�Ú÷ ×þ ùb¤�Ú÷ A Âð� �î À��î ´��� (1.´¨� À�±Þû R2 � C �¤�¬ ßþ��¤�¬ �� �¤ Æ .Àª�� f : S1! R2 �bÎ��® �� ü÷�¢¤� Ý¡ C À��î ­Âê (2Æ = minfjf(y)� f(x)j jx; y 2 S1 ; jy � xj � p3gÂ� ¤¢ �¤ Æ ÂÎì �� «Âì ×þ R2 � C ¤�À÷�Âî �b Ôó�bõ À��î ´��� .Ý��îüõ ÓþÂã�.¢¤�¢��¿µ÷� ö���üõ R2 ¤¢ Ýû ¥� �À� ø¢ �� ø¢ ø ù¢�¨ �b µÆ� Ý¡ �¤�Þª�÷ ¢�Àã� �� (3.Cr = f(x; y) 2 R2 jx2 + y2 = rg ö� ¤¢ �î ,fCt j0 < t 2 Rg �f ·õ ;¢�Þ÷�� é¤�õ�ÿÞû ´¨� üþ�Ìê ,´Èû ÛØª Ý¡f(x; y) 2 R2 j (x� 1)2 + y2 = 1gø¢ �� ø¢ ø ´Èû ÛØª �� ý�úÞ¡ ¥� ý��þ�¢Âð fEj j j 2 Jg Âð� �î À��î ´���.´¨� �¤�Þª �fõ��ó� J ù�Ú÷� ,Àª�� R2 ¤¢ ��¹õ

141
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ü����Þû 6 ÛÊê �µ¨��� ý�úµª�Ú÷ ü����Þû 3.6�µ¨��� ý�úµª�Ú÷ ü����Þû 3.6ÓþÂã� ý��ó���� ý�û�Ìê ß�� ý�úµª�Ú÷ �bä�Þ¹õ Â� ý�ý¥¤�Ýû �bÎ��¤ ÛÊê ßþ� ¤¢�µêÂð ¤�Ø� �úû�¤ ¢¤�õ ¤¢ �î üõ�Ú�û �f¬�Ê¡ ,ýÀã� ñ�Êê ¤¢ �Î��¤ ßþ� .Ý��îüõ.´¨� ¤�¢¤�¡Â� ý�ùÄþø ´�Þû� ¥� ,À÷�ªüõ8.6 ÛØª
�î Ý���ð ����Þû ü�¤�¬ ¤¢ �¤ f0; f1 : X ! Y �µ¨��� ´ª�Ú÷ ø¢ ,ù¢�¨ ö��� ���ú÷� ö��õ ö��µ� ý¤�Ï fft : X ! Y j0 � t � 1g �µ¨��� ý�úµª�Ú÷ ¥� ý�ù¢��÷�¡-8.6 ÛØª ¤¢ .¢�ª ���� (Óó�)-8.6 ÛØª �� ;Àª�� �µ¨��� t �� ´±Æ÷ �î ´ê�þü��� ×þ Y ø X = S1 �¹�þ� ¤¢ ;´¨� ùÀª ù¢�¢ ö�È÷ ����Þû Â�è ´ª�Ú÷ ø¢ (�)ÂµÖ�ì¢ ö��� �� .Àª��üõ R2 ¤¢9.6 ÛØª
�î Ý���ð ����Þû ü�¤�¬ ¤¢ �¤ f0; f1 : X ! Y ´ª�Ú÷ ø¢ .ÓþÂã� 1.3.6F (x;1) = ø F (x;0) = f0(t) �î ¢�ª ´ê�þ ö��� F : X � Y ! Y �µ¨��� üµª�Ú÷.¢�ª ���� 9.6 ÛØª �� .f1(t)F : f0' f1 Ý�Æþ�÷üõ ´ó�� ßþ� ¤¢ .À�õ�÷üõ f1 ø f0 ß�� ü����Þû �¤ F ´ª�Ú÷ö�È÷ ft(x) �� �¤ F (x; t) ¤�ÀÖõ ý� t 2 [0;1℄ Âû ý�¥� �� .F : f0' f1 ¤�Êµ¡� �� �þö���üõ ¤�Ï ßþ� .Ý�¨¤üõ ft : X ! Y �µ¨��� üµª�Ú÷ �� ,°��Â� ßþ� �� .Ý�û¢üõ142
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�µ¨��� ý�úµª�Ú÷ ü����Þû 3.6 ü����Þû 6 ÛÊê.´¨� f1 �� f0 ¥� �µ¨��� ý�úµª�Ú÷ ¥� ý�ù¢��÷�¡ fft j0 � t � 1g �î ¢�Þ÷ ¤�úÒ�¤¢ üû�¤ f : I ! Y ø ,ù��¿ó¢ ý��ó���� ý�Ìê Y À��î ­Âê .ñ�·õ 2.3.6ü±�îÂ� F (x; t) = f((1 � t)x) �bÎ��® �� F : I � I ! Y �¤�¬ ßþ� ¤¢ .´¨� Yùø�ã� .Àª��üõ �µ¨��� ,ßþ�Â���� ø ´¨� f ø R 3 t 7! 1 � t 2 R ý�úµª�Ú÷ ¥�F ßþ�Â���� .f1(x) = F (x;1) = f(0) = "f(0)(x) ø f0(x) = F (x;0) = f(x).F : f ' "f(0) ¤�Êµ¡� �� �þ ;´¨� "f(0) ø f ß�� ü����Þû ×þ���� ýÂ�üÜî ��úÔõ ¥� (�ø�ó �¤�¬ ¤¢ ,�µ±ó�) üµ�ã®ø ß��� ßþ� ¥� ���µ�� ý�Â�ù¢�Ôµ¨� - A «�Ê¿� ý��ä�Þ¹õ Âþ¥ �� ´±Æ÷ ü����Þû ü�ãþ - ü±Æ÷ ü����ÞûÂ��ç� A ¯�Ö÷ ¥� ×þ º�û ,ü����Þû À÷ø ¤ ¤¢ �î Ý��îüõ ­Âê ´ó�� ßþ� ¤¢ .Ý��îüõ.À��îüÞ÷f0; f1 : X ! Y ø ù¢�� X ¥� ý��ä�Þ¹õ Âþ¥ A À��î ­Âê .ÓþÂã� 3.3.6,À�����Þû A �bä�Þ¹õ �� ´±Æ÷ f1 ø f0 Ý���ðüõ ü�¤�¬ ¤¢ .À�ª�� �µ¨��� üþ�úµª�Ú÷,a 2 A Âû ý�¥� �� �î ¢�ª ´ê�þ ö��� f1 ø f0 ö��õ F : X�I ! Y ü����Þû×þ �î´��� ü�ãþ ,Àª�� �µª�À÷ üÚµÆ� t �� t 7! F (a; t) �bÎ��® �� F (a; ) : I ! Y ´ª�Ú÷ÂÚþ¢ ö��� �� .Àª��8 a 2 A8 t 2 I : F (a; t) = f0(a):,f0 'rel A f1 Ý�Æþ�÷üõ ø ´¨� A �� ´±Æ÷ ü
 ±Æ÷ ü����Þû F Ý���ðüõ ,´ó�� ßþ� ¤¢.F : f0'A f1 �þ ø f0' f1 (rel A)f0(a) = ý� a 2 A Âû ý�¥� �� �fõ��ó� ù�Ú÷� ,f0'A f1 Âð� .´ª�¢¢�þ 4.3.6.f0jA � f1jA ¤�Êµ¡� �� �þ ;f1(a)ø¢ Âð� �î ü�ãõ ßþ� �� .´¨� ü±Æ÷ ü����Þû ¥� Â�üÜî ü����Þû ,üÜî ´ó�� ¤¢ü����Þû ,A = ; �»÷��� ,ùø�ã� .À�µÆû ��÷ ����Þû ,À�ª�� ü±Æ÷ ����Þû ´ª�Ú÷.´¨� A �� ´±Æ÷ ü����Þû ö�ÞûA = f0g � ø X = I �� ü±Æ÷ ü����Þû ×þ 10.6 ÛØª ¤¢ (1 .ñ�·õ 5.3.6.¢�ªüõ ùÀû�Èõ X,Y = "R2 ¤¢ ü��� ×þ' ø A = f0;1g ,X = I ­Âê �� 11.6 ÛØª ¤¢ (2.À�µÆ�÷ A �� ´±Æ÷ ü±Æ÷ ����Þû üóø ,À�����Þû f1 ø f0 ý�úµª�Ú÷143
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ü����Þû 6 ÛÊê �µ¨��� ý�úµª�Ú÷ ü����Þû 3.610.6 ÛØª

11.6 ÛØª
.´¨� ý¥¤� Ýû ,ü����Þû �bÎ��¤ ,Àã� ÝØ� §�¨� Â�ý¥¤� Ýû ý��Î��¤ ,Y �� X ¥� �µ¨��� ý�úµª�Ú÷ �bä�Þ¹õ Â� 'A �bÎ��¤ .Ýó 6.3.6.´¨�,´¨� ©¢�¡ ø f ö��õ A �� ´±Æ÷ ü±Æ÷ ü����Þû F (x; t) = f(x) ö�� :��±��F : Âð� �Âþ¥ ,´Æû ��÷ ü÷¤�Ö� �Î��¤ ßþ� .´¨� ü���¥�� ¤�îÁõ �bÎ��¤ ø f 'A f ßþ�Â�����Î��¤ ,ùÂ¡��� .´¨� G(x; t) = F (x;1�t) �bÎ��® �� G �î ,G : g'A f ù�Ú÷� ,f 'A gö� ¤¢ �î ,H : f 'A h ù�Ú÷� ,G : g'A h ø F : f 'A g Âð� �Âþ¥ ,´¨� ýÀãµõH(x; t) = � F (x;2t) 0 � t � 1=2 Âð�F (x;1� 2t) 1=2 � t � 1 Âð�2 .Àª��üõ �µ¨��� ,°Æ� Ýó §�¨� Â� ø ,Àª��üõ.ßþÂÞ� 7.3.6ö�È÷ .Àª�� �µ¨��� üµª�Ú÷ f : S1 ! X ø ý��ó���� üþ�Ìê X À��î ­Âê (1����Þû ´��� üµª�Ú÷ �� ,ü�ãþ) ´¨� ü����Þû ��� üµìø �ú�� ø üµìø f �î À�û¢144
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�µ¨��� ý�úµª�Ú÷ ü����Þû 3.6 ü����Þû 6 ÛÊê;gjS1 = f �î ý��÷�ð �� ÀÈ�� �µª�¢ ¢��ø g : D 2 ! X üµª�Ú÷ �î ,(´¨�´ª�Ú÷ 
 Âð� :üþ�Þ�û�¤) .Àª�� f ¢�¡ Â��Â� S1 = �D 2 �� ö� ÀþÀ½� ü�ãþÀ��î ÓþÂã� t 2 I ø x 2 S1 ý�¥� �� ù�Ú÷� ,F : 
' f ø Àª�� ¤�îÁõ ´���(.À��î ù¢�Ôµ¨� (6)-24.2.4 ßþÂÞ� ¥� Å³¨ ø g(tx) = F (x; t)ý�û�µ¨¢ �bÞû �bä�Þ¹õ .x; y 2 X ø ´¨� ý¥�ó���� üþ�Ìê X À��î ­Âê (2P (x; y) �¤ 'f0;1g ý¥¤�Ýû �bÎ��¤ �� ´±Æ÷ y �� x ¥� X ¤¢ ý�úû�¤ ¥� ý¥¤�Ýû×þ ü�¤�¬ ¤¢ y �� x ¥� p; q : I ! X ù�¤ ø¢ ,ÂÚþ¢ �¤�±ã�) .Ý�û¢üõ ö�È÷P (x; y) 6= Âð� �î À�û¢ ö�È÷ (.p 'f0;1g q �î À��îüõÉ¿Èõ �¤ P (x; y) ¥� �Ìä.ÅØãó�� ø ;¢¤�¢ ¢��ø P (x; x) ø P (x; y) Ǒ�Ìä� ö��õ×�±Øþ ýÂ®��� ù�Ú÷� ,;.À�ª�� X ¤¢ p(1) = q(0) �� üþ�úû�¤ q ø p Ý��î ­Âê .0 < s < 1 ÝþÂ�ð (3�bÎ��® �� h : I ! X ´ª�Ú÷h(t) = 8><>: p�st� 0 � t � s Âð�q� t� s1� s� s � t � 1 Âð�f0;1g �� ´±Æ÷ p � q ø h �¤�¬ ßþ� ¤¢ �î À�û¢ ö�È÷ .Ý��îüõ ÓþÂã� �¤.À�����Þû.Ý��îüõ ÓþÂã� �f(t) := f(1�t) �bÎ��® �� �¤ �f ´ª�Ú÷ ,f ­øÂÔõ ù�¤ ý�¥� �� (4. �f 'A �g Âð� �ú�� ø Âð� f 'A g À��î ´���ù�Ú÷� ,Àª�� �µ¨��� üµª�Ú÷ g : Y ! Z ø f0'A f1 : X ! Y Âð� �î À�û¢ ö�È÷ (5.g Æ f0'A g Æ f1 : X ! Zg0 Æ f0'A g1 Æ À��î ´��� .g0'A g1 : Y ! Z ø f0'A f1 : X ! Y À��î­Âê (6g0 Æ �î À�û¢ ö�È÷ ,ù¢�Þ÷ ù¢�Ôµ¨� (5) ßþÂÞ� ¥� :üþ�Þ�û�¤) .f1 : X ! Z(.g0 Æ f1' g1 Æ f1 Å³¨ ø f0' g0 Æ f1�� X ¥� �µ¨��� â���� �bä�Þ¹õ F(X;Y ) ø À�ª�� ý��ó���� ý�Ìê Y ø x ÝþÂ�ð (7´��� .(¢�ª ���� (4)-25.1.4 ßþÂÞ� ��) Àª�� ¥��-ù¢ÂÈê ý��ó���� �� Y¢��ø F(X;Y ) ý�Ìê ¤¢ g �� f ¥� üû�¤ ù�Ú÷� ,f ' g : X ! Y Âð� �î À��îüê�î ø �¥� ¯Âª À��î ´��� ;Àª�� é¤øÀ¨ø�û ø ù¢ÂÈê X À��î ­Âê .¢¤�¢f ' g : �î ´¨� ßþ� ,Àª�� �µª�¢ ¢��ø F(X;Y ) ¤¢ g �� f ¥� üû�¤ �Ø�þ� ý�Â�é¤øÀ¨ø�û ø ù¢ÂÈê �fã®�õ X ´¨� üê�î ,Â¡� ÝØ� ÕÖ½� ý�Â�) .X ! Y(.Àª��145
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ü����Þû 6 ÛÊê �µ¨��� ý�úµª�Ú÷ ü����Þû 3.6´¨À� ö���üõ ý��ó���� ý�û�Ìê ß�� ý¥¤�Ýû ý��Î��¤ ,�úµª�Ú÷ ü����Þû ��úÔõ ¥�.¢¤ø��þ ü����Þû á�÷ Ýû ü�¤�¬ ¤¢ �¤ Y ø X ý��ó���� ý�Ìê ø¢ .ÓþÂã� 8.3.6ö��� g : Y ! X ø f : X ! Y �b µ¨��� ý�úµª�Ú÷ �î Ý���ð ����Þû ¤�Êµ¡� ��g ø f �¤�¬ ßþ� ¤¢ .g Æ f ' 1X : X ! X ø f Æ g' 1Y : Y ! Y �î À÷�ª ´ê�þ.X 'Y Ý�Æþ�÷üõ ø Ý�õ�÷üõ ü����Þû ý¥¤�Ýû �¤,°ÜÎõ ßþ� ùbÀû�Èõ ý�Â� .À�µÆû ü����Þû á�÷ Ýû ùÂþ�¢ ø �÷��µ¨� .ñ�·õ 9.3.6S1 = ø �÷��µ¨� C = f(x; y; z) 2 R3 jx2 + y2 = 1 ; �1 � z � 1g Ý��î ­Âê�� �¤ i : S1 ,! C ´ª�Ú÷ .Àª�� ùÂþ�¢ f(x; y; z) 2 R3 jx2 + y2 = 1 ; z = 0g.Ý��îüõ ÓþÂã� r(x; y; z) = (x; y;0) �¤�¬ �� �¤ r : C ! S1 ø ý�µ�� �¤�¬�bÎ��® �� F : C � I ! C ß��»Þû ø r Æ i = 1S1 : S1 ! S1 �î ´¨� ¼®�ø.À�îüõ ¤�ÂìÂ� 1C : C ! C ø i Æ r ß�� ü����Þû F �(x; y; z); t� = (x; y; tz)ø¢ ´¨� ßØÞõ üÜî ´ó�� ¤¢ .À�ê¤�õ�ÿû ,����Þû ý�û�Ìê .��Ìì 10.3.6.À�ª�� é¤�õ�ÿÞû Â�è ø ����Þû �Ìê,Àª�� ÝÆ�ê¤�õ�ÿÞû f : X ! Y Âð� ,´¨� ����Þû ©¢�¡ �� üµª�Ú÷ Âû ö�� :��±����±�� ñø� ÝØ� °��Â� ßþ� �� .f�1 Æ f = 1X ' 1X ø f Æ f�1 = 1Y ' 1Y ù�Ú÷�.Ý�÷�� ñ�·õ ´¨� üê�î ,�ø¢ ÝØ� ý¤�ÂìÂ� ��±�� ý�Â� .Àªf : Ý��î ­Âê .´¨� ´��� Å� ßþ� ¥� ø ù��¿ó¢ y 2 D n ø n � 1 Ý��î ­Âê,��®ø �� .Àª�� ´��� ´ª�Ú÷ g : D n ! fyg ø ù¢�� ý�µ�� ´ª�Ú÷ fyg ,! D nF (x; t) = tx+(1� t)y �bÎ��® �� F : D n � I ! D n ùø�ã� ø g Æf = 1fyg ' 1fygfyg ø D n ßþ�Â���� .F : f Æ g ' 1Dn ü�ãþ ;Àª��üõ 1Dn ø f Æ g ß�� ü����Þû2 !À�µÆû ¢ÀãÞû Â�è �Âþ¥ ,À�ê¤�õ�ÿÞû Â�è �Ìê ø¢ ßþ� .À�����Þûý��ä�Þ¹õ �� �î Ý���ð ÂþÁ� ­�±Ö÷� ü�¤�¬ ¤¢ �¤ X ý�Ìê .ÓþÂã� 11.3.6.Àª�� ����Þû á�÷ Ýû ý��ÎÖ÷ ×�ö¢Âî �ó�»õ Û��ì �ÎÖ÷ ×þ �� �î ´¨� ÂþÁ� ­�±Ö÷� üþ�Ìê ,ý¢�úª ÂÑ÷ �ÎÖ÷ ¥�.À÷¤�À÷ �¤ üµ�Ü��ì ß��� S1 ùÂþ�¢ ö�� üþ�û�Ìê .�µÆ� «Âì Â�Ñ÷ .´¨�146
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�µ¨��� ý�úµª�Ú÷ ü����Þû 3.6 ü����Þû 6 ÛÊê��±ª �f õ�î ö� ñ�Àµ¨� .´¨� ÂþÁ� ­�±Ö÷� �À½õ �bä�Þ¹õ Âû .ñ�·õ 12.3.6ý��ó���� �� Rn ¥� �À½õ üþ�ÌêÂþ¥ X Ý��î ­Âê .´¨� 10.3.6 �b �Ìì ��±�� â�f : Ý��î ­Âê .Àª�� ´��� Å� ßþ� ¥� ø ù��¿ó¢ y 2 X Ý��î ­Âê .´¨� üó�Þãõ�¤�¬ ßþ� ¤¢ .Àª�� ´��� ´ª�Ú÷ g : X ! fyg ø ý�µ�� ´ª�Ú÷ fyg ,! X.f Æ g ' 1X ø g Æ f = 1fyg­�±Ö÷� ü�¤�¬ ¤¢ �¤ X ý��ó���� ý�Ìê ¥� A �bä�Þ¹õ Âþ¥ .ÓþÂã� 13.3.6�î) r Æ i = 1A �î ¢�ª ´ê�þ ö��� r : X ! A �µ¨��� üµª�Ú÷ �î Ý���ð X ý�Â��¤ r ´ª�Ú÷ .rjA = 1A ,ÂÚþ¢ ö��� �� ;(´¨� ý�µ�� ´ª�Ú÷ i : A ,! X �¹�þ� ¤¢.Ý�õ�÷üõ­�±Ö÷�­�±Ö÷� ü�¤�¬ ¤¢ �¤ X ý��ó���� ý�Ìê ¥� A �bä�Þ¹õ Âþ¥ .ÓþÂã� 14.3.6�� ;i Æ r ' 1X �î ¢�ª ´ê�þ ö��� r : X ! A ü®�±Ö÷� �î Ý���ð X ý�Â� üÆþ¢Âð¢ý� x 2 X Âû ý�¥� �� �î ¢�ª ´ê�þ ö��� F : X � I ! X �b µ¨��� ´ª�Ú÷ ,ÂÚþ¢ ö���.F (x;1) 2 A ø F (x;0) = x¤£ °ÜÎõ ßþ� ÅØä .´¨� ­�±Ö÷� ,üÆþ¢Âð¢ ­�±Ö÷� Âû .��Ìì 15.3.6.´Æ�÷ ´¨¤¢ üÜî ´ó��.´¨� S1� [0;1℄ �÷��µ¨� üÆþ¢Âð¢ ­�±Ö÷� S1 ùÂþ�¢ .ñ�·õ 16.3.6­�±Ö÷� ¥� ÂµÈ�� �î ,´¨� ����Þû 1X �� A = S1 �� ´±Æ÷ iÆr �f Þä ,��� ñ�·õ ¤¢!´¨� üÆþ¢Âð¢­�±Ö÷� ü�¤�¬ ¤¢ �¤ X ý��ó���� ý�Ìê ¥� A �bä�Þ¹õ Âþ¥ .ÓþÂã� 17.3.6i Æ r 'A �î ¢�ª ´ê�þ ö��� r : X ! A ü®�±Ö÷� �î Ý���ð X ý�Â� ý�ì üÆþ¢Âð¢�î ¢�ª ´ê�þ ö��� F : X � I ! X �b µ¨��� ´ª�Ú÷ ,ÂÚþ¢ ö��� �� ;1Xø ;F (x;1) 2 A ø F (x;0) = x ý� x 2 X Âû ý�¥� �� (1.F (a; t) = a ý� t 2 I Âû ø a 2 A Âû ý�¥� �� (2�¤ X �î ´¨� X ý�Â� ý�ì üÆþ¢Âð¢ ­�±Ö÷� ü�¤�¬ ¤¢ A ,ý¢�úª ÂÑ÷ �ÎÖ÷ ¥�.¢�Þ÷ �ó�»õ ö��µ� A ßµª�¢ ù�Ú÷ ´��� ��147
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ü����Þû 6 ÛÊê �µ¨��� ý�úµª�Ú÷ ü����Þû 3.6ÅØä .´¨� üÆþ¢Âð¢ ­�±Ö÷� ,ý�ì üÆþ¢Âð¢ ­�±Ö÷� Âû .��Ìì 18.3.6.´Æ�÷ ´¨¤¢ üÜî ´ó�� ¤£ °ÜÎõ ßþ�,"ý�ì üÆþ¢Âð¢ ­�±Ö÷�' ��¬� ý�¹� â��Âõ ü¡Â� ¤¢ .´ª�¢¢�þ 19.3.6.¢�ªüõ ù¢�Ôµ¨� "üÆþ¢Âð¢ ­�±Ö÷�' ��Î¬� ¥��î ,ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ R2 ¥� Y = C1 [ C2 �bä�Þ¹õ Âþ¥ .ñ�·õ 20.3.6C1 = fx = (x1; x2) j (x1 � 1)2 + x22 = 1g;C2 = fx = (x1; x2) j (x1 + 1)2 + x22 = 1g:Ýû Â� §�Þõ ùbÂþ�¢ ø¢ ¥� üä�Þµ�� ,ÂÚþ¢ �¤�±ä �� .´¨� 1 ÛØª �� Y ,ßþ�Â����x0 = (0;0) �bÎÖ÷ �¤�¬ ßþ� ¤¢ .X = Y � f(2;0); (�2;0)g À��î ­Âê .´¨�i : Ý��î ­Âê ,°ÜÎõ ßþ� ùbÀû�Èõ ý�Â� .´¨� X ý�Â� ý�ì üÆþ¢Âð¢ ­�±Ö÷� ×þ�î ´¨� ßªø¤ .À�ª�� ´��� ø ý�µ�� ´ª�Ú÷ °��Âµ� r : X ! fx0g ø fx0g ,! X�bÎ��® �� F : X � I ! X ü����Þû ¥� i Æ r 'fx0g 1X ��±�� ý�Â� ;r Æ i = 1fx0gF (x; s) = 1� sk((1� s)x1 + (�1)i; (1� s)x2)k , x 2 Ci ; i = 1;2ÂÔ¬ Óó�¿õ F (x; s) �Â¿õ ý� x 2 X Âû ý�¥� �� �î ¢�ª ���� .Ý��îüõ ù¢�Ôµ¨�ø F (x;0) = x ,F (x0; s) = x0 ö�� .´¨� Õ�Ö½� Û��ì üµ��¤ �� F üÚµ¨��� .´¨�üÆþ¢Âð¢ ­�±Ö÷� fx0g ßþ�Â���� ø i Æ r 'fx0g 1fx0g ÝþÂ�ðüõ �¹�µ÷ ,F (x;1) = x0.´¨� .X ý�Â� ý�ì.ßþÂÞ� 21.3.6üÆþ¢Âð¢ ­�±Ö÷� ×þ �î ¢¤�¢ ¢��ø §����õ ¤��÷ ¤¢ ý�ùÂþ�¢ �î À�û¢ ö�È÷ (1.À�����Þû �÷��µ¨� ø §����õ ¤��÷ �î À�û¢ ö�È÷ .´¨� ¤�îÁõ ¤��÷ ý�Â� ý�ìü÷�Þû ´ª�Ú÷ �î ´¨� ÂþÁ� ­�±Ö÷� üµìø �ú�� ø üµìø X ý�Ìê �î À��î ´��� (2.Àª�� ����Þû ´��� üµª�Ú÷ �� 1X¢¤�¢ ¢��ø r : D n ! Sn�1 ÛØª �� ü®�±Ö÷� üµìø �ú�� ø üµìø �î À��î ´��� (3(F : Sn�1� I ! Sn�1 À��î ­Âê :üþ�Þ�û�¤) .Àª�� ÂþÁ� ­�±Ö÷� Sn�1 �îüã�±Ï ´ª�Ú÷ ¥� ,Å³¨ .Àª�� 1X ü÷�Þû ´ª�Ú÷ ø ´��� üµª�Ú÷ ß�� ü����Þû�ú�� ¥� F (Sn�1� f0g) �Ø�þ� ��÷ ø ,(x; t) 7! tx �bÎ��® �� Sn�1� I ! D n(.À��î ù¢�Ôµ¨� ,¢¢Âðüõ Û�ØÈ� �ÎÖ÷ ×þ148
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�µ¨��� ý�úµª�Ú÷ ü����Þû 3.6 ü����Þû 6 ÛÊê��÷ Y �¤�¬ ßþ� ¤¢ ,Àª�� Y �� ü����Þû á�÷ Ýû ø À�±Þû X Âð� �î À��î ´��� (4.´¨� À�±Þûüµª�Ú÷ �î Ý���ð X ý�Â� Ó�ã® ­�±Ö÷� ü�¤�¬ ¤¢ �¤ A � X �bä�Þ¹õ Âþ¥ (5i : A ,! X �¹�þ� ¤¢ �î ;r Æ i ' 1A �î ¢�ª ´ê�þ ö��� r : X ! A �µ¨���üó�·õ .´¨� Ó�ã®­�±Ö÷� ,­�±Ö÷� Âû �î ´¨� ßªø¤ .´¨� ý�µ�� ´ª�Ú÷.Àª�±÷ ­�±Ö÷� üóø ,Àª�� Ó�ã®­�±Ö÷� �î Àþ¤ø���üÆþ¢Âð¢­�±Ö÷� üóø ,Àª�� üÆþ¢Âð¢­�±Ö÷� �î Àþ¤ø��� �ä�Þ¹õ×þ ¥� üó�·õ (6.Àª�±÷ ý�ìÝ���ð X ý�Â� Ó�ã® üÆþ¢Âð¢ ­�±Ö÷� ü�¤�¬ ¤¢ �¤ A � X �bä�Þ¹õ Âþ¥ (7Âû �î ´¨� ßªø¤ .Àª�� ü����Þû ý¥¤� Ýû i : A ,! X ý�µ�� üµª�Ú÷ �î­�±Ö÷� �î Àþ¤ø��� üó�·õ .´¨� Ó�ã® üÆþ¢Âð¢ ­�±Ö÷� ,üÆþ¢Âð¢ ­�±Ö÷�.Àª�±÷ üÆþ¢Âð¢ ­�±Ö÷� üóø ,Àª�� Ó�ã® üÆþ¢Âð¢À��î ´��� .Y 6= ; ø A � X ,ù¢�� ý��ó���� ý�û�Ìê Y ø X À��î ­Âê (8X ý�Â� ü®�±Ö÷� A �î ´¨� X � Y ý�Â� ü®�±Ö÷� üµìø �ú�� ø üµìø A � Y.Àª��ý�Â� ü®�±Ö÷� A Âð� ,ü�ãþ) ´¨� ýÀãµõ "ö¢�� ­�±Ö÷�' �bÎ��¤ �î À��î ´��� (9(.´¨� C ý�Â� ü®�±Ö÷� A ù�Ú÷� ,Àª�� C ý�Â� ü®�±Ö÷� B ø ,B,´¨� S1 � S1 ý�Â� ü®�±Ö÷� S1 � fx0g À��î ´��� .x0 2 S1 À��î ­Âê (10?´¨� üÆþ¢Âð¢ ­�±Ö÷� �þ� .´Æ�÷ S1� S1 ý�Â� ý�ì üÆþ¢Âð¢ ­�±Ö÷� �î?¤�Î� ý�ì üÆþ¢Âð¢ ­�±Ö÷�ý�Â� ý�ì üÆþ¢Âð¢ ­�±Ö÷� �î À����� R2 ¤¢ ý�ùÂþ�¢ .x0 2 R2 À��î ­Âê (11.Àª�� R2 � fx0gÀ����� X ¥� ý��ä�Þ¹õ Âþ¥ .Àª�� T ¥� ý��ÎÖ÷ ÝÞµõ X ø ���� T À��î ­Âê (12.´¨� X ý�Â� ý�ì üÆþ¢Âð¢ ­�±Ö÷� ø ´¨� é¤�õ�ÿÞû 8 ÛØª �� �î.´¨� Rn+1 � f0g ý�Â� ý�ì üÆþ¢Âð¢ ­�±Ö÷� Sn �î À��î ´��� (13.´¨� �µÆ� ý��ä�Þ¹õ Âþ¥ ,é¤øÀ¨ø�û üþ�Ìê ­�±Ö÷� Âû �î À�û¢ ö�È÷ (14149
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ü����Þû 6 ÛÊê �µ¨��� ý�úµª�Ú÷ ü����Þû 3.6.À�ª�� �µ¨��� üþ�úµª�Ú÷ f; g : X ! Y ø Àª�� Rn ¥� üþ�Ìê Âþ¥ Y ÝþÂ�ð (15Ý�ÖµÆõ üÎ¡ Í¨�� f(x) ø g(x) ¯�Ö÷ ý� x 2 X Âû ý�¥� �� Âð� �î À��î ´���ý�úµª�Ú÷ üµÆþ�� �î ÀþÂ�Ú� �¹�µ÷ .f ' g ù�Ú÷� ,À÷�ª ÛÊµõ Ýû �� Y ¤¢.Àª�� ����Þû f; g : X ! Rn�î À�ª�� �µ¨��� üþ�úµª�Ú÷ f; g : X ! Sn ø Àª�� Rn ¥� üþ�Ìê Âþ¥ Y ÝþÂ�ð (16â��� :üþ�Þ�û�¤) .f ' g �î À��î ´��� .f(x) 6= �g(x) ý� x 2 X Âû ý�¥� ��Å³¨ ø �µêÂð ÂÑ÷ ¤¢ �¤ x 7! x=kxk �bÎ��® �� (Rn � f0g ! Sn�1 �b µ¨���üµª�Ú÷ f : X ! Sn Âð� �î À��î Õ�Ö½� (.À��î ù¢�Ôµ¨� ,��� ¤¢ 15 ßþÂÞ� ¥�.Àª��üõ ����Þû ´��� üµª�Ú÷ �� f �¤�¬ ßþ� ¤¢ ,Àª�� �ª�� Â�è ø �µ¨���
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7 ÛÊê
ý¢���� ùøÂð�¤ g ¤¢ f �ÂÌÜ¬�� �¤�¬ ßþ� ¤¢ ,f(x) = g(x) �î À�ª�� X ¤¢ ù�¤ ø¢ g ø f Âð�:¢¢Âðüõ ÓþÂã� 1.6 Ç¿� ¤¢ À�÷�Þû �î Ý�÷�¢üõ f � g ù�¤ ü�ãõ ��(f � g)(t) := � f(2t) 0 � t � 1=2g(2t� 1) 1=2 � t � 1�bãó�Îõ ñ�±÷¢ �� ,´Ö�Ö� ¤¢ .Ý��î �ãó�Îõ ÂµÈ�� �¤ �Â® ßþ� �� Ý�÷�Â� Ç¿� ßþ� ¤¢«��¡ Ý�û��¡üõ ø ,Ý�µÆû f0;1g �� ´±Æ÷ ü����Þû À� ¤¢ �úû�¤ �Â® «��¡¤¢ .Ý��îüõ �ÂÎõ �¤ ý¢���� ùøÂð ��úÔõ ø ù¢�¢¤�Âì ü¨¤Â� ö� ¢¤�õ ¤¢ �¤ ö¢�� ùøÂð.Ý��îüõ �±¨�½õ �¤ ùÂþ�¢ ý¢���� ùøÂð ,ý¢���� ùøÂð ¥� üúþÀ� Â�è üó�·õ ö���ä �� ,�õ�¢��úû�¤ �Â® 1.7áøÂª ÓþÂã� ×þ �� .´¨� �úû�¤ �Â® üûøÂð «��¡ ü¨¤Â� ,Ç¿� ßþ� ¥� éÀû.Ý��îüõ�î Ý���ð ¥ ¤� Ýû ü�¤�¬ ¤¢ �¤ X ¤¢ g ø f ­øÂÔõ ù�¤ ø¢ .ÓþÂã� 1.1.7.f � g Ý�Æþ�÷üõ ´ó�� ßþ� ¤¢ .À�ª�� ü±Æ÷ ����Þû f0;1g �� ´±Æ÷ü�¤�¬ ¤¢ ,À�ª�� ù�¤ f0; f1 : I ! X Âð� ,ÂµÖ�ì¢ ö��� �� .´ª�¢¢�þ 2.1.7�î ¢�ª ´ê�þ ö��� F : X � I ! X �µ¨��� üµª�Ú÷ �î À÷¥ ¤� Ýû ø¢ ö� Ý���ðüõ151
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ý¢���� ùøÂð 7 ÛÊê �úû�¤ �Â® 1.7;f0(1) = f1(1) ø f0(0) = f1(0) (1ø ;F (t;1) = f1(t) ø F (t;0) = f0(t) ý� t 2 I Âû ý�¥� �� (2.F (1; s) = f0(1) ø F (0; s) = f0(0) ý� s 2 I Âû ý�¥� �� (3.F : f0 � f1 Ý�Æþ�÷üõ ´ó�� ßþ� ¤¢ .¢�ª ���� 1.7 ÛØª ��1.7 ÛØª
ý�úû�¤ �bä�Þ¹õ Â� ý¥¤� Ýû ý��Î��¤ � 6.3.6 Ýó §�¨� Â� .ÓþÂã� 3.1.7.Ý�û¢üõ ö�È÷ [f ℄ ¢�Þ÷ �� �¤ f Ûõ�ª ý¥¤� Ýû �b µ¨¢ .´¨� X ¤¢ø f0(1) = g0(0) �� X ¤¢ üþ�úû�¤ g1 øg0 ,f1 ,f0 À��î ­Âê .Ýó 4.1.7.f0 � g0 � f1 � g1 ù�Ú÷� ,g0 � g1 ø f0 � f1 Âð� .À�µÆû f1(1) = g1(0)2.7 ÛØª
�î ,À�ª�� f0;1g �� ´±Æ÷ ý�ú�����Þû G : g0 � g1 ø F : f0 � f1 ÝþÂ�ð :��±���bÎ��® �� �¤ H : I � I ! X ´ª�Ú÷ .¢¢Âðüõ �¹�µ÷ ÓþÂã� ¥� ö�ª¢��øH(t; s) = � F (2t; s) 0 � t � 1=2 Âð�G(2t� 1; s) 1=2 � t � 1 Âð�H °Æ� Ýó ����� ,F (1; s) = f0(1) = g0(0) = G(0; s) ö�� �î ,Ý��îüõ ÓþÂã�H(t;1) = ø H(t;0) = (f0 � g0)(t) �î ¢�ªüõ �Ñ��õ Åð¢�¨ �� .´¨� �µ¨���2 .¢�ª ���� 2.7 ÛØª �� .H : f0 � g0'f0;1g f1 � g1 �¹�µ÷ ¤¢ .(f1 � g1)(t)152
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�úû�¤ �Â® 1.7 ý¢���� ùøÂð 7 ÛÊê[f ℄ �Â® ,À�ª�� f(1) = g(0) �� X ¤¢ üþ�úû�¤ g ø f Âð� .ÓþÂã� 5.1.7�Â® ßþ� 4.1.7 Ýó §�¨� Â� .Ý��îüõ ÓþÂã� [f ℄[g℄ := [f � g℄ �¤�¬ �� �¤ [g℄ ¤¢.´¨� ÓþÂãµª�¡h ø g ,f À��î­Âê ,ÂµÖ�ì¢ ö��� �� ;´¨� ÂþÁ³µîÂª �û�µ¨ÀÞû �Â® .Ýó 6.1.7[f ℄�[g℄[h℄� = �¤�¬ ßþ� ¤¢ .À�ª�� g(1) = h(0) ø f(1) = g(0) �� X ¤¢ üþ�úû�¤.�[f ℄[g℄�[h℄�î Ý��îüõ ���� �Àµ�� .(f � g) � h � f � (g � h) �î ¢�ª ��±�� Àþ�� :��±���f � (g � h)�(t) = 8<: f(4t) 0 � t � 1=4 Âð�g(4t� 1) 1=4 � t � 1=2 Âð�h(2t� 1) 1=2 � t � 1 Âð��(f � g) � h�(t) = 8<: f(2t) 0 � t � 1=2 Âð�g(4t� 2) 1=2 � t � 3=4 Âð�h(4t� 3) 3=4 � t � 1 Âð�:¢�¢ ¼�®�� ö���üõ Âþ¥ ¤�¢�Þ÷ ¥� ù¢�Ôµ¨� �� �¤ �úû�¤ ßþ� üÚ÷�Ú�
ö���üõ �ãó�Îõ ¢¤�õ ý�úû�¤ ýÂ±� ¼�®�� ý�Â� üµ��¤ �� �û¤�¢�Þ÷ �÷�ð ßþ� ¥�g ¥� ,1=4 � t � 1=2 üµìø ;ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ (f � g) � h ,�f ·õ .¢�Þ÷ ù¢�Ôµ¨�ü�ãþ) ¢¤�Ú÷üõ [0;1℄ �� �¤ [1=4;1=2℄ ùb¥�� �î ,üÎ¡ üã��� �� �Â�þ� ø Ý��îüõ ù¢�Ôµ¨�[0;1℄ ýøÂ� [1=4;1=2℄ ¥� ý��µ¨��� â��� Âû ,�f Þä .Ý��îüõ °�îÂ� ,(t 7! 4t� 1.¢�Þ÷ ù¢�Ôµ¨� ö���üõ ¤�Ñ�õ ßþ� ý�Â� ,¢¤�Ú�� 1 �� �¤ 1=2 ø 0 �� �¤ 1=4 �îù¢�Ôµ¨� ö���üõ f � (g � h) ø (f � g) � h ß�� ý�ü����Þû �b �ú� ý�Â� 3.7 ÛØª ¥�ùb¥�� Â� g â��� ¥� ,[0; (s+1)=4℄ ùb¥�� Â� f â��� ¥� ,ù��¿ó¢ s 2 [0;1℄ Âû ý�¥� �� .¢�Þ÷¤�Ø� �� .Ý��îüõ ù¢�Ôµ¨� [(s + 2)=4;1℄ ùb¥�� Â� h â��� ¥� ø [(s + 1)=4; (s + 2)=4℄:Ý�¨¤üõ Âþ¥ ÛØª �� F : I � I ! X ÓþÂã� �� ,��� ¤¢ �øÂÈõ ©ø¤ ýÂ�ðF (t; s) = 8>>>>><>>>>>: f� 4ts+ 1� 0 � t � s+ 14 Âð�g(4t� s� 1) s+ 14 � t � s+ 24 Âð�h�4t� s� 22� s � s+ 24 � t � 1 Âð�153
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ý¢���� ùøÂð 7 ÛÊê �úû�¤ �Â® 1.7ùø�ã� ø ´¨� �µ¨��� F â���F (t;0) = �(f � g) � h�(t); F (t;1) = �f � (g � h)�(t);F (0; s) = f(0) = �(f � g) � h�(0); F (1; s) = h(1) = �f � (g � h)�(1):2 .Àª��üõ ÂÑ÷ ¢¤�õ ü����Þû F ,ßþ�Â����.6.1.7 Ýó �� ¯��Âõ :3.7 ÛØª
ÂµÖ�ì¢ ö��� �� .´¨� ý�û�µ¨ÀÞû �Â® ü·�¡ Â¬��ä �� ´��÷ ×�þ� ø["x℄[f ℄ = �¤�¬ ßþ� ¤¢ ,Àª�� X ¤¢ y �� x ¥� üû�¤ f À��î ­Âê .Ýó 7.1.7.[f ℄["y℄ = [f ℄�¤ �ø¢ ÝØ� �ú�� ,���È� Û�ó¢ �� ."x � f � f ø f � "y � f �î ¢�ª ��±�� Àþ�� :��±���bÎ��® �� �¤ F : I � I ! X ´ª�Ú÷ .À��î ùÀû�Èõ �¤ 4.7 ÛØª .Ý��îüõ ��±��F (t; s) = 8><>: x 0 � t � 1� s2 Âð�f�2t� 1+ ss+ 1 � 1� s2 � t � 1 Âð�ü����Þû F ø F (t;1) = f(t) ,F (t;0) = ("x�f)(t)�¤�¬ ßþ� ¤¢ .Ý��îüõ ÓþÂã�2 .Àª��üõ f0;1g �� ´±Æ÷ ü±Æ÷²� ü·�¡ ý�¤�¢ ýÂÊ�ä Âû ,��� Ýó §�¨� � �î ¢�ª ���� .´ª�¢¢�þ 8.1.7�� ù�¤ �î À÷Â��Â� ü·�¡ ø¢ ßþ� ü�¤�¬ ¤¢ �ú�� .´¨� ¢�¡ �� «�Ê¿õ ´¨�¤ ü·�¡ ø.´¨� ù¢�Þ÷ áøÂª ö� ¥� �î À���� ö�þ�� ý��ÎÖ÷154
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�úû�¤ �Â® 1.7 ý¢���� ùøÂð 7 ÛÊê.7.1.7 Ýó �� ¯��Âõ :4.7 ÛØª

¤ø�¢�þ .Ý����� ý¥¤� Ýû À� ¤¢ ø ¢��ø �¤�¬ ¤¢ �¤ �úû�¤ öø¤�ø Ý�û��¡üõ ö�þ�� ¤¢ÓþÂã� �f(t) := f(1 � t) �¤�¬ �� �¤ �f öø¤�ø ,f ­øÂÔõ ù�¤ ý�Â� �î Ýþ�ªüõ.(ßþÂÞ�) �f � �g Âð� �ú�� ø Âð� f � g �î ¢�ª ���� .Ý��îüõ[ �f ℄[f ℄ = �¤�¬ ßþ� ¤¢ ,Àª�� X ¤¢ y �� x ¥� üû�¤ f À��î ­Âê .Ýó 9.1.7.[f ℄[ �f ℄ = ["x℄ ø ["y℄�¤ ñø� ÝØ� �ú�� ,���È� Û�ó¢ �� . �f � f � "y ø f � �f � "x �î ¢�ª ��±�� Àþ�� :��±��¥� ´¨� �¤�±ä f � �f �¤ .Ý��îüõ ��±��(f � �f)(t) = 8><>: f(2t) 0 � t � 12 Âð��f(2t� 1) = f(2� 2t) 12 � t � 1 Âð�üÏ öø¤�ø ´ú� �� f ù�¤ Ûî ,ö� �ø¢ �bÞ�÷ ¤¢ ø f ù�¤ Ûî ,ù�¤ ßþ� ¥� ñø� �bÞ�÷ ¤¢,Ýþ¢ÂðÂ� x �� Å³¨ ø Ý�¨Â� y �� ,ù¢Âî áøÂª x ¥� �Ø�þ� ¥� ö���ÞÏ� ý�Â� .¢�ªüõÂû ý�¥� �� Âð� ñ�� .(ý¢�ä ´äÂ¨ Â��Â� ø¢ ,ü�ãþ) Ýþ�ù¢�Þ÷ ��¿µ÷� 2 �¤ ö�ÞµäÂ¨Âû ý�¥� �� �¤�¬ ßþ� ¤¢ .ÝþÂ�Ú� 1 � s �� °¨��µõ �¤ ´äÂ¨ ,ù��¿ó¢ s 2 [0;1℄�� Å³¨ ø ¢ø¤üõ f(2(1 � s)) �� �î Ýþ¤�¢ x ¥� áøÂª �� ù�¤ ×þ ý� s 2 [0;1℄ßþ�Â���� .Ý�¨¤üõ "x �� s = 1 ý�¥� �� ø f � �f �� s = 0 ý�¥� �� .¢¢Âðüõ ¥�� x�bÎ��® �� �¤ F : I � I ! XF (t; s) = 8><>: f�2t(1� s)� 0 � t � 12 Âð�f�2(1� t)(1� s)� 12 � t � 1 Âð�155
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ý¢���� ùøÂð 7 ÛÊê �úû�¤ �Â® 1.7ø ´¨� �µ¨��� F ��®ø �� .Ý��îüõ ÓþÂã�F (t;0) = �f � �f�(t); F (t;1) = f(0) = "x(1);F (0; s) = f(0) = �f � �f�(0); F (1; s) = f(0) = �f � �f�(1):2 .´¨� ��Þ� ö�ûÂ� ø F : f � �f � "x ßþ�Â����f � �f ß�� Âþ¥ �Âª �� G : I � I ! X ýÂÚþ¢ ü����Þû .´ª�¢¢�þ 10.1.7:¢¤�¢ ¢��ø "x øG(t; s) =8>>>><>>>>: f(2t) 0 � t � 1� s2 Âð�f(1� s) 1� s2 � t � 1+ s2 Âð�f(2� 2t) 1+ s2 � t � 1 Âð��� °¨��µõ ,´¨� �¥� f ù�¤ üÏ ý�Â� �î ü÷�õ¥ .´¨� ß��� ´ª�Ú÷ ßþ� �ÂÏ ùbÀþ�¢�Àµõ� ¤¢ ´îÂ� éÂ¬ �¤ ö�Þµìø ñø� ´ÞÆì (1 � s)=2 ý�Â� ,Å� .Àª��üõ 1 � s´ÞÆì (1 + s)=2 ý�Â� ù�Ú÷� ø Ý��îüõ Â±¬ f(1 � s) �bÎÖ÷ ¤¢ ,Å³¨ ;Ý��îüõ ff � �f ´ª�Ú÷ ,s = 0 üµìø ,ßþ�Â���� .Ý��îüõ f ù�¤ ¥� ´Èð¥�� éÂ¬ �¤ ö�Þµìø ,Â¡�.Ý���þüõ ´¨¢ "x �� ü�ãþ ;Ý�µÆû x ¤¢ ´ìø ��Þ� ,s = 1 üµìø ø Ýþ¤�¢ �¤�ú÷� ß�� �Â® ø �ûÂ�Æõ ¥� ý¥¤� Ýû ý�û�µ¨¢ �bãó�Îõ �� ÂÚþ¢ ¤�� ,ýÀã� ÛÊê ¤¢.Ýþ¥�¢Â�üõ.ßþÂÞ� 11.1.7g(1) = ø f(1) = g(0) �� X ý��ó���� üþ�Ìê ¤¢ h ø g ,f ù�¤ �¨ ¥� üó�·õ (1(f � g) �h = �î Àþ¤ø��� ��÷ üó�·õ .(f � g) �h 6= f � (g �h) �î Àþ¤ø��� h(0).f � (g � h).À��î �õ�ì� "f(0) � f � f � "f(1) ý�Â� Ý�ÖµÆõ ü��±�� (2h(1) = 1 ø h(0) = 0 �� �µ¨��� üµª�Ú÷ h : I ! I ø ù¢�� X ¤¢ üû�¤ f ÝþÂ�ð (3.f � f Æ h �î À�û¢ ö�È÷ .Àª��f �î ,Àþ¤ø��� f � "x � f ý�Â� Ý�ÖµÆõ ü��±�� ,��� ¤¢ 3 ßþÂÞ� ¥� ù¢�Ôµ¨� �� (4.´¨� x ¤¢ ¥�è� �� üû�¤156
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�úû�¤ �Â® 1.7 ý¢���� ùøÂð 7 ÛÊê.À�ª�� íÂµÈõ ö�þ�� ø x ¥� íÂµÈõ áøÂª �� X ¤¢ üþ�úû�¤ f; g : I ! X ÝþÂ�ð (5.f � �g � "x �î f � g üµìø �ú�� ø üµìø À��î ´���h(1) = 0 ø h(0) = 1 �� �µ¨��� üµª�Ú÷ h : I ! I ø ù¢�� X ¤¢ üû�¤ f ÝþÂ�ð (6. �f � f Æ h �î À�û¢ ö�È÷ .Àª��f2 ø f1 ý�úû�¤ .Àª�� ù�¤ f : I ! X ø 0 = t0 � t1 � t2 = 1 À��î ­Âê (7:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤f1(t) = f�(1� t) t0 + t t1� ; f2(t) = f�(1� t) t1 + t t2�:(.À��î ù¢�Ôµ¨� ,��� ¤¢ 3 ßþÂÞ� ¥� :üþ�Þ�û�¤) .f1 � f2 � f À��î ´���.Àª�� ù�¤ f : I ! X ø 0 = t0 � t1 � t2 � � � � � tq = 1 À��î ­Âê (8:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ fq ø . . . ,f2 ,f1 ý�úû�¤fi(t) = f�(1� t) ti�1 + t ti�; ; i = 1;2; � � � ; q.[f ℄ = [f1℄[f2℄ � � � [fq℄ À��î ´���üþ�û�ä�Þ¹õ Âþ¥ V ø U �î ,X = U[V ø Àª�� ý��ó���� üþ�ÌêX À��î­Âê (9�¤�¬ �� �¤ [f ℄ �¤�¬ ßþ� ¤¢ ,Àª�� X ¤¢ üû�¤ f Âð� �î À�û¢ ö�È÷ .À÷¥���fõ�Þ� üû�¤ �û fi ¥� ×þ Âû ö� ¤¢ �î ,´ª�÷ ö���üõ [f ℄ = [f1℄[f2℄ � � � [fq℄�¤ I ¥� ff�1(U); f�1(V )g ¥�� Çª�� :üþ�Þ�û�¤) .´¨� V ¤¢ �fõ�Þ� �þ ø U ¤¢ý�ûù¥�� ¥� ��¹õ üä�Þµ�� �¤�¬ �� �¤ f�1(V ) ø f�1(U)Å³¨ ,�µêÂð ÂÑ÷ ¤¢(7)-25.1.4 ßþÂÞ� ¥� �Ø�þ� �þ ;À��î ù¢�Ôµ¨� I üð¢ÂÈê ¥� Å³¨ ø À�Æþ��� ¥��(.À��î ù¢�Ôµ¨� ,��� ¤¢ 8 ßþÂÞ� ¥� Â¡� ¤¢ .À��î ù¢�Ôµ¨�üÞÆ�ê¤�õ�ÿÞû ù�Ú÷� ,Àª�� ÝÆ�ê¤�õ�ÿÞû h : (0;1)! (0;1) Âð� �î À��î ´��� (1 (10ß��� �î À�û¢ ö�È÷ .f j(0;1) = h �î ¢¤�¢ ¢��ø ö��� f : [0;1℄ ! [0;1℄´¨� �µÆ� (0;1) = Int(I) ¤¢ �î (0; a℄ ùb¥�� �� :üþ�Þ�û�¤) .´¨� �µØþ ý� f
 ø b �î ,´¨� [
;1) �þ (0; b℄ ÛØª �� h((0; a℄) �î À�û¢ ö�È÷ ø ù¢�Þ÷ ����(.À�µÆû 1 ø 0 ß�� ý�Àä�.h(�I) = �I ù�Ú÷� ,Àª�� ÝÆ�ê¤�õ�ÿÞû h : I ! I Âð� �î À��î ´��� (2(.À��î ù¢�Ôµ¨� ýÀ�±Þû ¥� :üþ�Þ�û�¤)g : I ! g(I) ø f : I ! f(I) �î À�ª�� X ¤¢ üþ�úû�¤ g ø f À��î ­Âê (3.f � �g �þ f � g ù�Ú÷� ,f(I) = g(I) Âð� �î À��î ´��� .À�µÆû ÝÆ�ê¤�õ�ÿÞû(.À��î ù¢�Ôµ¨� ßþÂÞ� ß�Þû ¥� 2 ´ÞÆì ¥� :üþ�Þ�û�¤)157
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ý¢���� ùøÂð 7 ÛÊê �úû�¤ �Â® 1.7ø f : Int(I) ! f(Int(I)) �î À�ª�� X ¤¢ �µÆ� üþ�úû�¤ g ø f À��î ­Âê (4f(I) = g(I) Âð� �î À��î ´��� .À�µÆû ÝÆ�ê¤�õ�ÿÞû g : Int(I) ! g(Int(I)).f � �g �þ f � g ù�Ú÷� ,f(�I) = g(�I) ø

158
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ý¢���� ùøÂð 2.7 ý¢���� ùøÂð 7 ÛÊêý¢���� ùøÂð 2.7ù�¤ ø¢) �úû�¤ ¥� ý¥¤�Ýû ý�û�µ¨¢ �bä�Þ¹õ ¤¢ �Â® ÛÞä �î ÝþÀþ¢ Û±ì Ç¿� ¤¢ñ�¬� ¤¢ X ö�� üþ�Ìê ¤¢ (À�ª�� ����Þû f0;1g �� ´±Æ÷ �î À÷¥ ¤�Ýû ü�¤�¬ ¤¢­øÂÔõ ù�¤ ø¢ �ÂÌÜ¬�� ´¨� ßØÞõ �î ´¨� ßþ� �ó�bÆõ .¢¤�¢ ëÀ¬ ùøÂð �bä�®�õ�f��Î¬� ,À�îüõ Â��ç� ,ÂÚþ¢b�ÎÖ÷ �� ý��ÎÖ÷ ¥� ü÷�Þû ÂÊ�ä ß��»Þû ø ¢¢ÂÚ÷ ÓþÂã�¤¢ üúµ÷� ø �Àµ�� �� ø) �µÆ� ý�úû�¤ ¥� �ú�� ,ÛØÈõ ø¢ ßþ� Â� �±Üè ý�Â� !´¨� ¤ø��ª:Ý��îüõ ÓþÂã� §�¨� ßþ� Â� .Ý��îüõ ù¢�Ôµ¨� (­øÂÔõ �bÎÖ÷ ×þü�¤�¬ ¤¢ .f(0) = f(1) �î Ý���ð �µÆ� ü�¤�¬ ¤¢ �¤ f ù�¤ .ÓþÂã� 1.2.7.Ý���ðüõ ��÷ �ÖÜ� �¤ �µÆ� ù�¤ .Ý�õ�÷üõ f �b þ�� �¤ x �bÎÖ÷ ,f(0) = f(1) = x �î�(X; x) ¢�Þ÷ �� �¤ x 2 X ¤¢ �b þ�� �� �b µÆ� ý�úû�¤ ¥� ý¥¤� Ýû ý�û�µ¨¢ �bÞû �bä�Þ¹õ.Ý�û¢üõ ö�È÷ùøÂð ,[f ℄[g℄ = [f � g℄ �Â® ÛÞä �� ù�ÂÞû �(X; x) �bä�Þ¹õ .��Ìì 2.2.7.Àû¢üõ Û�ØÈ�ÂÊ�ä �î °ÜÎõ ßþ� Â�÷ ø Û±ì Ç¿� ¥� 7.1.7 ø 6.1.7 ��Ø�� �� ���� �� :��±��2 .´¨� üúþÀ� ÝØ� ,Àª��üõ ["x℄ ù¤��Þû ø ´Æ�÷ ¤ø��ª ÂÚþ¢ ü·�¡.Ý�õ�÷üõ x �bÎÖ÷ ¤¢ �b þ�� �� X ý¢���� ùøÂð �¤ �(X; x) .ÓþÂã� 3.2.7ýÂþÁ³µîÂª �� ���� �� ,ùø�ã� .[f ℄�1 = [ �f ℄ �î ¢�ª ���� .´ª�¢¢�þ 4.2.7üó�� ¤¢ .¢�Þ÷ ù¢�Ôµ¨� [f ℄[g℄[h℄ ¥� ö���üõ ([f ℄[g℄)[h℄ý�¹� ,�(X; x) ¤¢ �Â® ÛÞä.À��ø�Ôµõ °Üè� f � (g � h) ø (f � g) � h �Âþ¥ ,´¨� ü�ãõ ü� f � g � h �î.ßþÂÞ� 5.2.7?´¨� üõ��ó� x �bÎÖ÷ Âî£ �(X; x) ¤¢ �Â� (1�(X; x) = ù�Ú÷� ,Àª�� �µÆÆð ý¥�ó���� �� üû��µõ üþ�ÌêX Âð� �î À�û¢ ö�È÷ (2.1üþ�Öó� ý¥�ó���� �� ÍÜµ¿õ ¢�Àä� �bä�Þ¹õ Q �î ,Àþ¤ø� ´¨À� �¤ �(Q;0) ùøÂð (3.(´¨� ùÀª ­Âê ¢¤�À÷�µ¨� R Â� ý��ó����) Àª��üõ R ¥�159
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ý¢���� ùøÂð 7 ÛÊê ý¢���� ùøÂð 2.7¤¢ üþ�úû�¤ g ø f Âð� �î À�û¢ ö�È÷ .Àª�� �(X; x) = 1 �� üþ�Ìê X ÝþÂ�ð (4¥� :üþ�Þ�û�¤) .f � g ù�Ú÷� ,À�ª�� f(1) = g(1) ø f(0) = g(0) = x �� X(.À��î ù¢�Ôµ¨� (5)-11.1.7 ßþÂÞ�ÂÚõ ,¢¤�À÷ ¢��ø �(X; y) ø �(X; x) ß�� ¯�±�¤� ¢��ø ý�Â� ý�üÜî Û�ó¢ º�û.´ê�þ ö��µ� y �� x ¥� üû�¤ �Ø÷�,Àª�� �µª�¢ ¢��ø y �� x ¥� X ¤¢ üû�¤ Âð� .x; y 2 X ÝþÂ�ð .��Ìì 6.2.7.À�ê¤�õø�þ� �(X; y) ø �(X; x) ý�úûøÂð ù�Ú÷�ù�Ú÷� ,Àª�� x ¤¢ �b þ�� �� ý��µÆ� ù�¤ g Âð� .Àª�� y �� x ¥� üû�¤ f ÝþÂ�ð :��±��uf : �(X; x) ! ´ª�Ú÷ ßþ�Â���� .¢�� Àû��¡ y ¤¢ �b þ�� �� �µÆ� üû�¤ ( �f � g) � f�bÎ��® �� �(X; y)uf�[g℄� := [f ℄�1[g℄[f ℄ = [( �f � g) � f ℄�Âþ¥ ,´¨� �úûøÂð ß�� ÝÆ�ê¤�õ�Þû uf .Ý��îüõ ÓþÂã� �¤uf ([g℄[h℄) = uf ([g � h℄) = [ �f ℄[g � h℄[f ℄ = [ �f ℄[g℄[h℄[f ℄= [ �f ℄[g℄:([f ℄[ �f ℄):[h℄[f ℄ = ([ �f ℄[g℄[f ℄):([ �f ℄[h℄[f ℄)= uf ([g℄):uf ([h℄):�bÎ��® �� u �f : �(X; y) ! �(X; x) ´ª�Ú÷ �� ,x �� y ¥� �f ù�¤ ¥� ù¢�Ôµ¨� �� ñ��.(uf Æu �f )([g℄) = [g℄ �î ¢�¢ ö�È÷ ¢�ªüõ üµ��¤ �� .Ý�¨¤üõ u �f ([h℄) = [(f �h)� �f ℄2 .Àª��üõ ÝÆ�ê¤�õø�þ� �Áó ø ´¨� üþ�¨ ø¢ uf ßþ�Â����ý� x; y 2 X Âû ý�¥� �� ù�Ú÷� ,Àª�� üû�¤ À�±Þû X Âð� .�¹�µ÷ 7.2.7.À�ê¤�õø�þ� �(X; y) ø �(X; x) ý�úûøÂðùøÂð ¥� ,Àª�� üû�¤ À�±Þû X �î ü�¤�¬ ¤¢ ,��� ÝØ� �� ÂÑ÷ .ÓþÂã� 8.2.7ö�� �õ� .�(X) :¢�Þ÷ ý¤�¢¢�¡ �þ�� �bÎÖ÷ Âî£ ¥� ø ´Ôð ß¿¨ ö���üõ X ý¢����.Ý��îüõ ý¤�¢¢�¡ ö� éÁ� ¥� ,¢¤�À÷ ¢��ø �f Þä y �� x ¥� É¿Èõ üû�¤ùÀ�þ� ¤¢ .´¨� üõ��ó� 6.2.7 �b �Ìì ¤¢ üû�¤ À�±Þû ­Âê .´ª�¢¢�þ 9.2.7üêÂãõ ö�Øõ� ,¢¢Âðüõ üêÂãõ ý¢���� ý�úûøÂð �b ±¨�½õ«�Ê¡ ¤¢ ýÂµÈ�� ��÷�Øõ� �î.À�ê¤�õø�þ� Â�è �(X; y) ø �(X; x)ÓÜµ¿õ ý�û x; y 2 X ý�¥� �� �î ¢¤�¢ ¢��ø üó�·õ160
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ý¢���� ùøÂð 2.7 ý¢���� ùøÂð 7 ÛÊê.ßþÂÞ� 10.2.7¥� ü÷�ÆØþ ÝÆ�ê¤�õø�þ� üµìø �ú�� ø üµìø y �� x ¥� g ø f ý�úû�¤ À��î ´��� (1�îÂõ �� [g � �f ℄ ÂÊ�ä �î ,(uf = ug ü�ãþ) À��îüõ ÓþÂã� �(X; y) �� �(X; x)�¤�¬ �� ,G ­øÂÔõ ùøÂð Z(G) �îÂõ :üþ�Þ�û�¤) .Àª�� ÕÜãµõ �(X; x)(.¢¢Âðüõ ÓþÂã� Z(G) := fa 2 G j 8 b 2 G : ab = bagx ¥� f ù�¤ Í¨�� ùÀª É¿Èõ ÝÆ�ê¤�õø�þ� uf : �(X; x) ! �(X; y) ÝþÂ�ð (2ùøÂð �î ´¨� f ��¿µ÷� ¥� ÛÖµÆõ üµìø �ú�� ø üµìø uf À��î ´��� .Àª�� y ��.Àª�� üÜ�� �(X; x).Ýþ¥�¢Â�üõ ý¢���� ý�úûøÂð Â� �µ¨��� ý�úµª�Ú÷ Â���b� �b ãó�Îõ �� �õ�¢� ¤¢�¤�¬ ßþ� ¤¢ .´¨� �µ¨��� üµª�Ú÷ ' : X ! Y ÝþÂ�ð .Ýó 11.2.7.´¨� Y ¤¢ üû�¤ ' Æ f ù�Ú÷� ,Àª�� X ¤¢ üû�¤ f Âð� (1.' Æ f � ' Æ g ù�Ú÷� ,f � g Âð� (2¤¢ �b þ�� �� �µÆ� üû�¤ ' Æ f ù�Ú÷� ,Àª�� x 2 X ¤¢ �b þ�� �� �µÆ� üû�¤ f Âð� (3.Àª��üõ '(x) 2 Y,ý� [f ℄ 2 �(X; x) Âû ý�¥� �� ,11.2.7 Ýó �� ���� �� .ÓþÂã� 12.2.7'� : �(X; x)! ßþ�Â���� .Àª��üõ �(Y; '(x)) �� ÕÜãµõ ø ÓþÂãµª�¡ [' Æ f ℄ ÂÊ�ä'� ,Àã� Ýó �� ÂÑ÷ .¢�Þ÷ ÓþÂã� ö���üõ '�([f ℄) := [' Æ f ℄ �¤�¬ �� �¤ �(Y; '(x)).Ý�õ�÷üõ ' Í¨�� üþ�Öó� ´ª�Ú÷ �¤.´¨� �úûøÂð ß�� ÝÆ�ê¤�õ�Þû '� .Ýó 13.2.7´Ö�Ö� ¤¢ .´¨� ù¢�¨ ¤��Æ� :��±��'�([f ℄:[g℄) = '�([f � g℄) = [' Æ (f � g)℄= [(' Æ f) � (' Æ g)℄ = [' Æ f ℄:[' Æ g℄= '�([f ℄):'�([g℄)161
Copyright : Mehdi Nadjafikhah - IUST 18/9/05



ý¢���� ùøÂð 7 ÛÊê ý¢���� ùøÂð 2.72 .´¨� ��Þ� ö�ûÂ� ø.Ýþ¤�³¨üõ ùÀ�÷��¡ �� ßþÂÞ� ö���ä �� ø ,À���±�� Û��ì üµ��¤ �� ýÀã� ��Ø��.��Ìì 14.2.7�¤�¬ ßþ� ¤¢ ,À÷��µ¨���  : Y ! Z ø ' : X ! Y ý�úµª�Ú÷ À��î ­Âê (1.(' Æ  )� = '� Æ  �Â� ü÷�Þû ÝÆ�ê¤�õ�Þû 1� �¤�¬ ßþ� ¤¢ ,Àª�� ü÷�Þû ´ª�Ú÷ 1 : X ! X Âð� (2.´¨� '(X; x)�� .À�ê¤�õø�þ� ý¢���� ý�úûøÂð ý�¤�¢ ,é¤�õ�ÿÞû ý�û�Ìê .�¹�µ÷ 15.2.7'� : �(X; x) ! �(Y; '(x)) ù�Ú÷� ,Àª�� ÝÆ�ê¤�õ�ÿÞû ' : X ! Y Âð� ,ÂÚþ¢ ö���.´¨� ÝÆ�ê£�õø�þ�ý�Â� ýÀ÷ø¤ ,ý¢���� ùøÂð �b ±¨�½õ ,��� ��Ø�� �� ÂÑ÷ .´ª�¢¢�þ 16.2.7üÚ÷�Ú� üêÂãõ ý�Â� °¨��õ ý��÷�Þ÷ ßþ� .Àª��üõ Â±� ùb¥�� �� ý��ó���� Ûþ�Æõ ñ�Öµ÷�ý��ó���� ¥� �¤ Ûþ�Æõ ýÂ±� ý��ó���� ¤¢ ,âì�ø ¤¢ .Àª��üõýÂ±� ý��ó���� ¤¢ ÛÞäÛ¬��b �¹�µ÷ ¥� Å³¨ ø ,Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õ Â±� ¤¢ �¤ ö� ,ù¢�Þ÷ ÛÖµ�õ Â±� ��Âþ¥ �Âª �� ü��Êµ¿õ ý�¤�¢ ,À÷ø ¤ ßþ� .ÝþÂ�üõ ùÂú� ý��ó���� Ûþ�Æõ Û� ý�Â�:´¨�,(�þ�� ö���ä �� ö� ¥� ù��¿ó¢ �bÎÖ÷ Âû ý�¥� �� ø) ý��ó���� ý�Ìê Âû ý�¥� �� (1.Ýþ¤�¢ ¤��µ¡� ¤¢ (ý¢���� ùøÂð ����) üûøÂðÝÆ�ê¤�õ�Þû ����) üÞÆ�ê¤�õ�Þû ,ý��ó���� üþ�û�Ìê ß�� �µ¨��� ´ª�Ú÷ Âû ý�¥� �� (2.Ýþ¤�¢ ¤��µ¡� ¤¢ �ú÷��� Â�Ñ÷ ý�úûøÂð ß�� (üþ�Öó�.À�îüõ Ǒ�Öó� �¤ �Ï��Âõ ý�úÞÆ�ê¤�õ�Þû °�îÂ� ,üþ�Öó� ý�úµª�Ú÷ °�îÂ� (3.À�îüõ Ǒ�Öó� �¤ ü÷�Þû ÝÆ�ê¤�õ�Þû ,ü÷�Þû ´ª�Ú÷ (4.À��îüõ Ǒ�Öó� ÝÆ�ê¤�õø�þ� ,�úÞÆ�ê¤�õ�ÿÞû (5162
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ý¢���� ùøÂð 2.7 ý¢���� ùøÂð 7 ÛÊêý¢���� ý�úûøÂð ,é¤�õ�ÿÞû ý�û�Ìê ,15.2.7 �b¹�µ÷ §�¨� Â� �î ¢�ª ����ùøÂð ´¨� ßØÞõ' Àû¢üõ ö�È÷ �î ¢¤�¢ ¢��ø ü÷�ø�Âê ý�úó�·õ üóø ,À÷¤�¢ é¤�õø�þ�Âð� ,ñ�� ßþ� �� ."À�ª�±÷ é¤�õ�ÿÞû �Ìê ø¢ ö� �õ� ,À�ª�� é¤�õø�þ� �Ìê ø¢ ý¢����ø¢ ö� �fÞµ� �î ´êÂð �¹�µ÷ ö���üõ ,À�ª�±÷ é¤�õø�þ� ­øÂÔõ ý�Ìê ø¢ ý¢��� ùøÂð.À�ê¤�õ�ÿÞû Â�è �Ìê,Àª�� �µª�¢ �¤ ��� ¤¢ ¤�îÁõ 5 �� 1 «��¡ �î ýÂÒ��� .´ª�¢¢�þ 17.2.7ý¤�Ú��î ¥� ý¤�µØ÷�ê ,� ý¢���� ùøÂð �b ±¨�½õ ,ÂµÖ�ì¢ ö��� �� .¢�ªüõ ùÀ�õ�÷ ¤�µØ÷�ê.� : T OP ! GRO :Àª��üõ GRO �ûøøÂð ý¤�Ú��î �� T OP ý��ó���� ý�û�ÌêýÂµõ ý�û�Ìê ý¤�Ú��î ¥�M ¤�µØ÷�ê ö���üõ ,¤�µØ÷�ê ¥� ÂÚþ¢ ý��÷�Þ÷ ö���ä ��,­øÂÔõ ýÂµõ ý�Ìê Âû �� �î ,¢Â� ��÷ T OP ý��ó���� ý�û�Ìê ý¤�Ú��î ��MET´±Æ÷ �¤ ´ª�Ú÷ ö� ¢�¡ ,´ª�Ú÷ Âû �� ø ;Àû¢üõ ´±Æ÷ �¤ ö� Â� ý��ó���� ¤�µ¡�¨.Àû¢üõ.ßþÂÞ� 18.2.7�� Â�Ñ÷ '� ´ª�Ú÷ �î Àþ¤ø��� ' : X ! Y ×�±Øþ ø �µ¨��� ´ª�Ú÷ ¥� üó�·õ (1(.�(D 2 ; x) = 1 ø �(S1; x) = Z À��î ­Âê :üþ�Þ�û�¤) .Àª�±÷ ×�±Øþ ,ö�,ö� �� Â�Ñ÷ '� ´ª�Ú÷ �î Àþ¤ø��� ' : X ! Y �ª�� ø �µ¨��� ´ª�Ú÷ ¥� üó�·õ (2.Àª�±÷ �ª��X ¤¢ y �� x ¥� üû�¤ f ø Àª�� �µ¨��� ' : X ! Y ´ª�Ú÷ Âð� �î À��î ´��� (3u'Æf ø uf �î ,'� Æ uf = u'Æf Æ ' : �(X; x) ! �(Y; '(y)) ù�Ú÷� ,Àª��ý�úûøÂð ö��õ 'Æf ø f °��Âµ� ý�úû�¤ Í¨�� ùÀªÉ¿Èõ ý�úÞÆ�ê¤�õø�þ�.À�ª��üõ ý¢����ý�úµª�Ú÷ �î À��î ´��� .x0 2 X ø À�µÆû ý��ó���� ý�û�Ìê Y ø X À��î­Âê (4�(X; x0) ¥� ü÷�ÆØþ ÝÆ�ê¤�õ�Þû ü�¤�¬ ¤¢ '(x0) =  (x0) ��  ; ' : X ! Y.À�ª�� ����Þû x0 �� ´±Æ÷  ø ' �î À��îüõÉ¿Èõ �(Y; '(x0)) ��ý�µ�� ´ª�Ú÷ ø r : X ! A­�±Ö÷� ´ª�Ú÷ �� X ý�Â� ü®�±Ö÷� A À��î­Âê (5ÝÆ�ê¤�õ��õ i� : �(A; a)! �(X; a) À��î ´��� .a 2 A ø Àª��üõ i : A ,! Xr� : �(X; a)! �(A; a)´ª�Ú÷ ø ;(Àª��üõ×�±Øþ ÝÆ�ê¤�õ�Þû ,ü�ãþ) ´¨�.(Àª��üõ �ª�� ÝÆ�ê¤�õ�Þû ,ü�ãþ) ´¨� ÝÆ�ê¤�Þ���163
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ý¢���� ùøÂð 7 ÛÊê ý¢���� ùøÂð 2.7�(X; a) ¥� ñ�õÂ÷ üûøÂðÂþ¥ i�(�(A; a)) À��î­Âê ,��� ßþÂÞ� ¤¢ ��®øÂÔõ �� (6Image(i�) := ý�úûøÂðÂþ¥ Ý�ÖµÆõ �ÂÌÜ¬�� �(X; a) À��î ´��� .´¨�.Àª��üõ Kernel(r�) := r�1� (["a℄) ø i�(�(A; a))ßþ� ¤¢ ,a 2 A ø Àª�� X ý�Â� ý�ì üÆþ¢Âð¢ ­�±Ö÷� A Âð� �î À�û¢ ö�È÷ (7i� : �(A; a) ! ÝÆ�ê¤�õø�þ� Ǒ�Öó� °��õ i : A ,! X ý�µ�� ´ª�Ú÷ ,�¤�¬.¢�ªüõ �(X; a),x0 2 X ø Àª�� ' ' 1X �� �µ¨��� üµª�Ú÷ ' : X ! X Âð� �î À�û¢ ö�È÷ (8:üþ�Þ�û�¤) .´¨� ÝÆ�ê¤�õø�þ� '� : �(X; x0) ! �(X;'(x0)) ´ª�Ú÷ ù�Ú÷�(.À��î ���� 19.2.7 �b �Ìì ��±�� �� ,ÀþÀª ¤���÷ Âð�.Àª�� üõ (4)-15.4.7 ßþÂÞ� Ý�Þã� ýÀã� ÝØ�F : ' '  ,�µ¨��� üþ�úµª�Ú÷  ; ' : X ! Y ÝþÂ�ð .��Ìì 19.2.7ø ,f(t) = F (x0; t) �bÎ��® �� ù�¤ f : I ! X Ý��î ­Âê .Àª�� x0 2 X ø ü����Þû�¤�¬ ßþ� ¤¢ .Àª�� �(Y;  (x0)) �� �(X; x0) ¥� f ù�¤ Í¨�� ü��Öó� ÝÆ�ê¤�õø�þ� uf � : �(X; x0) ! ø '� : �(X; x0) ! �(X;'(x0)) ü��Öó� ý�úÞÆ�ê¤�õ�Þû.À÷¤�¢ ëÀ¬  � = uf Æ '� �bÎ��¤ ¤¢ �(X; (x0))[ Æ g℄ = [( �f � (' Æ ù�Ú÷� ,[g℄ 2 �(X; x0) Âð� �î Ý�û¢ ö�È÷ Ý�û��¡üõ :��±��Ýû  Æg ø ( �f � ('Æg))�f ý�úû�¤ �î Ý�û¢ ö�È÷ Ý�û��¡üõ ,ÂÚþ¢ ö��� �� .g))�f ℄Ýþ¤�¢ ,f(t) = F (x0; t) ø (' Æ g)(t) = F (g(t);1) ö�� �î ¢�ªüõ �Ñ��õ .À÷¥ ¤��( �f � (' Æ g)) � f�(t) = 8<: f(1� 4t) 0 � t � 1=4 Âð�(' Æ g)(4t� 1) 1=4 � t � 1=2 Âð�f(2t� 1) 1=2 � t � 1 Âð�= 8<: F (x0;1� 4t) 0 � t � 1=4 Âð�F (g(4t� 1);0) 1=4 � t � 1=2 Âð�F (x0;2t� 1) 1=2 � t � 1 Âð���  Æ g �î ¢�ª ���� ´¨� üê�î , Æ g ø ( �f � (' Æ g) ö¢�� ����Þû ùbÀû�Èõ ý�Â��¤ ("x � ( Æ g))"x ù�¤ ,�õ� .x =  (x0) �¹�þ� ¤¢ �î ,´¨� ¥ ¤� Ýû ("x � ( Æ g))"x:´ª�÷ ö���üõ Âþ¥ �¤�¬ ���("x � ( Æ g))"x�(t) =8<: F (x0;1) 0 � t � 1=4 Âð�F (g(4t� 1);0) 1=4 � t � 1=2 Âð�F (x0;1) 1=2 � t � 1 Âð�164
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ý¢���� ùøÂð 2.7 ý¢���� ùøÂð 7 ÛÊê�bÎ��® �� H : I � I ! Y ´ª�Ú÷ ,�õ�¢� ¤¢H(t; s) = 8<: F (x0;1� 4t(1� s)) 0 � t � 1=4 Âð�F (g(4t� 1); s) 1=4 � t � 1=2 Âð�F (x0;1+ 2(t� 1)(1� s)) 1=2 � t � 1 Âð�ùø�ã� ø ,´¨� �µ¨��� ��®ø �� ´ª�Ú÷ ßþ� .Ý��îüõ ÓþÂã� �¤H(t;0) = �( �f � (' Æ g)) � f�(t); H(t;1) = �("x � (' Æ g)) � "x�(t);H(0; s) = F (x0;1) =  (x0); H(1; s) = F (x0;1) =  (x0):2 .´¨� ��Þ� ö�ûÂ� ø ,( �f � (' Æ g)) � f � ("x � (' Æ g)) � "x �  Æ g ,ßþ�Â����ÂþÁ³Ìþ�ã� ¤�¢�Þ÷ §�¨� Â� ��� ÝØ� ö��� ý�Â� ýÂÚþ¢ ©ø¤ .´ª�¢¢�þ 20.2.7:¢¤�¢ ¢��ø Âþ¥�(X; x0) '� - �(Y; '(x0))QQQQQQs � ?uf�(Y;  (x0))ßþ� ¤¢ ,x 2 X ø Àª�� ü����Þû ý¥¤� Ýû ' : X ! Y Âð� .��Ìì 21.2.7.´¨� ÝÆ�ê¤�õø�þ� '� : �(X; x)! �(Y; '(x)) ´ª�Ú÷ �¤�¬¢¤�¢ ¢��ø ö���  : Y ! X �µ¨��� üµª�Ú÷ ,´¨� ü����Þû ý¥¤� Ýû ' ö�� :��±��.uf Æ ( Æ ')� ' 1X� Ýþ¤�¢ 19.2.7 �b �Ìì �� ��� . Æ ' ' 1X ø ' Æ  ' 1Y �îÝÆ�ê¤�õø�þ� ��÷ ( Æ ')� =  � Æ '� ´ª�Ú÷ ,À�µÆû ÝÆ�ê¤�õø�þ� 1X� ø uf ö���¤�¬ �� .´¨� '� ö¢�� ÝÆ�ê¤�õ��õ ø  � ö¢�� ÝÆ�ê¤�Þ��� ü�ãõ �� �î ;Àª��üõÝÆ�ê¤�õ��õ ø '� ö¢�� ÝÆ�ê¤�Þ��� ü�ãõ �� �î ;´¨� ÝÆ�ê¤�õø�þ� ��÷ '� Æ  � ���Èõ2 .´¨� ��Þ� ö�ûÂ� ø ,´¨�  � ö¢��.´¨� üúþÀ� ,ÂþÁ� ­�±Ö÷� ý�Ìê Âû ý¢���� ùøÂð .�¹�µ÷ 22.2.7,´¨� üúþÀ� ö�Èþ¢���� ùøÂð �î üû�¤ À�±Þû ý�û�Ìê ¢¤�õ ¤¢ ü¬�Ê¿� ��Î¬�.¢�ªüõ ù¢�Ôµ¨�165
Copyright : Mehdi Nadjafikhah - IUST 18/9/05



ý¢���� ùøÂð 7 ÛÊê ý¢���� ùøÂð 2.7�î Ý���ð ù¢�¨ À�±Þû ü�¤�¬ ¤¢ �¤ X ý��ó���� ý�Ìê .ÓþÂã� 23.2.7ø) x 2 X ×þ ý�¥� �� ,ü�ãþ .Àª�� üúþÀ� ö� ý¢���� ùøÂð ø ù¢�� üû�¤ À�±Þû.�(X; x) = 1 Ý�ª�� �µª�¢ (ý� x 2 X Âû ßþ�Â����ÝØ� ßþ� ÅØä .À�µÆû ù¢�¨ À�±Þû ,ÂþÁ� ­�±Ö÷� ý�û�Ìê .�¹�µ÷ 24.2.7.´Æ�÷ ´¨¤¢ üÜî ´ó�� ¤¢.ßþÂÞ� 25.2.7���� (5)-21.3.6 ßþÂÞ� ��) Àª�� X ý�Â� üÔ�ã® ­�±Ö÷� A À��î ­Âê (1ø r� : �(X; a) ! �(A; a) ü��Öó� ý�úÞÆ�ê¤�õ�Þû ¢¤�õ ¤¢ .a 2 A ø (¢�ª?´Ôð ö���üõ ý�üÜî ÝØ� �� i� : �(A; a)! �(X; a)�b µÆ� ù�¤ Âû ý�¥� �� �î ´¨� C ´�¬�¡ ý�¤�¢ X ý�Ìê Ý���ðüõ ü�¤�¬ ¤¢ (2ý�¥� �� �î ¢�ª ´ê�þ ý��÷�ð �� F : I � I ! X ü����Þû ×þ ,f : I ! X.F (t;0) = f(t) ø F (t;1) = F (0;1) ,F (0; s) = F (1; s) ý� s; t 2 I ÂûÀ�û¢ ö�È÷ .Àª�� f0;1g �� ´±Æ÷ ü±Æ÷ ü����Þû F ¢¤�À÷ üõø�ó �î ¢�ª ����X �î ´¨� ö� ,Àª�� C ´�¬�¡ ý�¤�¢ X �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª �î.Àª�� ù¢�¨ À�±Þûüû�¤ À�±Þû U\V ø ,À�µÆû ù¢�¨ À�±Þû ø ¥�� V ø U �îX = U[V À��î­Âê (3ù�Ú÷� ,n � 2 Âð� �î ÀþÂ�Ú� �¹�µ÷Å³¨ .´¨� ù¢�¨ À�±ÞûX À��î ´��� .´¨�ù¢�Ôµ¨� (9) ø (5)-11.1.7 ���þÂÞ� ¥� :üþ�Þ�û�¤) .´¨� ù¢�¨ À�±Þû Sn(.¢�ªö�È÷ �¤ ö�È�ÂÌÜ¬�� ý¢���� ùøÂð ø �û�Ìê ý¢���� ùøÂð ß�� ¯�±�¤� ,ýÀã� ÝØ�.Àû¢üõùøÂð .À�ª�� üû�¤ À�±Þû Y ø X ý��ó���� ý�û�Ìê ÝþÂ�ð .��Ìì 26.2.7.´¨� é¤�õø�þ� Y ý¢���� ùøÂð ø X ý¢��� ùøÂð �ÂÌÜ¬�� �� X � Y ý¢����üã�±Ï Âþø�Ê� ÂÚÈþ�Þ÷ q : X � Y ! Y ø p : X � Y ! X ÝþÂ�ð :��±���¤�¬ �� �¤ ' : �(X�Y; (x0; y0))! �(X; x0)��(Y; y0) ´ª�Ú÷ ,ö��î� .À�ª��.Ý��îüõ ÓþÂã� '([f ℄) = �p�([f ℄); q�([f ℄)� = ([p Æ f ℄; [q Æ f ℄)166
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ý¢���� ùøÂð 2.7 ý¢���� ùøÂð 7 ÛÊêø ,f � g ù�Ú÷� ,[f ℄ = [g℄ Âð� .´¨� ÓþÂãµª�¡ ' �î Ý��îüõ Õ�Ö½� �Àµ��,F (t;0) = f(t) �î ¢¤�¢ ¢��ø ö��� F : I � I ! X � Y �µ¨��� üµª�Ú÷ ßþ�Â�����b µ¨��� ý�úµª�Ú÷ �¤�¬ ßþ� ¤¢ .F (0; s) = F (1; s) = (x0; y0) ø F (t;1) = g(t)ý�úþ¥ ¤� Ýû �ÂÏ °��õ °��Âµ� ,q Æ F : I � I ! Y ø p Æ F : I � I ! X.´¨� ÓþÂãµª�¡ ' ø '([f ℄) = '([g℄) Å� .À÷�ªüõ q Æ f � q Æ g ø p Æ f � p Æ g´ª�Ú÷ .([f1℄; [f2℄) 2 �(X; x0)��(Y; y0) Ý��î­Âê ,' üþ�ª�� ùbÀû�Èõ ý�Â�´¨� ßªø¤ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(t) = (f1(t); f2(t)) �bÎ��® �� f : I � I ! X � Y.'([f ℄) = ([f1℄; [f2℄) �¤�¬ ßþ� ¤¢ �î�¤�¬ ßþ� ¤¢ ,'([f ℄) = '([g℄) Ý��îüõ ­Âê ,' ö¢�� ×�±Øþ ö¢�¢ ö�È÷ ý�Â�F2 : I � I ! ø F1 : I � I ! X �»÷��� .q Æ f � q Æ g ø p Æ f � p Æ g�bÎ��® �� F : I � I ! X � Y �¤�¬ ßþ� ¤¢ ,À��î ö��� �¤ ý¥¤� Ýû ø¢ ßþ� YÝû °��õ ø ;´¨� f0;1g �� ´±Æ÷ ü±Æ÷ ü����Þû F (t; s) = �F1(t; s); F2(t; s)�.[f ℄ = [g℄ ßþ�Â���� .¢�ªüõ F : f � g ý¥¤�f(1) = g(0) �� üþ�úû�¤ f; g : I ! X � Y Âð� �î üúþÀ� ÝØ� ßþ� ¥� ,��¹÷�Â¨�¹�µ÷ ,q Æ (f � g) = (q Æ f) � (q Æ g) ø p Æ (f � g) = (p Æ f) � (p Æ g) ù�Ú÷� ,À�ª��2 .´¨� ÝÆ�ê¤�õ�Þû ' �î ÝþÂ�ðüõù¢¤ø� ��Ìì ßþ� ��±�� ý�Â� ýÂÚþ¢ ©ø¤ ,���þÂÞ� ¤¢ .´ª�¢¢�þ 27.2.7.´¨� ùÀª.ßþÂÞ� 28.2.7.´¨� ù¢�¨ À�±Þû ,ù¢�¨ À�±Þû ý�Ìê ø¢ �ÂÌÜ¬�� �î À�û¢ ö�È÷ (1ø x0 2 X ¤¢ °��Âµ� �b þ�� �� �b µÆ� üúû�¤ g : I ! Y ø f : I ! X ÝþÂ�ð (2ý�µ�� ý�úµª�Ú÷ j : Y ,! X � Y ø i : X ,! X � Y ÝþÂ�ð .À�ª�� y0 2 Y(iÆf)�(jÆg)ý�úû�¤ À�û¢ ö�È÷ .j(y) := (x0; y) ø i(x) := (x; y0) :À�µÆû.À÷¥ ¤� Ýû X � Y ¤¢ (j Æ g) � (i Æ f) ø([f ℄; [g℄) 7! [(iÆf)�(jÆg)℄´ª�Ú÷ �î À�û¢ ö�È÷ ,(2) ßþÂÞ� ¤¢ ��®øÂÔõ �� (3.´¨� �úûøÂð ß�� ÝÆ�ê¤�õø�þ� �(X�Y; (x0; y0)) �� �(X; x0)��(Y; y0) ¥�,ý��ó���� ø üûøÂð ¤�µ¡�¨ ý�¤�¢ Gý��ä�Þ¹õ ¥� ´¨� �¤�±ä Gý��ó���� ùøÂð (4°��Âµ� �bÎ��® �� � : G ! G ø � : G � G ! G ý�úµª�Ø÷ �î ý�½÷ ��167
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ý¢���� ùøÂð 7 ÛÊê ý¢���� ùøÂð ��úÔõ Ý�Þã� 3.7¤¢ �b µÆ� ù�¤ ø¢ h ø f À��î ­Âê .À÷��µ¨��� �(g) = g�1 ø �(g1; g2) = g1g2(f:h)(t) := f(t)h(t)�¤�¬ �� �¤ f:h : I ! G´ª�Ú÷ .À�µÆû e ¤¢ �b þ�� �� Gý¢���� ùøÂð �î ÀþÂ�Ú� �¹�µ÷ ø f �h � f:h � h�f À��î ´��� .Ý��îüõ ÓþÂã��� : �(G; e) ! ÝÆ�ê¤�õ�Þû �î À�û¢ ö�È÷ ,ùø�ã� .´¨� üÜ�� �(G; e).À�îüõ ÛÞä ��([f ℄) = [f ℄�1 �¤�¬ �� �(G; e)�(z1; z2) = z1z2 �¤�¬ �� S1 � C ­Âê �� �¤ � : S1� S1 ! S1 ´ª�Ú÷ (5�(z) = z�1 �¤�¬ �� �¤ � : S1 ! S1 ´ª�Ú÷ ,ß��»Þû .Ý��îüõ ÓþÂã�üÜ�� �(S1; 1) ÀþÂ�Ú� �¹�µ÷ .´¨� ý��ó���� ùøÂð S1 À��î ´���.Ý��îüõ ÓþÂã�.´¨�­Âê .Àª��X ý�Ìê ¥� ý��ÎÖ÷ x0 ÝþÂ�ð .´¨� (4) ´ÞÆì Ý�Þã� ßþÂÞ� ßþ� (6x 2 Âû ý�¥� �� �î ¢¤�¢ ¢��ø ö��� � : X � X ! X �µ¨��� üµª�Ú÷ À��îi; j : X ! X � X Âð� �î À��î ´��� .�(x0; x) = �(x; x0) = x ý� Xßþ� ¤¢ ,À�ª�� j(x) = (x0; x) ø i(x) = (x; x0) ý�µ�� ý�úµª�Ú÷ ÂÚÈþ�Þ÷,��� ¤¢ (4) ßþÂÞ� ¥� ù¢�Ôµ¨� �� ,Å³¨ .��(i Æ f) � (j Æ g)� = f � g �¤�¬.´¨� üÜ�� �(X; x0) ùøÂð �î ÀþÂ�Ú� �¹�µ÷¤¢ �¤ X ý�Ìê .´¨� ���þÂÞ� �bä�Þ¹õ ß�Þû ¥� 6 ´ÞÆì Ý�Þã� �ó�bÆõ ßþ� (7�µ¨��� üµª�Ú÷ �î Ý���ð (Heinz HopfÓ��û ��þ�û ¤�¿µê� ��) �Ìê�H ü�¤�¬� Æ i 'fx0g ý� x0 2 X �bÎÖ÷ ý�¥� �� �î ¢�ª ´ê�þ ö��� � : X �X ! XÛ±ì ßþÂÞ� ¤¢ ùÀª üêÂãõ ý�µ�� ý�úµª�Ú÷ j ø i �î ;� Æ j 'fx0g 1X ø 1XÂû �(X; x0) ý¢���� ùøÂð À��î ´��� .�(x0; x0) = x0 �î ¢�ª ���� .À�µÆû�((iÆf)� (j Æg)) � À�û¢ ö�È÷ :üþ�Þ�û�¤) .´¨� üÜ�� ,­øÂÔõ ý�Ìê�H(.f � gý¢���� ùøÂð ��úÔõ Ý�Þã� 3.7.Àª ù¢�Ôµ¨� (ý��ó���� ý�Ìê �� I � R ¥� â���� ,ü�ãþ) ù�¤ ¥� ý¢���� ùøÂð ÓþÂã� ¤¢�î ,¢�ªüõ ù¢�Ôµ¨� �1(X; x) ¢�Þ÷ ¥� �(X; x) ý�¹� °µî ü¡Â� ¤¢ üÜ�ó¢ ß�Þû ��.¢¥�¨üõ Ýû�Âê �¤ ù�¤ ��úÔõ ¥� üÞ�Þã� Âþ¥ ÓþÂã� .´¨� R Àã� ß�±õ 1 ÅþÀ÷�168
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ý¢���� ùøÂð ��úÔõ Ý�Þã� 3.7 ý¢���� ùøÂð 7 ÛÊê¤¢ ¤�� n ¢�Àã� �� I ý��ó���� �ÂÌÜ¬�� In �î ü�¤�¬ ¤¢ .ÓþÂã� 1.3.7.Àª��üõ f : In ! X ÛØª �� �µ¨��� üµª�Ú÷ ,X ¤¢ ù�¤�n ¥� ¤�Ñ�õ ,Àª�� ©¢�¡�In = f(t1; � � � ; tn) j 9 i : ti 2 �¤�¬ �� �¤ In ¥Âõ .ÓþÂã� 2.3.7�µ¨��� üµª�Ú÷ ,x0 2 X ¤¢ �b þ�� �� �b µÆ� ù�¤�n ¥� ¤�Ñ�õ .¢�¢ ö�È÷ ö���üõ f0;1ggü�¤�¬ ¤¢ �¤ x0 ¤¢ �b þ�� �� g ø f �b µÆ� ù�¤�n ø¢ .f(�In) = x0 �î ´¨� f : In ! X�bÞû �bä�Þ¹õ �n(X; x0) À��î ­Âê .À�ª�� ����Þû fx0g �� ´±Æ÷ �î Ý���ð ¤� Ýû.Àª�� x0 ¤¢ �b þ�� �� �b µÆ� ý�úû�¤�n ¥� ý¥¤� Ýû ý�û�µ¨¢�� �¤ �ú÷� �ÂÌÜ¬�� .[f ℄; [g℄ 2 �n(X; x0) Ý��î ­Âê .ÓþÂã� 3.3.7ö� ¤¢ �î ,Ý��îüõ ÓþÂã� [f ℄[g℄ = [f � g℄ �¤�¬(f � g)(t) := � f(2t1; t2; � � � ; tn) 0 � t1 � 1=2 Âð�f(2t1 � 1; t2; � � � ; tn) 1=2 � t1 � 1 Âð�.(ßþÂÞ�) ¢�¢ ö�È÷ �¤ �Â® ßþ� üÔþÂãµª�¡ ö���üõ üµ��¤ ���n(X; x0) .´¨� ùøÂð ,��� ¤¢ ùÀª ÓþÂã� �Â® �� �n(X; x0) .��Ìì 4.3.7.Ý�õ�÷üõ x0 ¤¢ �b þ�� �� X ý¢���� ùøÂð�n �¤,ñ�� ßþ� �� .Àª�±÷ üÜ�� �1(X; x0) = �(X; x0) ´¨� ßØÞõ üÜî ´ó�� ¤¢.Ýþ¤�¢ �¤ Âþ¥ ÝØ�.´¨� üÜ�� �n(X; x0) ùøÂð ù�Ú÷� ,n � 2 Âð� .��Ìì 5.3.7.ßþÂÞ� 6.3.7.´¨� ùøÂð �(X; x0) :À��î ´��� �¤ 4.3.7 �b �Ìì (1ø �n(X; x) ù�Ú÷� ,Àª�� �µª�¢ ¢��ø y �� x ¥� X ¤¢ üû�¤ Âð� �î À��î ´��� (2.À�ê¤�õø�þ� �n(X; y)'� : �n(X; x)!ü��Öó� ´ª�Ú÷ .´¨� �b µ¨��� üµª�Ú÷ ' : X ! Y À��î­Âê (3ß��»Þû .´¨� ÝÆ�ê¤�õ�Þû '� À��î ´��� ?À��îüõÓþÂã� ¤�Î� �¤ �n(Y; '(x)).À��î ��±�� �n(X; x) ��� �b ±�Âõ ý¢���� ý�úûøÂð ´ó�� ý�Â� �¤ 14.2.7 �b �Ìì.À÷¤�¢ é¤�õø�þ� ý¢���� ý�úûøÂð ,é¤�õ�ÿû ý�û�Ìê �î ÀþÂ�Ú� �¹�µ÷169
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ý¢���� ùøÂð 7 ÛÊê ý¢���� ùøÂð ��úÔõ Ý�Þã� 3.7é¤�õø�þ� ý��� �b ±�Âõ ý¢���� ý�úûøÂð ,ü����Þû á�÷ Ýû ý�û�Ìê �î À��î ´��� (4.À÷¤�¢n � ø x0 2 X Âð� �î À��î ´��� :ÂÚþ¢ ö��� �� .À��î ´��� �¤ 5.3.7 �b �Ìì (55.7 ÛØª ¤¢ �øÂÈõ ©ø¤ ¥� :üþ�Þ�û�¤) .´¨� üÜ�� �n(X; x0) ù�Ú÷� ,2(.À��î ù¢�Ôµ¨�(5)-6.3.7 ßþÂÞ� �� ¯��Âõ :5.7 ÛØª

��±�� ö���üõ ý¢øÀ� �� �¤ (4)-6.3.7 ßþÂÞ� ÝØ� öø¤�ø .´ª�¢¢�þ 7.3.7âÞµ¹õ�CW ø¢ Âû �f ·õ ,ü�ãþ) À�ª��«�Ê¿� á�÷ ¥� Y øX Âð� �î ü�ãõ ßþ� �� .¢�Þ÷n � Âû ý�¥� �� �î Àª�� �µ¨��� üµª�Ú÷ ' : X ! Y Âð� ��÷ ø (À�ª�� üû�¤ À�±Þûßþ� ¤¢ ,´¨� ÝÆ�ê¤�õø�þ� '� : �n(X; x0) ! �n(Y; '(x0)) ü��Öó� ´ª�Ú÷ ý� 1.´¨� °Æµ�õ Àúµþ�ø .§ .û .� �� ��Ìì ßþ� .´¨� ü����Þû ý¥¤� Ýû ' �¤�¬

170
Copyright : Mehdi Nadjafikhah - IUST 18/9/05



S1 ùÂþ�¢ ý¢���� ùøÂð 4.7 ý¢���� ùøÂð 7 ÛÊêS1 ùÂþ�¢ ý¢���� ùøÂð 4.7Ç¿� ßþ� ¤¢ .Ýþ�ù¢ÂØ÷ �±¨�½õ �¤ üþ�Ìê ý¢���� ùøÂð ,üúþÀ� ¢¤��õ ¤¢ �¹� �¹�þ� ��Z ¼�½¬ ¢�Àä� üãÞ� ùøÂð ö� ¾¨�� �î ;Ý��îüõ �±¨�½õ �¤ S1 ùÂþ�¢ ý¢���� ùøÂð:¢�Þ÷ ùÀû�Èõ ö���üõ Âþ¥ �¤�¬ �� ý¢�úª �¤�¬ �� �¤ ÝØ� ßþ� .´¨�ùÂþ�¢ ¢Âð �� ¤�� É¿Èõ ý¢�Àã� S1 ùÂþ�¢ ¥� 1 2 S1 ¤¢ �b þ�� �� f �b µÆ� ù�¤ Âûf(t) ø ù¢�Þ÷ áøÂª f(0) = 1 ��) .Ý�õ�÷üõ f �b�¤¢ �þ Ç¡Â� �¤ ¢Àä ßþ� ;À¡Â�üõ,¢¢ÂÚ� ´ä�¨ ý�û��ÂÖä ´îÂ� ´ú� ¤¢ ù�ð Âû ;ÝþÂ�ðüõ ÂÑ÷ ¤¢ t ¢�þ¢¥� ñ�� ¤¢ �¤.Ý�û¢üõ ¥��µõ� 1 ,¢¢ÂÚ� ´ä�¨ ý�û��ÂÖä ´îÂ� é�¡´ú� ¤¢ ù�ð Âû ø ¥��µõ� �1¤¢ �b þ�� �� �b µÆ� ù�¤ Âû ý�¥� �� ,°��Â� ßþ� �� (.´¨� Ç¡Â� ¢Àä ö�Þû Â��Â� Ûî ¥��µõ�À÷¥ ¤� Ýû üµìø �ú�� ø üµìø �µÆ� ù�¤ ø¢ �î ¢�ªüõ ´��� .Àþ�üõ ´¨À� ý¢Àä ,1�� �î ¢�ªüõ ´��� ,��¹÷� Â¨ .À�ª�� ��¤¢ Ýû �î (À�����Þû f0;1g �� ´±Æ÷ ,ü�ãþ).¢¤�¢ ¢��ø n �b�¤¢ ¥� üû�¤ ,n­øÂÔõ ¼�½¬ ¢Àä Âû ý�¥�.Ýþ¤�¢ ¥��÷ Âþ¥ ÓþÂã� �� ,��¤¢ ÓþÂã� ¤¢ �¥� ´�ê�Ôª ��¹þ� ´ú� ��t 7! exp(2�it) �¤�¬ �� �¤ e : R ! S1 üþ�Þ÷ ´ª�Ú÷ .ÓþÂã� 1.4.7.Ý��îüõ ÓþÂã�ùø�ã� .´¨� �ª�� ø �µ¨��� e : R ! S1 üþ�Þ÷ ´ª�Ú÷ .Ýó 2.4.7;e(t+ n) = e(t) ý� n 2 Z Âû ø t 2 R Âû ý�¥� �� (1«�¡ ´ó�� ¤¢ ø ;e�1(exp(2�it0)) = Z+ t0 := ft0 + n jn 2 Zg (2.e�1(1) = Z (3¤¢ Âþ�Ê� e ,ÝþÂ�Ú� ÂÑ÷ ¤¢ º��¤�õ �¤�¬ �� �¤ üÖ�Ö� ¤�½õ Âð� ,ý¢�úª ÂÑ÷ ¥�.¢�ª ���� 6.7 ÛØª �� .Àª��üõ ö� ¤�½õ ¢�Àµõ�ý�¥� �� �î Ý�û¢üõ ö�È÷ :´ª�¢ ¤�úÒ� ö���üõ ß��� �¤ �(S1; 1) = Z��±�� ùbÀþ�~f(0) = 0 �� ~f : I ! R �µØþ üµª�Ú÷ ,f(0) = f(1) = 1 �� f : I ! S1 ù�¤ ÂûüµÆþ�� ,f(1) = 1 ö�� .(Ý�õ�÷üõ f â�êÂ� �¤ ~f ´ª�Ú÷) ¢¤�¢ ¢��ø e Æ ~f = f øö�È÷ ,Å³¨ .Ý�õ�÷üõ f �b�¤¢ �¤ ¼�½¬ ¢Àä ßþ� ; ~f(1) 2 e�1(1) = Z Ý�ª�� �µª�¢ßþ� . ~f0(1) = ~f1(1) ù�Ú÷� ,À�ª�� ¥ ¤� Ýû S1 ¤¢ f1 ø f0 ý�úû�¤ Âð� �î Ý�û¢üõÝ�û¢üõ ö�È÷ Â¡� �Àì ¤¢ �î ,¢¢Âðüõ �(S1; 1) ! Z ÛØª �� üµª�Ú÷ �ÂÏ ¶ä��.Àª��üõ ÝÆ�ê¤�õø�þ�.Ý�û¢üõ Ý�Þã� ÓÜµ¿õ ý�û�Ìê �� Àã� ÛÊê ¤¢ �¤ ©ø¤ ßþ�171
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ý¢���� ùøÂð 7 ÛÊê S1 ùÂþ�¢ ý¢���� ùøÂð 4.7e üþ�Þ÷ ´ª�Ú÷ ý¢�úª Â�±ã� :6.7 ÛØª

V = I\e�1(U) � ø Àª�� S1�f1g ¥� ¥�� ý��ä�Þ¹õ Âþ¥ U ÝþÂ�ð .Ýó 3.4.7V +n := fv+n j v 2 ¥�� ý�û�ä�Þ¹õ ¥� ��¹õ üä�Þµ�� e�1(U) �¤�¬ ßþ� ¤¢ .RÂþ�Ê� U ýø¤ é¤�õ�ÿÞû �¤�¬ �� e Í¨�� �ú÷� ¥� ×þ Âû �î ,´¨� n 2 Z �� V g.À÷¢Âðüõ�� a; b 2 [0;1℄ ¢�Àä� ,ÂÚþ¢ �¤�±ä �� ,Àª�� S1 ¤¢ ¥�� ý�ù¥�� U Ý��î ­Âê :��±��,V = (a; b) �¤�¬ ßþ� ¤¢ .U = fexp(2�it) j a < t < bg �î À÷�ª ´ê�þ ý��÷�ð,�¤�¬ ßþ� ¤¢ �î ´¨� ßªø¤ .V + n = (a + n; b + n) ý� n 2 Z Âû ý�¥� �� ø.n 2 Z �î ,Àª��üõ V + n ÛØª �� ¥�� ý�û�ä�Þ¹õ ¥� ��¹õ üä�Þµ�� e�1(U)ø �µ¨��� en ��®ø �� .Àª�� V + n = (a+ n; b+ n) �� e ÀþÀ½� en Ý��î ­Âê�b µÆ� �bä�Þ¹õ Âþ¥ ø (a+n; b+n) �bä�Þ¹õ ,e�1n üÚµ¨��� Õ�Ö½� ý�Â� .´¨� üþ�¨ø¢ö�� .(Àª��üõ ù¢ÂÈêW �¤�¬ ßþ� ¤¢ �î ´¨� ¼®�ø) ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ö� ¥�W¥� üÞÆ�ê¤�õ�ÿÞû en ´ª�Ú÷ 11.2.4 �b �Ìì ����� ,´¨� é¤øÀ¨ø�û S1 ø ù¢ÂÈê Wö�È÷ ßþ� .´¨� �µÆ� �Áó ø ù¢ÂÈê en(W ) ,�¹�µ÷ ¤¢ .À�îüõ ÓþÂã� en(W )ýøÂ�Wßþ�Â���� ;´¨� �µÆ� ��÷ en(W ) ù�Ú÷� ,Àª�� �µÆ� ý��ä�Þ¹õ Âþ¥ W Âð� �î Àû¢üõ2 .Àª��üõ ÝÆ�ê¤�õ�ÿÞû en �¹�µ÷ ¤¢ ø ´¨� �µ¨��� e�1n¢¤�õ ¤¢ ��� ÝØ� À�û¢ ö�È÷ .´¨� ù��¿ó¢ x 2 S1 À��î ­Âê .ßþÂÞ� 4.4.7.Àª��üõ ´¨¤¢ ��÷ S1� fxg172
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S1 ùÂþ�¢ ý¢���� ùøÂð 4.7 ý¢���� ùøÂð 7 ÛÊêü����Þû ��� f �¤�¬ ßþ� ¤¢ ,Àª�±÷ �ª�� f : X ! S1 Âð� .�¹�µ÷ 5.4.7.´¨� ����Þû ´��� üµª�Ú÷ �� ,ü�ãþ .´¨��î ,´¨� é¤�õ�ÿÞû (0;1) �� S1� fxg �¤�¬ ßþ� ¤¢ ,x 62 Image(f) Âð� :��±��S1 = fexp(2�it) j s � ø x = exp(2�is)ý� sý�¥� ��) .Àª��üõ ÂþÁ�­�±Ö÷� üþ�Ìê2 (.t < s+ 1g.´¨� ùÀ�¨¤ ÛÊê ßþ� Ýúõ ÝØ� ß�óø� �� ´��÷ ñ��f : I ! S1 ´ª�Ú÷ Âû .(e : R ! S1 ý�Â� �úû�¤ â�êÂ� �b �Ìì 6.4.7üã�êÂ� ,e(x0) = f(0) �� x0 2 R Âû ý�¥� �� ,ùø�ã� .´¨� ~f : I ! R â�êÂ� ý�¤�¢. ~f(0) = x0 �î ¢¤�¢ ¢��ø üðÄþø ßþ� �� �µØþe�1(Ux) �î Àª�� ö� ¥� ý¥�� üÚþ�ÆÞû Ux Ý��î ­Âê ,x 2 S1 ý�¥� �� :��±���� e Í¨�� ×þ Âû �î ý��÷�ð �� ,´¨� R ¤¢ ¥�� ý�û�ä�Þ¹õ Âþ¥ ¥� ��¹õ üä�Þµ���� �¤ ff�1(Ux) jx 2 S1g ùb¢��÷�¡ .¢�ªüõ �µª�Ú÷ Ux ýøÂ� é¤�õ�ÿÞû �¤�¬.´¨� I ý�Â� ¥�� üÈª�� �î ,´êÂð ÂÑ÷ ¤¢ ö���üõ f(xj ; yj) \ I j j 2 Jg �¤�¬Â�Ñ÷ ö� ¥� üû��µõ üÈª�� Âþ¥ ,´¨� ù¢ÂÈê I ö��[0; t1 + "1); (t2 � "2; t2 + "2); � � � (tn � "n;1℄�� ,ñ�� .ti + "i > ti+1 � "i+1 ý� i = 1;2; � � � ; n� 1 Âû ý�¥� �� �î ,¢¤�¢ ¢��øÝ��îüõ ��¿µ÷� ý¤�Ï �¤ ai 2 (ti+1"i+1; ti+ "i℄ ÂÊ�ä ,i = 1;2; � � � ; n�1 ý�¥�f([ai; ai+1℄) � �î ´¨� ßªø¤ .0 = a0 < a1 < a2 < � � � < an = 1 �îý¤�Ï ,¢¤�¢ ¤�Âì S1 ¥� Si ¥�� ý��ä�Þ¹õ Âþ¥ ¤¢ f([ai; ai+1℄) ,ÂµÈ�� üµ� ø ,S1�� e Í¨�� ×þ Âû �î ´¨� R ¤¢ ¥�� ý�û�ä�Þ¹õ Âþ¥ ¥� ��¹õ üä�Þµ�� e�1(Si) �î.¢�ªüõ Âþ�Ê� Si ýøÂ� é¤�õ�ÿÞû �¤�¬k = ýø¤ Ǒ�ÂÖµ¨� �¤�¬ �� �¤ " ~fk(0) = x0 �� ø [0; ak℄ Â� ~fk' ý�úã�êÂ�,ü�ãþ ; ~f(0) = x0 :´¨� üúþÀ� k = 0 ý�Â� ßþ� .Ý��îüõ ÓþÂã� 0;1; � � � ; n.Àª�� ùÀª ÓþÂã� �µØþ �¤�¬ �� ~fk : [0; ak℄! R Ý��î­Âê .´Æ�÷ ¤�î ¤¢ ü��¿µ÷�SfWj j j 2 ¥� ��¹õ üä�Þµ�� e�1(Sk) ø f([ak; ak+1℄) � Sk �î Ýþ�ªüõ ¤ø�¢�þÝÆ�ê¤�õ�ÿÞû ejWj :Wj ! Sk ý� j 2 J Âû ý�¥� �� �î ´¨� ¥�� ý�û�ä�Þ¹õ ¥� Jg; ~fk(ak) 2 W Ýþ¤�¢ fWj j j 2 Jg ùb¢��÷�¡ ¥� W üþ�µØþ �Ìä ý�¥� �� ,ö��î� .´¨�Í¨�� [ak; ak+1℄ üµÆþ�� ,´¨� üû�¤ À�±Þû [ak; ak+1℄ ö�� .¢�ª ���� 7.7 ÛØª ��,´¨� ÝÆ�ê¤�õ�ÿÞû ejW : W ! Sk ÀþÀ½� ö�� .¢�ª �µª�Ú÷ W ý�µ� ~fk+1173
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ý¢���� ùøÂð 7 ÛÊê S1 ùÂþ�¢ ý¢���� ùøÂð 4.7¤¢) e Æ � = f j[ak;ak+1℄ �î ¢¤�¢ ¢��ø ö��� � : [ak; ak+1℄ ! W �µØþ üµª�Ú÷�¤�¬ �� �¤ ~fk+1 ,ñ�� .(� = (ejW )�1 Æ f âì�ø~fk+1(s) = � ~fk(s) 0 � s � ak Âð��(s) ak � s � ak+1 Âð�;´¨� �µ¨��� , ~fk(ak) = �(ak) �Ø�þ� Û�ó¢ �� ø °Æ� Ýó �� ��� �î ,Ý��îüõ ÓþÂã�üþ�ÂÖµ¨� �¤�¬ �� ~f = ~fn ,°��Â� ßþ� �� .Àª��üõ �µØþ ,Çµ¡�¨ ©ø¤ Õ��Îõ ø2 .¢¢Âðüõ Û¬��7.7 ÛØª

.¢�Þ÷ ÓþÂã� ö���üõ �¤ S1 ¤¢ �µÆ� ù�¤ Âû �b�¤¢ ,��Ìì ßþ� ¥� ù¢�Ôµ¨� ��~f : I ! R ø Àª�� 1 ¤¢ �b þ�� �� S61 ¤¢ ý��µÆ� ù�¤ f ÝþÂ�ð .ÓþÂã� 7.4.7�Ñ��õ ,e�1(f(1)) = e�1(1) = Z ö�� .~0 = 0 �î Àª�� ö� ¥� üþ�µØþ â�êÂ�¢�Þ÷ �� ø ù¢�Þ÷ ÓþÂã� f ù�¤ �b�¤¢ �¤ ¢Àä ßþ� .´¨� ¼�½¬ ý¢Àä ~f(1) �î ¢¢Âðüõ.Ý�û¢üõ ö�È÷ deg f�î Ý�û¢üõ ö�È÷ �Àµ�� ,À÷Â��Â� �b�¤¢ ý�¤�¢ ,¥ ¤� Ýû ý�úû�¤ �Ø�þ� ��±�� ´ú� ��¥� I ý�¹� Û±ì �b �Ìì ¤¢ ,¤�Ñ�õ ßþ� ý�Â� .À÷¥ ¤� Ýû ý�úã�êÂ� ý�¤�¢ ¥ ¤� Ýû ý�úû�¤.Ý��îüõ ù¢�Ôµ¨� I2,ùø�ã� .´¨� ~F : I2 ! R â�êÂ� ý�¤�¢ F : I2 ! S1 ´ª�Ú÷ Âû .Ýó 8.4.7�î ¢¤�¢ ¢��ø üðÄþø ßþ� �� �µØþ üã�êÂ� ,e(x0) = F (0;0) �� x0 2 R Âû ý�¥� ��. ~F (0;0) = x0174
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S1 ùÂþ�¢ ý¢���� ùøÂð 4.7 ý¢���� ùøÂð 7 ÛÊê¢�Àä� ,´¨� ù¢ÂÈê I2 ö�� .´¨� 6.4.7 �b �Ìì ��±ª ¤��Æ� ��±�� :��±��0 = a0 < a1 < � � � < an = 1; 0 = b0 < b1 < � � � < bm = 1;Û�ÎµÆõ �¤ Rij Âð� �î ´ê�þ ö���üõ ý¤�Ï �¤Rij = f(t; s) 2 I2 j ai � t � ai+1 ; bj � s � bj+1g�µê¤ ¤�Ø� ©ø¤ �� ��±ª üªø¤ ¥� ù¢�Ôµ¨� �� ñ�� .F (Ri;j) � S1 ù�Ú÷� ,Ý��î ÓþÂã�ý�úÜ�ÎµÆõ Â� üþ�ÂÖµ¨� �¤�¬ �� �¤ ~F â�êÂ� ,6.4.7 �b �Ìì ��±�� ¤¢R0;0; R0;1; � � � ; R0;m; R1;0; R1;1; � � �2 .Ýþ¤�³¨üõ ùÀ�÷��¡ �� �¤ ������ .Ý��îüõ ÓþÂã�Â� �î ,Ý��îüõ ��±�� S1 ý�Â� �¤ ý¤�ÀÞØ� �b �Ìì ,ÝØ� ßþ� ¥� ý��¹�µ÷ ö���ä ��.À÷Â��Â� �b�¤¢ ý�¤�¢ ¥ ¤� Ýû ý�úû�¤ ö� §�¨�¤¢ ¥ ¤� Ýû üþ�úû�¤ f1 ø f0 À��î­Âê .(ý¤�Àõ ×� �b �Ìì) �¹�µ÷ 9.4.7¤¢ , ~f0(0) = ~f1(0) Âð� ��÷ ø ,À�ª�� ø¢ ö� â�êÂ� ~f1 ø ~f0 Âð� .À�ª�� 1 ¤¢ �b þ�� �� S1. ~f0(1) = ~f1(1) �¤�¬ ßþ�üã�êÂ� ,´ª�Ú÷ ßþ� .Àª�� f1 ø f0 ß�� f0;1g �� ´±Æ÷ ü����Þû F ÝþÂ�ð :��±��ö.� . ~F (0;0) = ~f0(0) = ~f1(0) �î À�îüõ É¿Èõ �¤ ~F : I2 ! R �µØþ. ~F (t;1) = ~f1(t) ø ~F (t;0) = ~f0(t) Ýþ¤�¢ ,F (t;1) = f1(t) ø F (t;0) = f0(t).F (1; t) = f0(1) = f1(1) �Âþ¥ ,´¨� ¤¢ ~f1(1) �� ~f0(1) ¥� üû�¤ ~F (1; t) ,ß��»Þû.´¨� ~F (1; t) ù�¤ ö¢�� ´��� ü�ãõ �� ßþ� �î , ~F (1; t) 2 e�1(f0(1)) ' Z ,�õ�2 .´¨� ��Þ� ö�ûÂ� ø ~f0(1) = ~f1(1) ßþ�Â������ ´±Æ÷ ý�����Þû ~F �f Þä ,��� ö�ûÂ� ¤¢ �î ¢�ª ���� .´ª�¢¢�þ 10.4.7.Àª��üõ ~f1 ø ~f0 ß�� f0;1gùøÂð �b ±¨�½õ ö�Øõ� ,ü�ãþ .Ýþ¤�¢ �¤ ÛÊê ßþ� ü¨�¨�b��Ìì ��±�� ö�Øõ� ö��î�.Ýþ¤�¢ �¤ ùÂþ�¢ ý¢����.�(S1; 1) �= Z .��Ìì 11.4.7175
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ý¢���� ùøÂð 7 ÛÊê S1 ùÂþ�¢ ý¢���� ùøÂð 4.7:Ý��îüõ ÓþÂã� '([f ℄) = deg(f) �¤�¬ �� �¤ ' : �(S1; 1) ! Z´ª�Ú÷ :��±��ý�µØþ â�êÂ� ~f �î ,deg(f) = ~f(1) ü�ãþ ,´¨� f ù�¤ �b�¤¢ deg(f) �Ø�þ� ¼�®��ö�È÷ .´¨� ÓþÂãµª�¡ â��� ßþ� 9.4.7 �b¹�µ÷ ����� .Àª��üõ ~f(0) = 0 ¯Âª �� f.´¨� �úûøÂð ß�� üÞÆ�ê¤�õø�þ� ' �î Ý�û¢üõý¥�è� â�êÂ� ÂÚÈþ�Þ÷ `a(f) ÝþÂ�ð .´¨� ÝÆ�ê¤�õ�Þû ' �î Ý�û¢üõ ö�È÷ ,�Àµ��1 2 S1 ¥� ý¥�è� f ù�¤ Âû ý¥� �� ,ßþ�Â���� .Àª�� f ý�Â� a 2 e�1(f(0)) �bÎÖ÷ ¥�,b = ~f(1) + a Âð� ,�î ´¨� ßªø¤ .�`a(f)�(t) = ~f(t) + a ø `0(f) = ~f Ýþ¤�¢�¤�¬ ßþ� ¤¢ ,[f ℄; [g℄ 2 �(S1; 1) Âð� ,ßþ�Â���� .`a(f � g) = `a(f) � `b(g) ù�Ú÷�'�[f ℄[g℄� = '�[f � g℄� = (̂f � g)(1)= `0(f � g)(1) = �`0(f) � `b(g)�(1) (b = ~f(1) ö� ¤¢ �î)= `b(g)(1) = b+ ~g(1)= ~f + ~g(1) = '�[f ℄�+ '�[g℄� .´¨� ÝÆ�ê£�õ�Þû ' ,ßþ�Â����Ý��î ­Âê ,­øÂÔõ n 2 Z ý�¥� �� .´¨� ý�ù¢�¨ ¤�î ,' üþ�ª�� ö¢�¢ ö�È÷�� ø �µÆ� üû�¤ e Æ g : I ! S1 �¤�¬ ßþ� ¤¢ ;Àª�� g(t) = nt �bÎ��® �� g : I ! RÝþ¤�¢ ,´¨� g(0) = 0 �� e Æ g â�êÂ� g ö�� .Àª��üõ 1 ¤¢ �b þ��'�[e Æ g℄� = deg(e Æ g) = g(1) = n.´¨� ' üþ�ª�� ÂÚ÷��� �îdeg(f) = ü�ãþ .'�[f ℄� = 0 Ý��îüõ ­Âê ,' ö¢�� ×�±Øþ ö¢�¢ ö�È÷ ý�Â�.¢¤�¢ ëÀ¬ ~f(0) = ~f(1) = 0 ¯Âª ¤¢ f ù�¤ ~f â�êÂ� �î ´¨� ü�ãõ ö�À� ßþ� .0F : I2 ! R üµª�Ú÷ ,ÂÚþ¢ ö��� �� ; ~f � "0 Ýþ¤�¢ ,´¨� ÂþÁ� ­�±Ö÷� R ö��âì�ø ¤¢ .F (t;0) = F (t;1) = 0 ø F (1; t) = 0 ,F (0; t) = ~f(t) �î ¢¤�¢ ¢��ø,(eÆF )(0; t) = f(t) �î ´¨� ý¤�Ï eÆF : I2 ! S1 ,�õ� .F (s; t) = (1�s) ~f(t)ÂÚþ¢ ö��� �� ;f � "1 �Áó ø (e Æ F )(t;0) = (e Æ F )(t;1) = 1 ,(e Æ F )(1; t) = 1ÝÆ�ê¤�õø�þ� ' ,ßþ�Â���� .Àª��üõ ' ö¢�� ×�±Øþ ß�±õ �î ,[f ℄ = ["1℄ 2 �(S; 1)2 .Àª��üõ ��Þ� ö�ûÂ� ø ,´¨�.´¨� Z�Z ¥� �¤�±ä ���� ý¢���� ùøÂð .�¹�µ÷ 12.4.7176
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S1 ùÂþ�¢ ý¢���� ùøÂð 4.7 ý¢���� ùøÂð 7 ÛÊê���� �î ´¨� üÞØ� ,¢Â�¤�î ß�óø� .ÝþÂ�üõ ö�þ�� �� ¢Â�¤�î ø¢ �� �¤ Ç¿� ßþ�.´¨� ¤�úÈõ Â±� ü¨�¨� �b �Ìì,´��� Â�è ø ÍÜµ¿õ ý��ÜÞ� À�� Âû .(Â±� ü¨�¨� �b �Ìì) �¹�µ÷ 13.4.7.¢¤�¢ �Èþ¤�� ¤�îÁõ ý��ÜÞ� À�� �î Ý��î ­Âê Ý�÷���üõ ,¶½� ´�Üî ¥� ßµ¨�î öøÀ� :��±��p Ý��î ­Âê .1 � k ø ´¨� p(z) = a0 + a1z + � � � + ak�1zk�1 + akzk ÛØªÝ��îüõ ÓþÂã� ,ö��î� .Àª�� �µª�À÷ (ý��Èþ¤ ,ü�ãþ) ýÂÔ¬ º�ûG : I � [0;1)! S1 � C G(t; r) = p�r exp(2�it)���p�r exp(2�it)��� ��p(r)��p(r)´ª�Ú÷ .Àª��üõ �µ¨��� G �î ´¨� ßªø¤ .0 � t � 1 ø 0 � r �¹�þ� ¤¢ �î�bÎ��® �� �¤ F : I2 ! S1F (t; r) = ( G�t; s1�s� 0 � t � 1 ; 0 � s < 1 Âð�exp(2�it) 0 � t � 1 ; s = 1 Âð��Ø�þ� �� ÂÑ÷ .Ý��îüõ ÓþÂã�lims!1F (t; s) = lims!1G�t; s1� s� = lims!1G(t; r)= � exp(2�it)�k = exp(2�ikt)´±Æ÷ ü����Þû F �î ¢�ªüõ ùÀû�Èõ ,ß��»Þû .´¨� �µ¨��� F �î ¢¢Âðüõ �Ñ��õø f0(t) = 1 ,�õ� .Àª��üõ f1(t) = F (t;1) ø f0(t) = F (t;0) ß�� f0;1g ��ßþ� .deg(f1) = k �î üó�� ¤¢ ,deg(f0) = 0 ßþ�Â���� .f1(t) = exp(2�ikt)2 .(k = 0 �Ø÷� ÂÚõ) ´¨� Ëì���¤ø�¢�þ .´¨� éøÂãõ �½Ô¬ ¤¢ ¤ø�Â� ´��� �ÎÖ÷ �b �Ìì ö���ä ´½� ýÀã� ¢Â�¤�îý�¤�¢ ÝØ� ßþ� .ÝþÀ÷�¨¤ ��±�� �� �¤ I ý�Â� ���Èõ ý���Ìì 4.4Ç¿� ¤¢ �î Ýþ�ªüõ.À�îüÞ÷ ´þ�Ôî ö� ��±�� ý�Â� ý¢���� ùøÂð �î ,´Æû ��÷ Â���� ¢�ã�� ´ó�� �� Ý�Þã��µ¨��� ´ª�Ú÷ Âû .(�½Ô¬ ¤¢ ¤ø�Â� ´��� �ÎÖ÷ �b �Ìì) �¹�µ÷ 14.4.7.¢¤�¢ ¢��ø f(x) = x �� x 2 D 2 ý��ÎÖ÷ ,ü�ãþ .¢¤�¢ ´��� ý� �ÎÖ÷ f : D 2 ! D 28.7 ÛØª177
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ý¢���� ùøÂð 7 ÛÊê S1 ùÂþ�¢ ý¢���� ùøÂð 4.7
,�¤�¬ ßþ� ¤¢ .f(x) 6= x ý� x 2 D 2 Âû ý�¥� �� �î ´¨� ßþ� ÓÜ¡ ­Âê :��±��¢¤�¡Â� ¥� �î ´¨� S1 Â� ý��ÎÖ÷ '(x) �î ¢�Þ÷ ÓþÂã� ö���üõ ' : D 2 ! S1 üµª�Ú÷ÛØª �� ;¢¢Âðüõ Û¬�� x ´Þ¨ ¥� ö� �ø�À� Å³¨ ø x �� f(x) ¥� Û¬�ø Í¡ ù¤��ÂÚÈþ�Þ÷ i : S1 ,! D 2 ÝþÂ�ð .´¨� üúþÀ� ,´¨� �µ¨��� ' �Ø�þ� .¢�ª ���� 8.7ÂþÁ³Ìþ�ã� Âþ¥ ¤�¢�Þ÷ ùø�ã� ø ' Æ i = 1S1 ,�¤�¬ ßþ� ¤¢ .Àª�� ý�µ�� ´ª�Ú÷:´¨�S1 1S1 - S1QQQQQsi 6'D 2:¢¢Âðüõ Âþ¥ ÂþÁ³Ìþ�ã� ¤�¢��� ¶ä�� ¢�¡ ßþ��(S1; 1) 1�(S1;1)- �(S1; 1)QQQQQsi� 6'��(D 2 ; 1)¤�¢�Þ÷ ßþ�Â���� ø ,´¨� ÂþÁ³®�±Ö÷� D 2 �Âþ¥ ,�(D 2 ; 1) = 0 �õ�Z 1Z -ZQQQQQsi� 6'�0Image(1Z) = �î üó�� ¤¢ Image('�Æi�) = 0 �Âþ¥ ,´¨� ñ�½õ ßþ� ;´¨� ÂþÁ³Ìþ�ã�2 .À�îüõ ��±�� �¤ ÂÑ÷ ¢¤�õ ÝØ� ,¤�îÁõËì��� .Z.ßþÂÞ� 15.4.7ø �µêÂð ff(t) j t 2 Ig � C ¤�µ÷�î �¤ 
 ,­øÂÔõ [f ℄ 2 �(S1; 1) ý�¥� �� (1:À��î ´��� ,�¤�¬ ßþ� ¤¢ .w(f) := 12�i Z
 dzz Ý��îüõ ÓþÂã�178
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S1 ùÂþ�¢ ý¢���� ùøÂð 4.7 ý¢���� ùøÂð 7 ÛÊê,´¨� ¼�½¬ ý¢Àä w(f) (1,´¨� f 2 [f ℄ ��¿µ÷� ¥� ÛÖµÆõ w(f) (2.w(f) = deg(f) (3¼�½¬ ý¢Àä k �î ,´¨� f(z) = zk �bÎ��® �� üµª�Ú÷ f : S1 ! S1 ÝþÂ�ð (2f� : �(S1; 1) ! ´ª�Ú÷ ,�(S1; 1) �= Z ÝÆ�ê¤�õø�þ� ù¢�Ôµ¨� �� .Àª��üõ.À��î Ó�¬�� �¤ �(S1; 1)¤¢ �¤ S1 � S1 ¤¢ �(t) = (1; exp(2�it)) ø �(t) = (exp(2�it); 1) ý�úû�¤ (3¥� ù¢�Ôµ¨� �� �¤ ¤�î ßþ� :üþ�Þ�û�¤) .� � � � � � � À�û¢ ö�È÷ .ÀþÂ�Ú� ÂÑ÷(.À�û¢ ��¹÷� �û¤�¢�Þ÷.À��î �±¨�½õ �¤ �(S1� � � � � S1| {z }�� n ; (1; � � � ; 1)) ý¢���� ùøÂð (4é¤�õ�ÿÞû S3 ùÂî �� ���� �î À�û¢ ö�È÷ (3)-25.2.7 ßþÂÞ� ¥� ù¢�Ôµ¨� �� (5.´Æ�÷ù¢�¨ À�±Þû D 2 � fzg �ú÷� ý�¥� �� �î z 2 D 2 ¯�Ö÷ �bä�Þ¹õ �î À��î ´��� (6ÝÆ�ê¤�õ�ÿÞû f : D 2 ! D 2 Âð� �î À��î ´��� ,Å³¨ .´¨� S1 ö�Þû �fÖ�ì¢ ,´¨�.f(S1) = S1 ù�Ú÷� ,Àª��:À��î �±¨�½õ �¤ Âþ¥ ý�û�Ìê ¥� ×þ Âû ý¢���� ùøÂð (7:C � = C � f0g (1:'(z) = 2z ø G = f'n jn 2 Zg ö� ¤¢ �î ,C �=G (2: (z) = 2�z ø H = f n jn 2 Zg ö� ¤¢ �î ,C �=H (3.a(z) = ��z ø ´¨� ü÷�Þû ÝÆ�ê¤�õ�ÿÞû e �î ,C �=fe; ag (4

179
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8 ÛÊê
üÈª�� ý�û�Ìê

�¤ ö� �b ±¨�½õ Û��Âõ ø ùÂþ�¢ ý¢���� ùøÂð «�Ê¡ ¤¢ Û±ì ÛÊê ��Ø�� ¥� ý¤��Æ�¤¢ ,¤�î ßþ� üÜ¬� ùb��Ú÷� .Ý�û¢üõ ��¹÷� Â�¡� ÛÊê ¤¢ �¤ ¤�î ßþ� .¢�¢ Ý�Þã� ö���üõ�¤ e : R ! S1 �� ��±ª ý¢ÂØÜÞä ö�Øõ� �î ´¨� «�Ê¿� üþ�úµª�Ú÷ ßµêÂð ÂÑ÷ýÀã� ý�úÈ¿� ¤¢ ø �µ¡�¢Â� �ú÷� üêÂãõ �� ñø� Ç¿� ¤¢ .üÈª�� ý�úµª�Ú÷ :À÷¤�¢.Ý��îüõ �±¨�½õ �¤ �û�Ìê á�÷ ßþ� ý¢���� ùøÂð ,�ú÷� «��¡ ö��� ßÞ®ñ�·õ À�� ø ÓþÂã� 1.8ý�Â� üÔþÂã� ö���ä �� �¤ e : R ! S1 ´ª�Ú÷ «�Ê¡ ¤¢ 3.4.7 Ýó ,áøÂª ý�Â�!ÝþÂ�ðüõ ÂÑ÷ ¤¢ p : ~X ! X �úµª�Ú÷ ¥� â�¨ø ý�ù¢��÷�¡�bä�Þ¹õ Âþ¥ .Àª�� �µ¨��� üµª�Ú÷ p : ~X ! X Ý��î ­Âê .ÓþÂã� 1.1.8��¹õ üä�Þµ�� p�1(U) �î Ý���ð p Í¨�� ùÀª ùÀ÷�ª�� �f��Öþ ü�¤�¬ ¤¢ �¤ U � X�¤�¬ �� p Í¨�� �ú÷� ¥� ×þ Âû �î ý��÷�ð �� ,Àª�� ~X ¤¢ ¥�� ý�û�ä�Þ¹õ Âþ¥ ¥�.À÷�ªüõ Âþ�Ê� U ýøÂ� é¤�õ�ÿÞû�î Ý���ð üÈª�� ü�¤�¬ ¤¢ �¤ p : ~X ! X �b µ¨��� ´ª�Ú÷ .ÓþÂã� 2.1.8ùÀ÷�ª�� �f��Öþ p Í¨�� �î ¢�ª ´ê�þ x ¥� üÚþ�ÆÞû ×þ x 2 X Âû ý�¥� �� ø ù¢�� �ª���î ´¨� üÈª�� ´ª�Ú÷ ü�¤�¬ ¤¢ p : ~X ! X ,ÂÚþ¢ ö��� �� .¢�ªüõ181
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üÈª�� ý�û�Ìê 8 ÛÊê ñ�·õ À�� ø ÓþÂã� 1.8ø ,Àª�� �ª�� ø �µ¨��� p (1fUj j j 2 ¥�� ý�û�ä�Þ¹õ ùb¢��÷�¡ ø x ¥� U ¥�� üÚþ�ÆÞû ,x 2 X Âû ý�¥� �� (2ùí ¢�ª ´ê�þ ý��÷�ð �� , ~X ¤¢ Jg,p�1(U) = Sj2J Uj (�ø ,Uj \ Uk = ; Ý�ª�� �µª�¢ ,k 6= j �� k; j 2 J Âû ý�¥� �� (�,Uj �� p �b µê�þ ÀþÀ½� pjUj : Uj ! U ´ª�Ú÷ ,j 2 J Âû ý�¥� �� (�.Àª�� ÝÆ�ê¤�õ�ÿÞû�¤ X ø üÈª�� ý�Ìê �¤ ~X ,üÈª�� ´ª�Ú÷ �¤ p : ~X ! X �f��Î¬� ´ó�� ßþ� ¤¢.Ý�õ�÷üõ p : ~X ! X üÈª�� ´ª�Ú÷ �b þ�� ý�Ìêe : R ! S1 üþ�Þ÷ ´ª�Ú÷ �î Àª ù¢�¢ ö�È÷ 3.4.7 Ýó ¤¢ (1 .ñ�·õ 3.1.8.´¨� üÈª��.´¨� üÈª�� üµª�Ú÷ ,h : X ! Y ÝÆ�ê¤�õ�ÿÞû Âû (2~X = ø �µÆÆð ý��ó���� �� üþ�Ìê Y ,ù��¿ó¢ ý��ó���� ý�Ìê X Ý��î ­Âê (3Â� Âþ�Ê� p : ~X ! X Ý��î ­Âê .Àª�� ü�ÂÌÜ¬�� ý��ó���� ¤�µ¡�¨ ý�¤�¢ X �Y.´¨� üÈª�� üµª�Ú÷ p �¤�¬ ßþ� ¤¢ .Àª�� ñø� �b Ôó�bõ�� p : S1 ! S1 ´ª�Ú÷ .Àª�� ÂÔ¬ Óó�¿õ ø ¼�½¬ ý¢Àä n Ý��î ­Âê (4�� �î ¢�ª ���� ´¨� üê�î ,°ÜÎõ ßþ� ��±�� ý�Â� .´¨� üÈª�� p(z) = zn �bÎ��®.¢�ªüõ ùÀ÷�ª�� �f��Öþ p Í¨�� S1� fxg ¥�� �bä�Þ¹õ ,x 2 S1 Âû ý�¥�Âþ¥ ÓþÂã� ¤¢ �¤ �ú�þ� .À�õ�¹÷�üõ üÈª�� ý�û�Ìê �� ü¬�Ê¿� ý�û�Ìê�G.Ý��îüõ üêÂãõÂ� G ÛÞä Ý���ðüõ ü�¤�¬ ¤¢ .Àª�� �Ìê�G ×þ X ÝþÂ�ð .ÓþÂã� 4.1.8¢�ª ´ê�þ ö��� x ¥� V ý¥�� üÚþ�ÆÞû ,x 2 X Âû ý�¥� �� �î ´¨� �µ¨����÷ �f õ�î X.(g �V ) \ (g0 �V ) = ; Ý�ª�� �µª�¢ ,g 6= g0 �� g; g0 2 G Âû ý�¥� �� �îý�¥� �� �¤�¬ ßþ� ¤¢ ,Á�î ÛÞä �µ¨����÷ �f õ�î ¤�Ï �� X Â� G Âð� .Ýó 5.1.8.g �x 6= x ý� x 2 X Âû ø g 6= 1 �� g 2 G Âûù�Ú÷� ,Àª�� x ý�Â� ��� ÓþÂã� ¤¢ ¤�îÁõ ´�¬�¡ �� üÚþ�ÆÞû ×þ V Âð� :��±��2 .(g �V ) \ V = ; ø g �x 2 g �V182
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ñ�·õ À�� ø ÓþÂã� 1.8 üÈª�� ý�û�Ìê 8 ÛÊêÛ�ó¢ ùbÀ�û¢ ö�È÷ �î Ýþ¤ø�üõ ý���Ìì ,��úÔõ ßþ� ¥� üó�·õ �÷�ð Âû �ÂÏ ¥� Ç��.´¨� ��úÔõ ßþ� �ÂÏ�µ¨����÷ �f õ�î X Â� G ÛÞä Âð� .Àª�� �Ìê�G ×þ X ÝþÂ�ð .��Ìì 6.1.8.´¨� üÈª�� p : X ! X=G´ª�Ú÷ ù�Ú÷� ,Àª��,12.3.3 �b �Ìì ����� ,ß��»Þû .´¨� �µ¨��� ø �ª�� p �î Ýþ�ª üõ ¤Áµõ �Àµ�� :��±���f õ�î ¯Âª ¤¢ �î ,Àª�� x 2 X ¥� ¥�� üÚþ�ÆÞû ×þ U ÝþÂ�ð .´¨� ¥�� p ´ª�Ú÷G �x = �bÎÖ÷ ¥� ý¥�� üÚþ�ÆÞû p(U) ,´¨� ¥�� p ö�� .À�îüõ ëÀ¬ üÚµ¨����÷�î ,(¢�ª ���� 12.3.3 �b �Ìì ��±�� ��) p�1(p(U)) = Sg2G g �U ø ´¨� p(x),ùø�ã� .Àª��üõ X ¤¢ ý��¹õ ¥�� ý�û�ä�Þ¹õ Âþ¥ ¥� ý�ù¢��÷�¡ fg �U j g 2 Gg.Àª��üõ ÝÆ�ê¤�õ�ÿÞû �¹�µ÷ ¤¢ ø ,´¨� üþ�¨ø¢ ø ¥�� ,�µ¨��� pjg �U : g �U ! p(U)2,¢�ªüõ ÓþÂã� n �x := x + n �¤�¬ �� �î R Â� Z ÛÞä (1 .ñ�·õ 7.1.8(x � ";x + ") �¤�¬ ßþ� ¤¢ ," < 1=2 ø x 2 R Âð� �î �Â� .´¨� �µ¨����÷ �f õ�îZÛÞä ßþ� ö�� .¢¤�¢ ëÀ¬ üÚµ¨����÷ �f õ�î ¯Âª ¤¢ �î ´¨� x ¥� ý¥�� üÚþ�ÆÞûp : R ! R=Z´ª�Ú÷ �î Ý��îüõ ùÀû�Èõ ,À�îüõ ÛþÀ±� �Ìê�Z×þ �� �¤ ö� ,R Â�üþ�Þ÷ ´ª�Ú÷ ö�Þû �f Þä ´ª�Ú÷ ßþ� �î Àû¢ ö�È÷ À÷���üõ ùÀ�÷��¡ .´¨� üÈª��.´¨� e : R ! Zp : Sn ! RPn ø ,À�î ÛÞä �1 �x = �x �¤�¬ �� Sn Â� Z2 Ý��î ­Âê (2ý�¥� �� ,�Âþ¥ .´¨� üÈª�� p ´ª�Ú÷ ,�¤�¬ ßþ� ¤¢ .Àª�� üã�±Ï Âþ�Ê� ´ª�Ú÷¯Âª ¤¢ �î ´¨� x ¥� ý¥�� üÚþ�ÆÞû fy 2 Sn j ky� xk < 1=2g �bä�Þ¹õ ,x 2 Sné¤øÀ¨ø�û Sn ø x 6= �x ö�� ,�Ø�þ� ÂÚþ¢ Û�ó¢ .À�îüõ ëÀ¬ üÚµ¨����÷ �f õ�îßþ� ¤¢ ;À÷�ªüõ ´ê�þ �x ø x ¥� °��Âµ� W ø V ý��¹õ ¥�� ý�ûüÚþ�ÆÞû ,´¨�.À�îüõ ëÀ¬ üÚµ¨����÷ �f õ�î ¯Âª ¤¢ x ¥� V \ (�W ) üÚþ�ÆÞû ,�¤�¬¤¢ �¤ X Â� G ÛÞä �î Ýþ�ªüõ ¤ø�¢�þ .¢�¢ Ý�Þã� ö���üõ �¤ (2)-7.1.8 ñ�·õ.g �x 6= x ý� x 2 X Âû ø g 2 G� f1g Âû ý�¥� �� �î Ý���ð ¢�¥� ü�¤�¬X ý��ó���� ý�Ìê Â� ¢�¥� �¤�¬ �� ø ù¢�� üû��µõ G ùøÂð Âð� .��Ìì 8.1.8.´¨� �µ¨����÷ �f õ�î X Â� G ÛÞä �¤�¬ ßþ� ¤¢ ,À�î ÛÞä183
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üÈª�� ý�û�Ìê 8 ÛÊê ñ�·õ À�� ø ÓþÂã� 1.8ý�ú�Úþ�ÆÞû ,´¨� é¤øÀ¨ø�û X ö�� .G = fg0 = 1; g1; � � � ; gng ÝþÂ�ð :��±��ö���üõ ý��÷�ð �� gn �x ø . . . ,g1 �x ,g0 �x ¥� °��Âµ� Un ø . . . ,U1 ,U0 ¥��Tnj=0 g�1j �Uj âÎÖõ U ÝþÂ�ð .U0\Uj = ;ý� j = 1;2; � � � ; n Âû ý�¥ �� �î ´ê�þ�î ¢¢Âðüõ �Ñ��õ ,°��Â� ßþ� �� .Àª��üõ x ¥� ý¥�� üÚþ�ÆÞû ��®ø �� �î ,Àª��gi �U = n\j=0 gi � (g�1j �Uj) � gi �(g�1i �Uj) = Ui�¤�¬ ßþ� ¤¢ ,g�1j gi = gk Âð� ,�¹�µ÷ ¤¢ ø(gi �U) \ (gj �U) = gj�((g�1j gi) �U) \ U� = gj ��(gk �U) \ U�� gj ��Uk \ U� � gj ��Uk \ U0� = ;2 .´¨� �µ¨����÷ �f õ�î X Â� G ÛÞä ,ßþ�Â����Zp ø ,ñø� p �� ´±Æ÷ ø üã�±Ï ý¢Àä q ,ñø� ý¢Àä p ÝþÂ�ð .ñ�·õ 9.1.8�¤�¬ �� �¤ S3 ùbÂî�3 À��î ­Âê ,ß��»Þû ,Àª�� p �b ±�Âõ ¥� ý¤ø¢ ùøÂðS3 = �(z0; z1) 2 C 2 �� jz0j2 + jz1j2 = 1	�bÎ��® �� �¤ h : S3! S3 ´ª�Ú÷ .ÝþÂ�Ú� ÂÑ÷ ¤¢ C 2 ¥� ý��ä�Þ¹õ Âþ¥ ö���ä ��h(z0; z1) = � exp�2�ip �z0; exp�2�iqp �z1�ùø�ã� ø ,´¨� ©¢�¡ ýøÂ� S3 ¥� üÞÆ�êÂõ�ÿÞû h ,�¤�¬ ö�þ ¤¢ .Ý��îüõ ÓþÂã�­Âê ñ�� .hp = 1S3 ù�Ú÷� ,Ý��î ÓþÂã� ©¢�¡ �� ¤�� i ¢�Àã� �� h °�îÂ� �¤ hi Âð��¤�¬ �� �¤ (z0; z1) 2 S3 Â� n 2 Zp = f0;1; � � � ; p� 1g Â���b� Ý��în � (z0; z1) = hn(z0; z1)´¨� ¢�¥� ÛÞä ßþ� .¢¢Âðüõ ÛþÀ±� �Ìê�Zp×þ �� S3 ,°��Â� ßþ� �� .Ý��î ÓþÂã�üÈª�� ´ª�Ú÷ S3 ! S3=Zp üã�±Ï Âþ�Ê� ,ßþ�Â���� .Àª��üõ é¤øÀ¨ø�û S3 ø.´¨�.Ý�û¢üõ ö�È÷ L(p; q) ¢�Þ÷ �� ø ùÀ�õ�÷ ��ó ý�Ìê �¤ S3=Zp´ÞÆì �¤�¡ö���üõ üµ��¤ �� .Àª��üõ RP3 ö�Þû �f Þä L(2;1) .´ª�¢¢�þ 10.1.8.¢�¢ Ý�Þã� ö���üõ S2n+1 � C n+1 Â� Zp ÛÞä ´ó�� �� �¤ ��� ñ�·õ184
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��óø� «��¡ 2.8 üÈª�� ý�û�Ìê 8 ÛÊê��óø� «��¡ 2.8,À÷¢�� �úûøÂð ÛÞä ¥� ¶ã±�õ �î ,Ýþ¢¤ø� üÈª�� ý�û�Ìê ¥� ö��î �� �î üþ�úó�·õ ¤¢üµÞÆì �¤�¡ ý��ó���� ý�¤�¢ ý��þ�� ý�û�Ìê ø À÷¢�� ¥�� ,üÈª�� ý�úµª�Ú÷ �bÞû´¨¤¢ üÈª�� ý�úµª�Ú÷ �b �Üî ý�Â� �f Þä Âõ� ßþ� .À÷¢�� üÈª�� ´ª�Ú÷ �� ´±Æ÷.Àª��üõ�¤�¬ ßþ� ¤¢ .Àª�� üÈª�� ´ª�Ú÷ p : ~X ! X ÝþÂ�ð .��Ìì 1.2.8ø :´¨� ¥�� p´ª�Ú÷ (1.Àª��üõ p �� ´±Æ÷ üµÞÆì �¤�¡ ý��ó���� ý�¤�¢ X (2,´¨� üÈª�� p´ª�Ú÷ ö�� .x 2 p(U) ø X ¥� ¥�� ý��ä�Þ¹õ Âþ¥ U ÝþÂ�ð :��±��:~x 2 p�1(x) \ U Ý��î ­Âê .¢¤�¢ ¢��ø x ¥� V ý�ùÀª ùÀ÷�ª�� �f��Öþ ¥�� üÚþ�ÆÞû.~x 2 Vj �î ¢¤�¢ ¢��ø ~X ¤¢ Vj ý¥�� �bä�Þ¹õ ,~x 2 p�1(V ) = Sj2J Vj ö���Ñ��õ ,Àª��üõ V ý�µ� Vj ¥� ÝÆ�ê¤�õ�ÿÞû×þ pjVj ø ´¨� ¥�� Vj ¤¢ Vj \U ö��ßþ� �� X ¤¢ V ö¢�� ¥�� ,�õ� .´¨� V ¥� ¥�� ý��ä�Þ¹õ Âþ¥ p(Vj \ U) �î Ý��îüõ.Àª��üõ ¥�� p´ª�Ú÷ �Áó ø ´¨� ¥�� p(U) �î ´¨� ü�ãõø ´¨� ¥�� ø �µ¨��� p ´ª�Ú÷ �î ¢¢Âðüõ �¹�µ÷ ´�ãì�ø ßþ� ¥� ��Ìì �ø¢ ´ÞÆì,"Àª�� ¥�� p�1(V ) � ~X �î ´¨� ¥�� üµìø �ú�� ø üµìø V � X �bä�Þ¹õ Âþ¥' ßþ�Â����2 .´¨� ��Þ� ö�ûÂ� øüµª�Ú÷ �î) e : R ! S1 üþ�Þ÷ ´ª�Ú÷ «�Ê¡ ¤¢ Û±ì ÛÊê ��Ø�� ¥� ý¤��Æ�.Ý�û¢üõ Ý�Þã� ù��¿ó¢ üÈª�� ý�úµª�Ú÷ ´ó�� �� ,(´¨� üÈª��f : Y ! X ´ª�Ø÷ ø Àª�� üÈª�� p : ~X ! X ´ª�Ú÷ Âð� .ÓþÂã� 2.2.8.p Æ ~f = f �î ´¨� f â�êÂ� ~f : Y ! ~X Ý���ðüõ ü�¤�¬ ¤¢ ,�µ¨���.´¨� �µØþ �f Þä ,¢��ø �¤�¬ ¤¢ â�êÂ� ,Àã� Ýó §�¨� Â�â�êÂ� ~f; f̂ : Y ! ~X ø ù¢�� üÈª�� p : ~X ! X ´ª�Ú÷ ÝþÂ�ð .Ýó 3.2.8f̂(y0) = ý� y0 2 Y ×þ ý�¥� �� ø Àª�� À�±Þû Y Âð� .À�ª�� f : Y ! X ´ª�Ú÷.f̂ = ~f �¤�¬ ßþ� ¤¢ , ~f(y0)185
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üÈª�� ý�û�Ìê 8 ÛÊê ��óø� «��¡ 2.8üú� Â�è Y 0 Å� ,y0 2 Y 0 ö�� .Y 0 = fy 2 Y j ~f(y) = f̂(y)g Ý��î ­Âê :��±��ùÀª ­Âê À�±Þû Y ö�� ø ,´¨� �µÆ� ø ¥�� Y 0 � Y �î Ý��î ´��� Ý�û��¡üõ .´¨���Þ� ö�ûÂ� ø f̂(y) = ~f(y) ý� y 2 Y Âû ý�¥� �� ,ü�ãþ ;Àª�� Y 0 = Y Àþ�� ,´¨�.¢�ªüõ�f��Öþ �î ¢¤�¢ ¢��ø f(y) ¥� V ý¥�� üÚþ�ÆÞû �¤�¬ ßþ� ¤¢ ,y 2 Y ÝþÂ�ðfVj j j 2 ¥�� ý�û�ä�Þ¹õ ¥� ��¹õ üä�Þµ�� p�1(V ) ,ü�ãþ .´¨� pÍ¨�� ùÀª ùÀ÷�ª��,y 2 Y 0 Âð� .´¨� ÝÆ�ê¤�õ�ÿÞû pjVj : Vj ! V ý� j 2 J Âû ý�¥� �� �î Àª��üõ JgüÚþ�ÆÞûWk = ~f�1(Vk)\f̂�1(Vk) ø ~f(y) = f̂(y) 2 Vk ý� k 2 J ý�¥� �� ù�Ú÷�Ý��î ­Âê ,°ÜÎõ ßþ� ùbÀû�Èõ ý�Â� .¢¤�¢ ¤�Âì Y 0 ¤¢ �fõ�Þ� �î Àª��üõ y ¥� ý¥��p( ~f(x)) = f(x) = �î üó�� ¤¢ :f̂(x) 2 Vk ø ~f(x) 2 Vk �¤�¬ ßþ� ¤¢ ,x 2 Wk¤¢ .x 2 Y 0 �Áó ø ~f(x) = f̂(x) �fõ��ó� ßþ�Â���� ,´¨� ÝÆ�ê¤�ÞÿÞû pjVk ø p(f̂(x))ßþ�Â���� ø ,¢¤�¢ ¤�Âì Y 0 ¤¢ �fõ�Þ� �î ´¨� ý¥�� üÚþ�ÆÞû ý�¤�¢ Y 0 ¥� �ÎÖ÷ Âû �¹�µ÷,k 6= l �î À÷¤�¢ ¢��ø ý� k; l 2 J ù�Ú÷� ,y 62 Y 0 Âð� ,ÂÚþ¢ ý�¨ ¥� .Àª�� üõ ¥�� Y 0�î ¢�¢ ö�È÷ ö���üõ ��� ñ�Àµ¨� ö�Þû �� ,�¤�¬ ßþ� ¤¢ .f̂(y) 2 Vl ø ~f(y) 2 Vk¤¢ .¢¤�¢ ¤�Âì Y � Y 0 ¤¢ �f õ�î �î Àª��üõ y ¥� ý¥�� üÚþ�ÆÞû ~f�1(Vk) \ f̂�1(Vl)2 .´¨� ��Þ� ö�ûÂ� ,°��Â� ßþ� �� ø :´¨� �µÆ� Y 0 �Áó ø ¥�� Y � Y 0 �¹�µ÷.¢¤�¢ ¢��ø Âþ¥ �Âª �� ÝØ� ßþ� ¥� °þÂè ý��¹�µ÷üû�¤ À�±Þû ~X ø ù¢�� üÈª�� ´ª�Ú÷ p : ~X ! X Ý��î ­Âê .�¹�µ÷ 4.2.8×þ ý�¥� �� Âð� .Àª�� p Æ ' = p �� �µ¨��� üµª�Ø÷ ' : ~X ! ~X Ý��î ­Âê .Àª��' = 1 ~X ,ü�ãþ) '(x) = x ý� x 2 ~X Âû ý�¥� �� ù�Ú÷� ,'(x1) = x1 ý� x1 2 ~X.(´¨� ü÷�Þû ´ª�Ú÷ö�� .Àª�� x �� x1 ¥� üû�¤ � : I ! ~X ø ~X ¥� ù��¿ó¢ ý��ÎÖ÷ x Ý��î ­Âê :��±��:p Æ � = p Æ (' Æ �) ,ùø�ã� .À÷�ªüõ ¥�è� x1 ¥� ' Æ � ø � ù�¤ ø¢ Âû ,'(x1) = x1,3.2.8 ��� Ýó ����� ,ñ�� .À�µÆû p Æ � : I ! X ù�¤ íÂµÈõ â�êÂ� ' Æ � ø � ,ü�ãþ'(x) = ü�ãþ .À�µÆû üØþ ' Æ � ø � üþ�úµ÷� ¯�Ö÷ ,ßþ�Â���� .' Æ � = � üµÆþ��2 .(' Æ �)(1) = '(�(1)) = �(1) = x.¢¢Âðüõ ��±�� 8.4.7 Ýó ø 6.4.7 �b �Ìì ��±ª ýÀã� ÝØ�.Àª�� üÈª�� ´ª�Ú÷ p : ~X ! X ÝþÂ�ð .ü����Þû ù�¤ â�êÂ� �b �Ìì 5.2.8�¤�¬ ßþ� ¤¢186
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��óø� «��¡ 2.8 üÈª�� ý�û�Ìê 8 ÛÊêüû�¤ ,p(a) = f(0) �� a 2 ~X Âû ø f : I ! X ­øÂÔõ ù�¤ Âû ý�¥� �� (1. ~f(0) = a ø p Æ ~f = f �î ¢¤�¢ ¢��ø ~f : I ! ~X ¢ÂÔ� ÂÊ½�õp(a) = �� a 2 ~X Âû ø F : I � I ! X ­øÂÔõ �b µ¨��� ´ª�Ú÷ Âû ý�¥� �� (2ø p Æ ~F = F �î ¢¤�¢ ¢��ø ~F : I � I ! ~X üþ�µØþ �b µ¨��� ´ª�Ú÷ ,F (0;0). ~F (0;0) = a.Àª��üõ ��±ª ��÷ ö� ��±�� ø ´¨� 9.4.7 �b¹�µ÷ ��±ª ýÀã� �b¹�µ÷°��Âµ� ~f1 ø ~f0 ø ,ù¢�� X ¤¢ ¥ ¤� Ýû ù�¤ ø¢ f1 ø f0 À��î ­Âê .�¹�µ÷ 6.2.8. ~f0(1) = ~f1(1) ù�Ú÷� , ~f0(0) = ~f1(0) �»÷��� .À�ª�� f1 ø f0 â�êÂ�.Ý�û¢üõ Ý�Þã� �¤ 11.4.7 �b �Ìì ¥� üµÞÆì ,ö��î�a 2 ~X ø ù¢�¨ À�±Þû ~X ,üÈª�� üµª�Ú÷ p : ~X ! X ÝþÂ�ð .��Ìì 7.2.8p�1(p(a)) ø �(X; p(a)) ý�û�ä�Þ¹õ ö��õ ×�±Øþ ýÂÒ��� �¤�¬ ßþ� ¤¢ .Àª��.¢¤�¢ ¢��ø�b µÆ�Â� ��ÚØ÷ .Àª��üõ 11.4.7 �b �Ìì ��±�� ý�µ½õ ö�Þû �f¨�¨� ��±�� ßþ� :��±���bÎ��® �� �¤ ' : �(X; p(a)) ! p�1(p(a)) ´ª�Ú÷ �Àµ�� .Ýþ�ªüõ ÂîÁµõ �¤ ö�.Àª��üõ ~f(0) = a ¯Âª �� f â�êÂ� ~f �¹�þ� ¤¢ �î ,Ý��îüõ ÓþÂã� '([f ℄) = ~f(1).´¨� ÓþÂãµª�¡ 6.2.8 Ýó �� ��� ´ª�Ú÷ ßþ�­Âê ,¤�Ñ�õ ßþ� ý�Â� .Ý��îüõ ÓþÂã� �¤  : p�1(p(a)) ! �(X; p(a)) Å³¨ø¢ Âû ,´¨� ù¢�¨ À�±Þû ~X ö�� .Àª�� x �� a ¥� üû�¤ f ø ,x 2 p�1(p(a)) Ý��î.Àª��üõ �(X; p(a)) ¥� ÓþÂãµª�¡ ýÂÊ�ä [p Æ f ℄ ßþ�Â���� .À÷¥ ¤� Ýû üû�¤ ß���' Æ �¤�¬ ßþ� ¤¢ �î ¢�Þ÷ Õ�Ö½� ¢�ªüõ üð¢�Æ� . (x) = [p Æ f ℄ Ý��îüõ ÓþÂã�2 .´¨� üþ�¨ø¢ ýÂÒ��� ' ßþ�Â���� . Æ ' = 1�(X;p(a)) ��÷ ø  = 1p�1(p(a)):´¨� ��µ�µ¨� Û��ì �ÈÚû�¤ �b µØ÷ ßþ� ��� ÝØ� ¥� .´ª�¢¢�þ 8.2.8p : ~X ! X üÈª�� ý�Ìê ×þ ,�(X; x0) ý¢���� ùøÂð �b ±¨�½õ ý�Â�p�1(x0) Â� Å³¨ .Àª�� ù¢�¨ À�±Þû ~X �î Ý��îüõ �ÂÎõ ý��÷�ð ��' : �(X; x0) !üþ�¨ø¢ â��� �î Ý�û¢üõ ¤�Âì ý��÷�ð �� üûøÂð ý¤�µ¡�¨.Àª�� �úûøÂð ß�� ÝÆ�ê¤�õø�þ� p�1(x0)187
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üÈª�� ý�û�Ìê 8 ÛÊê ��óø� «��¡ 2.8��¹÷� �(S1; 1) �b ±¨�½õ ý�Â� Û±ì ÛÊê ü÷�þ�� Ç¿� ¤¢ �î ´¨� ý¤�î §�¨� ßþ�«�¡ ´ó�� À�� ,ýÀã� ý�úÈ¿� ¤¢ .´Æ�÷ ù¢£�¨ üÜî ´ó�� ¤¢ ¤�î ßþ� .Ýþ¢�¢.¢�Þ÷ Ý�û��¡ �ÂÎõ �¤ ö�.ßþÂÞ� 9.2.8~X0 = ø X ¥� ý��ä�Þ¹õ Âþ¥ X0 ,üÈª�� üµª�Ú÷ p : ~X ! X Ý��î ­Âê (1p0(x) = p(x) �bÎ��® �� p : ~X0 ! X0 ´ª�Ú÷ À��î ´��� .Àª�� p�1(X0).´¨� üÈª��z1 = , ~X = f(x; y) 2 R2 j´¨� ¼�½¬ ý¢Àä y �þ xg �î Ý��î ­Âê (2p(x; y) = �¤�¬ �� p : ~X ! X ø X = f(z1; z2) 2 S1�S1 j z2 = 1 �þ 1g´ª�Ú÷ �¤�¬ ßþ� ¤¢ �î À�û¢ ö�È÷ .¢�ª ÓþÂã� � exp(2�ix); exp(2�iy)�.´¨� üÈª�� p : ~X ! X:À�µÆû üÈª�� Âþ¥ ý�úµª�Ú÷ ��Àî �î À��îÉ¿Èõ (3;´¨� ¼�½¬ ý¢Àä n �î ,p(z) = zn �bÎ��® �� p : C � ! C � (�:sin : C ! C (�¼�½¬ ý¢Àä� n ø m �î ,p(z) = (1 � z)mzn �bÎ��® �� p : U ! C � (�.U = C � � f1g ø À�µÆû.À�ª�� üÈª�� q : ~Y ! Y ø p : ~X ! X ý�úµª�Ú÷ ÝþÂ�ð (4;´¨� üÈª�� p� q : ~X � ~Y ! X � Y À��î ´��� (�~W = f(~x; ~y) 2 ~X � ~Y j p(~x) = q(~y)g ø X = Y Âð� �î À��î ´��� (�.´¨� üÈª�� f(~x; ~y) = p(~x) �bÎ��® �� f : ~W ! X ´ª�Ú÷ ,ù�Ú÷�e(t) = exp(2�it) �bÎ��® �� e : R ! S1 Â��Â� q ø p �î ü�¤�¬ ¤¢ (�.À��îÉ¿Èõ �¤ ~W ,À�ª��ø a(z) = z + i °��Âµ� �bÎ��® �� ý�úÞÆ�ê¤�õ�ÿÞû a; b : C ! C ÝþÂ�ð (5�¹�µ÷ ¤¢ ø b Æ a = a�1 Æ b �î À�û¢ ö�È÷ .À�ª�� b(z) = �z + 1=2 + iý�úÞÆ�ê¤�ÞÿÞû ¥� üûøÂð G = fam Æ b2n Æ b" jm;n 2 Z ; " 2 f0;1ggø ´¨� �µ¨����÷ �f õ�î C Â� G ÛÞä �î À�û¢ ö�È÷ ,ùø�ã� .Àû¢üõ Û�ØÈ� C.Àª��üõ é¤øÀ¨ø�û C =G ý¤�Àõ ý�Ìê188
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��óø� «��¡ 2.8 üÈª�� ý�û�Ìê 8 ÛÊê×þ �ú�� G ¤�Àõ Âû �î À����� ý��÷�ð �� ¥��-Ý�÷ Û�ÎµÆõ×þ (5 ßþÂÞ� �b õ�¢�) (6ýÂÎ� ö�Þû �f Þä C =G �î À�û¢ ö�È÷ Å³¨ ø Àª�� �µª�¢ Â� ¤¢ �¤ ö� ¥� �ÎÖ÷.´¨� ßþ�î' : C !´ª�Ú÷ ÝþÂ�ð .R4 ¤¢ ßþ�î ýÂÎ� ý�Â� ý�ùÀ�÷�È÷ (6 ßþÂÞ� �b õ�¢�) (7�bÎ��® �� R5'(x + iy) = � 
os(2piy); 
os(2pix); sin(4�x);sin(2�y) 
os(2�x); sin(2�x) sin(2�y)��ÎÖ÷ ×þ �ú�� �� �¤ G ùøÂð ��¤�Àõ ¥� ×þ Âû ' �î À�û¢ ö�È÷ .¢¢Âð ÓþÂã�.´¨� é¤�õ�ÿÞû ' ùb¤�Ú÷ �� C =G �î ÀþÂ�Ú� �¹�µ÷ Å³¨ ø ¢¤�Ú÷üõ�bÎ��® ��  : R5 ! R4 ´ª�Ú÷ Âð� �î À�û¢ ö�È÷ (p; q; r; s; t) = �(p+ 2)q; (p+ 2)r; s; t�ùb¤�Ú÷ ,ßþ�Â���� .¢¢Âðüõ ÝÆ�ê¤�õ�ÿÞû ×þ Û¬�� ,Ý��î ÀþÀ½� ' ùb¤�Ú÷ �� �¤.Àª��üõ é¤�õ�ÿÞû ßþ�î ýÂÎ� ��  Æ 'À��î ´��� .Àª�� üû�¤ À�±Þû X ø üÈª�� üµª�Ú÷ p : ~X ! X À��î ­Âê (8¢Àä ßþ� �î ü�¤�¬ ¤¢ .Àª��üõ x 2 X ��¿µ÷� ¥� ÛÖµÆõ p�1(x) üÜ¬� ¢Àä.´¨� �þ��n üÈª�� ´ª�Ú÷ ×þ p : ~X ! X Ý���ðüõ ,Ý�õ��� n �¤p : �þ�-ø¢ üÈª�� ´ª�Ú÷ ×þ .Àª�� ßþ�î ýÂÎ� ÂÚÈþ�Þ÷ K À��î ­Âê (9.À��î üêÂãõ S1� S1! K�î Ý���ð ù¢�¨ �b µÆ� Ý¡ ü�¤�¬ ¤¢ �¤ ­øÂÔõ ¼Î¨ ×þ ¥� C �bä�Þ¹õ Âþ¥ (10ýøÂ� S2 ùÂî ¥� üã�±Ï Âþ�Ê� p : S2 ! RP2 ÝþÂ�ð .Àª�� é¤�õ�ÿÞû S1 ��,Àª�� RP2 ¤¢ ý��µÆ� Ý¡ C Âð� �î À��î ´��� .Àª�� RP2 ýÂþ�Ê� �b½Ô¬ø¢ ¥� üä�Þµ�� �Ø�þ� �þ ø ¢�� Àû��¡ S2 ¤¢ ý��µÆ� Ý¡ p�1(C) �¤�¬ ßþ� ¤¢RP2 ¤¢ üû�¤ Âþ�Ê� ö���ä �� �¤ C :üþ�Þ�û�¤) .Àª��üõ ��¹õ ùb¢�¨ �b µÆ� Ý¡(.À��î ¢�ÀÞÜì�fÞ�ÖµÆõ ,Ç¿� ßþ� ¤¢ ��Ø�� ¥� ù¢�Ôµ¨� �� �¤ �(S1 � S1; (1; 1)) ý¢���� ùøÂð (11�� üÈª�� üµª�Ú÷ ,(9) ø (4) ���þÂÞ� ¥� ù¢�Ôµ¨� �� :üþ�Þ�û�¤) .À��î �±¨�½õ(.À��î ù¢�Ôµ¨� 7.2.8 �b �Ìì ¥� Å³¨ ø Àþ¥�Æ� R � R ! S1� S1 ÛØª-25.2.7 ßþÂÞ�) Àª�� ù¢�¨ À�±Þû Sn ùbÂî ,n � 2 ý�¥� �� �î À��î ­Âê (122 �b ±�Âõ ¥� ø ý¤ø¢ (n � 2 �î) RPn ý¢���� ùøÂð �î À�û¢ ö�È÷ .((3)189
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üÈª�� ý�û�Ìê 8 ÛÊê ��óø� «��¡ 2.8ý�Ìê ý¢���� ùøÂð ù�Ú÷� ,Àª�� ñø� ý¢Àä p Âð� �î À�û¢ ö�È÷ ùø�ã� .´¨�.´¨� p �b ±�Âõ ¥� ø ý¤ø¢ L(p; q) ��óé¤�õ�ÿÞû S2 �þ RP2 �� S1 � Y �î ¢¤�¢ ¢��ø ý� Y ý��ó���� ý�Ìê �þ� (13?�Â� ?Àª��.Àª�� üÈª�� üµª�Ú÷ p : X ! Y ø é¤øÀ¨ø�û üþ�û�Ìê Y ø X À��î ÂÌê (14�î ´¨� ßþ� Àª�� ÀÜÔ��õ�n×þ X �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª �î À��î ´���.Àª�� ÀÜÔ��õ�n×þ Y­Âê .Àª�� ý��ó���� üþ�Ìê Y ø üÈª�� üµª�Ú÷ p : ~X ! X Ý��î ­Âê (15ü����Þû Âû �î À��î ´��� .Àª�� ~f : Y ! ~X â�êÂ� ý�¤�¢ f : Y ! X Ý��î×þ °��õ ,F (y;0) = f(y) ý� y 2 Y Âû ý�¥� �� �î F : Y � I ! Xý� y 2 Y Âû ý�¥� �� �î ,¢¢Âðüõ ~F : Y � I ! ~X �µê�þ â�êÂ� ü����Þû. ~F (y;0) = ~f(y)�� �µ¨��� üþ�úµª�Ú÷ f; g : Y ! ~X ø ù¢�� üÈª�� üµª�Ø÷ p : ~X ! X ÝþÂ�ð (16g ø f �ú÷� ý�¥� �� �î Y ¤¢ üÏ�Ö÷ �bä�Þ¹õ À��î ´��� .À�ª�� p Æ f = p Æ g.´¨� Y ¤¢ �µÆ� ø ¥�� ý��ä�Þ¹õ Âþ¥ ,À÷¤�¢ ¤�ÀÖõ ×þ´¨� üû�¤ À�±Þû �fã®�õ ~X �î ,Àª�� üÈª�� üµª�Ø÷ p : ~X ! X ÝþÂ�ð (17üû�¤ À�±Þû �fã®�õ ��÷ ~X À��î ´��� .(¢�ª ���� (10)-20.1.6 ßþÂÞ� ��).´¨�üÞÆ�ê¤�ÞÿÞû ,p : ~X ! X ­øÂÔõ üÈÈ¨�� ´ª�Ø÷ ý�Â� üÈª�� ÛþÀ±� ¥� ¤�Ñ�õ (18,üÈª�� ��þÀ±� �bÞû �bä�Þ¹õ À��î ´��� .p Æ h = h �î ´¨� h : ~X ! ~X.Àû¢üõ ùøÂð Û�ØÈ�´��� .´¨� üû�¤ À�±Þû �fã®�õ ~X �î ,Àª�� üÈª�� üµª�Ø÷ p : ~X ! X ÝþÂ�ð (19�µ¨����÷ �f õ�î , ~X Â� p : ~X ! X ý�Â� üÈª�� ��þÀ±� ùøÂð ÛÞä �î À��î.´¨�
190
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üÈª�� ý�Ìê ý¢���� ùøÂð 3.8 üÈª�� ý�û�Ìê 8 ÛÊêüÈª�� ý�Ìê ý¢���� ùøÂð 3.8p : ~X ! �î ,Àª��üõ �(X; x0) �� ö� ¯�±�¤� ø �( ~X; ~x0) ùøÂð �� ¯�±�¤� ¤¢ Ç¿� ßþ��ÂÎõ ßþÂÞ� �¤�¬ �� ��Ø�� ¥� ý¤��Æ� .p(~x0) = x0 ø ´¨� üÈª�� üµª�Ú÷ X.À÷� ùÀª.5.2.8 �b �Ìì ¥� ÛÊê�� ´¨� ý��¹�µ÷ ,ÝØ� ß�óø�,~x0 2 ~X ø x0 2 X ,Àª�� üÈª�� üµª�Ú÷ p : ~X ! X Âð� .��Ìì 1.3.8p� : �( ~X; ~x0) ! ü��Öó� ÝÆ�ê�õ�Þû �¤�¬ ßþ� ¤¢ ,p(~x0) = x0 �î ý��÷�ð ��.´¨� ÝÆ�ê¤�õ��õ �(X; x0)­�ä �¤ �þ�� Âð� �î ´¨� ßþ� ,¢¢Âðüõ �ÂÎõ üã�±Ï ¤�Ï �� �¹�þ� ¤¢ �î üó��b¨.Ý�û¢üõ ¾¨�� Âþ¥ �¤�¬ �� �¤ °ÜÎõ ßþ� ?Àû¢üõ  ¤ �� ,Ý��îüÈª�� üµª�Ú÷ p : ~X ! X ø üû�¤ À�±Þû üþ�Ìê ~X ÝþÂ�ð .��Ìì 2.3.8�î ¢¤�¢ ¢��ø ö��� p(~x1) �� p(~x0) ¥� X ¤¢ f üû�¤ ù�Ú÷� ,~x0; ~x1 2 ~X Âð� .Àª��(uf Æ p�)��( ~X; ~x0)� = p���( ~X; ~x1)�:¥� uf ÝÆ�ê¤�õø�þ� ÓþÂã� °��õ g ù�¤ .Àª�� ~x1 �� ~x0 ¥� ~X ¤¢ üû�¤ g ÝþÂ�ð :��±��,ýÂ�ð¤�Ø� �� .uf��( ~X; ~x0)� = �( ~X; ~x1) ßþ�Â���� .¢�ªüõ �( ~X; ~x1) �� �( ~X; ~x0)Ýþ¤�¢ ,p� ÝÆ�ê¤�õ�Þû(p� Æ ug)��( ~X; ~x0)� = p���( ~X; ~x1)�:f = p Æ g �¹�µ÷ ¤¢ .p� Æ ug = upÆg Æ p� Ýþ¤�¢ (3)-11.15 ßþÂÞ� §�¨� Â� ,�õ�2 .À�îüõ ëÀ¬ ùÀª �µ¨��¡ Íþ�Âª ¤¢¥� [f ℄ ýÂÊ�ä f ù�¤ �¤�¬ ßþ� ¤¢ ,p(~x0) = p(~x1) = x0 ��� �b �Ìì ¤¢ Âð�ùø�ã� ø ,À�îüõÉ¿Èõ �¤ �(X; x0)p���( ~X; ~x1)� = [f ℄�1�p���( ~X; ~x0)��[f ℄.À��ø¢�õ �(X; x) ¤¢ p�(�( ~X; ~x1)) ø p�(�( ~X; ~x0)) ý�úûøÂð Âþ¥ ,ÂÚþ¢ ö��� ��:´Ôð ö���üõ ßþ� ¥� Ç�� ,�f Þä191
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üÈª�� ý�û�Ìê 8 ÛÊê üÈª�� ý�Ìê ý¢���� ùøÂð 3.8À�±Þû ~X ö� ¤¢ �î ,Àª�� üÈª�� üµª�Ú÷ p : ~X ! X ÝþÂ�ð .��Ìì 3.3.8fp���( ~X; ~x0)� j ~x0 2 p�1(x0)g �b þ�¢Âð ,­øÂÔõ x0 2 X Âû ý�¥� �� .´¨� üû�¤.Àª��üõ �(X; x0) ¤¢ ý�úûøÂð Âþ¥ ¥� ¸þø�� �b µ¨¢ ×þ,ùø�ã� .À��ø¢�õ ,¤�îÁõ �b þ�¢Âð ¤¢ ¢���õ ùøÂð Âþ¥ ø¢ Âû �î ´¨� ùÀª ´��� :��±��¤¢ ¢���õ ý�úûøÂð Âþ¥ ¥� üØþ �� �î Àª�� �(X; x0) ¥� üûøÂð Âþ¥ H Ý��î ­Âêý� � 2 �(X; x0)×þ ý�¥� �� �¤�¬ ßþ� ¤¢ .p���( ~X; ~x0)� �� �f ·õ .´¨� �ø¢�õ �þ�¢Âð~x0 ¥� �î Àª�� f ¥� üã�êÂ� ~f ø � = [f ℄ Ý��î ­Âê .H = ��1�p���( ~X; ~x0)���p���( ~X; ~f(1))� = (uf Æ Ýþ¤�¢ 2.3.8 �b �Ìì ����� ,�¤�¬ ßþ� ¤¢ .¢¢Âðüõ ¥�è�.Àª��üõ ��Þ� ö�ûÂ� ø ´¨� ÕÜãµõ ùÀª ù¢�¢ �b þ�¢Âð ��H ßþ�Â���� .p�)��( ~X; ~x0)� = H2.Ý�û¢üõ ���¤� Âþ¥ ���þÂÞ� ¤¢ �¤ �(X; x0) ø �( ~X; ~x0) ö��õ Í��ø ¤ Âþ�¨p : ~X ! �î ´¨� ö� Â� ­Âê ,Ûþ£ ¤¢ �øÂÈõ ���þÂÞ� ��Þ� ¤¢ .ßþÂÞ� 4.3.8.x0 2 X ø ´¨� üû�¤ À�±Þû ~X ø üÈª�� üµª�Ú÷ X~f(1) �¤�¬ �� �¤ ~x � [f ℄ ,­øÂÔõ [f ℄ 2 �(X; x0) ø ~x 2 p�1(x0) ý�¥� �� (1.Àª��üõ ~x ¥� ¥�è� �� f ý�Â� ßØÞõ â�êÂ� �ú�� ~f �¹�þ� ¤¢ �î Ý��îüõ ÓþÂã�ÓþÂã� p�1(x0) �bä�Þ¹õ Â� �(X; x0) ùøÂð ¥� ´¨�¤ üÜÞä ßþ� �î À��î ´���`a(f) ¢�Þ÷ ¥� ø Àþ¥�À÷��� üû�Ú÷ 11.4.7 �b �Ìì ��±�� �� :üþ�Þ�û�¤) .À�îüõ(.À��î ù¢�Ôµ¨� a �bÎÖ÷ ¥� ý¥�è� f â�êÂ� ý�Â�a; b 2 Âû ý�¥� �� �î ´¨� ýÀãµõ S �bä�Þ¹õ Â� G ÛÞä Ý���ðüõ ü�¤�¬ ¤¢ (2Âû ý�¥� �� ,ÂÚþ¢ ö��� �� :.g �a = b �î ¢�ª ´ê�þ ö��� g 2 G ýÂÊ�ä ,S¤¢ �î À��î ´��� .(´¨� a ¤�Àõ G �a �î) S = G �a Ý�ª�� �µª�¢ ý� a 2 S.À�îüõ ÛÞä p�1(x0) Â� ýÀãµõ ¤�Î� �(X; x0) �¤�¬ ßþ��bä�Þ¹õ ø p�1(x0) ß�� ý¥¤� Ýû��(X; x0) ø üþ�¨ø¢ ý��Î��¤ �î À��î ´��� (3ßþÂÞ� ¥� :üþ�Þ�û�¤) .¢¤�¢ ¢��ø �(X; x0) ¤¢ p�(�( ~X; ~x0))´¨�¤ ý�û�µ¨ÀÞû�î À�û¢ ö�È÷ ø ù¢Âî ù¢�Ôµ¨� "²�' �� "´¨�¤' �bÞÜîËþ�ã� �� (4)-9.3.3(.p�(�( ~X; ~x0)) ¥� ´¨� �¤�±ä p�1(x0) Â� �(X; x0) ÛÞä ¥�¨¤�Àþ��üþ�¨ø¢ ýÂÒ��� ù�Ú÷� ,Àª�� ù¢�¨ À�±Þû ~X Âð� �î ÀþÂ�Ú� �¹�µ÷ (3) ßþÂÞ� ¥� (4.¢¤�¢ ¢��ø �(X; x0) ø p�1(x0) ß�� ý¥¤� Ýû��(X; x0) ø192
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üÈª�� ý�Ìê ý¢���� ùøÂð 3.8 üÈª�� ý�û�Ìê 8 ÛÊêp�1(x0) ü�ãþ) Àª�� �þ��n üÈª�� ´ª�Ú÷ p : ~X ! X Âð� �î À�û¢ ö�È÷ (5Âþ¥ ý�µ�� â��� p� : �( ~X; ~x0) ! �(X; x0) ù�Ú÷� ,(¢¢Âð Û�ØÈ� �ÎÖ÷ n ¥�.Àª��üõ nÉ¡�ª �� üûøÂðý¢���� ùøÂð .Àª�� üû��µõ p�1(x0) ø ù¢�� Z Â��Â� X ý¢���� ùøÂð À��î ­Âê (6.À��îÉ¿Èõ �¤ ~X.´¨� ÝÆ�ê£�ÞÿÞû p ù�Ú÷� ,Àª�� ù¢�¨ À�±Þû X Âð� �î À��î ´��� (7ùøÂð �î ´¨� ÝÆ�ê¤�õ�ÿÞû ü�¤�¬ ¤¢ p À��î ´��� . ~X = X À��î ­Âê (8ÝÆ�ê¤�õ�ÿÞû p �fõ��ó� �þ� ù�Ú÷� ,Àª�±÷ üû��µõ ý¢���� ùøÂð Âð� .Àª�� üû��µõX ý¢����?´¨�ý� ~x0 2 ~X ý�¥ �� �î Ý���ð ÝÑ�õ ü�¤�¬ ¤¢ �¤ p : ~X ! X üÈª�� ´ª�Ú÷ (9f Âð� �î À��î ´��� .Àª�� �(X; x0) ¥� ñ�õÂ÷ üûøÂð Âþ¥ p���( ~X; ~x0)� ùøÂð¥� ×þ º�û �þ ø ´¨� �µÆ� üû�¤ ��÷ f â�êÂ� Âû �þ ù�Ú÷� ,Àª�� X ¤¢ �µÆ� üû�¤.À�µÆ�÷ �µÆ� �ú÷�¥� �µ¨����÷ �f õ�î ÛÞä ×þ ¥� Û¬�� üÈª�� ´ª�Ú÷ p : ~X ! X À��î ­Âê (10.´¨� ÝÑ�õ p : ~X ! X À��î ´��� .(X = ~X=G ü�ãþ) Àª�� ~X Â� Gp���( ~X; ~x0)� = �î ´¨� ÝÆ�ê¤�õ�ÿÞû üµìø �ú�� ø üµìø p �î À��î ´��� (11.�(X; x0)
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üÈª�� ý�û�Ìê 8 ÛÊê ý¤�Àõ ý�Ìê ý¢���� ùøÂð 4.8ý¤�Àõ ý�Ìê ý¢���� ùøÂð 4.8G ,üû�¤ À�±Þû üþ�Ìê X �î ´¨� ßþ� Â� ­Âê Ç¿� ßþ� ¤¢ .¢�¢¤�Âì 1.4.8üÈª�� üµª�Ú÷ p : X ! X=G ,ßþ�Â���� .´¨� �µ¨����÷ �f õ�î X Â� G ÛÞä ø ùøÂð.y0 = p(x0) 2 X=G ø x0 2 X �î Ý��îüõ ­Âê ùø�ã� .´¨�ý¤�Àõ ý�Ìê ý¢���� ùøÂð ø G­øÂÔõ ùøÂð ß�� ¯�±�¤� ¢�¹þ� ,Ç¿� ßþ� á�®�õ.´¨� X=GùÀª ��¹÷� ý�û¢�¢ ¤�Âì �� ���� �� .ÓþÂã� 2.4.8p�1(y0) = fg �x0 j g 2 Gg = G �y0¥�è� x0 2 X ¥� �î ¢¤�¢ ¢��ø f ý�Â� ~f �µØþ üã�êÂ� ù�Ú÷� ,[f ℄ 2 �(X=G; y0) Âð�üþ�µØþ ÂÊ�ä ßþ�Â���� ø ´¨� p�1(y0) ¤�Àõ ¥� ý�Ìä ~f(1) �¤�¬ ßþ� ¤¢ .¢¢ÂðüõÓþÂã� °��õ ,f 7! gf ÂÒ��� ,°��Â� ßþ� �� . ~f(1) = gf �x0 �î ¢¤�¢ ¢��ø gf 2 G.¢�ªüõ ' : �(X=G; y0) ! G ÛØª �� üµª�Ú÷.´¨� �úûøÂð ß�� ÝÆ�ê¤�õ�Þû ' : �(X=G; y0) ! G´ª�Ú÷ .��Ìì 3.4.8â�êÂ� f̂ � f 0 Âð� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ y0 ¤¢ �b þ�� �� ø X=G ¤¢ f 0 ø f �b µÆ� ù�¤ ø¢ :��±��,f̂ � f 0 = ~f�`a(f 0)�¤�¬ ßþ� ¤¢ ,¢¢Âðüõ ¥�è� x0 2 X ¥� �î Àª�� f�f 0 ¥� üþ�µØþ¥� üþ�µØþ â�êÂ� `a(f 0) ø ¢¢Âðüõ ¥�è� x0 ¥� �î ´¨� f ¥� üþ�µØþ â�êÂ� ~f �¹�þ� ¤¢ �î¥� �î Àª�� f 0 ý�Â� üþ�µØþ â�êÂ� ~f 0 ÝþÂ�ð .¢�ªüõ ¥�è� a = ~f(1) ¥� �î Àª��üõ f 0ö�� ø ,¢¢Âðüõ ¥�è� gf �x0 ¥� �î ´¨� f 0 ¥� üã�êÂ� gf � ~f 0 ö�� .¢¢Âðüõ ¥�è� x0�Ñ��õ °��Â� ßþ� �� .`a(f 0) = gf � ~f 0 �î ÝþÂ�ðüõ �¹�µ÷ a = ~f(1) = gf �x0�î ¢¢Âðüõgf � f 0(1) = gf � ~f 0(1) = gf ��gf 0 �x0� = (gf :gf 0) �x0:2 .Àª��üõ ÝÆ�ê¤�õ�Þû ' �Áó ø '�[f ℄[f 0℄� = '�[f ℄�:'�[f 0℄� �¹�µ÷ ¤¢.Ý��îüõ �±¨�½õ �¤ ' ÝÆ�ê¤�õ�Þû �b µÆû ,ñ��194
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ý¤�Àõ ý�Ìê ý¢���� ùøÂð 4.8 üÈª�� ý�û�Ìê 8 ÛÊê.´¨� p���(X; x0)� ùøÂð Âþ¥ ' : �(X=G; y0) ! G �b µÆû .Ýó 4.4.8ßþ� .'�[f ℄� = 1 �î ´¨� [f ℄ 2 �(X=G; y0) ýÂ¬��ä �bä�Þ¹õ ' �b µÆû :��±��~f(1) = �ú÷� ý�Â� �î [f ℄ 2 �(X=G; y0) ýÂ¬��ä �bä�Þ¹õ ¥� ´¨� �¤�±ä ´¨¤¢�bä�Þ¹õ ¥� �¤�±ä ,ßþ�Â���� .Àª��üõ x0 ¤¢ �b þ�� �� �µÆ� üû�¤ ~f �ú÷� ý�¥� �� ,ü�ãþ .x0�¤�±ä �� .[ ~f ℄ 2 �(X; x0) �î ´¨� [pÆ ~f ℄ ÛØª �� [f ℄ 2 �(X=G; y0)ýÂ¬��ä �bÞû2 .Àª��üõ p���(X; x0)� ¥� �¤�±ä ,ÂÚþ¢ßþ�Â���� ø ,´¨� �(X=G; y0) ¥� üó�õÂ÷ ùøÂð Âþ¥ p���(X; x0)� .�¹�µ÷ 5.4.8.´¨� ÓþÂã� Û��ì �(X=G; y0)=p���(X; x0)� üµÞÆì �¤�¡ ùøÂð.À�ê¤�õø�þ� G ø �(X=G; y0)=p���(X; x0)� ý�úûøÂð .��Ìì 6.4.8Âð� .´¨� �ª�� ' : �(X=G; y0) ! G ´ª�Ú÷ �î Ý�û¢ ö�È÷ ´¨� üê�î :��±��¥� ýÂÊ�ä ßþ� .Àª�� X ý�Ìê ¤¢ g �x0 �� x0 ¥� üû�¤ fg Ý��îüõ ­Âê ,g 2 G�'([pÆfg ℄)� �x0 = ÓþÂã� ����� .¢¥�¨üõÉ¿Èõ �¤ [pÆfg℄ ÛØª �� �(X=G; y0)üã�êÂ� ß��� fg �õ� .Àª��üõ x0 ¥� ý¥�è� pÆfg ý�µØþ â�êÂ� p̂ Æ fg �î ,(p̂ Æ fg)(1)' üþ�ª�� ÂÚ÷�È÷ �î ,'�[p Æ fg ℄� = g ßþ�Â���� .fg(1) = g �x0 ùø�ã� ø ´¨�2 .Àª��üõ..À�ê¤�õ�þ� G ø �(X=G; y0) ù�Ú÷� ,Àª�� ù¢�¨ À�±Þû X Âð� .�¹�µ÷ 7.4.8S1 ùÂþ�¢ ý¢���� ùøÂð �Ø�þ� Â� ü�±õ Û±ì ÛÊê üÜ¬� ÝØ� (1 .ñ�·õ 8.4.8ö���üõ G Â� Züã�±Ï ÛÞä ßµêÂð ÂÑ÷ ¤¢ ø G = Z ,X = R­Âê �� �¤ ´¨� Z Â��Â��� R=Z ø (´¨� ÂþÁ� ­�±Ö÷� ö��) ´¨� ù¢�¨ À�±Þû R �¤�¬ ßþ� ¤¢ .¢¤ø� ´¨À�.�(S1; 1) �= �(R=Z;0) �= Zßþ�Â���� .Àª��üõ éÂõ�ÿÞû S1ÓþÂã� ø X = Rn ø G = Zn­Âê �� (2(a1; � � � ; an) � (t1; � � � ; tn) = (t1 + a1; � � � tn + an)�� Rn=Zn ý¤�Àõ ý�Ìê �õ� .�(Rn=Zn; (0; � � � ;0)) �= Zn �î Ý��îüõ �Ñ��õ.´¨� é¤�õ�ÿÞû (S1)n ü�ÂÌÜ¬�� ý�Ìê.Ýþ¤ø�üõ ßþÂÞ� ÛØª �� �¤ ÂµÈ�� ý�úó�·õ195
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üÈª�� ý�û�Ìê 8 ÛÊê ý¤�Àõ ý�Ìê ý¢���� ùøÂð 4.8.ßþÂÞ� 9.4.8é¤�õø�þ� Zp üãÞ� ùøÂð �� L(p; q) ��ó ý�Ìê ý¢���� ùøÂð �î À�û¢ ö�È÷ (1.(´¨� ù¢�¨ À�±Þû S3 À��î ­Âê ,(3)-25.2.7 ßþÂÞ� �����) .´¨�¢��ø XG üþ�Ìê ,G ùÀª À�ó�� �f�û��µõ üÜ�� ùøÂð Âû ý�¥� �� �î À�û¢ ö�È÷ (2G �î À��î ù¢�Ôµ¨� ÝØ� ßþ� ¥� :üþ�Þ�û�¤) .´¨� G ö� ý¢���� ùøÂð �î ¢¤�¢(.´¨� üû��µõ �b ±�Âõ ¥� ý¤ø¢ ùøÂð ý¢�Àã� ø Z ¥� ü³î À�� ¥� ü�ÂÌÜ¬��f'n jn 2 ý�úÞÆ�ê¤�õ�ÿÞû ùøÂð K ø C � = C �f0g �î ,Y = C �=K ÝþÂ�ð (3ý¢���� ùøÂð �î À��î ´��� 7.4.8 �b¹�µ÷ ¥� ù¢�Ôµ¨� �� .´¨� '(z) = 4z �� ZgG ¥� H ñ�õÂ÷ ùøÂð Âþ¥ ø G ùøÂð ,X ý�Ìê :üþ�Þ�û�¤) .´¨� Z�Z Â��Â� Yý¤�Ï ,ß��»Þû .Àª�� ù¢�¨ À�±Þû ý�Ìê�G ×þ X �î À����� ý��÷�ð �� �¤(3)-13.3.3 ßþÂÞ� ¥� Å³¨ .G=H �= K ø X=H �= C � �î À��î ��¿µ÷�(.À��î ù¢�Ôµ¨�T (z) = �z + 1 + �¤�¬ ßþ� ¤¢ ,X = R � [0;1℄ � C �ð� �î À��î ´��� (4ùøÂð G Âð� �î À�û¢ ö�È÷ .´¨� T : X ! X ÛØª �� üÞÆ�ê¤�ÞÿÞû i.Àª��üõ §����õ ¤��÷ X=G ù�Ú÷� ,Àª�� T Í¨�� ùÀª À�ó�� ý�úÞÆ�ê¤�õ�ÿÞû.´¨� Z ��÷ §����õ ¤��÷ ý¢���� ùøÂð �î ÀþÂ�Ú� �¹�µ÷¥� �¤�±ä ßþ�î ýÂÎ� ý¢���� ùøÂð �î À��î ´��� (5G = �amb2n+" ��m;n 2 Z ; " 2 f0;1g ; ba = a�1b	.Àª��üõ ba = a�1b �bÎ��¤ ×þ �ú�� ø b ø a Àó�õ ø¢ �� üûøÂð G :´¨�¢�þ 4.3.8 ßþÂÞ� ¥� .´¨� �µ¨����÷ �f õ�î ÛÞä�G ×þ ý�¤�¢ X À��î ­Âê (6´��� .À�îüõ ÛÞä p�1(y0) Â� ´¨�¤ ¥� �(X=G; y0) ùøÂð �î Ýþ�ªüõ ¤ø�Ýþ¤�¢ ý� [f ℄ 2 �(X=G; y0) ø x 2 p�1(y0) ,g 2 G Âû ý�¥� �� �î À��î.(g �x) � [f ℄ = g � (x � [f ℄)H ø ²� ¥� G �î ,À�ª�� S �bä�Þ¹õ Â� ùÀ��î ÛÞä ùøÂð ø¢ H ø G À��î­Âê (7x 2 S ,g 2 G �bÞû ý�¥� �� �î À��î ­Âê ,ß��»Þû .À�îüõ ÛÞä ´¨�¤ ¥�ýÀãµõ ø ¢�¥� ¤�Î� G Âð� �î À��î ´��� .(g �x) �h = g � (x �h) �û h 2 H ø,ùø�ã� .´ª�¢ Àû��¡ ¢��ø ' : H ! G üÞÆ�ê¤�õ�Þû ù�Ú÷� ,À�î ÛÞä S Â�196
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ý¤�Àõ ý�Ìê ý¢���� ùøÂð 4.8 üÈª�� ý�û�Ìê 8 ÛÊêÀª��üõ H ÛÞä ´½� x0 2 S �bÎÖ÷ ¥�¨¤�Àþ�� ¥� �¤�±ä ' �b µÆû �î À�û¢ ö�È÷�¤ '(h) ¤�ÀÖõ ,h 2 H ý�¥� �� :üþ�Þ�û�¤) .S = fg �x0 j g 2 Gg ��÷ ø(.À�îüõ ëÀ¬ g �x0 = x0 �h ¯Âª ¤¢ �î À��î ÓþÂã� G ¥� �µØþ ýÂÊ�ä.À��î ��±�� �f¢À¹õ �¤ 4.4.8 Ýó ø ?? �b �Ìì ,(7) ø (6) ���þÂÞ� ýÂ�ð¤�Ø� �� (8´��� �f¢À¹õ �¤ 6.4.8 �b �Ìì ,(3)-4.3.8 ßþÂÞ� ��÷ ø (8) ßþÂÞ� ¥� ù¢�Ôµ¨� �� (9.À��î
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üÈª�� ý�û�Ìê 8 ÛÊê ö�±õ�� ¸þøÀ÷�¨ ø ��ø�-í�¨¤�� ý�þ�Ìì 5.8ö�±õ�� ¸þøÀ÷�¨ ø ��ø�-í�¨¤�� ý�þ�Ìì 5.8Ý�Þã� ñ�±÷¢ �� ,âì�ø ¤¢ .´¨� üÜ±ì ¶��±õ ¥� ¢Â�¤�î À�� �b ��¤� ,Ç¿� ßþ� ¥� éÀû-í�¨¤�� �b �Ìì �� ��¨�õ ý���Ìì Â� ü�µ±õ �ú÷� �bÞû �î ,Ý�µÆû 4.4 Ç¿� ��Ø��Û� 1930 ñ�¨ ¤¢ í�¨¤�� .í ø ¢Âî �ÂÎõ ��ø� .§ �¤ ��Ìì ßþ� .À�µÆû ��ø�.¢�Þ÷¤¢ ë¢�¬ ' : S2! S1 �b µ¨��� ´ª�Ú÷ º�û .��ø�-í�¨¤�� �b �Ìì 1.5.8.¢¤�À÷ ¢��ø '(�x) 6= �'(x) ¯ÂªZ2 = ùøÂð .Àª�� �µª�¢ ¢��ø ý� ' : S2 ! S1 ´ª�Ú÷ ß��� Ý��î ­Âê :��±���¤�¬ �� ,ü�ãþ) À�îüõ ÛÞä S1 Â� ��÷ ø S2 Â� ýÂÎì §�Øã÷� �¤�¬ �� f�1;1gø p1 : S1! S1=Z2 Âð� .´¨� �µ¨����÷ �f õ�î ÛÞä ,¢¤�õ ø¢ Âû ¤¢ ;(�1 �x := �xüµª�Ú÷ °��õ ' �¤�¬ ßþ� ¤¢ ,À�ª�� üã�±Ï Âþ�Ê� ý�úµª�Ú÷ p2 : S2 ! S2=Z2¯Âª ¤¢ �î ¢¢Âðüõ  (f�xg) = f�'(x)g �bÎ��® ��  : S2=Z2 ! S1=Z2 �µ¨���a = ÝþÂ�ð .(¢�ª ���� 19.2.3 �b �Ìì ��±�� ��) À�îüõ ëÀ¬ p1 Æ ' =  Æ p2ñ�Þãõ Õ��Îõ �î ,(1;0;0) 2 S2S2 = �(x; y; z) 2 R3 ��x2 + y2 + z2 = 1	:�bÎ��® �� ù�¤ f Âð� .b = p2(a) 2 S2=Z2 Ý��î ­Âê ,ß��»Þûf(t) = � 
os(�t); sin(�t);0� 0 � t � 1[p2 Æ f ℄2 = �bÎ��¤ ¤¢ [p2 Æ f ℄ 2 �(S2=Z2; b) �¤�¬ ßþ� ¤¢ ,Àª�� �a �� a ¥� S2 ¤¢�Âþ¥ .¢¤�¢ ëÀ¬ ["b℄�(p2 Æ f) � (p2 Æ f)�(t) = � p2� 
os(2�t); sin(2�t);0� 0 � t � 1/2p2�� 
os(2�t);� sin(2�t);0� 1/2 � t � 1= p2� 
os(2�t); sin(2�t);0� 0 � t � 1�¤�¬ �� �¤ F : I � I ! S2 ´ª�Ú÷ ,ñ��F (t; s) = �s+ (1� s) 
os(2�t) ; (1� s) sin(2�t) ;q2s(1� s)(1� 
os(2�t))�198
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ö�±õ�� ¸þøÀ÷�¨ ø ��ø�-í�¨¤�� ý�þ�Ìì 5.8 üÈª�� ý�û�Ìê 8 ÛÊêùø�ã� .´¨� �µ¨��� p2 Æ F : I � I ! S2=Z2 �î ¢¢Âðüõ �Ñ��õ .Ý��îüõ ÓþÂã�p2(F (t;0)) = �(p2 Æ f) � (p2 Æ f)�(t);p2(F (t;1)) = p2(1;0;0) = "b(t);p2(F (0; s)) = p2(1;0;0) = p2(F (1; s));.[p2 Æ f ℄2 = ["b℄ 2 �(S1=Z2;  (b)) Àû¢üõ ö�È÷ ßþ� �îÛØª �� üÞÆ�ê¤�õ�Þû Ǒ�Öó� °��õ  : S2=Z2! S1=Z2 ´ª�Ú÷ � : �(S2=Z2; b) ! �(S1=Z2;  (b))S1=Z2 �= S1 ,�õ� .[ Æ p2 Æ f ℄2 = [" (b)℄ 2 �(S1=Z2;  (b)) ßþ�Â���� ø ,¢�ªüõ¤¢) �(S1=Z2;  (b)) = f�n jn 2 Zg ý� � 2 �(S1=Z2;  (b)) ×þ ý�¥� �� øÓþÂã� g(t) = exp(�it) 2 S1 � C �¤�¬ �� g : I ! S1 �î ,� = [p1 Æ g℄ âì�ø[ Æp2Æf ℄ = [" (b)℄ �î ´¨� ü�ãõ ßþ� �� [ Æp2Æf ℄2 = [" (b)℄ ,ßþ�Â���� (.¢¢Âðüõ.(�k = �0 �î À�îüõ ��¹þ� �2k = �0 ø [ Æ p2 Æ f ℄ = �k ý� k ×þ ý�¥� ��)S1 ¤¢ '(a) ¥� áøÂª �� �µØþ üã�êÂ� ø ù¢�Þ÷ ù¢�Ôµ¨� 2.8 Ç¿� ��Ø�� ¥� ,�õ�¢� ¤¢¥� À��¤�±ä °��Âµ� �ú�þ� .Ý�û¢üõ ¤�Âì ���� ¢¤�õ �¤ " (b) ù�¤ ��÷ ø  Æ p2 Æ f ù�¤ ¥�,'(f(1)) = '(�a) = �'(a) �õ� .( Æ p2 = p1 Æ ' �î ¢�ª ����) "'(a) ø ' Æ f.´¨� ¢�Ì� ¤¢ [ Æ p2 Æ f ℄ = [" (a)℄ �� ßþ� �î ,"'(a)(1) = '(a) �î üó�� ¤¢[p2 Æ f ℄ 6= �î ¢�ª ���� ,ß��»Þû) Àª�� �µª�¢ ¢��ø À÷���üÞ÷ ý� ' ß��� ,ßþ�Â����2 .(["b℄ 2 �(S2=Z2; b)´¨� ù¢�¨ À�±Þû S62 ,(3)-25.2.7 ßþÂÞ� §�¨� Â� .´ª�¢¢�þ 2.5.8ý¢���� ùøÂð ,Û±ì Ç¿� ��ä�Ï� §�¨� Â� ,ßþ�Â���� .(¢�ª ���� ��÷ ?? �b¹�µ÷ ��),�õ� .´¨� Z2 �� Z2 ¥� üÞÆ�ê¤�õ�Þû  � ,ßþ�Â���� .´¨� Z2 ¢�¡ ´¨¤¢ S2=Z2[ Æ f ℄ = " (b) 2 �¹�µ÷ ¤¢ .´¨� ü÷�Þû �fõ��ó� üÞÆ�ê¤�õ�Þû ß��� �î Ý�÷�¢üõùÀª ù¢¤ø� ���þÂÞ� ýÂ�ð ¤�Ø� ¥� ���µ�� ´ú� �� Û±ì ñ�Àµ¨� .�(S2=Z2;  (b)).´¨�' : S1! S0ý��µ¨��� ´ª�Ú÷ º�û' ÝØ� Ý�Þã� ��Ìì ßþ� .´ª�¢¢�þ 3.5.8´¨¤¢ ÝØ� ßþ�) .Àª��üõ "À�î ëÀ¬ '(�x) = �'(x) ¯Âª ¤¢ �î ¢¤�À÷ ¢��ø199
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üÈª�� ý�û�Ìê 8 ÛÊê ö�±õ�� ¸þøÀ÷�¨ ø ��ø�-í�¨¤�� ý�þ�Ìì 5.8À�±Þû Â�è S0 = f�1;1g ø À�±Þû S1 üóø ,Àª�� �ª�� Àþ�� üµª�Ú÷ ß��� �Âþ¥ ,´¨�:¢¤�¢ ¢��ø Âþ¥ �Âª �� ýÂ�üÜî ÝØ� âì�ø ¤¢ (.´¨�¯Âª ¤¢ �î ¢¤�À÷ ¢��ø ' : Sn ! Sn�1 ý��µÆþ�� ´ª�Ú÷ º�û ,n � 1 ý�¥� ��.À�î ëÀ¬ '(�x) = �'(x),ö� ��±�� ¤¢ :´¨� ÂÒ�� ��µî ¼Î¨ ¥� �¤�¡ n > 2´ó�� ý�Â� ÝØ� ßþ� ��±��.¢�ªüõ ù¢�Ôµ¨� ��� �b ±�Âõ ü����Þû ý�úûøÂð ¥� �f ·õ�û S2 �bÞû ý�¥� �� �î Àª�� �µ¨��� üµª�Ú÷ f : S2! R2 ÝþÂ�ð .�¹�µ÷ 4.5.8.f(x) = 0 �î ¢¤�¢ ¢��ø ö��� x 2 S2 ý��ÎÖ÷ ,�¤�¬ ßþ� ¤¢ .f(�1) = �f(x)�� g : S2 ! S1 ´ª�Ú÷ ø f(x) 6= 0 ý� x 2 S2 Âû ý�¥� �� Ý��î ­Âê :��±��g(�x) = ø ´¨� �µ¨��� g ´ª�Ú÷ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ g(x) = f(x)=kf(x)k �bÎ��®2 .´¨� 1.5.8 �b �Ìì ÝØ� é�¡ �î ,�g(x),�¤�¬ ßþ� ¤¢ .Àª�� �µ¨��� üµª�Ú÷ f : S2 ! R2 ÝþÂ�ð .�¹�µ÷ 5.5.8.f(x) = f(�x) �î ¢¤�¢ ¢��ø ö��� x 2 S2 ý��ÎÖ÷g : S2 ! R2 ´ª�Ú÷ ù�Ú÷� ,f(x) 6= f(�x) ý� x 2 S2 Âû ý�¥� �� Âð� :��±��ëÀ¬ g(�x) = �g(x) ¯Âª ¤¢ ø ´¨� �µ¨��� g(x) = f(x) � f(�x) �bÎ��® ��1.5.8 �b �Ìì ÝØ� é�¡ ßþ� .g(x) 6= 0 ý� x 2 S2 Âû ý�¥� �� ùø�ã� ø ,À�îüõ2 .´¨�S6n ø Rn ´ó�� �� ö���üõ �¤ ÝØ� ø¢ ßþ� .´¨� 3.4.4 �b¹�µ÷ Ý�Þã� ,?? �b¹�µ÷.¢�¢ Ý�Þã�¥� üØ�±Øþ �b µ¨��� ´ª�Ú÷ º�û �î ´¨� ßþ� 5.5.8 �b¹�µ÷ ÛÊÔó�� ¸þ�µ÷ ¥� üØþ.´¨� °ÜÎõ ßþ� ¥� ÛÊê�� ý��¹�µ÷ ,��÷ Âþ¥ ÝØ� .¢¤�À÷ ¢��ø R2 �� S2.´Æ�÷ é¤�õ�ÿÞû S2 �� R2 ¥� ý��ä�Þ¹õ Âþ¥ º�û .�¹�µ÷ 6.5.8.Ýþ¤ø�üõ 5.5.8 �b¹�µ÷ ý�Â� ýÂ�±ã� ,4.4 Ç¿� ¤¢ À�÷�Þû¢��ø ß�õ¥ ¼Î¨ Â� Û��Öµõ �fÂÎì �bÎÖ÷ ´Ô� ×þ �Ñ½ó Âû ¤¢ .�¹�µ÷ 7.5.8.´¨� üØþ Û½õ ø¢ ö� ¤¢ ��û ¤�Èê ø Í�½õ ý�õ¢ �î ¢¤�¢ß�óø� �� ��±ª ö� ÝØ� �î ¢¤�¢ ¢��ø ö�±õ�� ¸þøÀ÷�¨ �b �Ìì �� ��¨�õ ý���ÌìùÂî ,ö�÷ �b þ� �¨ ¥� �î ö�±õ�� ¸þÀ÷�¨ Âû ,��Ìì ßþ� §�¨� Â� .Àª��üõ üØ�Ø�� �b ó�bÆõ200
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ö�±õ�� ¸þøÀ÷�¨ ø ��ø�-í�¨¤�� ý�þ�Ìì 5.8 üÈª�� ý�û�Ìê 8 ÛÊê¢�Þ÷ Ý�ÆÖ� ö���üõ ýø�Æõ ´ÞÆì ø¢ �� ©Â� ×þ �ú�� �� ,�¤ ¢�ªüõ Û�ØÈ� ö�±õ�� øÂµÖ�ì¢ ö��� �� .(À÷�ùÀÈ÷ �µ¿�õ� Ýû ¤¢ ¸þøÀ÷�¨ ý���� �î ´¨� ßþ� Â� ­Âê)¤¢ ¤�À÷�Âî �bä�Þ¹õ Âþ¥ �¨ C ø B ,A ÝþÂ�ð .ö�±õ�� ¸þøÀ÷�¨ �b �Ìì 8.5.8�ä�Þ¹õ �¨ ßþ� ¥� ×þ Âû �î ¢¤�¢ ¢��ø R3 ¤¢ ý��½Ô¬ ,�¤�¬ ßþ� ¤¢ .À�ª�� R3.À�îüõ Ý�ÆÖ� Ý�÷ ø¢ �� �fÖ�ì¢ �¤B ,A �î Ý��î­Âê Ý�÷���üõ .´¨� 6.4.4 �b �Ìì ��±�� ��±ª ��Ìì ßþ� ��±�� :��±��,x 2 S ý�¥� �� .À�µÆû âì�ø 0 2 R3 Ǒ�À±õ ¤¢ �îÂõ �� ø 1=2 á�ãª �� S ùbÂî ¤¢ C ø,t 2 I = [0;1℄ ý�¥� �� .Àª�� S ¤¢ x ¥� ùÀ÷¤Áð ýÂÎì Í¡ ÂÚÈþ�Þ÷ Dx Ý��î ­Âêx �� t �b Ü¬�ê �� ý��ÎÖ÷ ¥� �î Àª�� Dx Â� ¢�Þä ý��½Ô¬ ÂÚÈþ�Þ÷ Pt Ý��î ­Âê�î ,À�î üõ Ý�ÆÖ� A2 ø A1 Ç¿� ø¢ �� �¤ A �bä�Þ¹õ Pt ,°��Â� ßþ� �� .¢¤Áðüõf1(t) = Vol(A1) �¤�¬ �� °��Âµ� �¤ f2 ø f1 â���� .x �� �� ´¨� ÂµØþ¢�÷ x �� A1�� I ¥� �µ¨��� üã���� f2 ø f1 �î ´¨� ßªø¤ .Ý��îüõ ÓþÂã� f2(t) = Vol(A2) ø�� f : I ! R â��� ,ßþ�Â���� .Àª��üõ üóø�÷ �fÀ�î� f2 ø ý¢�ã¬ �fÀ�î� f1 ,À�µÆû R�Áó ø f(0) = �f(1) ,ùø�ã�.´¨� ý¢�ã¬ ø �µ¨��� f(t) = f1(t) � f2(t) �bÎ��®,´¨� ý¢�ã¬ f ö�� .f(t) = 0 �î ¢¤�¢ ¢��ø ý� t 2 I ,ü÷��õ ¤�ÀÖõ �b �Ìì �����.¢¢Âðüõ ÂÔ¬ [a; b℄ý��µÆ� ùb¥�� Â� �Ø�þ� �þ ø ,¢�ªüõ ÂÔ¬ �ÎÖ÷ ×þ ¤¢ �ú�� f �þ Å�(a + n)=2 ¢Àä ,Â¡� ´ó�� ¤¢ ø ,�(x) ¢�Þ÷ �� �¤ a �¤ �ÎÖ÷ �ú�� ,´Æ¿÷ ´ó�� ¤¢.À�îüõ Ý�ÆÖ� Ý¹� Ýû �bÞ�÷ ø¢ �� �¤ A �bä�Þ¹õ P�(x) ,ßþ�Â���� .Ý�õ�÷üõ �(x) �¤�(x) = 1 � �(�x) ¯Âª ¤¢ ë¢�¬ ø �µ¨��� üµª�Ú÷ � : S ! R �î ¢�ª ����.Àª��üõ�(x) =Í��ø¤ ¤¢ �î ,´¡�¨ �¤ �; 
 : S ! R ý�úµª�Ú÷ ö���üõ ���Èõ üÖþÂÏ ��B �bä�Þ¹õ P�(x) ,�¤�¬ ßþ� ¤¢ .À��îüõ ëÀ¬ 
(x) = 1� 
(�x) ø 1��(�x)â���� ¥� ù¢�Ôµ¨� �� ñ�� .À��îüõ Ý�ÆÖ� Ý¹� Ýû �bÞ�÷ ø¢ �� �¤ C �bä�Þ¹õ P
(x) ø �¤'(x) = (�(x) � �(x); �(x) � 
(x)) �bÎ��® �� ' : S ! R2 ´ª�Ú÷ 
 ø � ,�Âû ý�¥� �� ,ùø�ã�.´¨� �µ¨��� ��÷ ' ,À÷��µ¨��� 
 ø � ,� ö�� .Ý��îüõ ÓþÂã� �¤ö��� y 2 S ý��ÎÖ÷ ,5.5.8 �b¹�µ÷ ����� ,�¹�µ÷ ¤¢ .'(x) = �'(�x) ý� x 2 S,ßþ�Â���� ø ,´¨� �(y) = �(y) = 
(y) ü�ãõ �� ßþ� ,�õ� .'(y) = 0 �î ¢¤�¢ ¢��ø2 .À�îüõ Ý�ÆÖ� �Þ�÷ ø¢ �� �¤ C ø B ,A �bä�Þ¹õ �¨ Âû P�(y) �b½Ô¬.ßþÂÞ� 9.5.8201
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üÈª�� ý�û�Ìê 8 ÛÊê ö�±õ�� ¸þøÀ÷�¨ ø ��ø�-í�¨¤�� ý�þ�Ìì 5.8' : ÛØª �� ý��µ¨��� ´ª�Ú÷ º�û �¤�¬ ßþ� ¤¢ ,n � 2 Âð� �î À��î ´��� (1.¢¤�À÷ ¢��ø À�î ëÀ¬ '(�x) = '(x) ¯Âª ¤¢ �î S2! S1:À�î ÛÞä S1 � C Â� ß��»Þû ø S3 � C 2 Â� Âþ¥ �¤�¬ �� Zp ÝþÂ�ð (2k �z = exp�2�ikp �z; k �(z1; z2) = � exp�2�ikp �z1; exp�2�ikqp �z2�.Àª��üõ ñø� p �� ´±Æ÷ �î ´¨� ý¢Àä q ø k 2 Zp = f0;1; � � � ; p�1g �î.¢¤�À÷ ¢��ø S1 �� S3 ¥� ý¥¤� Ýû�Zp �b µ¨��� ´ª�Ú÷ º�û À��î ´���?�Â� ?¢¤�¢ ¢��ø R3 ¤¢ ×�Ø�� �ø¢ �b ó�bÆõ ��±ª �þ� (3�µ¨����÷ �f õ�î �ú÷� Â� G ÛÞä �î ý��÷�ð �� ,À�ª�� �Ìê�G ø¢ Y øX À��î­Âê (4�µ¨��� ø ý¥¤� Ýû�G üµª�Ú÷ ' : X ! Y �î À��î ­Âê ,ß��»Þû .´¨�' Í¨�� üþ�Öó� ´ª�Ú÷ ÂÚÈþ�Þ÷  : X=G ! Y=G ÝþÂ�ð .Àª�� �ú÷� ß�� � : �(x0) ! �(Y=G; q('(x0))) ´ª�Ú÷ �¤�¬ ßþ� ¤¢ �î À��î ´��� .Àª��ÛØª �� üÞÆ�ê¤�õ�Þû Ǒ�Öó� °��õ�(X=G; p(x0))Æp���(X; x0)�! �(X=G; q('(x0)))Æq���(Y; '(x0))�q : Y ! ø p : X ! X=G �¹�þ� ¤¢ .Àª��üõ ÝÆ�ê¤�õø�þ� �f Þä �î ,¢¢Âðüõ.x0 2 X ø À�µÆû üã�±Ï Âþø�Ê� Y=G�f¢À¹õ �¤ (2) ßþÂÞ� ÝØ� ��÷ ø ��ø�-í�¨¤�� �b �Ìì ,(4) ßþÂÞ� ¥� ù¢�Ôµ¨� �� (5.(¢Â�ðüõ �� Í¡ ×þ ¤¢ �úó�Àµ¨� ßþ� ¥� ×þ Âû) À��î ��±��
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9 ÛÊê
ß�Ø� ý��ó�Þû�� ÛÊê ßþ� .´¨� ý��ó���� ¥� Ýúõ ¤��Æ� ý�úÈ¿� ¥� üØþ ý��ó�Þû �b þÂÑ÷ ×ª ü�Â�ð¤¢ ý��þ�� ø üÜ¬� ý�ûùÀþ� �ú�� :À�î �¢� �¤ °ÜÎõ Õ� À÷���üÞ÷ ,©¤�Êµ¡� Û�ó¢¢¤�õ �¤ ý¢���� ý�úûøÂð �� ö� ¯�±�¤� ,«�¡ ´ó�� ¤¢ ø :À�îüõ üêÂãõ �¤ ö� ¤¢.Ý��îüõ ¥�è� ÓþÂã� À�� �� .Àû¢üõ ¤�Âì ü¨¤Â�ß�Ø� ùbÂ�¹÷¥ 1.9ý�Ìê Âþ¥ ,�n ¢¤�À÷�µ¨� í¢�¨�n ¥� ¤�Ñ�õ .ÓþÂã� 1.1.9�n := nx = (x0; x1; � � � ; xn) 2 Rn+1 ��� nXi=1 xi = 1 ; xi � 0 ; i = 0;1; � � � ; noø . . . ,v1 := (0;1; � � � ;0) ,v0 := (1;0; � � � ;0) ¯�Ö÷ .´¨� Rn+1 ¥�.Ý�õ�÷üõ �n ¢¤�À÷�µ¨� í¢�¨�n§��¤ �¤ vn := (0; � � � ;0;1)üÎ¡ ù¤�� �1 .´¨� R ¤¢ �ÎÖ÷ ×þ �ú�� �� ý��ä�Þ¹õ �0 .ñ�·õ 2.1.9�� Â� �� üÞÆ� �3 .´¨� R3 ¤¢ ¶Ü·õ ÛØª �� ý�����÷ �2 .´¨� R2 ¤¢ ´¨�¤.¢�ª ���� 1.29 ÛØª �� .´¨� R4 ¤¢ �Âû ÛØª203

Copyright : Mehdi Nadjafikhah - IUST 18/9/05



ß�Ø� ý��ó�Þû 9 ÛÊê ß�Ø� ùbÂ�¹÷¥ 1.9¤¢ ß�Ø� í¢�¨�n ¥� ¤�Ñ�õ .Àª�� ý��ó���� üþ�Ìê X ÝþÂ�ð .ÓþÂã� 3.1.9.´¨� ' : �n ! X ÛØª �� �µ¨��� üµª�Ú÷ ,X.¢¤�À÷�µ¨� ý�úî¢�¨�n ¥� üþ�û�÷�Þ÷ :1.29 ÛØª

.´Æ�÷ X ¤¢ �ÎÖ÷ ×þ �� ý��� ,ß�Ø� í¢�¨�0 (1 .ñ�·õ 4.1.9×þ ' Âð� ,�Âþ¥ .´¨� X ¤¢ ù�¤ ��úÔõ ö�Þû �f Þä ,X ¤¢ ß�Ø� í¢�¨�1 (2f(t) := �bÎ��® �� �¤ f : I ! X ���� Ý�÷���üõ ù�Ú÷� ,Àª�� X ¤¢ ß�Ø� í¢�¨�1.Àª��üõ '(v1) �� '(v0) ¥� X ¤¢ ù�¤ ×þ Û¬�� ´ª�Ú÷ �î ,Ý��î ÓþÂã� '(1�t; t)' : �1 ! X ß�Ø� í¢�¨�1 Ý�÷���üõ ,Àª�� X ¤¢ üû�¤ f : I ! X Âð� ,ÅØãó��.Ý��î ÓþÂã� '(x0; x1) := f(x1) �¤�¬ �� �¤,Xj2J nj'j ÛØª �� ´¨� ü�¤�±ä ,X ¤¢ ß�Ø� ùbÂ�¹÷¥�n .ÓþÂã� 5.1.9J Í¨�� �î) ´¨� X ¤¢ ß�Ø� ý�úî¢�¨�n �bÞû �b þ�¢Âð f'j j j 2 Jg ö� ¤¢ �îfnj j j 2 Jg ¢�Àä� ¥� üû��µõ ý¢�Àã� �ú�� ø nj 2 Z ø (´¨� ùÀª ý¤�ÁÚÆþÀ÷�.Àª��üõ ÂÔ¬ Óó�¿õ
204
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ý��ó�Þû ý�úûøÂð 2.9 ß�Ø� ý��ó�Þû 9 ÛÊêý��ó�Þû ý�úûøÂð 2.9ö�È÷ Sn(X) ¢�Þ÷ �� �¤ X ¤¢ ß�Ø� ý�ûùÂ�¹÷¥�n �bä�Þ¹õ .��Ìì 1.2.9Ý��îüõ ÓþÂã�Xj2J nj'j ;Xj2Jmj'j 2 Sn(X) ý�¥� �� ø ,ù¢�¢�Xj2J nj'j� + �Xj2Jmj'j� := Xj2J(nj +mj)'j0 =Xj2J 0'j ÛÞä ßþ� ü·�¡ ÂÊ�ä .Àû¢üõ Û�ØÈ� üÜ��ùøÂð Sn(X) ,�¤�¬ ßþ� ¤¢.Xj2J �nj'j ¥� ´¨� �¤�±äXj2J nj'j öø¤�ø ÂÊ�ä ø.ý¥Âõ ÂÚÜÞä :2.29 ÛØª

i = ­øÂÔõ ÅþÀ÷� ø ' ­øÂÔõ ß�Ø� í¢�¨�n ý�¥� �� .ÓþÂã� 2.2.9�¤�¬ �� �¤ �i' ß�Ø� í¢�¨�(n� 1) ,0;1; � � � ; n�i'(x0; x1; � � � ; xn�1) = '(x0; x1; � � � ; xi�1;0; xi; � � � ; xn�1)Âþ¥ �Âª �� üÞÆ�ê¤�õ�Þû �i ,��®ø �� .¢�ª ���� 2.29 ÛØª �� .Ý��îüõ ÓþÂã�:À�îüõ ÓþÂã��i : Sn(X)! Sn�1(X) Xj2J nj'j 7!Xj2J nj�i'j :205
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ß�Ø� ý��ó�Þû 9 ÛÊê ý��ó�Þû ý�úûøÂð 2.9:Ý��îüõ ÓþÂã� Âþ¥ ´ª�Ú÷ �¤�¬ �� �¤ ý¥Âõ ÂÚÜÞä .ÓþÂã� 3.2.9� : Sn(X)! Sn�1(X) � := �0 � �1 + �2 � � � �+ (�1)n�n.¢¢Âðüõ Sn(X) ¥� ùÄþø ùøÂð Âþ¥ ø¢ ÓþÂã� °��õ ý¥Âõ ÂÚÜÞäÝ���ð ¤ø¢�n ü�¤�¬ ¤¢ �¤ 
 2 Sn(X) ß�Ø� ùbÂ�¹÷¥�n (1 .ÓþÂã� 4.2.9.Ý�û¢üõ ö�È÷ Zn(X) ¢�Þ÷ �� �¤ X ¤¢ ý�û¤ø¢�n �bä�Þ¹õ .�
 = 0 �î×þ ý�¥� �� �î Ý���ð ¥Âõ�n ü�¤�¬ ¤¢ �¤ d 2 Sn(X) ß�Ø� ùbÂ�¹÷¥�n (2ö�È÷ Bn(X) ¢�Þ÷ �� �¤ X ¤¢ ý�û¥Âõ�n �bä�Þ¹õ .d = �e ý� e 2 Sn�1(X).Ý�û¢üõùb¤�Ú÷ Bn(X) ø � : Sn(X) ! Sn�1(X) ´ª�Ú÷ �b µÆû Zn(X) ,ÂÚþ¢ ö��� ��,ßþ�Â���� .´¨� � : Sn+1(X)! Sn(X) ´ª�Ú÷.À�µÆû Sn(X) ¤¢ ñ�õÂ÷ ùøÂð Âþ¥ Bn(X) ø Zn(X) (1 .�¹�µ÷ 5.2.9.Z0(X) = S0(X) ü�ãþ ,´¨� ¤ø¢�0 �fõ��ó� ß�Ø� ùbÂ�¹÷¥�0 Âû (2.� Æ � = 0 ÂµÖ�ì¢ ö��� �� .´¨� ¤ø¢�n ,¥ Âõ�n Âû .��Ìì 6.2.9:Ý��î �±¨�½õ ' ù��¿ó¢ ß�Ø� í¢�¨�n Â� �¤ � Æ � ¤�ÀÖõ ´¨� üõ�î :��±��(� Æ �)' = �� nXi=1(�1)i�i'� = n�1Xj=1 nXi=1(�1)j+i(�j Æ �i)':�Âþ¥ ;�j Æ �i = �i Æ �j+1 ù�Ú÷� ,i � j Âð� ,�õ����j Æ �i�'�(x0; x1; � � � ; xn�2) = �j���i'�(x0; x1; � � � ; xn�2)�= ��i'�(x0; � � � ; xj�1;0; xj ; � � � ; xn�2)= '(x0; � � � ; xi�1;0; xi; � � � ; xj�1;0; xj ; � � � ; xn�2)= �'j+1�(x0; � � � ; xi�1;0; xi; � � � ; xn�2)= ���i Æ �j+1�'�(x0; x1; � � � ; xn�2): ßþ�Â����(� Æ �)'= n�1Xj=0 jXi=0(�1)i+j(�j Æ �i)'+ n�1Xj=0 nXi=j+1(�1)i+j(�j Æ �i)'206
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ý��ó�Þû ý�úûøÂð 2.9 ß�Ø� ý��ó�Þû 9 ÛÊê= n�1Xj=0 jXi=0(�1)i+j(�i Æ �j+1)'+ n�1Xj=0 nXi=j+1(�1)i+j(�j Æ �i)'= n�1Xi=0n�1Xj=i (�1)i+j(�j Æ �i+1)'+ n�1Xj=0 nXi=j+1(�1)i+j(�i Æ �j+1)'= n�1Xj=0n�1Xi=j (�1)i+j(�j Æ �i+1)'+ n�1Xj=0 nXi=j+1(�1)i+j(�j Æ �i)'= n�1Xj=0 nXi=j+1(�1)i+j�1(�j Æ �i+1)'+ n�1Xj=0 nXi=j+1(�1)i+j(�j Æ �i)'=02 .´¨� ��Þ� ö�ûÂ� ,°��Â� ßþ� �� ø.´¨� Zn(X) ¥� ñ�õÂ÷ üûøÂð Âþ¥ Bn(X) .�¹�µ÷ 7.2.9�� �¤ X ý��ó�Þû ùøÂð ß�õ��n �þ X ý¥Âõ ùøÂð ß�õ��n .ÓþÂã� 8.2.9,ÂÚþ¢ ö��� �� .Ý�û¢üõ ö�È÷ Hn(X) ¢�Þ÷ �� ø ù¢�Þ÷ ÓþÂã� Zn(X)=Bn(X) �¤�¬
0 � 
 2 �î À�µÆû ï�ó�Þû ü�¤�¬ ¤¢ 
; 
0 2 Zn(X) ý�û¤ø¢' Ý��î ÓþÂã� Âð�Hn(X) ùø�ã� ø ´¨� Zn(X) Â� ý¥¤� Ýû ý��Î��¤ "ö¢�� ï�ó�Þû' ù�Ú÷� ,"Bn(X).Àª��üõ ï�ó�Þû ý�û�µ¨¢ �bÞû �bä�Þ¹õ.Ý��îüõ ß��ã� �¤ ý��ÎÖ÷ ×� üþ�Ìê ý��ó�Þû ý�úûøÂð ,ñ�·õ ö���ä ��H0(X) �= Z�¤�¬ ßþ� ¤¢ ,Àª�� �ÎÖ÷ ×þ �ú�� �� üþ�Ìê X Âð� .Ýó 9.2.9.Hn(X) = 0 ý� n > 0 Âû ý�¥� �� ø¢��ø ,'(n) : �n ! X ß�Ø� í¢�¨�n ×þ �ú�� ý� n � 0 Âû ý�¥� �� :��±��Ýþ¤�¢ n > 0 ý�¥� �� ,üêÂÏ ¥� .Sn(X) = fk '(n) j k 2 Zg �= Z ßþ�Â���� .¢¤�¢�¹�µ÷ ¤¢ ø �i'(n) = '(n�1)�'(n) = nXi=0(�1)i�i'(n) = nXi=0(�1)i'(n�1)= � 0 ¢Âê n Âð�'(n�1) n > 0 ø �ø¥ n Âð�.�'(0) = 0 ��÷ n = 0 ý�Â�207
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ß�Ø� ý��ó�Þû 9 ÛÊê ý��ó�Þû ý�úûøÂð 2.9�î ÝþÂ�ðüõ �¹�µ÷ ,��� ¤¢ �øÂÈõ ��±¨�½õ ¥� ù¢�Ôµ¨� �� ,ö��î�Zn(X) = � Sn(X) n = 0 �þ ,¢Âê n Âð�0 n > 0 ø �ø¥ n Âð�Bn(X) = � Sn(X) ¢Âê n Âð�0 �ø¥ n Âð� ,�¹�µ÷ ¤¢Hn(X) = Zn(X)Bn(X) = � Z n = 0 Âð�0 n > 0 Âð�2 .´¨� ��Þ� ö�û Â� øH0(X) �= ,Àª�� üû�¤ À�±Þû ø üú� Â�è üþ�Ìê X �î ü�¤�¬ ¤¢ .Ýó 10.2.9.Zø nx 2 Z �î ,´¨� Xx2X nx x ÛØª �� (ß�Ø� ùbÂ�¹÷¥�0 ü�ãþ) ¤ø¢�0 Âû :��±���¤�¬ �� �¤  : H0(X) ! Z´ª�Ú÷ .À÷ÂÔ¬ �ú÷� ¥� üû��µõ ý¢�Àã� �¹� �Þû.Ý��îüõ ÓþÂã�  �Xx2X nx x� := Xx2X nxÂÚþ¢ ¤ø¢�0×þPx2X mx x Ý��î­Âê .Ý�û¢üõ ö�È÷ �¤  üÔþÂãµª�¡ ,�Àµ��ý� 
 ß�Ø� ùbÂ�¹÷¥�1 ý�¥� �� ,ü�ãþ .´¨� ï�ó�ÞûPx2X nx x �� �î ,Àª��Xx2Xmx x = Xx2X nx x+ �
:�û 'j ø kj 2 Z �î ,´¨� 
 = Pj2J kj 'j ÛØª �� ß�Ø� ùbÂ�¹÷¥�1 Âû ,üóøö��î� .À�µÆû ß�Ø� í¢�¨�1�
 =Xj2J kj�'j =Xj2J kj�'j(v1)� 'j(v0)�: ,ßþ�Â���� �Xnx x� =  �Xmx x+ �
�=  �Xx2Xmx x+X kj'j(v1)�X kj'j(v0)�= Xmx +X kj �X kj =Xmx =  �Xmx x�.Àª��üõ  üÔþÂãµª�¡ ü�ãõ �� ßþ� �î208
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ý��ó�Þû ý�úûøÂð 2.9 ß�Ø� ý��ó�Þû 9 ÛÊêÀ�÷�õ �ÎÖ÷ Âû ý�¥ �� �Âþ¥ .´¨� �ª��  ,ùø�ã� .´¨� ÝÆ�ê¤�õ�Þû  ,��®ø ��ÝþÂ�ð .´¨� ×�±Øþ  �î Ý�û¢üõ ö�È÷ ,��¹÷� Â¨ . (nx) = n Ýþ¤�¢ , x 2 X�¤�¬ ßþ� ¤¢ .Àª�� ù��¿ó¢ ¤ø¢�0×þPnx xXx2X nx x = �Xx2X nx�x0 + Xx2X �nx x� nx x0�= �Xx2X nx�x0 + ��Xx2X nx'x�ø Pnx x ,ßþ�Â���� .Àª��üõ x0 �� x ¥� (ß�Ø� í¢�¨�1 ×þ ,ü�ãþ) ù�¤ 'x �î�¹�µ÷ ¤¢ .Pnx = 0 ù�Ú÷� , �Pnx x� = 0 Âð� ,ßþ�Â���� .À�ð�ó�Þû �Pnx�x02 .Àª��üõ  ö¢�� ×�±Øþ ü�ãõ �� �î ,´¨� ï�ó�Þû 0 ��Pnx xÛ�ØÈ� �¤ ö�ûÂ� ö� §�¨� 10.2.9 Ýó ��±�� ¤¢ Â¡� �b Ü�Âõ .´ª�¢¢�þ 11.2.9ï�ó�Þû (Pnx)x0 ¤ø¢�0 �� 
 = Pnx x ¤ø¢�0 Âû ,ö� §�¨� Â� �Âþ¥ .Àû¢üõ.¢¢Âðüõ É¿Èõ �f õ�î .Pnx ¢Àä Í¨�� ¤ø¢�0 ßþ� �î ,´¨�

209
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ß�Ø� ý��ó�Þû 9 ÛÊê ý��ó�Þû ý�úûøÂð ß�� ¯�±�¤� 3.9ý��ó�Þû ý�úûøÂð ß�� ¯�±�¤� 3.9,�¤�¬ ßþ� ¤¢ .Àª�� �µ¨��� üµª�Ú÷ f : X ! Y Ý��î ­Âê .ÓþÂã� 1.3.9:Ý��î ÓþÂã� Ý�÷���üõ Âþ¥ �bÎ��® �� �¤ f# : Sn(X)! Sn(Y ) ´ª�Ú÷f#�Xj2J nj 'j� =Xj2J nj (f Æ ')�õ� .Ýþ¢Âîüõ ù¢�Ôµ¨� f#;n ¢�Þ÷ ¥� f# ý�¹� ¢�� Âµú� Àþ�ª .´ª�¢¢�þ 2.3.9.¢¤�À÷ ýÂÚþ¢ �b¹�µ÷ ,¶½� ö¢Âî Â�ùÀ�»�� �� �f Þä ¤�î ßþ�.� Æ f# = f# Æ � ùø�ã� ø ,´¨� �úûøÂð ß�� ÝÆ�ê¤�õ�Þû f# .Ýó 3.3.9×þ ' Ý��î ­Âê ,�ø¢ ÝØ� ��±�� ý�Â� .´¨� üúþÀ� f# ö¢�� ÝÆ�ê¤�õ�Þû :��±���¤�¬ ßþ� ¤¢ .Àª�� ß�Ø� í¢�¨�(n� 1)�(�i Æ f#)(')�(x0; x1; � � � ; xn�1) = �i(f Æ ')(x0; x1; � � � ; xn�1)= (f Æ ')(x0; x1; � � � ; xi�1;0; xi; � � � ; xn�1)= f�'(x0; x1; � � � ; xi�1;0; xi; � � � ; xn�1)�= f�(�i')(x0; x1; � � � ; xn�1)�= (f Æ �i Æ ')(x0; x1; � � � ; xn�1)= �(f# Æ �i)(')�(x0; x1; � � � ; xn�1)2 .´¨� ��Þ� ö�ûÂ� ,°��Â� ßþ� �� øf#(Bn(X)) � ø f#(Zn(X)) � Zn(Y ) Ýþ¤�¢ ,Û±ì Ýó ��®øÂÔõ �� .�¹�µ÷ 4.3.9×þ �� �¤ ¤ø¢�n Âû ø ,¥Âõ�n ×þ �� �¤ ý¥Âõ�n Âû f# ,ÂÚþ¢ ö��� �� .Bn(Y ).À�îüõ Âþ�Ê� ¤ø¢�nü�ãþ ßþ� �î ,��Æf#(
)� = (� Æf#)(
) = 0 ù�Ú÷� ,Àª�� X ¤¢ ý¤ø¢ 
 Âð� :��±��f#(d) = ø d = �(e) ù�Ú÷� ,Àª�� X ¤¢ ý¥Âõ d Âð� .´¨� Y ¤¢ ý¤ø¢ ��÷ f#(
)2 .´¨� ��Þ� ö�ûÂ� ø ´¨� Y ¤¢ ý¥Âõ ��÷ f#(�(e)) = �(f#(e))210
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ý��ó�Þû ý�úûøÂð ß�� ¯�±�¤� 3.9 ß�Ø� ý��ó�Þû 9 ÛÊê,Àª�� �µ¨��� f : X ! Y ´ª�Ú÷ Âð� ,��� �b¹�µ÷ §�¨� Â� .ÓþÂã� 5.3.9�bÎ��® �� �¤ f� : Hn(X)! Hn(Y ) üûøÂð ÝÆ�ê¤�õ�Þû ù�Ú÷�f��Xj2J nj'j� :=Xj2J nj(f Æ 'j)´ª�Ú÷ .´¨� X ¤¢ ù��¿ó¢ ¤ø¢�n ×þXj2J nj'j �¹�þ� ¤¢ �î ,¢�Þ÷ ÓþÂã� ö���üõ.Ý�õ�÷üõ f Í¨�� üþ�Öó� ÝÆ�ê¤�õ�Þû �¤ f�.f�([
℄) := [f#(
)℄ ù�Ú÷� ,
 =Xj2J nj'j Âð� ,´Ö�Ö� ¤¢ .´ª�¢¢�þ 6.3.9ùÀ�÷��¡ �� ßþÂÞ� ö���ä �� �¤ �ú÷� ��±�� ø ,À���±�� Û��ì üµ��¤ �� ýÀã� ��Ø��.À��î �Æþ�Öõ 15.2.7 �b¹�µ÷ ø 14.2.7 �b �Ìì �� �¤ �ú�þ� .Ýþ¤�³¨üõ.��Ìì 7.3.9ù�Ú÷� ,n � 0 ø À�ª�� �µ¨��� g : Y ! Z ø f : X ! Y ý�úµª�Ú÷ Ý��î ­Âê (1.(f Æ g)� = g� Æ f� : Hn(X)! Hn(Z)ü÷�Þû ´ª�Ú÷ 1X� �¤�¬ ßþ� ¤¢ ,n � 0 ø Àª�� X ü÷�Þû ´ª�Ú÷ 1X Âð� (2.´¨� Hn(X)�¤�¬ ßþ� ¤¢ ,n � 0 ø Àª�� ÝÆ�ê¤�õ�ÿÞû f : X ! Y Âð� .�¹�µ÷ 8.3.9.´¨� ÝÆ�ê¤�õø�þ� f� : Hn(X)! Hn(Y )g ø f Âð� .À�ª�� �µ¨��� üþ�úµª�Ú÷ f; g : X ! Y ÝþÂ�ð .��Ìì 9.3.9.f� = g� : Hn(X)! Hn(Y ) ý� n � 0 Âû ý�¥� �� ù�Ú÷� ,À�ª�� ����Þû�t(x) = (x; t)�¤�¬ �� �t : X ! X�I ´ª�Ú÷ ,t 2 I ý�¥� �� Ý��î­Âê :��±��F (x;0) = f(x) ü�ãþ .Àª�� g �� f ¥� ü����Þû F : X�I ! Y ÝþÂ�ð .¢¢Âð ÓþÂã�ø F Æ �0 = f :Ý�ª�� �µª�¢ � °Æ�Â� §�¨� Â� ÂÚþ¢ ,ö��� �� .F (x;1) = g(x) ø�¤�¬ ßþ� ¤¢ .F Æ �1 = gf� = (F Æ �0)� = F� Æ �0� = F� Æ �1� = (F Æ �1)� = g�:�»÷� .�0� = �1� : Hn(X) ! Hn(X � I) �î Ý�û¢ ö�È÷ ´¨� üê�î ,ßþ�Â��������) P : Sn(X) ! Sn+1(X � I) üÞÆ�ê¤�õ�Þû �î ´¨� ßþ� ,Ý�û¢üõ ö�È÷ �î211
Copyright : Mehdi Nadjafikhah - IUST 18/9/05



ß�Ø� ý��ó�Þû 9 ÛÊê ý��ó�Þû ý�úûøÂð ß�� ¯�±�¤� 3.9,�0#; �1# : Sn(X)! Sn(X�I)­øÂÔõ ý�úÞÆ�ê¤�õ�Þû �� Â�Ñ÷ (¤�È�õ ÂÚÜÞä:À�îüõ ëÀ¬ Âþ¥ �bÎ��¤ ¤¢ �î ¢¤�¢ ¢��ø� Æ P + P Æ � = �1# � �0#.À�µÆû ý�ùÂ�¹÷¥ ����Þû �1# ø �0# Ý���ðüõ �f��Î¬� ,´ó�� ßþ� ¤¢ù�Ú÷� ,Àª�� X ¤¢ ¤ø¢�n×þ 
 ø ,À�ª�� ý�ùÂ�¹÷¥ ����Þû �1# ø �0# Âð�(�1# � �0#)(
) = (� Æ P + P Æ �)(
) = �(P Æ 
)¤¢ .�1# = �0# ßþ�Â���� ø Àª��üõ �1#(
) ø�0#(
) ö¢�� ï�ó�Þû ü�ãõ �� ßþ� �îý�ùÂ�¹÷¥ ����Þû �1# ø �0# �î Ý�û¢ ö�È÷ ´¨� üê�î ,��Ìì ��±�� ý�Â� ,�¹�µ÷.Ýþ¤�¢ ¥��÷ P ÓþÂã� �� ,ßþ� ��¹÷� ý�Â� .À�µÆûSn(X) ¥� ý�Ìä ,ü�ãþ ;Àª�� X ¤¢ ß�Ø� í¢�¨�n×þ ' : �n ! X ÝþÂ�ðÓþÂã� �� �Ìä Pi(') Ý��î ­Âê i = 0;1; � � � ; n ý�¥� �� .Àª���Pi(')�(x0; x1; � � � ; xn+1) := �'(x0; x1; � � � ; xi�1; xi + xi+1; xi+2; � � � ; xn+1) ; 1� iXk=0 xk�ÓþÂã� �� �Ìä P (') 2 Sn+1(X � I) ø Àª�� Sn+1(X � I) ¥�P (') := nXi=0(�1)iPi('),ö��î� .´¨� üúþÀ� P : Sn(X)! Sn+1(X�I) ö¢�� ÝÆ�ê¤�õ�Þû ùb¢Áû�Èõ .Àª��:Ý�Æþ�÷üõ Âþ¥ �¤�¬ �� �¤ �P (')�P (') = n+1Xj=0(�1)j�jP (') = n+1Xj=0 nXi=0(�1)i+j�j�Pj(')�:´ª�÷ ö���üõ Âþ¥ �¤�¬ �� �¤ Pj�{i(')� ,üêÂÏ ¥�ù�Ú÷� ,i < j � 1 Âð�(�j Æ Pi)(')(x0 ; � � � ; xn) = �Pi(')�(x0; � � � ; xj�1;0; xj ; � � � ; xn)= �'(x0; � � � ; xi�1; xi + xi+1; xi+2; � � � ; xj�1;0; xj ; � � � ; xn) ; 1� iXk=0 xk�212
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ý��ó�Þû ý�úûøÂð ß�� ¯�±�¤� 3.9 ß�Ø� ý��ó�Þû 9 ÛÊê= (�j�1 Æ ')�'(x0; � � � ; xj�1; xi + xi+1; xj+2; � � � ; xn) ; 1� iXk=0 xk�= Pi(�j�1 Æ ')(x0; � � � ; xn)= (Pi Æ �j�1 Æ ')(x0; � � � ; xn) �¤�¬ ßþ� ¤¢ ,i > j Âð�(�j Æ Pi)(')(x0 ; � � � ; xn) = �Pi(')�(x0; � � � ; xj�1;0; xj ; � � � ; xn)=�'(x0; � � � ; xi�1;0; xj ; � � � ;+xi�2; xi�1 + xi; xi+1; � � � ; xn) ; 1� iXk=0 xk�=�(�j Æ ')(x0; � � � ; xi�2; xi�1 + xi; xi+1; � � � ; xn) ; 1� iXk=0xk�= Pi�1(�j')(x0; � � � ; xn)= (Pi�1 Æ �j Æ ')(x0; � � � ; xn) ù�Ú÷� ,i = j Âð� ,ùÂ¡���(�j Æ Pj)(')(x0; � � � ; xn) = �Pi(')�(x0; � � � ; xj�1;0; xj ; � � � ; xn)=�'(x0; � � � ; xn) ; 1� iXk=0 xk�=(�j�1 Æ ')(x0; � � � ; xj�1;0; xj ; � � � ; xn)= (�j Æ Pj�1 Æ ')(x0; � � � ; xn) Ýþ¤�¢ ,¤�Êµ¡� �� ,ßþ�Â�����j Æ Pi =8<: Pi�1 Æ �j i < j Âð�Pj Æ �j�1 i = j Âð�Pi Æ �j�1 i > j Âð� �¤�¬ �� �¤ �P ñ���P = n+1Xj=0 nXi=0(�1)i+j�jPi= �0 Æ P0 + nXi=j=1 �j Æ Pj + nXi=j�1=1(�1)�j Æ Pj�1��n+1 Æ Pn +Xi>j (�1)i+j�j Æ Pi + Xi<j�1(�1)i+j�j Æ Pi213
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ß�Ø� ý��ó�Þû 9 ÛÊê ý��ó�Þû ý�úûøÂð ß�� ¯�±�¤� 3.9�î ´êÂð �¹�µ÷ ö���üõ üµ��¤ �� ��� Í��ø ¤ ¥� ù¢�Ôµ¨� �� ø �µª�÷� Æ P = �0 Æ P0 � �n+1 Æ Pn � P Æ ��î Ý�÷�¢üõ üêÂÏ ¥� ,�õ���0 Æ P0�(')(x0; � � � ; xn) = P0(')(x0; � � � ; xn)= �'(x0; � � � ; xn);1�= ��1 Æ '�(x0; � � � ; xn)= ��1# Æ '�(x0; � � � ; xn)��n+1 Æ Pn�(')(x0; � � � ; xn) = Pn(')(x0; � � � ; xn)= �'(x0; � � � ; xn);0�= ��0 Æ '�(x0; � � � ; xn)= ��0# Æ '�(x0; � � � ; xn)�0# ø �1# ý�ùÂ�¹÷¥ ü����Þû ÂÚ÷�È÷ �î ;� Æ P + P Æ � = �1# � �0# ßþ�Â����2 .À�îüõ Û�ÞØ� �¤ ��Ìì ��±�� ßþ� .Àª��üõ.ßþÂÞ� 10.3.9Âû ý�¥� �� ù�Ú÷� ,Àª�� ü����Þû ý¥¤� Ýû f : X ! Y Âð� �î À��î ´��� (1.´¨� ÝÆ�ê¤�õø�þ� f� : Hn(X)! Hn(Y ) ý� n � 0,Àª�� X ý�Â� A à�±Ö÷� ×þ ý�µ�� ´ª�Ú÷ i : A ,! X Âð� �î À��î ´��� (2g : X ! A Âð� �î À��î ´��� .´¨� ÝÆ�ê¤�õ��õ i� : Hn(A)! Hn(X) ù�Ú÷�ö�È÷ ,ùø�ã� .Hn(X) = Image(i�)�Kernel(g�)�¤�¬ ßþ� ¤¢ ,Àª�� à�±Ö÷�ÝÆ�ê¤�õø�þ� i� �¤�¬ ßþ� ¤¢ ,Àª�� X ý�Â� üÆþ¢Âð¢ üÒ�±Ö÷� A Âð� �î À�ú¢.´¨�ÂÚÈþ�Þ÷ p : X ! fx0g ÝþÂ�ð .x0 2 X ø Àª�� üû�¤ À�±û üþ�Ìê X ÝþÂ�ð (3p� : Hn(X) ! Hn(fx0g) �b µÆû �¤�¬ �� �¤ ~Hn(X) ø Àª�� üúþÀ� ´ª�Ú÷.Hn(X) �= ~Hn(X)�Hn(fx0g) À��î ´��� .Ý��î ÓþÂã�214
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ý¥Âõ ùøÂð ø ý¢���� ùøÂð ß�� ¯�±�¤� 4.9 ß�Ø� ý��ó�Þû 9 ÛÊêßþ� ¤¢ �î À�û¢ À÷�È÷ .´¨� �þ�� �bÎÖ÷ �ê�� f : X ! Y �b µ¨��� ´ª�Ú÷ ÝþÂ�ð (4­Âê ,ùø�ã� .¢¤�¢ ¢��ø f� : ~Hn(X) ! ~Hn(Y ) üþ�Öó� ÝÆ�ê¤�õ�Þû �¤�¬�� ´±Æ÷ f �� �î ,Àª�� �þ�� �bÎÖ÷ �ê�� �b µ¨��� ´ª�Ú÷ ��÷ g : X ! Y À��î.f� = g� : ~Hn(X)! ~Hn(Y ) À��î ´��� .´¨� ����Þû X ¤¢ �þ�� �bÎÖ÷ý¥Âõ ùøÂð ø ý¢���� ùøÂð ß�� ¯�±�¤� 4.9ý�Ìê ×þ ý��ó�Þû ùøÂð ßþ�ø� ø ý¢���� ùøÂð ß�� ¯�±�¤� ß��ã� Ç¿� ßþ� ¥� éÀû.´¨� ý��ó����.¢¤�¢ ¢��ø  : �(Y; y0) ! H1(Y ) �¤�¬ �� üÞÆ�ê¤�õ�Þû .��Ìì 1.4.9Âð�¹��� ùøÂð Âþ¥ ¥� �¤�±ä  �b µÆû ø ´¨� �ª��  ù�Ú÷� ,Àª�� üû�¤ À�±Þû Y Âð�.´¨� �(Y; y0) ùøÂð ùbÀª üÜ�� H1(Y ) ,ÂÚþ¢ ö��� �� ;´¨� �(Y; y0) (f) : �1 !´ª�Ú÷ .Àª�� Y ¤¢ y0 áøÂª �� üû�¤ f : I ! Y Ý��î ­Âê :��±��:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ Y (f)(x0; y0) = f(x1) = f(1� x0) (x0; x1) 2 �1�( (f)) = ù�Ú÷� ,Àª�� �µÆ� üû�¤ f Âð� .´¨� ß�Ø� í¢�¨�1×þ  (f)�¤�¬ ßþ� ¤¢.Àª��üõ Y ¤¢ ¤ø¢�1×þ  (f) ßþ�Â���� ø y0 � y0 = 0 (f)ý�û¤ø¢ ù�Ú÷� ,À�ª�� ¥ ¤� Ýû �b µÆ� ù�¤ ø¢ f 0 ø f Âð� �î Ý��îüõ Õ�Ö½� ö��î�f0;1g �� ´±Æ÷ ü����Þû F : I � I ! Y ø f � f 0 Ý��î ­Âê .À�ð�ó�Þû  (f 0) ø.Àª�� f 0 ø f ö��õ:Ý��îüõ ù¢�Ôµ¨� Âþ¥ �Âª �� ß�Ø� í¢�¨�2×þ ßµ¡�¨ ý�Â� F ¥�,Ý�Æþ��� ß�÷���üõ (1�s; s(1� t); st) �¤�¬ �� �¤ Q 2 �2 �ÎÖ÷ Âû ��Êµ¿õ.Ý��îüõ ÓþÂã� F (s; t) �¤ '(Q) ö��î� .(¢�ª ���� 3.29 ÛØª ��) 0 � t; s � 1 �îÝþ¤�¢ Q 2 �2 �bÎÖ÷ (x0; x1; x2) ��Êµ¿õ §�¨� Â�'(x0; x1; x2) = ( F�1� x0; x21� x0� x0 6= 1 Âð�F (0;0) x0 = 1 Âð�0 � x21� x0 � ßþ�Â���� .0 � x0; x1; x2 �µ±ó� ø x21� x0 = x2x1 + x2 �î À��î ����.´¨� �µ¨��� ' �î ÝþÂ�ðüõ �»�µ÷ ,F (0; t) = F (0;0)ý� t 2 I Âû ý�¥� �� ö�� .1215
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ß�Ø� ý��ó�Þû 9 ÛÊê ý¥Âõ ùøÂð ø ý¢���� ùøÂð ß�� ¯�±�¤� 4.9:¢¤ø� ´¨À� ö���üõ üµ��¤ �� �¤ ' ¥Âõ(�0 Æ ')(x0; x1) = '(0; x0; x1) = F (1; x1)= y0 = ( ("))(x0; x1)ß��»Þû ;´¨� "(t) := y0 ´��� ù�¤ " : I ! Y �î(�1 Æ ')(x0; x1) = '(x0;0; x1)= ( F�1� x0; x21� x0� x0 6= 1 Âð�F (0;0) x0 = 1 Âð�= � F (1� x0;1) x0 6= 1 Âð�F (0;0) x0 = 1 Âð�= ( (f 0))(x0; x1)(�2 Æ ')(x0; x1) = '(x0; x1;0)= F (1� x0;0) = ( (f))(x0; x1).� Æ ' =  (f) +  (f 0) =  (") ÂÚþ¢ ö��� ��3.29 ÛØª
¤¢ ,Ý��î ÓþÂã� 
2(x0; x1; x2) = y0 �¤�¬ �� �¤ 
2 : �2 ! Y ´ª�Ú÷ Âð� �õ�
1 : �1 ! Y �î ,� Æ 
2 = �1 Æ 
2 = �2 Æ 
2 = 
1 �î ¢�ªüõ �Ñ��õ �¤�¬ ßþ� (f 0) =  (f) ý�û¤ø¢ ø  (") = � Æ 
2 ßþ�Â���� .´¨� 
1(x0; x1) = y0b�Î��® ��.´¨� ÓþÂãµª�¡ H1(Y ) �� �(Y; y0) ¥�  â��� �î À÷ íüõ ��±�� ßþ� .À�ð�ó�Þû�� Y ¤¢ ý��µÆ� ý�úû�¤ f 0 ø f Ý��îüõ ­Âê  ö¢�� ÝÆ�ê¤�õ�Þû Õ�Ö½� ý�Â�.´¨� ï�ó�Þû  (f) + (f 0) ��  (f � f 0) �î Ý�û¢ ö�È÷ ´¨� ¥��÷ .À�ª�� y0 ¤¢ �b þ��ß�Ø� í¢�¨�2 ×þ ý�¥� �� ,ü�ãþ ;´¨� ý¥Âõ  (f) +  (f 0) �  (f � f 0) ü�ãþÛØª ¤¢ 'ÓþÂã� . (f) +  (f 0) �  (f � f 0) = �' Ý�ª�� �µª�¢ ý� ' : � ! Y216
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ý¥Âõ ùøÂð ø ý¢���� ùøÂð ß�� ¯�±�¤� 4.9 ß�Ø� ý��ó�Þû 9 ÛÊê�¤�¬ �� ø ´¨� ùÀª Ó�¬�� 4.29'(x0; x1; x2) = � f(1+ x2 � x0) x0 � x2 Âð�f 0(x2 � x0) x0 � x2 Âð��¤ ' ¥Âõ .´¨� �µ¨��� ø ÓþÂãµª�¡ ' ,°Æ� Ýó ����� �î À��î ���� .¢ÂþÁ�üõ ��¹÷�:¢�Þ÷ �±¨�½õ ö���üõ üð¢�Æ�(�0 Æ ')(x0; x1) = '(0; x0; x1)= f 0(x1) = ( (f 0))(x0; x1)(�1 Æ ')(x0; x1) = '(x0;0; x1)= � f(1+ x1 � x0) x0 � x1 Âð�f 0(x1 � x0) x0 � x1 Âð�= � f(2x1) x1 � 1=2 Âð�f 0(2x1 � 1) x1 � 1=2 Âð� (x0 + x1 = 1)=  (f � f 0)(x0; x1)(�2 Æ ')(x0; x1) = '(x0; x1;0)= f(1� x0) = ( (f))(x0; x1) (f)+ (f 0) ��  (f�f 0) Àû¢üõ ö�È÷ �î ,�Æ' =  (f 0)� (f�f 0)+ (f) ßþ�Â����.´¨� ÝÆ�ê¤�õ�Þû  ßþ�Â���� ø ´¨� ï�ó�Þû4.29 ÛØª

217
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ß�Ø� ý��ó�Þû 9 ÛÊê ý¥Âõ ùøÂð ø ý¢���� ùøÂð ß�� ¯�±�¤� 4.9.´¨� �ª��  �î Ý�û¢ ö�È÷ Ý�û��¡üõ .Àª�� üû�¤ À�±Þû Y Ý��î ­Âê ñ��Pnj('j(v0)� ü�ãþ ,�Æ
 = 0 ßþ�Â���� ;Àª�� Y ¤¢ ¤ø¢�1×þ 
 =Pnj'j ÝþÂ�ð�� üµÆþ�� �î Ý��îüõ �Ñ��õ Pmyy �¤�¬ �� �
 üÆþ�÷¥�� �� .'j(v1)) = 0�� y0 ¥� gj0 üû�¤ ,­øÂÔõ j 2 J Âû ý�¥� �� .my = 0 �û y 2 Y b�Þû ý�¥�Ý��îüõ ��¿µ÷� ö��� 'j(v0) = 'k(v0) �� y0 ¥� gji üû�¤ ø *'j(v0) = �0'j(0)y0 ¥� üû�¤ gy ÝþÂ�ð)Py2Y my (gy) = 0 üµÆþ�� �î ´¨� ¼®�ø .gj0 = gk0 �îPy2Y my (gy) �¤�¬ �� �¤Pnj( j(gj0)� j(gj0)) �¤�¬ ßþ� ¤¢ ;Àª�� (y ��(.´ª�÷ ö���üõÝþ¤�¢ ,�j :=  (gj0) + 'j �  (gj1) �¤�¬ �� �j ß�Ø� ùbÂ�¹÷¥�1 ÓþÂã� ���¤�¬ ßþ� ¤¢ ,Àª�� fj(t) = '(1�t; t) �bÎ��® �� ù�¤ fj : I ! Y Âð� .
 =Pnj�j ((gj0�fj)�gj1) = �j ùø�ä� ø ,´¨� Y0 ¤¢ �þ�� �� Y ¤¢ ý��µÆ� ù�¤ (gj0�fj)�gj1.Àª��üõ  üþ�ª�� ü�ãõ �� ßþ� �î ; �Qjf(gj0 � fj) � gj1gnj� = 
 �¹�µ÷ ¤¢ øï�ó�Þû 0 ��  (f) Ý��îüõ­Âê ,´¨� Âð�¹��� ùøÂð Âþ¥  �b µÆû �Ø�þ� ��±�� ý�Â��¤�¬ ßþ� ¤¢ ,Àª�� (f) = ��Xj2J nj'j� =Xj2J('j0 � 'j1 + 'j2)'ji = Ýþ¤�¢ (i = 0;2;2 ý�¥� ��) ø ´¨� ß�Ø� í¢�¨�2×þ (j 2 J ��) 'j �îø k ý�¥ �� �î Ý�ª�� �µª�¢ üµÆþ�� ,´¨� ß�Ø� í¢�¨�1 ×þ  (f) ö�� .� Æ 'j��  (f) = 'k` ,��� ´¨�¤ ´Þ¨ �¤�±ä ýÀ�� �µ¨¢ ¥� Å� ø  (f) = 'k` ý� `.À÷�ªüõ ÂÔ¬ ÂÚþ¢ °þ�Â® �bÞû ø ¢�ªüõ Âû�Ò 1 °þÂ®Û·õ .Àª�� 'j(vi) �� y0 ¥� Y ¤¢ üû�¤ (j 2 J ø i = 0;1;2 �î) gji ÝþÂ�ðüÚµÆ� ý¤�Áð ÅþÀ÷� üÚ÷�Ú� �� ø ¢¤�¢ üÚµÆ� 'j(vi) üþ�úµ÷� �bÎÖ÷ �� �ú�� gji ,Û±ì.¢�ª ���� 5.29 ÛØª �� .Ý��îüõ ��¿µ÷� �¤ ´��� ù�¤ ,'j(vi) = y0 Âð� .¢¤�À÷�bÎ��® �� ù�¤ (j 2 J ø i = 0;1;2 �î) fij ÝþÂ�ðfji(t) = 'ji(1� t; t) = �i Æ 'i(1� t;1)�¤�¬ �� �¤ (j 2 J ø i = 0;1;2 �î) hji ý�úû�¤ ø Àª�� Y ¤¢hj0 = (gj1 � fj0) � �gj2;hj1 = (gj0 � fj1) � �gj2;hj2 = (gj0 � fj2) � �gj1;218
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ý¥Âõ ùøÂð ø ý¢���� ùøÂð ß�� ¯�±�¤� 4.9 ß�Ø� ý��ó�Þû 9 ÛÊêhj = (hj0 � �hj1) � hj2 �¤�¬ �� �¤ (j 2 J) hj ý�úû�¤ ,ùÂ¡��� .Ý��îüõ ÓþÂã��� hj �Ø�þ� ùbÀû�Èõ .Ý��îüõ ÓþÂã�(gj1 � ((fj0 � �fj1) � fj2)) � �gj1.Àª��üõ ¥¤� Ýû " ´��� ù�¤ �� ��÷ ßþ� �µ±ó� �î ,´Æ�÷ ý¤��ª¢ ¤�î ,´¨� ¥ ¤� Ýû.Qj [hj ℄nj = 1 ßþ�Â����5.29 ÛØª
Àª�� ©Âð�¹��� ùøÂð Âþ¥ Â� �(Y; y0) ´ÞÆì �¤�¡ ÂÚÈþ�Þ÷ A�(Y; y0) ÝþÂ�ð,Àª�� �(Y; y0) ¥� ýÂÊ�ä [�℄ Âð� .(´¨� �(Y; y0) ùbÀª üÜ�� A�(Y; y0) ü�ãþ),Qj [hj ℄nj = 1 ö�� .Ý�û¢üõ ö�È÷ [[�℄℄ �¤�¬ �� �¤ A�(Y; y0) ¤¢ ö� Â�Ñ÷ ÂÊ�ä�Ø�þ� �¹�µ÷ . (f) = 'k` ý� k; `×þ ý�¥� �� �î Ý�÷�¢ üõ .Qj [[hj ℄℄nj = 1 Ýþ¤�¢¤¢ ��Þ� ,´¨� üÜ�� A�(Y; y0) ö�� .f = hk` ��÷ ø (gij ��¿µ÷� �����) f = fk`ßþ�Â���� .Qj [[hj ℄℄nj = [[f ℄℄ Ýþ¤ø��� ´¨À� ø Ý��î ýÀ�� âÞ� �¤ Qj [[hj ℄℄nj �¤�±ä¤¢  �b µÆû �î ÝþÀþ¢ ,Å� .´¨� ÕÜãµõ Âð�¹��� ùøÂð Âþ¥ �� [f ℄ ü�ãþ .[[f ℄℄ = 1�� ´¨� üÜ�� H1(Y ) �î ´�ãì�ø ßþ� ,ÂÚþ¢ ý�¨ ¥� .Àª��üõ âì�ø Âð�¹��� ùøÂð Âþ¥�¤ ��Ìì ��±�� ,°ÜÎõ ßþ� .¢¤�¢ Â� ¤¢ �¤ Âð�¹��� ùøÂð Âþ¥  �b µÆû �î ´¨� ü�ãõ ßþ�2 .À�îüõ Û�ÞØ�.ßþÂÞ� 2.4.9.H1((S1)n) �= Zn ø H1(S1) �= Z �î À�û¢ ö�È÷ (1H1(Y ) �� A�(Y; y0) ù�Ú÷� ,Àª�±÷ üû�¤ À�±Þû Y Âð� �î À�û¢ ö�È÷ ,ñ�·õ Âî£ �� (2.´�Æ÷ é¤�õø�þ�ÂþÁ³µú��÷ ¼Î¨×þ (� ,g á�÷ ¥� ÂþÁ³µú� ¼Î¨×þ (Óó� ý��ó�Þû ùøÂð ß�óø� (3�ú�� ø üµìø S2 ø S1 ��Î¨ �î ÀþÂ�Ú� �¹�µ÷ Å³¨ ø À��î �±¨�½õ �¤ g á�÷ ¥�219
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ß�Ø� ý��ó�Þû 9 ÛÊê ß³õ�î öø-�ÂÔ�ª �b �Ìì 5.9.H1(S2) �= H1(S1) �î À�ê¤�õ�ÿÞû üÆµìøH1(Y ) ø �(Y; y0) üµìø �ú�� ø üµìø À��î ´��� .Àª�� üû�¤ À�±Þû Y À��î­Âê (4.Àª�� üÜ�� �(Y; y0) �î À�ê¤�õø�þ� Ýû ��.´¨� é¤�õø�þ� Z� Z �� 8 ÛØª ý��ó�Þû ùøÂð ß�óø� �î À�û¢ ö�È÷ (5ö� Â� ¥�� ×Æþ¢ ×þ üú�õ S ¢�¡ ¥� �¤�±ä S0 ø Àª�� ¼Î¨ ×þ S ÝþÂ�ð (6.H1(S) �= H1(S0) �î À��î ´��� .Àª��ß³õ�î öø-�ÂÔ�ª �b �Ìì 5.9ý��Ü�¨ø ß³õ�î öø-�ÂÔ�ª �b �Ìì �î Ýþ¢Âî �Ñ��õ ,ý¢���� ý�úûøÂð �b ±¨�½õ ¶½� ¤¢�� �f þ£ �î Ýþ¤�¢ ý��ó�Þû �b þÂÑ÷ «�Ê¡ ¤¢ ���Èõ ý���Ìì .´¨� À�õøÂ�÷ ¤��Æ�.Ýþ¥�¢Â�üõ ö� Ó�¬��¤¢ ¥�� ý�û�ä�Þ¹õ Âþ¥ U2 ø U1 �î ,X = U1 [ U2 ÝþÂ�ð .ÓþÂã� 1.5.9ü³µ�� ý�úµª�Ú÷ ÂÚÈþ�Þ÷ i = 1;2 �î  i : Ui ! X ø 'i : U1�U2 ! Ui ø À÷� Xý�úÞÆ�ê¤�õ�Þû �¤�¬ ßþ� ¤¢ .À�ª�� üó�Þãõi : Hk(U1 \ U2)! Hk(U1)�Hk(U2) ; j : Hk(U1)�Hk(U2)! Hk(X):Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤i(
) := �'1�(
); '2�(
)� ; j(
1; 
2) :=  1�(
1)�  2�(
2)¤¢ ¥�� ý�û�ä�Þ¹õ Âþ¥ U2 ø U1 �î ,X = U1 [ U2 ÝþÂ�ð .��Ìì 2.5.9¢��ø � : Hk(X) ! Hk�1(U1 \ U2) üþ�úÞÆ�ê¤�õ�Þû �¤�¬ ßþ� ¤¢ .À÷� X:À��îüõ ëÀ¬ Âþ¥ À�÷�õ ,�úÞÆ�ê¤�õ�Þû ø �úûøÂð ¥� ý��ó�±÷¢ ¤¢ �î À÷¤�¢� � �Hk+1(X) ��! Hk(U1 \ U2) i�! Hk(U1)�Hk(U2)j�! Hk(X) ��! Hk�1(U1 \ U2) �! � � �.Àª��üõ ö� üÜ±ì ÝÆ�ê¤�õ�Þû ùb¤�Ú÷ Â��Â� ÝÆ�ê¤�õ�Þû Âû �b µÆû ,�ó�±÷¢ ßþ� ¤¢220
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ß³õ�î öø-�ÂÔ�ª �b �Ìì 5.9 ß�Ø� ý��ó�Þû 9 ÛÊêÂð� ø ,Àª�� (À÷¥�� Y ¤¢ V2 ø V1 �î) Y = V1 [ V2 �� ÂÚþ¢ üþ�Ìê Y Âð� ùø�ã�(f jU1\U1) Æ� = �¤�¬ ßþ� ¤¢ ,Àª�� f(Ui) � Vi �� �µ¨��� üµª�Ú÷ f : X ! Y.¢¢Âðüõ Ëþ�ã� üþ�Öó� ý�úÞÆ�ê¤�õ�Þû �� � ÝÆ�ê¤�õ�Þû ÂÚþ¢ �¤�±ä �� .� Æ f�ÝÆ�ê¤�õ�Þû Âû �b µÆû ö� ¤¢ �î �úÞÆ�ê¤�õ�Þû ø �úûøÂð ¥� ý��ó�±÷¢ .ÓþÂã� 3.5.9�ÂÎõ �b ó�±÷¢ ,ßþ�Â���� .¢�ªüõ ùÀ�õ�÷ Õ�ì¢ �b ó�±÷¢ ,´¨� üÜ±ì ÝÆ�ê¤�õ�Þû ùb¤�Ú÷ Â��Â�ý�úÞÆ�ê¤�õ�Þû �¤ �ý�úµª�Ú÷ .´¨� Õ�ì¢ �b ó�±÷¢×þ ¥� ý��÷�Þ÷ ,2.5.9 �b �Ìì ¤¢ ùÀª.À�õ�÷üõÅþ¤�µþø-Â�õ �b ó�±÷¢ �¤ 2.5.9 �b �Ìì ¤¢ ùÀª �ÂÎõ �b ó�±÷¢ ø Í��¤(ý��ó�Þû �b þÂÑ÷ ö¢�� À�Ôõ ,ßþ�Â����) ö� ö¢�� À�Ôõ �õ� ,Ý��îüÞ÷ ��±�� �¤ 2.5.9 �b �Ìì.Ý�û¢üõ ö�È÷ ,ö� ¥� �¤�î �b¹�µ÷ À�� Å³¨ ø ÝØ� ×þ ��±�� �� �¤�¤�¬ ßþ� ¤¢ .Àª�� ´±·õ ø ¼�½¬ ý¢Àä n ÝþÂ�ð .��Ìì 4.5.9Hk(Sn) = � Z k = n �þ ø k = 0 Âð�0 �¤�¬ ßþ� Â�è ¤¢Tn(x0; x1; � � � ; xn) = �bÎ��® �� ´ª�Ú÷ ,ü�ãþ) Àª�� §�Øã÷� ´ª�Ú÷ Tn : Sn! Sn Âð� ,ùø�ã�.´¨� �1 ¤¢ �Â® Tn� : Hn(Sn)! Hn(Sn) ù�Ú÷� ,((�x0; x1; � � � ; xn)ÝþÂ�ð .Ý��îüõ ��±�� Åþ¤�µþø-Â�õ �b ó�±÷¢ ¥� ù¢�Ôµ¨� �� ø Ǒ�ÂÖµ¨� �� �¤ ÝØ� :��±��ø U1 À��î ���� . U2 = fx 2 Sn jxn < 1=2g ø U1 = fx 2 Sn jxn > �1=2g�¹�µ÷ ¤¢ .´¨� ����Þû Sn�1 �� U1 [ U2 ø À÷ÂþÁ³®�±Ö÷� U2Hk(Ui) = � Z k = 0 Âð�0 �¤�¬ ßþ� Â�è ¤¢ ; Hk(U1 \ U2) = Hk(Sn�1):�¤�¬ ßþ� ¤¢ ,Ý��î ¤�Ê� fx 2 Sn jxm = 0g �¤�¬ �� �¤ Sn�1 Âð� �î À��î ����.TnjSn�1 = Tn�1�b ó�±÷¢ k = 1 ý�Â� Åþ¤�µþø-Â�õ �b �Ìì �¤�¬ ßþ� ¤¢ ;n = 1 ÝþÂ�ð� � � �! 0 j�! H1(S1) ��! H0(S0) i�! Z�Z j�! � � ��ó�±÷¢ ,¢�¡ ´��÷ �� ��÷ ßþ� �î ,Àû¢üõ ´¨À� �¤� � � �! 0 j�! H1(S1) ��! Z�Z i�! Z�Z j�! � � �.i(x; y) = (x + y; x+ y) ö� ¤¢ �î ,Àû¢üõ �¤221
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ß�Ø� ý��ó�Þû 9 ÛÊê ß³õ�î öø-�ÂÔ�ª �b �Ìì 5.9Image(�) = ùø�ã� ;´¨�×�±Øþ�Å� ,Kernel(�) = Image(j) = 0 ö�� ,ö��î�.H1(S1) �= Zßþ�Â���� .´¨� é¤�õø�þ� Z �� �î ,Kernel(i) = f(x;�x) 2 Z� Zg�î Ý��îüõ �Ñ��õ ,T0� Æ� = � Æ T1� ö�� ø T0�(x; y) = (y; x) �î ´¨� ßªø¤¤�îÁõ �b ó�±÷¢ ,1 < k ý�¥� �� .´¨� �1 ¤¢ �Â® T1�� � � �! 0 i�! Hk(S1) ��! Hk�1(S0) j�! 0 �! � � �� �¹�µ÷ ¤¢ ø Kernel(�) = Image(i) ö��) ´¨� ÝÆ�ê¤�õ�þ� � ,ß��»Þû ;´¨���Ìì ßþ�Â���� .(´¨� �ª�� � ßþ�Â���� ,Image(�) = Kernel(j) ö�� ø ´¨� ×�±Øþ.Àª ´��� n = 1 ý�¥� ���¤�¬ ßþ� ¤¢ ;Àª�� ¤�ÂìÂ� n = m�1ý�Â� ÂÑ÷ ¢¤�õ ÝØ� ø m > 1 Ý��î­Âê.´¨� ¼�½¬ ��÷ n = m ý�Â� ÝØ� �î Ý�û¢ ö�È÷ Ý�û��¡üõÛØª �� ý��ó�±÷¢ ù�Ú÷� ,k = 1 Âð�� � � �! 0 j�! H1(Sm) ��! Hk�1(Sn�1) i�! 0�b ó�±÷¢ °��õ ¢�¡ ßþ� �î ,Ýþ¤�¢� � � �! 0 j�! H1(Sm) ��! Z i�! Z�Z�! � � �H1(Sm) = ø Image(�) = 0 �Áó ø Kernel(i) = 0ßþ�Â���� .i(a) = (a; a) �î ,¢¢Âðüõ.0ÛØª �� ý��ó�±÷¢ �¤�¬ ßþ� ¤¢ ,1 < k Âð�� � � �! 0 j�! Hk(Sm) ��! Hk�1(Sm�1) i�! 0ù�Ú÷� ,k = m Âð� ,ùø�ã� .Hk(Sm) �= Hk�1(Sm�1) ¢¢Âðüõ �¹�µ÷ ö� ¥� �ð ,Ýþ¤¢.´¨� �1 ¤¢ �Â® Tm� ÝþÂ�ðüõ �¹�µ÷ ,Tm�1� Æ� = � Æ Tm� �Ø�þ� ¥� ù¢�Ôµ¨� ��2 .¢¢Âðüõ �¹�µ÷ Ǒ�ÂÖµ¨� Û¬� ����� ÝØ� ö��î�.�¹�µ÷ 5.5.9.À�µÆ�÷ ����Þû á�÷ Ýû Sm ø Sn ù�Ú÷� ,n 6= m Âð� (1.´¨� ´��� ý��ÎÖ÷ ý�¤�¢ f : D n ! D n ÛØª �� �µ¨��� ´ª�Ú÷ Âû (2.À�µÆ�÷ ����Þû 1Sn ü÷�Þû ´ª�Ú÷ ø Tn : Sn! Sn §�Øã÷� ´ª�Ú÷ (3222
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ß³õ�î öø-�ÂÔ�ª �b �Ìì 5.9 ß�Ø� ý��ó�Þû 9 ÛÊê1S2n ü÷�Þû ´ª�Ú÷ ø ,A(x) = �x �bÎ��® �� A : S2n ! S2n ÂÏ�Ö� ´ª�Ú÷ (4.´¨� ����Þû´��� ý��ÎÖ÷ f ù�Ú÷� ,À�ª�� ����Þû 1Sn ü÷�Þû ´ª�Ú÷ ø f : Sn ! Sn Âð� (5.¢¤�¢f(x) ý� x 2 S2n Âû ý�¥� �� �î f : S2n! S2n ÛØª �� �b µ¨��� ´ª�Ú÷ º�û (6.¢¤�À÷ ¢��ø ,À�ª�� Àõ�ãµõ R2n+1 ¤¢ x øßþÂÞ� ;¢¢Âðüõ �¹�µ÷ (9.3.9 �b �Ìì) ü����Þû üþ�¢¤ø�÷ �b �Ìì ¥� ñø� ´ÞÆì :��±��À�÷�Þû ø ´¨� ¤ø�Â� ´��� �ÎÖ÷ �b �Ìì ,�ø¢ ´ÞÆì .À��î �Ñ��õ �¤ (1)-10.3.9�¹�µ÷ ü����Þû üþ�¢¤ø�÷ �b �Ìì ¥� ��¨ ´ÞÆì .´¨� ��±�� Û��ì 14.4.7 �b¹�µ÷ ö�ûÂ�,A = R0 Æ R1 Æ � � � Æ R2n �î ¢¢Âðüõ �¹�µ÷ ´�ì�ø ßþ� ¥� �¤�ú� ´ÞÆì .¢¢ÂðüõA� : H2n(S2n) ! H2n(S2n) ßþ�Â���� ø ´¨� �� iÉµ¿õ �� ´±Æ÷ §�Øã÷� Ri �îº�û f �î Ý��îüõ ­Âê ,Ý¹�� ´ÞÆì ý�Â� .´¨� (�1)2n+1 = �1 ¤¢ �Â®×þ �Áó ø (1� t)f(x)� tx 6= 0 ý� x Âû ý�¥� �� �¹�µ÷ ¤¢ .Àª�� �µª�À÷ üµ��� �bÎÖ÷�¤�¬ �� A ø f ö��õ F : S2n� I ! S2n ü����ÞûF (x; t) = (1� t)f(x)� txk(1� t)f(x)� txkx Âð� �Âþ¥ ,¢¢Âðüõ �¹�µ÷ Ý¹�� ´ÞÆì ¥� ÝÈª ´ÞÆì ,��¹÷�Â¨ .¢�Þ÷ ÓþÂã� ö���üõ2 .f(x) 6= x üµÆþ�� ù�Ú÷� ,À�ª�� Àõ�ãµõ f(x) øü¨À�û Â�±ã� �î ¢¤�¢ ¢��ø ß�ÞÈ� ý�ð �b �Ìì ���� ý���Ìì .´ª�¢¢�þ 6.5.9��Ìì ßþ� §�¨� Â� .¢¥�¨üõ Ýû�Âê �¤ ��� �b �Ìì ¥� 6 ø 5 ý�úµÞÆìS2 ö� ¼Î¨ ¥� �bÎÖ÷ Âû ¥� �î D 3 ü�ãþ) ß�ÞÈ� ý�ð ×þ �Þª �»÷���ÛØª �� ö� ýÀ÷¥ �÷�ª �� ¤¢�ì ,À�ª�� �µª�¢ ¤��µ¡� ¤¢ (Àª�� ùÀ��ø ¤ üþ�õ.¢�� À�û��¿÷ ¤��ÞûÀ�ª�� �µª�¢ ß�ÞÈ� ý�ð ×þ Â� ¤��Þû ö¢¥ �÷�ª ×þ �Þª Âð� �î ´¨� ß��� ö� ��±��¢�Þä x Â� f(x) üµÆþ�� ù�Ú÷� ,Àª�� x �bÎÖ÷ ¤¢ ù¢Âî Àª¤ ý�õ ý�µ¨�¤ f(x) ¤�¢Â� ø�û�õ �Ø�þ� �þ ø ,¢¤�¢ ¢��ø �õ ü� ü���÷ �fÞµ� �þ ü���Ê½õ ß��� ¤¢ ü�ãþ .Àª���Ø�þ� °ó�� .´ª�¢ À�û��¡ üÚµÆØª223
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ß�Ø� ý��ó�Þû 9 ÛÊê �µê�þ Û�ÜÖ� ý��ó�Þû �b þÂÑ÷ 6.9.¢¥ �÷�ª ö���üõ ¤��Þû ÛØª �� �¤ ß�ÞÈ� ����.¢¤�¢ ¢Â�¤�î ©�¹Þû üÞ�� ý�úû�ðøÂ�÷ ¤¢ ¤�î ßþ�.ßþÂÞ� 7.5.9.À��î �±¨�½õ �¤ RP2 ý��ó�Þû ý�úûøÂð ,Åþ¤�µþø-Â�õ �b �Ìì ¥� ù¢�Ôµ¨� �� (1�±¨�½õ �¤ ùÂð ×þ Ýµµõ ý��ó�Þû ý�úûøÂð Åþ¤�µþø-Â�õ �b ó�±÷¢ ¥� ù¢�Ôµ¨� �� (2.ÀþÂ�Ú� �¹�µ÷ �¤ ?? �b¹�µ÷ ,Å³¨ .À��î.´ê�þ ¢�ªüÞ÷ Sn�1 Â� D n ¥� ü®�±Ö÷� º�û �î À��î ´��� (3m 6= Âð� �î À��î ´��� .À�ª�� n ø m°��Âµ� Àã� �� üþ�ûÀÜÔ��õ N ø M ÝþÂ�ð (4ý��ó���� Àã� üþ�¢¤ø�÷ �b �Ìì �Â�þ� .À�êÂõ�ÿÞû Â�è �fÞµ� N ø M ù�Ú÷� ,nßþÂÞ� ¤¢ M=(M �D) �= Sm üÔ�¬�� ÝÆ�ê¤�õ�ÿÞû ¥� :üþ�Þ�û�¤) .À�õ�÷üõ(.À��î ù¢�Ôµ¨� (6)-??�µê�þ Û�ÜÖ� ý��ó�Þû �b þÂÑ÷ 6.9�û�þÂÑ÷ ßþ� �bÞû .¢¤�¢ ¢��ø ý��ó�Þû ý�úûøÂð ÓþÂã� ý�Â� ýÂÚþ¢ ¢Àãµõ ý�úªø¤ßþ� .À�µÆû üØþ �f Þä (�úãÞµ¹õ�CW �ÜÞ� ¥�) �û�Ìê ¥� üð¤�� ¤��Æ� �µ¨¢ ý�Â�Ûþ�ø� ¤¢ �î Àõ�¹÷�üõ ý��ó�Þû �b þÂÑ÷ ý�Â� üä�®�õ Û¬� üªø¤ �ÂÏ �� °ÜÎõý��ä�®�õ ñ�¬� .´¨� ùÀª áøÂª ¢�Â��µ¨� .ö ø ïÂ±�Üþ� .§ Í¨�� ý¢��õ 1950 �bû¢.À÷�ªüõ ùÀ�õ�÷ �µê�þ Û�ÜÖ� ý��ó�Þû ý�û�þÂÑ÷ ñ�¬� �î ,Ý��îüõ �ÂÎõ �¹�þ� ¤¢ �¤(ý¢���� ý�úûøÂð ¢¤�õ ¤¢ �f ·õ) ´��� �bÎÖ÷ �� ý��ó���� ý�û�Ìê Â� ñ�¬� ßþ� ¥�.¢�Þ÷ ù¢�Ôµ¨� ö���üõÂÊµ¿õ �Âª �� ,�µê�þ Û�ÜÖ� ý��ó�Þû �b þÂÑ÷ �bä�®�õ ñ�¬� �� ßµ¡�¢Â� ¥� Ç��.Ýþ¤�¢ ¥��÷ ��úÔõ À���� �¤ �X .Àª�� x0 ´��� �bÎÖ÷ �� ý��ó���� üþ�Ìê X ÝþÂ�ð .ÓþÂã� 1.6.9.Ý��îüõ ÓþÂã� (X � I)=�(X � �I) [ (fx0g � I)� üµÞÆì �¤�¡ ý�Ìê �¤�¬ßþ� ¤¢ ,Àª�� �þ�� �bÎÖ÷ �ê�� ø �µ¨��� üµª�Ú÷ f : X ! Y Âð� �î ¢�ª �����f : �X ! �Y ÛØª �� �þ�� �bÎÖ÷ �ê�� ø �µ¨��� üµª�Ú÷ ÓþÂã� °��õ f �¤�¬.¢¢Âðüõ224
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�µê�þ Û�ÜÖ� ý��ó�Þû �b þÂÑ÷ 6.9 ß�Ø� ý��ó�Þû 9 ÛÊê�� X ý��ó���� ý�Ìê �� Â�Ñ÷ CX �µê�þ Û�ÜÖ� ¯øÂ¿õ .ÓþÂã� 2.6.9.¢¢Âðüõ ÓþÂã� (X � I)=�(X �f1g)[ (fx0g� I)� üµÞÆì �¤�¡ ý�Ìê �¤�¬Â�Ñ÷ Cf üµª�Ú÷ üÏøÂ¿õ ù�Ú÷� ,Àª�� �þ�� �ê�� ø �µ¨��� üµª�Ú÷ f : X ! Y Âð�Ýû �bÎ��¤ � �î ,¢¢Âðüõ ÓþÂã� (CX [ Y )= � üµÞÆì �¤�¡ ý�Ìê �¤�¬ �� f ��:´¨� Âþ¥ �Âª �� ý¥¤�(x;0) � f(x) () f(x) 2 Y ; (x;0) 2 CX´ª�Ú÷ �î ¢�ª ���� .Àª��üõ Cf ¤¢ Y �� y0 Â�Ñ÷ �bÎÖ÷ ¥� �¤�±ä Cf ý��þ�� �bÎÖ÷ý�µ�� ´ª�Ú÷ ö���ä �� �¤ ö� ;¢�Þ÷ ÓþÂã� ö���üõ üã�±Ï �¤�¬ �� �¤ i : Y ! Cf.¢�Þ÷ ¢�ÀÞÜì ö���üõ.ßþÂÞ� 3.6.9ö�Þû ´¨¤¢ Cp ù�Ú÷� ,Àª�� ´��� ´ª�Ú÷ p : X ! fx0g Âð� �î À��î ´��� (1.´¨� �X.´¨� é¤øÀ¨ø�û ��÷ �X ù�Ú÷� ,Àª�� é¤øÀ¨ø�û X Âð� �î À�û¢ ö�È÷ (2.�S1 �= S2 �î À��î ´��� (3ß�Ø� ý¥�ó�Þû �b þÂÑ÷ ý�Â� ¢�Â��µ¨�-ïÂ±�Üþ� ñ�¬� �ÂÏ ý�Â� ü±¨��õ ´�ãì�õ ö��î�.´¨� �µê�þ Û�ÜÖ�ù�ÂÞû �þ�� ��ÎÖ÷ ö��ä �� ý��ÎÖ÷ �� �û�Ìê �bÞû ´ÞÆì ßþ� ¤¢ .ÓþÂã� 4.6.9�þ�� ¯�Ö÷ ø À÷��µ¨��� ,À÷�ªüõ ÓþÂã� üþ�û�Ìê ß��� ß�� ��÷ �úµª�Ú÷ �bÞû ø ,À�µÆû.À��îüõ �Ô� �¤ý�û�Ìê (�bÞû �f �Þµ�� �þ) ¥� ý��þ�¢�ð Â� �µê�þ Û�ÜÖ� ß�Ø� ý¥�ó�Þû �b þÂÑ÷ Âû:¢¢Âðüõ Û�ØÈ� Âþ¥ ¢¤��õ ¥� ø ¢¢Âðüõ ÓþÂã� �þ�� ¯�Ö÷ �� ý��ó����¢¤�õ ý�Ìê Âû �� ~Hn �î ý��÷�ð �� ,�úµª�Ú÷ ¥� f ~Hn jn 2 Zg ý�ù¢��÷�¡ (�ø ;Àû¢üõ ´±Æ÷ ~Hn(X) üÜ�� üûøÂð ,X �ãó�Îõù��¿ó¢ ¼�½¬ ¢Àä ø f : X ! Y �þ�� �bÎÖ÷ �ê�� �b µ¨��� ´ª�Ú÷ Âû ý�¥� �� (�ø ;üþ�Öó� ÝÆ�ê¤�õ�Þû ���� f� : ~Hn(X)! ~Hn(Y ) üÞÆ�ê¤�õ�Þû ,n225
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ß�Ø� ý��ó�Þû 9 ÛÊê �µê�þ Û�ÜÖ� ý��ó�Þû �b þÂÑ÷ 6.9�n(X) : ~Hn(X)! üÞÆ�ê¤�õ�Þû ,n ¼�½¬ ¢Àä Âû ø X ý�Ìê Âû ý�¥� �� (�.X �� Â�Ñ÷ Õ�Üã� ÝÆ�ê¤�õ�Þû ���� ~Hn+1(�X):À�ª�� �µª�¢ ëÀ¬ Âþ¥ Û¬� ´Ôû ¤¢ Àþ�� ,��� ¤¢ �øÂÈõ Ǒ��ª�ù�Ú÷� ,n 2 Z ø Àª�� ü÷�Þû ´ª�Ú÷ 1X : X ! X Âð� (ü÷�Þû Û¬� ) (1.´¨� ÝÆ�ê¤�õø�þ� 1� : ~Hn(X)! ~Hn(X) üþ�Öó� ÝÆ�ê¤�õ�Þû�bÎÖ÷ �ê�� ø �µ¨��� üþ�úµª�Ú÷ g : Y ! Z ø f : X ! Y Âð� (°�îÂ� Û¬� ) (2.(g Æ f)� = g� Æ f� �¤�¬ ßþ� ¤¢ ,À�ª�� �þ��ø �µ¨��� üþ�úµª�Ú÷ g : Y ! Z ø f : X ! Y Âð� (Õ�Üã� ö¢�� üã�±Ï Û¬� ) (3:´¨� ÂþÁ³Ìþ�ã� Âþ¥ ¤�¢�Þ÷ �¤�¬ ßþ� ¤¢ ,Àª�� �þ�� �bÎÖ÷ �ê��~Hn(X) �n(X) - ~Hn(�X)f� ? ?(�f)�~Hn(Y ) -�n(Y ) ~Hn(�Y )X ¤¢ �b þ�� �bÎÖ÷ �� ´±Æ÷ f; g : X ! Y ý�úµª�Ú÷ Âð� (ü����Þû Û¬� ) (4.À÷Â��Â� g� ø f� üþ�Öó� ý�úÞÆ�ê¤�õ�Þû �¤�¬ ßþ� ¤¢ ,À�ª�� ����Þû�n(X) : ~Hn(X)! üÖ�Üã� ÝÆ�ê¤�õ�Þû ,ý� n 2 Z Âû ý�¥� �� (Õ�Üã� Û¬� ) (5.´¨� ÝÆ�ê¤�õø�þ� ~Hn+1(�X)�b ó�±÷¢ ,n ¼�½¬ ¢Àä Âû ø f : X ! Y ´ª�Ú÷ Âû ý�¥� �� (´ì¢ Û¬� ) (6~Hn(X) f��! ~Hn(Y ) i��! ~Hn(Cf )i : Y ! Cf �¹�þ� ¤¢ ;Image(f�) = Kernel(i�) �î ´¨� ´�¬�¡ ßþ� ý�¤�¢.´¨� üã�±Ï ý�µ��~Hn(S0) = � Z n = 0 Âð�0 �¤�¬ ßþ� Â�è ¤¢ (Àã� Û¬� ) (7,n 2 Z ø Àª�� x0 �b þ��b�ÎÖ÷ �� ý¥�ó���� üþ�Ìê X �î ü�¤�¬ ¤¢ .ñ�·õ 5.6.9�¤�¬ �� �¤ ~Hn(X) ùøÂð~Hn(X) := Kernel(p�); p� : Hn(X)! Hn(fx0g):226
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�µê�þ Û�ÜÖ� ý��ó�Þû �b þÂÑ÷ 6.9 ß�Ø� ý��ó�Þû 9 ÛÊê�ê�� ´ª�Ú÷ Âû ý¥� �� .´¨� üúþÀ� ´ª�Ø÷ p : X ! fx0g �î ,Ý��îüõ ÓþÂã��� �î ¢¤�¢ ¢��ø f� : ~Hn(X) ! ~Hn(Y ) ü��Öó� üÞÆ�ê¤�õ�Þû ,f : X ! Y �þ��Û�ÜÖ� ß�Ø� ý��ó�Þûb�þÂÑ÷ ×þ �� �¤�¬ ßþ� �� .´¨� ÓþÂã� Û��ì üúþÀ� �¤�¬-Â�õ �b ó�±÷¢ ¥� 6 ø 5 ñ�¬� Õ�Ö½� ý�Â� :üþ�Þ�û�¤) .À��î ´��� �¤ ßþ� ´¨� �µê�þ(.À��î ù¢�Ôµ¨� Åþ¤�µþøüÜ�� ý�úûøÂð ¥� ý��þ�¢Âð G := fGn jn 2 Zg À��î ­Âê .ñ�·õ 6.6.9. ~Hn(S0) �= Gn ý� n Âû ý�¥� �� �î Ý��î ¯Âª 4.6.9 ¤¢ (7) Û¬� ý�¹� ø Àª��ß��� .Ý�¨¤üõ G ¤¢ °þ�Â® �� �b µÔÜþ Û�ÜÖ� ý��ó�Þû �b þÂÑ÷ ×þ �� �¤�¬ ßþ� ¤¢´��� �¤ ßþ� .À�ª�� üõ ý��µÆ�Â� ´�ì�õ ý�¤�¢ ßþ�÷ ýÂ±� ý��ó���� ¤¢ üþ�û�þÂÑ÷.À��î
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